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Abstract: Based on the research carried out within the Research Institute for Construction Equipment
and Technology—ICECON S.A. Bucharest, consisting of the design and development of vibrating-
action machines and of the technical analysis of optimization of the technological processes with
vibrating equipment for highway construction works in Romania. Moreover, the physical and mathe-
matical modeling of this mechanical system used the data obtained in the activity of the certification
of the technical level of capability of the processing equipment in industry and construction, taking
into account the provisions of procedures and regulations legally enforced by normative documents.
These are based on a parametric analysis of the dynamics of the technological processing vibra-
tory equipment and machines. Thus, both the evaluation method and the parametric optimization
procedure were established. In this context, this paper presents a numerical analytical approach
with discrete and continuous parametric variations, from where favorable areas of operation can
be established. In this way, the optimization criteria in stabilized harmonic vibration regimes are
approached based on the assessment of the vibration amplitude, of the force transmitted to the
processed material and of the energy dissipated in the system. The presented dynamic model as well
as the specific parameters were used in the design and/or numerical and experimental assessment
for vibrating rammers with the amplitude of the perturbing force from 2 kN up to 100 kN, vibrating
compactors with the amplitude of the perturbing force from 100 kN up to 200 kN and vibrating sieves
for mineral aggregates with surface sieves of 6, 12 and 18 sqm. The symmetry/asymmetry properties
are specific to the dynamic response in steady-state technological regime. Thus, the amplitude of
vibrations in resonance presents asymmetry through a functional level necessary for the technological
regime. The maximum force transmitted in the technological process is asymmetric in relation to the
variation of the excitation pulsation; also, the dissipated energy has asymmetries in the postresonance.
Hysteresis loops are symmetrical to the main axis. The originality of the research results comes from
the establishment of dynamic parameters for the amplitude of technological vibration, the force
transmitted to the working part, the energy dissipated on the cycle, hysteresis loops in a steady-state
regime with digital display to identify the dynamic regime and the damping in the system. The
calculation relations are specific to machines with a vibrating action and, on their basis, the vibrating
equipment from Romania were designed, manufactured and tested, as mentioned in this paper.

Keywords: technological vibrations; harmonic forces; dynamic actions; dynamic regime; technologi-
cal regime; hysteresis; dissipated energy

1. Introduction

The technological capability of machines with a vibrating action is defined by the
set of dynamic parameters necessary to ensure the established level of performance. The
level of performance for the vibrating machines, according to the technological process
it determines, is established either in normative documents (according to approved legal
provisions) or via commercial means as a requirement from the beneficiary of the technology
towards the machine manufacturer. The parameters of the dynamic models and the
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performances of the technological vibrations are finalized according to the functional
particularities of the vibrating equipment [1,2].

The most common technologies where vibrating machines have a decisive role in
ensuring the quality of material processing are the following:

(a) sorting of granular and powdery materials for process industries (chemical, construc-
tion materials, pharmaceutical) [3,4];

(b) transport and dosing of granular and pulverulent materials in the cement indus-
try, construction materials, mining, preparation of concrete and asphalt mixtures,
processing of mineral aggregates of gravel (river) and quarry [5,6];

(c) realization of the technological processes in construction for dynamic sticking of the
piles in the field, compaction by vibrations of road structures, the vibro-compaction
of freshly poured concrete [7-9].

In Romania, dynamic equipment for construction were designed and developed, in
which models and dynamic calculation relations were used and the authors of this article
had a decisive role. Thus, the following vibrating action machines were designed, made,
tested and approved: AVP1, AVP2, AVPP vibrating rammers in Timisoara; CVA 4-5, CVA
10 and CVA 20 vibrating compacting rollers in lasi; 6, 12 and18 sqm vibrating sieves with a
number of 2—4 sieves for granules of 0—4 mm, 4-8 mm, 8-16 mm and 16-31 mm in Baia-
Mare; vibratory conveyors and dosing machines of granular and powdery materials with
mass flows of 2 up to 20 t/h in Sibiu and Brasov; vertical helical conveyors with dosing
masses of 100 up to 500 kg/h in Pitesti, Brasov [10-13].

For the above vibrating machines, the same dynamic diagram of a linear system with
a degree of freedom—1DOF—which describes the functional behavior with a high level
of confidence is valid. Thus, for all categories of vibratory machines for the specified
technologies, the same linear dynamic model shall be used, based on which the defining
parameters shall be established, namely: amplitude, transmitted force, degree of dynamic
isolation and the dissipated energy with the representation of the hysteresis loop in steady-
state vibration regime. The disruptive force is generated by eccentric masses m0 arranged
at distance r versus the axis of rotation for the specified w angular speed.

In essence, the inertial character of the dynamic response is drawn from the fact
that the calculation model is provided with the concentrated (punctiform) mass of the
perturbed material system with a harmonic perturbing force F(t) = Fysin(wt), where
Fy is the amplitude of the force and w is the excitation pulsation. The amplitude of the
perturbating force is variable depending on w, expressed as Fy = mgrw?, where mor is the
static moment of the dynamic imbalance [14-16].

2. Dynamic Calculation Model

The Voigt-Kelvin viscoelastic linear dynamic system is characterized by structural
constituent elements, namely: m—mass, k—coefficient of equivalent stiffness, c—coefficient
of equivalent viscous amortization. In this case, the system can also be symbolized as MKC,
that is mass m, stiffness k, damping c [1,2,14,15].

The harmonic excitation of the system is controlled by generating the dynamic external
force applied to the center of gravity of the dynamic system. The applied harmonic dynamic
force is F = F(t) = Fysin(wt), also known as disturbing/perturbating force, where w is
the pulsation of the excitation. The disturbing force in this case is F = mgrw?sin(wt), with
the system model shown in Figure 1; the inertial excitation is generated by the opposite
symmetric rotational motion of the imbalanced masses with the centrifugal inertia forces

Ff= %morwz and the vertical resultant amplitude Fy = morw?.
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Figure 1. Scheme of the linear dynamic system (MCK) excited with force F(t) = myrw

2sin(wt),
where Fy = Fy(w) = morw? (a) Voigt-Kelvin model dynamic system; (b) eccentric body of the
dynamic imbalance with mass %mo and eccentricity r, in relation to the axis of rotation, with normal

passing through O.

The analysis of the unidirectional motion, as a result of the perturbative force F(t)
with vertical direction of action, is performed by the coordinate x = x(t) specific to the
system with a single degree of freedom [6,10,17].

2.1. Dynamic Response of 1IDOF System

In case of an excitation in force, the dynamic response is sought as an instantaneous
displacement adequate rule, as x = x(t) [18-20].
The instantaneous dynamic balance is given by the linear differential equation as:

mx + cx + kx = Fysin wt (1)

It considers the complex function X = Xoe/“t, in which Xy = Ae /?, where @ is the
phase difference between the instantaneous displacement x = x(¢) and the harmonic per-
turbing force F(t) = Fysin (wt). In this case, x = ReX, where X = Xoelt, with Xy = Ael?,
and F(t) = F = Fye/*!, which enables the transposition of the Equation (1) in complex
formulation, as follows:

mx + cxX + k¥ = F(t) )
The derivates X and ¥ of coordinate ¥ are:
X = jwXoe! = jwx
X = —w?Xpel = —w?%
which replaced in (2), leads to:
jwt

— mw*X + jew¥ + kX = Fye

or
~ 1

= (k — mw?) + jew

Fpel“t = Xpel“t, 3)
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from where results:

- 1
Xo = F
0= k= mw?) + jew
or )
< ; k—mw cw
Xo = Ael¥ = Fj——— — jf—
0 e 07 JEo D
where )
D= (k — mwz) + Pw?
‘5(0 , the module of Xy, results from the relation (3), as follows:
2 (k—mwz)z—l-czw2 D
_ A2 _ 12 _p2
‘XO‘ —A2—F, p =R’
or .
‘520‘ =A=Fh 4

\/(k — mw?)* 4 2w?

The instantaneous movement law or the instantaneous coordinate x(t) = x can be

expressed as:
x(t) = x = Asin(wt — @) ®)

Phase ¢ results from relation (3) as follows:
A(cosp + jsing) = D (k mw ) jpew

from where, we have

Acosp = 5B (k — maw?) ©)
Asing = —%cw
and the phase is:
cw cw
tang = ——— — ¢ = arctan(—k_mwz> (7)

Amplitude A of the instantaneous displacement and the phase ¢ can be expressed
function of the non-dimensional quantities, as follows:

(a) Q= [--relative pulsation;

(b) C¢= Zman —the fraction of the critical amortization specific to the linear viscous-elastic
systems with discrete viscous dissipators, characterized by the viscous amortization
coefficient c.

The math relation between ¢ and Q is §¢ = 27Q).
The amplitude in relation (4) can be written

F 1
: \/(1 - 02)2 + (200>

and the phase in relation (7) can be written as follows:

AL, Q) = ®)

; . w 1
M= = ma
k
or 270
tang = — 4 9)

1-0?
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The harmonic dynamic response in instantaneous displacement x = x(t) is:
x = x(t) = Asin(wt + ¢)

The dynamic regime for a mechanical system with discrete variation of the damping
and of the stiffness may be represented by the variation of amplitude A in relation with
the current variant w function of the discrete variation of damping coeff ¢ and stiffness k
(Figure 2) [21-23].
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Figure 2. (a) The amplitude of steady-state vibration in dynamic regime—variation of amplitude
function of w and ¢; (b) The amplitude of steady-state vibration in dynamic regime—variation of
amplitude function of w and k.

Figure 2a shows that, for constant stiffness c, at four discrete/different values of
damping c, the dynamic system is stable and without significant influences of damping
variation when the operating mode is in postresonance regime, with pulsation values
w > 300 rad/s.
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Figure 2b shows that, for constant damping coefficient c, the discrete variation of
the stiffness k leads to the resonance points at discrete values of the pulsation w. The
maximum values of the forced steady-state vibration amplitude are on the straight line
described by the equation A(w) = 0.07483 + 0.02525w [x1073 m] (for w > 100 rad/s).
These points of maximum amplitude characterize the phenomenon of amplitude resonance
of the dynamic system.

2.2. Transmitted Dynamic Force. Dynamic Force Transmitted in the Time Domain

The dynamic force Q transmitted by the Voigt—Kelvin viscous-elastic linear dynamic
system may be complexly formulated as [24,25]:

Q=ki+cx (10)

where if it is taking into consideration ¥ = Xoe/“! and ¥ = jwX results:

Q= (k+jew)x (11)
where inserting ¥ given by relation (3), Q becomes:

~ k+jew

= Fyel®* 12
Q (k—mw2)2+jcw 0 (12)

For easier calculation operations, we insert the following notations:

x=k B=cw, 'y:k—mw2
In this case, relation (12) can be written down as:
A &+ ]:B jcwt
Q = 7F g]
Y+’
or ) ]
0= (a +]2ﬁ)(7 - iB) Fyelo!
B
from where, results:
~ ay + B> By —ap jwt
= Fyel 13
Q 72+52+]72+52 0€ ( )
Using the notations 41 and g5 for the terms in (13), as follows
_ay+ B Br—ap

Tt = 7+ 92 = 7+ B
and taking into account the fact that Q = Qpe/“t = Qpe/e/“ results:
Qo(cost + jsind) = (q1 + jg2) Fo
from where:
2 _ (22 1 2\ 2
Q0 (q1_+ ?2) 0 (14)
tgt = n
92

The sum g2 + g5 results as

LS 3 (a7 + B%)° + (By —aB)’ _ o*+ B
17T 42 (’)/2+I32)2 v+ B
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which leads to the completion of the maximum dynamic force Qy as:

2, g2
2 _ B

Q= 7 +ﬁ2F0 (15)
and of the phase 6 from the transmitted dynamic force Q(t) and the harmonic perturbing
force F(t), as follows:
By —ap
= 16
o+ B (16)

Replacing notations «, B and < with the previously established physical measures, the
expressions of the dynamic parameters of the transmitted forces become:

tand =

k2 + c2w?

Qo(w) = Qo = FO\/(k T ?) t (17)

where:

Qo is the amplitude of the instantaneous dynamic force transmitted (the maximum
dynamic force)

_ 3
tand) = e (18)
k(k — mw?)” + c?w?

0 is the phase between the transmitted dynamic force Q(t) and the perturbing force
F(t) [26,27].

In this case, the expression of the transmitted dynamic force is:

Q(t) = Qosin(wt +0) (19)

For the discrete viscous amortization, taking into account the relative measures () and
 results:

2
Qo(C, Q) =K L+ (ECQ) (20)
(1-02)"+ (o)
3
tanf = — 260 (21)

(1- 02)2 +(200)°

The amplitude of the transmitted force Qy is represented in Figure 3.

Figure 3a shows that, for a constant value of stiffness k, in postresonance regime mode
(w > 300 rad/s) the maximum transmitted force Qg increases linearly with increasing
pulsation w of the disturbing force F(t) = Fysin(wt).

In Figure 3b, for the constant damping value ¢, in postresonance regime mode, the
maximum transmitted force Q increases asymptotically to a limit value by a slow variation
in relation to the increase of the pulsation w of the disturbing force F.

Transmitted force Q = Q(t) may be expressed in relation with the displacement
x = x(t), taking into account that x = Asin(wt + ¢) and x = wAcos(wt + ¢).

If it replaces cos(wt + @) = £4/1 — Z—i in the expression of the speed x, [28-30], the
expression of velocity becomes:

2
x =twAy\/1— %, where A = A(w).

In this case, the transmitted force function of x and x as Q(x, 56) = kx 4 cx may be
written down only in relation with x, as follows:

Qw, x) = kx + cwy/ A%2(w) — x2 (22)
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where A(w) = A is the amplitude given by the relation (4).
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(b)
Figure 3. The amplitude of the transmitted force (maximum transmitted force). (a) The amplitude of
the transmitted force Qp function of w and c; (b) The amplitude of the transmitted force Qg function
of wand k.

Using the relative quantities () = w% and ¢ relation (22) may be written:

= Znay
Q(Q, x) =k [x + (200) 4/ A2(7,Q) — xﬂ (23)

where A(Z, Q) is the amplitude given by the relation (8).

Figure 4 presents the hysteresis loops parameterized by the discrete variation of the
excitation pulsation w. The family of hysteresis loops in steady-state mode, for 5 values
w of the pulsation of the disturbing force F, highlights the extent to which the effect of
energy dissipation in the dynamic system can be evaluated, provided that the following
parameters are kept constant: mass m, stiffness k, damping c and the first moment of the
rotating eccentric masses mgr.
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Figure 4. Hysteresis loops Q-x for the discrete variation of w.

2.3. Dynamic Insulation Capacity

The T coefficient of transmissibility of the force Q(t) = Qpsin(wt + ¢), in relation
to the harmonic perturbing force F(t) = Fysinwt, is defined as the relation between the
amplitude of the transmitted force Qp and the amplitude of the perturbative force Fy,
as [10,12,31]:

Qo

T=% (24)
or Q
— | =0

T=\% (25)

The degree of dynamic insulation I is defined as follows:
I=(1-T) (26)

or punctually
I=(1-T)100, [%] (27)

Taking account of the expressions (17) and (20), the transmissibility coefficient T may
be expressed as follows:

T(w) = ‘Qo(w)' _ \/ k2 + c2w? 28)

Fo(w) (k — mw?)* + c2w?
2
L o e e @

(1- 02)2 +(200)°

The transmissibility coefficient function of w and c is expressed by the variation T(w),
as presented in Figure 5. It is found that the neutral point N1 has coordinates wy; and
Ty, independent from the discrete variation of c. In relation (28) it is necessary to comply
with the condition k2 = (k— mwz)z, from where it results w? = 2% or w = 2wy, = wy;,.
Replacing in the expression of T (w) it results Ty, (w) = 1.
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Figure 5. Transmissibility T=1T | (a) variation of T function of w and c; (b) variation of T function of

w and k.

The maximum value of T(w) corresponds to point M (wp,, Tjyi*), with the condition
dT (w)

~4o~ = 0. The following quantities result:
w _ % \/1+g—2fk (30)
M= km ¢
1 1
T3 () (31)

L
V2 VTF 25466 -1) — 1

where 6§ = %oréz 4%5# =472

The graphs of the transmissibility T function of (2 and ( are presented in Figure 6. In
this case, the coordinates of the neutral point N, result from relation (29), with the condition

2
1= (1 - Qz) , from where Qy, = v2and Ty, ({, Q) = 1.
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Figure 6. (a) Dissipated energy function of w and c (at constant stiffness k); (b) dissipated energy
function of w and k (at constant damping c).

The point of maximum M of function T(, Q) has coordinates wy, and Ty, (¢, Q2),

d
which emerge from the condition ;gz = 0. Thus, the following results:

YA . — (32)
2\ [ViEsz -1
TI(C, Q) = —= - 33)

gz
V2t iTsa +

472202 1) -1

Figure 5a shows the transmissibility T of the vibration, at constant stiffness k and four
discrete values of damping c, as a function of the pulsation w of the disturbing force F.

Figure 5b shows the transmissibility T of the vibration, at constant damping ¢ and
five values of stiffness k, as a function of the pulsation w of the disturbing force F. The
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variation graphs of the transmissibility T for the 5 values of stiffness k show the rightward
displacement of the resonance point (towards higher values of the pulsation w) with
increasing stiffness k at constant damping c. The maximum values of the transmissibility
T are on the straight line described by the equation T(w) = 0.26166 + 0.04912w (for
w > 100 rad/s). These points of maximum amplitude characterize the phenomenon of
transmissibility resonance of the system.

2.4. Dissipated Energy

The dissipated energy on the viscous element is directly proportional with the coeffi-
cient of the linear viscous amortization ¢ with pulsation w of the excitation movement and
the square of the amplitude of instantaneous displacement A [1,5,32,33].

In this case, the expression of the dissipated energy may be written as:

W, = mewA? (34)
For the disruptive force F(t) = morw?
pated energy are obtained, as follows:

sin wt, the following expressions for the dissi-

2 w®
Wale,w) = me(mor) (k= ma?)2 + a2 (35)
5
Wa(g, ) = ek ("0)’ 260 (36)

(1- 02)2 +(200)°

Figure 6a,b present the variation of the dissipated energy W, function of the pulsation
w, damping ¢ and stiffness k, according to relation (35).

Figure 6a shows the graphs of the dissipated energy for the discrete variation of
damping c and constant stiffness k, function of the pulsation w of the harmonic disturbing
force F. The analysis of the graphs shows that, for damping values ¢ > 10° Ns/m, the
dissipated energy increases significantly with the pulsation w of the disturbing force F.

The graphs from Figure 6b show that, for constant damping c, at the discrete variation
of the stiffness k, the maximum values of the dissipated energy (at the resonance) strongly
increase with the pulsation w of the disturbing force F.

2.5. Representation of the Hysteresis Loop

The equation of the hysteresis loop, that is of the ellipsis as function of connection
between the excitation force F = F(t) = Fj sin wt and instantaneous displacement
x = x(t) = Asin (wt + @), may be deduced by eliminating the temporal parameter be-
tween the two expressions F(t) and x(t) [10,28].

In this case, it may be written down as trigonometrically developed form the expres-
sion of x(t) as follows:

x = A sin wt cos ¢ + A sin ¢ cos wt (37)

2
sinwtzﬁ; cos wt = =+ 1—1:—2
F F;

so that relation (37) becomes:

x F . [, F?
Z—F—Ocosq):tsmq) 1—1:—0 (38)

If it inserts notations X = % and ® = F% as follows:

where

X = ® cos ¢ £ sin p\V/'1 — 2 (39)
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@ + X? — 20X cos ¢ = sin g

. [ x?

D19 = Xcos ¢ & sin ¢ 1—;

| x ‘ x2
F=FK Zcosq):&:smcp 1—; (40)

with real solutions for —A < x < +A.
If the amplitude of the harmonic perturbing force is Fy = mgrw?, then results:

2
F(x) = morw? % cos ¢ & sin (pﬂ (41)

Functions sing and cos¢ result from relation (7) as follows:

with solution

it results

sin ¢ = — e (42)

\/(k — mw?)? + 2w?

k —mw
\/(k — mw?)? + 2w?

The hysteresis loops shown in Figure 7a,b highlight the following aspects of the
dynamic behavior of the system:

cos @ = (43)

a.  hysteresis ellipses are in quadrants II and IV due to the inertial effect of the mass m
of the working part of the technological equipment;
b.  for constant values of stiffness k and damping c, the areas of the hysteresis ellipses

at four discrete values of the pulsation w of the harmonic disturbing force F change
significantly; thus, at values of w > 707 rad /s the area of the hysteresis ellipses and,
implicitly, the dissipated energy W increase significantly;

C. for constant values of the stiffness k and the pulsation w of the disturbing force F, at
the discrete variation of the damping c, distinct values of the areas of the hysteresis
ellipses and, implicitly, of the dissipated energies W, are obtained; as the damping
coefficient c increases, the hysteresis ellipse rotates clockwise.

This case study was performed on a vibrating machine model with the static moment
of the dynamic unbalance masses myr = 5 kgm; mobile mass m = 10* kg; viscoelas-
tic material in technological processing (clay soil) with discrete variable stiffness from
10° kN/m up to 5 x 10° kN/m and viscous damping coefficient ¢ from 2 x 10> kNs/m
up to 15 x 10? kNs/m, the excitation force pulsation w in steady-state regime with values
from 200 rad/s up to 500 rad /s [16,34,35].

Figure 7a,b present the hysteresis loops for the discrete variation of w and for the
discrete variation of c.
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Figure 7. (a) Hysteresis loops F-x for Fy = morw?—discrete variation of w (mgr = 5 kgm,

m = 10,000 kg). (b) Hysteresis loops F-x for Fy = mgrw?—discrete variation of ¢ (mor = 5 kgm,
m = 10,000 kg).

3. Conclusions

Based on the schematized dynamic model and the hypothesis of linear behavior in

steady-state dynamic regime in postresonance, the technological vibrating machines can be
evaluated based on the calculation relationships established in this article.

Thus, the following conclusions can be summarized:

the amplitude of the technological vibrations during the postresonance regime is
relatively constant, its variation being insignificant for the working process for values
of the excitation pulsation w higher than 2—4 times in relation to the resonance
pulsation;

the modification to the technological values necessary for the work process can be

done during the postresonance regime, w = (2...4)/ £ using relation myr = Am
from where result the amplitudes A1, Ay, ... A, for various values of the static

moment (mgr),, (mot),, ..., (mor), at the same value of mobile mass m;



Symmetry 2022, 14, 539 15 of 16

c. the force transmitted to the processed material and the energy dissipated by the
system at processing for the postresonance regime are given by the calculation
relations established and verified in practical cases;

d.  the hysteresis loops illustrate both the variation of the force in relation to the instan-
taneous displacement x(f) and the dissipated energy depending on the area of the
elliptical surface.

It results that the parametric analysis for any dynamic regime in the technological
process can be conducted based on the calculation relationships and the graphical repre-
sentations that must individualize the dynamic model by its structural parameters (m, k, c)
and excitation characteristics (mgr, w).

Potential multidisciplinary applications of the paper:

- industry: smart building and road vibrating equipment with real-time management
of the technological parameters using analogue sensors, digital data processing and
Neural Networks and Neuro-Fuzzy techniques [16,36];

- environment protection: reduction of harmful vibrations transmitted by dynamic
action equipment through foundations (passive/active damping in real-time);

- health research: dynamic analysis of the human body modeled as a biomechanical
system with (m,c,k) linear characteristics.

The limitations of the analyzed model may appear due to the following causes:

- the hypothesis of linearity of damping and elasticities;

- mass/moment of inertia modifications during technological processes;

- amore complex rheological model of the interaction between the vibrating machine
and the working environment that can radically change the dynamic response of the
system and its operating energy parameters.
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