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Abstract: In this study, we give another generalization of second order backward difference operator
V2 by introducing its quantum analog V%. The operator V% represents the third band infinite
matrix. We construct its domains co(Vg) and C(V%) in the spaces ¢g and ¢ of null and convergent
sequences,respectively, and establish that the domains ¢ (V%) and C(V%) are Banach spaces linearly
isomorphic to ¢y and ¢, respectively, and obtain their Schauder bases and «-, - and y-duals. We
devote the last section to determine the spectrum, the point spectrum, the continuous spectrum and
the residual spectrum of the operator V% over the Banach space cg of null sequences.

Keywords: g-calculus; quantum difference operator; «-, 8- and <y-duals; point spectrum; continuous
spectrum; residual spectrum
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1. Introduction Furthermore, Preliminaries

The g-analog of a mathematical expression means the generalization of that expression
by using the parameter g. The generalized expression returns the original expression when
g approaches 1~. The study of g-calculus can be traced back to the time of Euler. It is a wide
and interesting area of research in recent times. Due to the vast applications in mathematics,
physics and engineering sciences of g-calculus, numerous researchers are engaged in the
field. In the field of mathematics, it is widely used by researchers in approximation theory,
combinatorics, hypergeometric functions, operator theory, special functions, quantum
algebras, etc.

Let g € (0,1). Then the g-number [n], is defined by

n—1 _k
_ k=04
= { B

One can notice that [n]; = n whenever g — 1.

n=123,...,
n=20.

Definition 1. The g-analog (Z)q of binomial coefficient (}) is defined by

n et
(k) = [ — k]! [k]4! =
q 0 , k>n,
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where g-factorial [n],! of n is given by

Ikl , n=123,...,
| = =11"q
[Tl]q. { 1 ’ n= 0

0 L
Furthermore, <0)q = (g)q = (Z)q = 1. Further (nfk)q = (Z)q which is natural g-
analog of its ordinary version (,," ) = (}). For detailed studies in g-calculus, readers may
see [1]. Since the g-calculus and time scale calculus are correlated, readers can see [2-5] and
references therein for more information.

1.1. Sequence Space

The set of all real- or complex-valued sequences is denoted by w. Sequence space is a
linear subspace of w. Some of the well-known examples of sequence spaces are the space of
absolutely summable sequences, the space of bounded sequences, the space of convergent
sequences and the space of null sequences, denoted by ¢, {«, c and cy, respectively. The
spaces of all bounded and convergent series, respectively, are denoted by bs and cs. Any
Banach sequence space with continuous coordinates is called a BK-space. The spaces cy
and c are BK-spaces equipped with the supremum norm ||z[[. = sup;cy, |z |, where Ny is
the set of non-negative integers.

Let A = (a,) be an infinite matrix of real or complex entries. Let A, = (a,)ken, -
The A-transform of a sequence z = (z) is a sequence Az = {(Az)n} = {220 aukzk},
provided that the series ) ;7 4, xzx converges for each n € Ny. Additionally, if Z and U
are two sequence spaces and Az € U for every sequence z € Z, then the matrix A is said
to define a matrix mapping from Z to U. The notation (Z, U) represents the family of all
matrices that map from Z to U. Furthermore, a triangle matrix A = (a, ;) means, when
ann #0and a, = 0forn < k.

The domain Z 4 of the matrix A in the space Z is a sequence space. It is defined by

Zp={z€ew:AzeZ}. 1)

Additionally, if Z is a BK-space and A is a triangle matrix, then the sequence space Z 4
is also a BK-space endowed with the norm |[|z||;, = [|Az| ;. Recently several authors used
special matrices for constructing new sequence spaces (or BK-spaces) using their domain
in classical sequence spaces. One may refer to the papers [6—11] related to this area.

1.2. Difference Operators and Sequence Spaces

Define the operators A and V by (Az); = zx — 2541 and (Vz); = zx — zx_1 for all
k € Ny, which are well known as forward and backward difference operators of first
order, respectively. Here and in what follows, we assume that z; = 0 for k < 0. Difference
operators are extensively used in summability theory, spectral theory, approximation theory,
quantum or post-quantum theory, etc. Sequences such as (z;) = (k) is not convergent
in the ordinary sense. However, the sequence ((Az)y) defined by (Az), = —1 for all k,
is convergent.

In the present literature, several difference operators and their generalizations
(cf. [8,12-19]) can be found, studied by many researchers from all around the globe.
The domains 4w (A), c(A) and cp(A) are studied by Kizmaz [19]. Later on, the opera-
tors A and V were extended to A? and V? defined by (A%z); = (Az); — (Az)x4q and
(V22); = (Vz)p — (Vz)k_1, respectively, (cf. [15,17]). The studies on difference operators
and their domains in the classical sequence spaces further attracted more researchers af-
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ter the introduction of generalized difference operators B(r,s) [13], B(r,s, t) [14], A" [18],
V" [16], B [12] and B{™ [8] defined by

(V'2)k = (V(V''2))i (BVz)) = Z (T) ISz (BVz), = Z (T)T’"—]S]Ukakj;

respectively. Readers may also refer these high-quality papers [7,12,20-24] concerning
sequence spaces constructed using the difference operators.

1.3. Motivation

Several studies can be found in the literature dealing with the quantum generalization
of well-known operators including Hausdorff matrices, difference operators, etc. Quite
recently, Demiriz and Sahin [25], Yaying et al. [11] and Bakery and Mohamed [26] studied
quantum generalizations of Cesaro sequence spaces. Moreover, studies on the (p,q)-
analogue of Euler sequence spaces [27] is a recent addition in the field of sequence spaces
and summability theory. The spectrum of g-Cesaro matrix in the space cy is discussed by
Yildirim [28]. However, to date, no studies have been carried out on the determination of
the spectrum of quantum difference operators.

Motivated by the above studies, we present quantum difference operator of the second
order and study its domain in the spaces ¢ and ¢ of convergent and null sequences, re-
spectively, and determine its spectrum, point spectrum, residual spectrum, and continuous
spectrum over the space cy.

2. Operator Vé and Sequence Spaces co(Vé) and c(Vé)

Define the difference operator V% tw — wby

(Viz)k = 2z — (1 + )21 + 922,

where k € Ny and any term of the sequence with negative indices are assumed to be zero.

The operator V% = (55; Z) can also be expressed in the form of a triangle matrix as follows:

20 _
5n,k -

{(_1)nkq(”2k) (nfk)q, (k <n),
0, (k > mn),

for all n, k € Ny. We pressumed that (Z)q = 0 for k > n. Equivalently

1 0 0 0

—(1+9) 1 0 0

V2= q —(144q) 1 0
0 q —(1+44q) 1

We observe that the operator V% reduces to V2 when g — 1. Furthermore, we noticed
that the operator V% # V, 0 V,, unlike its ordinary version V2. In fact

2
(Vaz)e = (Vgz)k —q(Vg2z)k1-
Using some elementary calculation, we derive the inverse of the operator V% as
n—k+1

N e

0 , k> n.
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Now, we define the g-difference sequence spaces co(Vé) and C(V%) by

co(Vﬁ) = {z = (zr) Ew: Vﬁz € co},
c(V%) = {z = (zx) Ew: V%z € c}.

We observe that the spaces co(Vé) and C(Vé) are reduced to the second order back-
ward difference sequence spaces co(V?) and ¢(V?), respectively, as ¢ — 1~. Thus, the
inclusions ¢y C ¢g(V?) C Co(vg) and ¢ C ¢(V?) C C(V%) are evident. Moreover, the inclu-
sion co(Vé) C C(V%) is trivial. In the light of the notation (1), the above sequence spaces
are redefined as

CO(V%]) = (CO)V% and C(V%) = cy2:
Furthermore, a sequence space X is said to be symmetric if z;) € X whenever (z;) € X,
where ¢(k) is a permutation on Ny (cf. [21]). Consider the sequence (zj) = (k)en,, then
(zx) € C(V%). Now, consider the rearranged sequence (z;) = (20, 22,23, 21, 25, 26, 24, 28, - - -)-

Then, (z;) ¢ C(V%). Consequently, C(V%) is not a symmetric space.
We define sequence u = (u,,) as the V%—transform of the sequence z = (zi), i.e.,

n K /2
Up = (V%Z)n = Z(_l)kq(z) (k> Zyk =2zn — (1 +9)zn-1+ q2n—2 2)
= q

for each n € Ny. In the remaining part of the article, the sequences u and z are related by (2).
Moreover, by using (2), we observe that

ko k—ov+1
zkzzo( ot )quv )

for each k € N.
Now, we state our first result:

Theorem 1. co(Vé) and c(V%) are BK-spaces endowed with the norm

_ _ 2
2oy = lellecsy) = sup | (V32

Proof. The proof is straightforward. So, we omit details. [
Theorem 2. co(Vé) = ¢o and C(V%) =c.

Proof. Define the mapping 7 : C0<V§) —cobymz=u= V%z forall z € C()(V%). Clearly,
7 is linear and 1-1. Let the sequence z = (zi) be defined as in (3) and u = (u,) be any
arbitrary sequence in cg. Then, we have

1=
—
|
—_
~—
=
B
—
1§

. 2 1
oV = i,

k(2
) = li =
(k) qzn,k = r}l_r}r;o uy = 0.
This implies z € co(Vé) and the mapping 7 is onto, and norm preserving. Hence,
Co(vg) = Co.
The proof for the space C(V%) can be obtained in a similar fashion. Hence the proof.
O

k=0
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Now we construct bases for the spaces ¢ (V%) and c(V%). We recall that, for a triangle
matrix A, the matrix domain Z 4 has a basis if and only if Z has a basis, (cf. Jarrah and
Malkowsky [29] (Theorem 2.3)). Thus, by using Theorem 2, we immediately arrive at the
following result:

Theorem 3. For cvery fixed k € Ny, define the sequences f*)(q) = ( ®) (9)) by

_ o k+1
15 l)(q) = 2( k ) 7 n:0/1/2/"';
q

k=0

{(”nkf)q , k<n,

(k) _
w () 0 , k>n.

Then

(a) theset {f(o) (@), fYq), fD(q),.. .}forms the basis for the space co(Vé) and every z € co(Vé)
has a unique representation of the form z = Y22 s u f%(q).

(b) the set {f(’l)(q),f(o)(q),f(l)(q),f(Z) q), .. } forms the basis for the space c(V%) and
every z € C(V%) can be uniquely expressed in the form z = re + Y22 (u — ) f*¥)(q), where
U = (V%z)k — ras k — oo and e denote the unit sequence.

3. -, f-and y-Duals

In the present section, we determine the «a-, B-and y-duals of the spaces co(Vg) and
C(V%). Since the computation of duals is similar for both the spaces, we omit the proof for
the space C(V%). Before proceeding, we recall the definitions of «-, f-and y-duals.

Definition 2. The «-, p- and y-duals Z*, ZP and Z7 of a sequence space Z are defined by

Z% = {d=(dy) € w:dz = (dgz) € {1 forallz € Z},
7P = {d=(dy) € w:dz= (diz;) € csforallz € Z},
Z7 = {d=(dy) € w:dz= (dyzy) € bsforallz € Z},

respectively.

Chandra and Tripathy [30] investigated the generalized duals of sequence spaces. We
present the following lemma which is essential to compute the dual spaces. In what follows,
we denote the collection of all finite subsets of Ny by N.

Lemma 1. [31] The following statements hold:
(i) A= (ayx) € (co,t1) = (c,t1) ifand only if

sup Y | ) ayx| < oo 4)
KeN n=0|keK
(i) A= (ayx) € (co,c)ifand only if
sup 3 [ang] < o ®)
neNy k=0
Jap € C> nh_rg;o anx = & foreach k € Np. (6)

(i) A = (a,x) € (co,loo) = (¢, L) if and only if (5) holds.
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Theorem 4. The set

<oo}.

Di(gq) := {d: (dn) € w: sup i

NeN k=0

n—k+1
Z ( n—k >qd"

neN
is the a-dual of the spaces co(Vé) and C(V%).

Proof. Consider

" m—k+1
= 1 (", 55 o= (G 7)

for all n € Ny, where the matrix G(q) = ( gZ,k) is defined by

9 _ (n;ﬁ(rl)qdn , 0<k<n,
Sk 0 , k>n

for all n,k € Ny. By using (7), it follows that dz = (duz,) € {1 whenever z € co(Vé) if
and only if G(q)u € ¢; whenever u € ¢y. Thus, we deduce that d = (d,) is a sequence in

[Co(V$)] "ifand only if the matrix G(g) belongs to the class (co, £1). Thus, we conclude

from Part (i) of Lemma 1 that {co(vg)} - D1 (q).
This completes the proof. [

Theorem 5. The following statements hold:
p
@ |eo(V3)]" = Dalq) NDs(g),

®  [«(v2)]" = Dalg) N Ds(g) 1 Di(a),
where the sets D(q), D3(q) and D4(q) are defined by

Dy(q) := {d— )Ew: 2( k+1) dkexistsforeachkeNo},
o (v—k+1
Ds(g) = wWMe»wzz( )%<w,
n€Ny k=0|v= q

Dy(q) := {d: (dn) € w nlgl(}oz Z ( k+1> dy exists}.
q

=00v=k

Proof. Consider

L B ko (k—v+1
k;)dkzk = kE)LX%)( F— o )quv]dk
v (v—k+1 y
- BIECE) a)s
= (H(q)u)n (8)

for each n € Ny, where the matrix H(q) = (hz,k) is defined by

X - o=k (v;f—ztl)qdv , 0<k<m,
" 0 , k>n
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for all n,k € Ny. Thus, on using (8), it follows that dz = (d,z,) € cs, whenever z = (z,,) €
CO(V%) if and only if H(q)u € ¢ whenever u = (uy) € co. This yields that d = (d,) is a

sequence in [co(Vé)} g if and only the matrix H(q) belongs to the class (¢, ¢). This in turn
implies by using Part (ii) of Lemma 1 that

sup 2

neNg k=0

k| < and hm ! k exists for each k € Nj.

P
Thus, {co(Vg)} = Dy(q) N D3(g).
This completes the proof. [

Theorem 6. The set D3(q) is the y-dual of the spaces CO(Vg) and c(V%).

Proof. The proof is similar to Theorem 5 by using Part (iii) instead of Part (ii) of Lemma 1.
We omit details to avoid the repetition of similar statements. [J

4. Matrix Transformations

In the present section, we determine necessary and sufficient conditions for matrix
mappings from the spaces co(Vé) and C(Vé) to any one of the space /w, ¢, ¢, or ¢1. The
following theorem, which is immediate from Kiris¢i and Basar [7], is fundamental in our
investigation.

Theorem 7. Let Z be any one of the space ¢ or ¢ and U C w. Define T = (t "2() and
T = (tn,k) by

o _ )0 » (k > m),
mk Zl k(vy J]; )q“n,v 0<k< m)
"o lo—k+1
ok = Z ( ) An,v
" ok v—k g

foralln,k € Ng. Then, A = (a, ) € (Z(V%), U) if and only if T = (tf:;c) € (Z,c) for each

neNo,and T = (t,;) € (Z,U).

Proof. Let A € (Z (V%), U)and z € Z(V%). Then, we obtain the following equality

i +1 —k+1 u
2 Ap 2k = Z 2 ( —v > Uply | = Z 2 ( > A plhy = Z t’(:,,)(uk 9)
k=0 q q k=0

=0v=0 =0v=k

for all m,n € N. Since Az exists, so T ¢ (Z,c). Again as m — oo in (9), we obtain Az = Tu.
Since Az € U, so Tu € U which yields the consequence that T € (Z, U).

Conversely, assume that T(") = (tE:;() € (Z,c)forallme N,and T = (t,x) € (Z,U).
Letz € Z(V32). Then, for each 1 € N, (1), € ZF which in turn implies the fact that
(a",k)keN € {Z(Vﬁ)} f for each n € N. Again from (9), Az = Tu as m — oo. This implies
that A € (Z(V3),U). O

Now, by using the matrix mapping charaterization results given in Stieglitz and

Tietz [31] together with Theorem 7, we obtain the following results:

Corollary 1. The following statements hold:
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1. Ae (co(Vé),Zm) if and only if

sup Z‘tiﬁ‘ < 00, (10)
meNy k=0
r&l_rgo tf:?c exists for all k € Ny (11)
hold and -
sup Y |tnx| < oo, (12)
n€Ng k=0
also holds.

2. Ac (co(Vs),c) if and only if (10), (11) and (12) hold, and
nlglgo t, k exists for all k € Ny, (13)

also holds.
3. Ac (co(Vg),co) if and only if (10), (11) and (12) hold, and

nlgI;o tyx = 0 forall k € Ny, (14)

also holds.
4 A€ (co(Vg),Kl) if and only if (10) and (11) hold, and

sup i

NeN k=0

Z tn,k

neN

< 0, (15)

also holds.

Corollary 2. The following statements hold:
1. Ae (C(V%),foo) if and only if (10), (11) and (12) hold, and

m—o0

lim Z tr(:;{ exists for each n, (16)
k=0

also holds.
2. Ae (C(V%),C) if and only if (10), (11), (12), (13) and (16) hold, and

n
nh_I;ro1o kg;) t, i exists
also holds.
3. Ace€ (C(V%),Co) if and only if (10), (11), (12), (14) and (16) hold, and

n
i, L s =0
also holds.
4. Ac (c(V%),Kl) if and only if (10), (11), (15) and (16) hold.

5. Spectrum of V2 in Co

The point spectrum, continuous spectrum and residual spectrum of the operator V%
in the space ¢ are determined in this section.

Let Z # {6} be a complex normed space and L : D(L) — Z be a linear operator,
where D(L) stands for the domain of L. Moreover L*, R(L) and B(Z) denote the adjoint of
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L, the range of L and the set of all bounded linear operators on Z into itself, respectively.
Let C represents the set of all complex numbers. Then, the operator Ly ! = (L —al)~!is
called the resolvent operator of L, given that L, is invertible, where &« € C and I is the
identity operator on D(L). Further « € C is called a regular value of L if it suffices the
following conditions:

(S1) L;l exists;
(S2) L;!isbounded;
(S3) L;!is defined on a set which is dense in Z.

The resolvent set of L is the set (L, Z) containing all the regular values of L. The
spectrum of L is defined by the sets(L, Z) = C\ r(L, Z). The spectrum s(L, Z) is partitioned
into three disjoint sets:

(@) Pointspectrums,(L,Z) = {a € C: (S1) does not hold}.

(b) Continuous spectrums.(L, Z) = {a € C: (S1) and (S3) hold but (S2) does not hold }.

(c) Residual spectrum s, (L, Z) = {a € C : (S1) holds (S3) does not hold, (S2) may or may
not hold}.

In the field of functional analysis, the studies on determining the spectrum of special
operators over different sequence spaces has become an active area of research. Several
studies can be found in the literature dealing with the investigation of spectrum of well
known matrices over various sequence spaces. However, we shall briefly highlight on the
studies related to the determination of spectrum of difference operators only. The spectrum
of the first order difference operator A over the spaces £, and bv, was studied by Akhmedov
and Basar [32,33], over the spaces ¢y, c and £, (0 < p < 1) was studied by Altay and
Basar [6,34], and over the sequence spaces {1 and bv was examined by Kayaduman and
Furkan [35]. The spectrum of second order backward difference operator V2 over the space
cp was studied by Dutta and Baliarsingh [15]. The spectrum of the generalized difference
operator B(r,s) over the spaces £, and bv, was studied by Bilgi¢c and Furkan [13] and over
the spaces /1 and bv was studied by Furkan et al. [36]. Further, the fine spectrum of the
difference operator B(r, s, t) over the spaces {1 and bv was studied by Bilgi¢ and Furkan [14]
and over the spaces cy, ¢, {, and bvy, by Furkan et al. [37,38]. Furthermore, the spectra of
the difference operator D(r,0,0,s) over the sequence spaces ¢y, ¢, £y and bvy, have been
investigated by Tripathy and Paul [39,40]. The spectra of the rth order backward difference
operator V' over the Banach space c is studied by Baliarsingh et al. [41]. Baliarsingh and
Dutta [16,42] further studied the spectrum of the generalized difference operator V7, over
the spaces /1 and cp. Moreover, the spectrum of the more generalized difference operator

Bz(,m) over the space {1 and cy are investigated by Meng and Mei [8] and Baliarsingh [43],
respectively, which is a symmetric spectrum. Natural numbers occurring as levels of a
symmetric spectrum or as dimensions of homotopy groups are really placeholders for
sphere coordinates. The role of the symmetric group actions on the spaces of a symmetric
spectrum is to keep track of how such coordinates are shuffled. Permutations will come up
over and over again in constructions and results about symmetric spectra, and there is a
very useful small set of rules which predict when to expect permutations.

Lemma 2 ([44], p. 129). The matrix A = (ay, i) gives rise to a bounded linear operator L € B(co) if

and only if lim a, = 0 for each k € No and sup ¥ |a, x| < co. Further, |[L|| = sup ¥ |a, k|-
n—yeo neNy k=0 neNy k=0

Lemma 3 ([45], p. 59)). A linear operator L has a dense range < the adjoint L* is 1-1.

=2(1+q).

Theorem 8. The operator V2 : ¢y — cg is a linear operator and || V>
1 1l (co.c0)
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Proof. The result immediately follows from the fact that

G)ﬁ G)f"@)q =2(1+q).

O

Theorem 9. Let g € (0,1). Then s(V%,cO) ={acC:|1—-a] <1+2q}.

Proof. Leta € C satisfying |1 — a| > 1+ 24. Since (V3 — al) = (u,) is a triangle matrix,

and therefore has an inverse (ny —al)™! = (v, ;) defined by

i 1
32 | -
A=) & 0 0
o (1+9)?*  q 1+gq 1 0
T M) T (1—a)2 (1—a)2 -«
(1+49)° 2q9(1+4q) (1+9)? q 1+q 1
(1—-a)* (1-a2 (1-aF (1-a)2 (1-a)2 1-a

Thus, for each k € Ny, the general expression for the entries v,  may be computed as

1 .
1—a’

Ok =

Okk-1 —

Okk—3 = (1 _ w)?, ’

and so on.

Now we proceed to show that the matrix (v, ;) is bounded on ¢y, thatis (v, x) € B(cp).

Consider the following equality

o n
Su = Z ‘vn,k| = Z |Un,k‘

1—w 1—a

k=0 k=0
= |vn,ﬂ| + |Un,n—1‘ + ‘U1i,n—2| + |vn/n—3‘ +-- 4+ ‘Un,(]‘
_ 1 1+gq (1+q*  q (1+49)° 2q9(1+q)
I (1—a)? (1—a)3® (1-a)2 1-a) (1-a)
1 1 1+4g* |1+q)® 14+q* |144]*
< +’7+ +q + +q + q +q + +q
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_ 1 1+gqg 1+q2 q 1+q3 2q
= 1+q{'1a+’1a R el (el Fpeed (B L vy
1 1 1429|144 [(1+29\* 144
_ —&-q+ +29|1+gq +< +q> +q 4o
1+g||1—« 1+g|1-« 1+¢q 11—«
1 142 142q
< {1+‘ * q’+' 29 +}

11—«

(1+q)?

29 |1+9¢
1+g|1—w

3
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1
Since 1+_q‘<1,
1 1 1
Iim S, < = .
e S T al | [Tt2g) ( T-al-[1t2q] =

|

1—«a

Since, limy, 0 Sy < o0 and (S,) is a sequence of positive reals, we conclude that
sup,, Sy < 0. Moreover, this is obvious from the assumption that lim, v, ; = 0.
Thus, we realize that

(i) Theseries S, = Y }_, v, converges and sup, S exists, for each n € Nj.
(ii) limy |v, k| = O for each k € N.

Thus, (v, k) € B(cg), whenever |1 — a| < 1+ 24. This implies

S(V%,Co) C{aecC:|1—a| <1+24}. (17)
Conversely, we need to show that

{aeC:1—a| <1429} C s(Vg,co).

We notice, when a = 1, the operator V% — a] is not invertible. Again, when & # 1 and
|1 —a| <1+ 2q, we observe that (S,) is unbounded. This implies (V% —al)™! ¢ B(cp)
whenever |1 — a| <1+ 24. Hence,

{aeC:1—a|<1+2q} gs(Vé,co). (18)
Thus, using (17) and (18), we conclude that
s(V%,co) ={acC:|1—-a] <1+2g}.
O

Theorem 10. sp(Vg, co) = D.

Proof. Suppose sp(Vé, co) # ©. Then there exists at least one non-zero sequence z =
(zk) € co with V%z = az. This leads us to the following system of equations:

) = (K2

—(1+q)zo+21 = az

gzo— (1+q)z1+2z0 = az

gz1— (1+q)zp+23 = wazs
qZm—2 — (1 + q)szl +zZm = azZp

Let z;,; be the first non-zero component of z, then we get « = 1. Substituting « = 1
in the next equation, we get —(1 + q)zy + Z4+1 = Zpm+1. This implies z,, = 0, which
is a contradiction to our assumption that z;, is the first non-zero component of z. Thus,
sp(Vé,co) =0. O

Theorem 11. sp(Vg’*,El) ={eeC:|1—ual<1+g}.
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Proof. Let z = (z;) be a non-zero sequence. Then, the matrix equation Vg’*z = az yields
the following system of linear equations:

zZo — (1 + (])Zl +q9z2 = waz,
—(14+q)z2+9z3 = az,
Zy — (1+Q)Z3+q24 = &2z,

Using a simple calculation, we obtain

1
20l = |75 (A +49)z1—g2)|,

1
z1] = 1—x ——((14+9)z2 — qz3)|,and so on.

In general,

1
1= zx<(1 +q)2k41 — 92k42) |, k> 0.

|zx| =

Clearly, for each k € Ny, z = (0,0, ...,z (1 +q)zgr1, (1 +9)2k41,0,0,...) is an eigen
vector corresponding to the eigen value a satisfying |1 — a| < 1+ 4. This is clear from the
following statement

|zx| = ‘ “1+q Zkr1 — (1 +9)zk41 ),

+
6]’ (1+9)Zk1 — 9241

v

Zk+1|1 +q -4 = zkq1-

Thus, z; > zj;1 for each k € Ny. This implies that z € ¢;.
Conversely, it is trivial thatif z € {1, then |1 —a| < 1+4.
This completes the proof. [

Theorem 12. 5,(V3,¢o) = {a € C: |1 —a| <144}

Proof. Let |1 —a| < 1+ 4. Itis easy to notice that the operator V% — al is invertible. Further,
Theorem 11 implies that the operator Vg’* —walisnot1—1for |1 —a|] <1+ g4.Henceitis
immediate from Lemma 3 that R(V% —ual) # c.

Thus, sr(Vg,co) ={aecC:1—a|<1+4gqg}. O

Theorem 13. s.(V7,cp) = {a € C: 144 < [1 —a| <1+2q}.

Proof. The result is immediate from Theorems 9, 10 and 12, and the relation S(V%, co) =
sp(Vé, co) U sr(V%, co) U sC(Vg, co). O

6. Conclusions

In this study, we provided an instance wherein quantum calculus has been applied
to construct sequence spaces. We constructed quantum difference sequence spaces cy (V%)
and C(V%) defined as the domain of the second order quantum difference operator V% in
the spaces cg and ¢, respectively. We further determine the spectrum, the point spectrum,
the residual spectrum, and the continuous spectrum of the operator V% in the space cg. We
observed that the operator V% reduces to V2 (cf. [15]) as g tends to 1~. Thus, our study
strengthens the results of Dutta and Baliarsingh [15]. This study will pave the way for
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various pieces of research in this field. For instance, as a potential research direction, one
may study the domain of the difference operator Vﬁ in the sequence space £ of absolutely

p-summable sequences and compute the spectrum of V% over £, (or /1) (cf. [6,14,16]).
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