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Abstract: This paper studies the existence and uniqueness of solutions for a coupled system of
Hilfer-type generalized proportional fractional differential equations supplemented with nonlocal
asymmetric multipoint boundary conditions. We consider both the scalar and the Banach space
case. We apply standard fixed-point theorems to derive the desired results. In the scalar case, we
apply Banach’s fixed-point theorem, the Leray–Schauder alternative, and Krasnosel’skiĭ’s fixed-point
theorem. The Banach space case is based on Mönch’s fixed-point theorem and the technique of
the measure of noncompactness. Examples illustrating the main results are presented. Symmetric
distance between itself and its derivative can be investigated by replacing the proportional number
equal to one half.

Keywords: Hilfer proportional fractional derivative; Hilfer proportional fractional integral; system;
fixed-point theorems; existence results; measure of noncompactness

1. Introduction

Fractional calculus appears as a developed area of mathematical analysis to consider
many real-world problems [1–8]. Fractional calculus is composed of massive traits to
construct wide applications in multiple scientific studies. Considered equations in fractional
calculus are often unable to study complex systems, and a diversity of new fractional
operators were introduced to improve the field of fractional calculus [9–14]. In the literature,
one can find several kinds of fractional derivatives, such as Riemann–Liouville, Caputo,
Hadamard, Hilfer, and Katugampola. The Riemann–Liouville and Caputo fractional
derivatives were extended to the Hilfer fractional derivative [15], and many applications of
Hilfer fractional derivative were then obtained in many fields of mathematics and physics.
(see [16–18]). In [19], the study of the Hilfer generalized proportional was introduced
by the authors. In [20], the study of boundary value problems of the Hilfer generalized
proportional fractional derivative of order in (1, 2], supplemented with nonlocal multipoint
boundary conditions, given by

(
Dα,η,σ

a+ + kDα−1,η,σ
a+

)
x(t) = f (t, x(t)), t ∈ [a, b],

x(a) = 0, x(b) =
m

∑
j=1

θjx(ξ j)
(1)

was initiated, where Dα,η,σ
a+ is the fractional derivative of a Hilfer generalized proportional

type of order 1 < α < 2, Hilfer parameter 0 ≤ η ≤ 1, σ ∈ (0, 1], k ∈ R, f : [a, b]×R→ R
is a continuous function, a ≥ 0, θj ∈ R, ξ j ∈ (a, b) for j = 1, 2, 3, . . . , m. Existence and
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uniqueness results were considered first in the scalar case by applying some classical
fixed-point theorems. The notion of measure of measure of noncompactness and Mönch’s
fixed-point theorem were then applied to obtain an existence result for Problem (1), where
f : [a, b]× E→ E is a given function, and (E, ‖ · ‖∞) is a real Banach space.

In recent years, very few papers have been published dealing with Hilfer generalized
proportional fractional derivative of order in (1, 2]. Motivated by the above paper, we enrich
this new research area. Thus, in this paper, a coupled system of Hilfer-type generalized
proportional fractional differential equations with nonlocal multipoint boundary conditions
of form 

(
Dδ1,η,σ

c+ + kDδ1−1,η,σ
c+

)
r(z) = h1(z, r(z), s(z)), z ∈ [c, d],(

Dδ2,η,σ
c+ + k1Dδ2−1,η,σ

c+

)
s(z) = h2(z, r(z), s(z)),

r(c) = 0, r(d) =
m

∑
j=1

θjs(ξ j),

s(c) = 0, s(d) =
n

∑
i=1

εir(λi),

(2)

is investigated, in which Dδ1,η,σ
a+ and Dδ2,η,σ

a+ are the fractional derivatives of Hilfer gener-
alized proportional type of order 1 < δ1, δ2 < 2, Hilfer parameter 0 ≤ η ≤ 1, σ ∈ (0, 1],
k, k1 ∈ R, h1, h2 : [a, b]×R → R are continuous functions, a ≥ 0, θj, εi ∈ R, ξ j, λi ∈ (a, b)
for i = 1, 2, 3, . . . , n and j = 1, 2, . . . , m.

We prove existence and uniqueness results in the scalar case by applying classical
Banach and Krasnosel’skiĭ fixed-point theorems, and the Leray–Schauder alternative. Next,
by using the measure of noncompactness and Mönch’s fixed point theorem, we establish an
existence result for Problem (2) when f : [c, d]× E→ E is a given function, and (E, ‖ · ‖∞)
is a real Banach space.

The remainder of this work is organized as follows. Section 2 outlines some basic no-
tations, definitions, and basic results of fractional calculus. An auxiliary lemma concerning
a linear variant of Problem (1) is also proved. This lemma help in converting nonlinear
Problem (1) into a fixed-point problem. Our main results are presented in Section 3 for the
scalar case, and Section 4 for the Banach space case. Section 5 is devoted to constructing
illustrative numerical examples. The work in this paper is new and enriches the literature
on coupled systems of Hilfer-type generalized proportional fractional differential equations.
The used methods are standard, but their configuration in the present problem is new.

2. Preliminaries

Here, some notations, definitions, and lemmas from fractional calculus are recalled.
Let C([c, d], E) be the Banach space of all continuous functions u : [c, d] → E en-

dowed by
‖u‖∞ = sup{‖u(z)‖, z ∈ [c, d]}.

In the case when E = R, we use notation

‖u‖ = sup{|u(z)|, z ∈ [c, d]}.

Definition 1. Let h ∈ L1([c, d],R). The fractional integral of the Riemann–Liouville type with
order δ > 0 is defined by [2]

Iδ
c+h(z) =

1
Γ(δ)

∫ z

c
(z− τ)δ−1h(τ)dτ,

in which Γ(·) is the gamma function.
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Definition 2. Let h ∈ Cn([c, d],R). The fractional derivative of Caputo type with order δ > 0 of
function h is defined by [2]

CDδ
c+h(z) =

1
Γ(n− δ)

∫ z

c
(z− s)n−δ−1h(n)(s)ds,

while the Riemann–Liouville type is defined by

RLDδ
c+h(z) =

1
Γ(n− δ)

(
d
dz

)n ∫ z

c
(z− s)n−δ−1h(s)ds,

where n− 1 < δ < n, n ∈ N, provided the right-hand side of the two equations above exists.

Definition 3. Let σ ∈ (0, 1] and δ ∈ C with Re(δ) > 0. Then, fractional operator [21]

Iδ,σ
c+ h(z) =

1
σδΓ(δ)

∫ z

c
e

σ−1
σ (z−s)(z− s)δ−1h(s)ds, z > c,

indicates the left-sided generalized proportional integral of order δ > 0 of function h.

Definition 4. The Riemann–Liouville type of proportional fractional derivative of order δ > 0 and
σ ∈ (0, 1] of function h is defined by [21]

Dδ,σ
c+ h(z) =

Dn,σ

σn−δΓ(n− δ)

∫ z

c
e

σ−1
σ (z−s)(z− s)n−δ−1h(s)ds,

while the Caputo type is given by

CDδ,σ
c+ h(z) =

1
σn−δΓ(n− δ)

∫ z

c
e

σ−1
σ (z−s)(z− s)n−δ−1Dn,σh(s)ds,

provided that the right-hand side of the two equations above exists, where Γ(·) indicates the gamma
function and n = [δ] + 1, [δ] denotes the integer part of a real number δ. In addition, notation Dn,σ

is defined by
Dn,σ = DσDσ · · ·Dσ︸ ︷︷ ︸

n−times

,

where the proportional derivative of a function h ∈ C1(R,R) is defined as

Dσh(z) = (1− σ)h(z) + σ
d
dz

h(z), σ ∈ (0, 1].

Remark 1. If σ = 1
2 , then D

1
2 h(z) lies in a path of symmetrical distance between h(z) and h′(z).

Remark 2. If we set Dσh(z) = (1− σ)h(z) + σh′(z) := f (z), this is a linear first-order differen-
tial equation that can be solved as

h(z) =
1
σ

∫ z

c
e

σ−1
σ (z−s) f (s)ds = I1,σ

c+ f (z).

Some properties of the generalized proportional fractional integral and derivative are
given in the next lemmas.

Lemma 1. Assume that δ, δ ∈ C, so that Re(δ) ≥ 0 and Re(δ) > 0. Then, for any σ ∈ (0, 1], [21]

(Iδ,σ
c+ e

σ−1
σ s(s− c)δ−1)(z) =

Γ(δ)
σδΓ(δ + δ)

e
σ−1

σ z(z− c)δ+δ−1,
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(Dδ,σ
c+ e

σ−1
σ s(s− c)δ−1)(z) =

σδΓ(δ)
Γ(δ− δ)

e
σ−1

σ z(z− c)δ−δ−1,

(Iδ,σ
c+ e

σ−1
σ (c−s)(c− s)δ−1)(z) =

Γ(δ)
σδΓ(δ + δ)

e
σ−1

σ (c−z)(c− z)δ+δ−1,

(Dδ,σ
c+ e

σ−1
σ (c−s)(c− s)δ−1)(z) =

σδΓ(δ)
Γ(δ− δ)

e
σ−1

σ (c−z)(c− z)δ−δ−1.

Lemma 2. Suppose that σ ∈ (0, 1], Re(δ1) > 0 and Re(δ2) > 0. If h ∈ C([c, d],R), then [21]

Iδ,σ
c+ (Iδ,σh)(z) = Iδ,σ

c+ (Iδ,σh)(z) = (Iδ+δ,σ
c+ h)(z), z ≥ c. (3)

Lemma 3. Let σ ∈ (0, 1] and 0 ≤ m < [<(δ)] + 1. If h ∈ L1([a, b]) then [21]

Dm,σ
c+ (Iδ,σ

c+ h)(z) =
(

Iδ−m
c+ h

)
(z), z > c.

The Hilfer generalized proportional fractional derivative is introduced.

Definition 5. Let n − 1 < δ < n, n ∈ N, σ ∈ (0, 1] and 0 ≤ η ≤ 1. Then, the generalized
proportional fractional derivative of the Hilfer type with order δ, parameter η, and proportional
number σ of function h is defined by [19]

(Dδ,η,σ
c+ h)(z) = Iη(n−δ),σ

c+ [Dn,σ(I(1−η)(n−δ),σ
c+ h)](z),

in which Dn,σ is the proportional derivative of order n, and I(·),σ is the generalized proportional
fractional integral in Definition 3.

The Hilfer generalized proportional fractional derivative is equivalent to

(Dδ,η,σ
c+ h)(z) = Iη(n−δ),σ

c+ [Dn,σ(I(1−η)(n−δ),σ
c+ h)](z) = (Iη(n−δ),σ

c+ Dγ,σh)(z),

where γ = δ + η(n− δ). Thus, operator Dδ,η,σ
c+ can be represented in terms of operators

given in Definition 4. If η → 1, then it is the Caputo-type proportional fractional derivative;
η → 0 can be reduced to a Reimann–Liouville type proportional fractional derivative.
Parameter γ satisfies

1 < γ ≤ 2, γ ≥ δ, γ > η, n− γ < n− η(n− δ).

Inspired by the Lemma 3.9 of [19], the following lemma is introduced.

Lemma 4. Let n − 1 < δ < n, σ ∈ (0, 1], 0 ≤ η ≤ 1 and γ = δ + η(n − δ) ∈ [δ, n]. If
h ∈ L1(c, d) and In−γ,σ

c+ h ∈ Cn([c, d],R), then

Iδ,σ
c+ Dδ,η,σ

c+ h(z) = h(z)−
n

∑
j=1

e
σ−1

σ (z−c) (z− c)γ−j

σγ−jΓ(γ + 1− j)

(
I j−γ,σh

)
(c+).

In the following lemma, we solve the linear variant of Problem (1).
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Lemma 5. Let 1 < δ1, δ2 < 2, 0 ≤ η ≤ 1, γ1 = δ1 + η(2− δ1) ∈ [δ1, 2], γ2 = δ2 + η(2− δ2) ∈
[δ2, 2], σ ∈ (0, 1], g, g1 ∈ C([c, d],R) and D 6= 0. Then pair (r, s) is the solution of system

(
Dδ1,η,σ + kDδ1−1,η,σ

)
r(z) = g(z), z ∈ [c, d](

Dδ2,η,σ + k1Dδ2−1,η,σ
)

s(z) = g1(z),

r(c) = 0, r(d) =
m

∑
j=1

θjs(ξ j),

s(c) = 0 s(d) =
k

∑
i=1

εir(λi),

(4)

if and only if

r(z) = Iδ1,σ
c+ g(z)− k

σ

∫ z

c
r(u)e

σ−1
σ (z−u)du + (z−c)γ1−1

DΓ(γ1)
e

σ−1
σ (z−c)

[
∆
( m

∑
j=1

θj I
δ2,σ
c+ g1(ξ j)

− k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du− Iδ1,σ

c+ g(d) +
k
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du

)
+B
( k

∑
i=1

εi I
δ1,σ
c+ g(λi)−

k
σ

n

∑
i=1

εi

∫ λi

c
r(u)e

σ−1
σ (λi−u)du− Iδ2,σ

c+ g1(d)

+
k1

σ

∫ d
c s(u)e

σ−1
σ (d−u)du

)]
,

(5)

s(z) = Iδ2,σ
c+ g1(z)−

k1

σ

∫ z

c
s(u)e

σ−1
σ (z−u)du + (z−c)γ2−1

DΓ(γ2)
e

σ−1
σ (z−c)

[
A
( k

∑
i=1

εi I
δ1,σ
c+ g(λi)

− k
σ

n

∑
i=1

εi
∫ λi

c r(u)e
σ−1

σ (λi−u)du− Iδ2,σ
c+ g1(d) +

k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du

)
+Γ
( m

∑
j=1

θj I
δ2,σ
c+ g1(ξ j)−

k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du− Iδ1,σ

c+ g(d)

+
k
σ

∫ d
c r(u)e

σ−1
σ (d−u)du

)]
,

(6)
where

A =
(d− c)γ1−1

Γ(γ1)
e

σ−1
σ (d−c), B =

m

∑
j=1

θj
(ξ j − c)γ2−1

Γ(γ2)
e

σ−1
σ (ξ j−c),

Γ =
n

∑
i=1

εi
(λi − c)γ1−1

Γ(γ1)
e

σ−1
σ (λi−c), ∆ =

(d− c)γ2−1

Γ(γ2)
e

σ−1
σ (d−c), (7)

D = A∆− BΓ.

Proof. Assume that pair (r, s) is the solution of Problem (2). Operating fractional integrals
Iδ1,σ
c+ and Iδ2,σ

c+ to both sides of equations of (4) and using Lemma 4, we obtain

r(z) = Iδ1,σ
c+ g(z) + c0

(z− c)γ1−2

Γ(γ1 − 1)
e

σ−1
σ (z−c) + c1

(z− c)γ1−1

Γ(γ1)
e

σ−1
σ (z−c)

− k
σ

∫ z

c
r(u)e

σ−1
σ (z−u)du,

(8)
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s(z) = Iδ2,σ
c+ g1(z) + d0

(z− c)γ2−2

Γ(γ2 − 1)
e

σ−1
σ (z−c) + d1

(z− c)γ2−1

Γ(γ2)
e

σ−1
σ (z−c)

− k1

σ

∫ z

c
s(u)e

σ−1
σ (z−u)du.

(9)

Applying r(c) = s(c) = 0, we get c0, d0 = 0. Hence,

r(z) = Iδ1,σ
c+ g(z) + c1

(z− c)γ1−1

Γ(γ1)
e

σ−1
σ (z−c) − k

σ

∫ z

c
r(u)e

σ−1
σ (z−u)du, (10)

s(z) = Iδ2,σ
c+ g1(z) + d1

(z− c)γ2−1

Γ(γ2)
e

σ−1
σ (z−c) − k1

σ

∫ z

c
s(u)e

σ−1
σ (z−u)du. (11)

From r(d) =
m

∑
j=1

θjs(ξ j) and s(d) =
k

∑
i=1

εir(λi), we obtain system

Iδ1,σ
c+ g(d) + c1

(d− c)γ1−1

Γ(γ1)
e

σ−1
σ (d−c) − k

σ

∫ d

c
r(u)e

σ−1
σ (d−u)du

=
m

∑
j=1

θj I
δ2,σ
c+ g1(ξ j) + d1

m

∑
j=1

θj
(ξ j − c)γ2−1

Γ(γ2)
e

σ−1
σ (ξ j−c) (12)

− k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du,

Iδ2,σ
c+ g1(d) + d1

(d− c)γ2−1

Γ(γ2)
e

σ−1
σ (d−c) − k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du

=
n

∑
i=1

εi I
δ1,σ
c+ g(λi) + c1

n

∑
i=1

εi
(λi − c)γ1−1

Γ(γ1)
e

σ−1
σ (λi−c) (13)

− k
σ

n

∑
i=1

εi

∫ λi

c
r(u)e

σ−1
σ (λi−u)du,

or, using notation (7), {
Ac1 − Bd1 = P,
−Γc1 + ∆d1 = Q,

(14)

where

P =
m

∑
j=1

θj I
δ2,σ
c+ g1(ξ j)−

k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du

−Iδ1,σ
c+ g(d) +

k
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du,

Q =
n

∑
i=1

εi I
δ1,σ
c+ g(λi)−

k
σ

n

∑
i=1

εi

∫ λi

c
r(u)e

σ−1
σ (λi−u)du

−Iδ2,σ
c+ g1(d) +

k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du.

By solving System (14), we have

c1 =
∆P + BQ

D
and d1 =

AQ + ΓP
D

.
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Substituting the values of c1 and d1 in Equations (10) and (11), respectively, we obtain
Solutions (5) and (6). The conversion can be proven by direct computation. The proof
is finished.

3. Existence and Uniqueness Results

Let X = C([c, d],R) be the Banach space of all continuous functions from [c, d] to R
endowed with the sup norm ‖r‖ = sup{|r(z)| : z ∈ [c, d]}. Let Y = C([c, d],R) be the
Banach space endowed with the sup norm ‖s‖ = sup{|s(z)| : z ∈ [c, d]}. Product space
(X× Y, ‖(r, s)‖) is a Banach space with norm ‖(r, s)‖ = ‖r‖+ ‖s‖.

In view of Lemma 5, we define operator P : X× Y→ X× Y by

P(r, s)(z) := (P1(r, s)(z), P2(r, s)(z)), (15)

in which

P1(r, s)(z) = Iδ1,σ
c+ h1,r,s(z)−

k
σ

∫ z

c
r(u)e

σ−1
σ (z−u)du

+
(z− c)γ1−1

DΓ(γ1)
e

σ−1
σ (z−c)

[
∆
( m

∑
j=1

θj I
δ2,σ
c+ h2,r,s(ξ j)

− k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du− Iδ1,σ

c+ h1,r,s(d) (16)

+
k
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du

)
+ B

( n

∑
i=1

εi I
δ1,σ
c+ h1,r,s(λi)− Iδ2,σ

c+ h2,r,s(d)

− k
σ

n

∑
i=1

εi

∫ λi

c
r(u)e

σ−1
σ (λi−u)du +

k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du

)]
,

and

P2(r, s)(z) = Iδ2,σ
c+ h2,r,s(z)−

k1

σ

∫ z

c
s(u)e

σ−1
σ (z−u)du

+
(z− c)γ2−1

|D|Γ(γ2)
e

σ−1
σ (z−c)

[
A
( n

∑
i=1

εi I
δ1,σ
c+ h1,r,s(λi)

− k
σ

n

∑
i=1

εi

∫ λi

c
r(u)e

σ−1
σ (λi−u)du− Iδ2,σ

c+ h2,r,s(d) +
k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du

)
(17)

+Γ
( m

∑
j=1

θj I
δ2,σ
c+ h2,r,s(ξ j)−

k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du

−Iδ1,σ
c+ h1,r,s(d) +

k
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du

)]
,

where h1,r,s(z) = h1(z, r(z), s(z)) and h2,r,s(z) = h2(z, r(z), s(z)).

For convenience, the following notations are applied:

A1 =
(d− c)δ1

σδ1 Γ(δ1 + 1)
+

(d− c)γ1−1

|D|Γ(γ1)

[
∆

(d− c)δ1

σδ1 Γ(δ1 + 1)
+ B ∑n

i=1 |εi|(λi − c)δ1

σδ1 Γ(δ1 + 1)

]
,

A2 =
(d− c)γ1−1

|D|Γ(γ1)

[
∆

∑m
j=1 |θj|(ξ j − c)δ2

σδ2 Γ(δ2 + 1)
+ B

(d− c)δ2

σδ2 Γ(δ2 + 1)

]
,

A3 =
|k|
σ
(d− c) +

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( |k1|

σ
∑m

j=1 |θj|(ξ j − c) +
|k|
σ
(d− c)

)
+B
( |k|

σ
∑n

i=1 |εi|(λi − c) +
|k1|
σ

(d− c)
)]

,

(18)
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B1 =
(d− c)γ2−1

|D|Γ(γ2)

[
A ∑n

i=1 |εi|(λi − c)δ1

σδ1 Γ(δ1 + 1)
+ Γ

(d− c)δ1

σδ1 Γ(δ1 + 1)

]
,

B2 =
(d− c)δ2

σδ2 Γ(δ2 + 1)
+

(d− c)γ2−1

|D|Γ(γ2)

[
A

(d− c)δ2

σδ2 Γ(δ2 + 1)
+ Γ

∑m
j=1 |θj|(ξ j − c)δ2

σδ2 Γ(δ2 + 1)

]
,

B3 =
|k1|
σ

(d− c) +
(d− c)γ2−1

|D|Γ(γ2)

[
A
( |k|

σ
∑n

i=1 |εi|(λi − c) + |k1|
σ (d− c)

)
+Γ
( |k1|

σ
∑m

j=1 |θj|(ξ j − c) + |k|
σ (d− c)

)]
.

(19)

Now, Banach’s fixed-point theorem is applied to prove an existence and uniqueness
result.

Lemma 6. (Banach fixed point theorem) [22] Let G be a closed set in X and H : G → G satisfies

|Hu1 − Hu2| ≤ λ|u1 − u2|, for some λ ∈ (0, 1), and for all u1, u2 ∈ G.

Then, H admits a unique fixed point in G.

Theorem 1. Let D 6= 0 and h1, h2 : [c, d]×R2 −→ R be two functions satisfying

(G1) there exist `1, `2 > 0, such that, for all z ∈ [c, d] and ri, si ∈ R, i = 1, 2, we have

|h1(z, r1, s1)− h1(z, r2, s2)| ≤ `1(|r1 − r2|+ |s1 − s2|),
|h2(z, r1, s1)− h2(z, r2, s2)| ≤ `2(|r1 − r2|+ |s1 − s2|).

Then, a unique solution of Problem (1) is obtained provided that

`1(A1 + B1) + `2(A2 + B2) + A3 + B3 < 1, (20)

where Ai, Bi, i = 1, 2, 3 are presented by (18) and (19), respectively.

Proof. We converted Problem (1) into fixed-point problem (r, s) = P(r, s)(z) in which
operator P is defined as in (15). Using Banach’s theorem, we obtain a unique fixed point
of operator P, and this completes the proof. Let supz∈[c,d] |h1(z, 0, 0)| = S1 < ∞ and
supz∈[c,d] |h2(z, 0, 0)| = S2 < ∞. Next, assume that Br = {(r, s) ∈ X× Y; ‖(r, s)‖ ≤ r},
in which

r ≥ S1(A1 + B1) + S2(A2 + B2)

1− [`1(A1 + B1) + `2(A2 + B2) + A3 + B3]
. (21)

Br is a bounded, closed, and convex subset of X×Y. First, we indicate that P(Br) ⊆ Br.
For all (r, s) ∈ Br and z ∈ [c, d], applying condition (G1), we obtain

|h1,r,s(z)| = |h1(z, r(z), s(z))| ≤ |h1(z, r(z), s(z))− h1(z, 0, 0)|+ |h1(z, 0, 0)|
≤ `1(|r(z)|+ |s(z)|) + S1

≤ `1(‖r‖+ ‖s‖) + S1 ≤ `1r + S1,

and

|h2,r,s(z)| = |h2(z, r(z), s(z))| ≤ `2r + S2.

Thus for (r, s) ∈ Br and z ∈ [c, d], and using the fact that |e σ−1
σ z| ≤ 1, we have



Symmetry 2022, 14, 738 9 of 21

|P1(r, s)(z)|

≤ Iδ1,σ
c+ |h1,r,s(z)|+

|k|
σ

∫ z

c
|r(u)|e

σ−1
σ (z−u)du

+
(z− c)γ1−1

|D|Γ(γ1)
e

σ−1
σ (z−c)

[
∆
( m

∑
j=1

θj I
δ2,σ
c+ |h2,r,s(ξ j)|

+
|k1|
σ

m

∑
j=1

θj

∫ ξ j

c
|s(u)|e

σ−1
σ (ξ j−u)du + Iδ1,σ

c+ |h1,r,s(d)|

+
|k|
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du

)
+ B

( n

∑
i=1
|εi|Iδ1,σ

c+ |h1,r,s(λi)|+ Iδ2,σ
c+ |h2,r,s(d)|

+
|k|
σ

n

∑
i=1
|εi|

∫ λi

c
|r(u)|e

σ−1
σ (λi−u)du +

|k1|
σ

∫ d

c
|s(u)|e

σ−1
σ (d−u)du

)]
≤ (d− c)δ1

σδ1 Γ(δ1 + 1)
(`1r + S1) +

|k|
σ
(d− c)r

+
(d− c)γ1−1

|D|Γ(γ1)

[
∆
(∑m

j=1 |θj|(ξ j − c)δ2

σδ2 Γ(δ2 + 1)
(`2r + S2) +

r|k1|
σ

m

∑
j=1
|θj|(ξ j − c)

+
(d− c)δ1

σδ1 Γ(δ1 + 1)
(`1r + S1) +

r|k|(d− c)
σ

)
+ B

(∑n
i=1 |εi|(λi − c)δ1

σδ1 Γ(δ1 + 1)
(`1r + S1)

+
r|k|
σ

n

∑
i=1
|εi|(λi − c) +

(d− c)δ2

σδ2 Γ(δ2 + 1)
(`2r + S2) +

r|k1|(d− c)
σ

)]
= (`1r + S1)

{ (d− c)δ1

σδ1 Γ(δ1 + 1)
+

(d− c)γ1−1

|D|Γ(γ1)

[
∆

(d− c)δ1

σδ1 Γ(δ1 + 1)
+ B ∑n

i=1 |εi|(λi − c)δ1

σδ1 Γ(δ1 + 1)

]}
+(`2r + S2)

{ (d− c)γ1−1

|D|Γ(γ1)

[
∆

∑m
j=1 |θj|(ξ j − c)δ2

σδ2 Γ(δ2 + 1)
+ B

(d− c)δ2

σδ2 Γ(δ2 + 1)

]}
+r
{ |k|

σ
(d− c) +

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( |k1|

σ

m

∑
j=1
|θj|(ξ j − c) +

|k|
σ
(d− c)

)
+B
( |k|

σ

n

∑
i=1
|εi|(λi − c) +

|k1|
σ

(d− c)
)}

= (`1r + S1)A1 + (`2r + S2)A2 + rA3.

Consequently, we have

‖P1(r, s)‖ ≤ (`1r + S1)A1 + (`2r + S2)A2 + rA3.

Similarly, we obtain that

‖P2(r, s)‖ ≤ (`1r + S1)B1 + (`2r + S2)B2 + rB3.

Hence, we have

‖P(r, s)‖ ≤
[
`1(A1 + B1) + `2(A2 + B2) + A3 + B3

]
r

+(A1 + B1)S1 + (A2 + B2)S2 ≤ r.

Therefore, P(Br) ⊆ Br.
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Now, we indicate that P : X× Y −→ X× Y is a contraction mapping. Due to condition
(G1) for all (r1, s1), (r2, s2) ∈ X× Y and z ∈ [c, d], we obtain

|P1(r1, s1)(z)− P2(r2, s2)(z)|

≤ Iδ1,σ
c+ |h1,r1,s1 − h1,r2,s2 |(z) +

|k|
σ

∫ z

c
|r1(u)− r2(u)|du

+
(d− c)γ1−1

|D|Γ(γ1)

[
∆
( m

∑
j=1
|θj|Iδ2,σ

c+ |h2,r1,s1 − h1,r2,s2 |(ξ j)

+
|k1|
σ

m

∑
j=1
|θj|

∫ ξ j

c
|s1(u)− s2(u)|du + Iδ1,σ

c+ |h1,r1,s1 − h1,r2,s2 |(d)

+
|k|
σ

∫ d

c
|r1(u)− r2(u)|du

)
+ B

( n

∑
i=1

εi I
δ1,σ
c+ |h1,r1,s1 − h1,r2,s2 |(λi)

+
|k|
σ

n

∑
i=1
|εi|

∫ λi

c
|r1(u)− r2(u)|du + Iδ2,σ

c+ |h2,r1,s1 − h2,r2,s2 |(d)

+
|k1|
σ

∫ d

c
|s1(u)− s2(u)|du

)]
≤ `1(d− c)δ1

σδ1 Γ(δ1 + 1)
(‖r1 − r2‖+ ‖s1 − s2‖) +

|k|(d− c)
σ

‖r1 − r2‖

+
(d− c)γ1−1

|D|Γ(γ1)

[
∆
( `2(‖r1 − r2‖+ ‖s1 − s2‖)

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2

+
|k1|
σ

m

∑
j=1
|θj|(ξ j − c)‖s1 − s2‖+

(d− c)δ1

σδ1 Γ(δ1 + 1)
`1(‖r1 − r2‖) + ‖s1 − s2‖)

+
|k|(d− c)

σ
‖r1 − r2‖

)
+ B

( `1(‖r1 − r2‖+ ‖s1 − s2‖)
σδ1Γ(δ1+1)

n

∑
i=1

εi(λi − c)δ1

+
|k|
σ

n

∑
i=1
|εi|(λi − c)‖r1 − r2‖+

(d− c)δ2

σδ2 Γ(δ2 + 1)
`2(‖r1 − r2‖+ ‖s1 − s2‖)

+
|k1|(d− c)

σ
‖s1 − s2‖

)
≤ (`1 A1 + `2 A2)(‖r1 − r2‖+ ‖s1 − s2‖) + A3(‖r1 − r2‖+ ‖s1 − s2‖)

= (`1 A1 + `2 A2 + A3)(‖r1 − r2‖+ ‖s1 − s2‖);

hence,

‖P1(r1, s1)− P1(r2, s2)‖ ≤ (`1 A1 + `2 A2 + A3)(‖r1 − r2‖+ ‖s1 − s2‖). (22)

Similarly, we obtain

‖P2(r1, s1)− P2(r2, s2)‖ ≤ (`1B1 + `2B2 + B3)(‖r1 − r2‖+ ‖s1 − s2‖). (23)

Combining (22) and (23), we have

‖P(r1, s1)− P(r2, s2)‖ ≤
[
`1(A1 + B1) + `2(A2 + B2) + A3 + B3

]
×(‖r1 − r2‖+ ‖s1 − s2‖).

Since `1(A1 + B1) + `2(A2 + B2) + A3 + B3 < 1, operator P is contraction mapping.
Consequently, applying Banach’s fixed-point theorem, a unique fixed point of operator P is
obtained that is a solution of Problem (1). The proof is completed.
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Now, we apply the Leray–Schauder alternative to obtain our first existence result.

Lemma 7. (Leray–Schauder nonlinear alternative [23]). Let set Ω be closed bounded convex in X,
and O an open set contained in Ω with 0 ∈ O. Then, for continuous and compact T, Ū → Ω either

(a) T admits a fixed–point in Ū or
(aa) ∃ u ∈ ∂U and µ ∈ (0, 1) with u = µT(u).

Theorem 2. Assume that D 6= 0 and h1, h2 : [c, d]×R2 −→ R are continuous functions satisfying

(G2) There exist ri, si ≥ 0 for i = 1, 2 and r0, s0 > 0 such that for any r, s ∈ R, we have

|h1(z, r, s)| ≤ r0 + r1|r|+ r2|s|,
|h2(z, r, s)| ≤ s0 + s1|r|+ s2|s|.

If (A1 + B1)r1 + (A2 + B2)s1 + A3 + B3 < 1 and (A1 + B1)r2 + (A2 + B2)s2 + A3 + B3 < 1,
where Ai, Bi for i = 1, 2, 3 are presented by (18) and (19), respectively, then Problem (1) contains at
least one solution on [c, d].

Proof. Since functions h1, h2 are continuous on [c, d]×R2, operator P is also continuous.
Now, the completely continuous property of operator P is shown. Let Bε = {(r, s) ∈
X× Y : ‖(r, s)‖ ≤ ε}. Thus, for all (r, s) ∈ Bε, there exist D1, D2 > 0, such that |h1,r,s(z)| =
|h1(z, r(z), s(z))| ≤ D1 and |h2,r,s(z)| = |h2(z, r(z), s(z))| ≤ D2. Hence, for all (r, s) ∈ Bε,
we have

|P1(r, s)(z)| ≤ Iδ1,σ
c+ |h1,r,s(z)|+

|k|
σ

∫ z

c
|r(u)|du

+
(d− c)γ1−1

|D|Γ(γ1)

[
∆
( m

∑
j=1
|θj|Iδ2,σ

c+ |h2,r,s(ξ j)|+
|k1|
σ

m

∑
j=1
|θj|

∫ ξ j

c
|s(u)|du

+Iδ1,σ
c+ |h1,r,s(d)|+

|k|
σ

∫ d

c
|r(u)du

)
+ B

( m

∑
j=1
|εi|Iδ1,σ

c+ |h1,r,s(λi)|

+
|k|
σ

n

∑
i=1
|εi|

∫ λi

c
|r(t)|dt + Iδ2,σ

c+ |h2,r,s(d)|+
|k1|
σ

∫ d

c
|s(t)|dt

)]
≤ D1(d− c)δ1

σδ1 Γ(δ1 + 1)
+
|k|(d− c)r

σ

+
(d− c)γ1−1

|D|Γ(γ1)

[
∆
( D2

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2 +

|k1|r
σ

m

∑
j=1
|θj|(ξ j − c)

+
D1(d− c)δ1

σδ1 Γ(δ1 + 1)
+

r|k|(d− c)
σ

)
+ B

( D1

σδ1 Γ(δ1 + 1)

n

∑
i=1
|εi|(λi − c)δ1

+
D2(d− c)δ2

σδ2 Γ(δ2 + 1)
+ r
|k|
σ

n

∑
i=1
|εi|(λi − c) +

r|k1|(d− c)
σ

)]
= A1D1 + A2D2 + rA3,

which implies that
‖P1(r, s)‖ ≤ A1D1 + A2D2 + rA3.

Similarly, we obtain that

‖P2(r, s)‖ ≤ B1D1 + B2D2 + rB3.

Consequently,

‖P(r, s)‖ ≤ (A1 + B1)D1 + (A2 + B2)D2 + r(A3 + B3),
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and we conclude that P is uniformly bounded.
Next, the equicontinuous property of operator P is proven. Let z1, z2 ∈ [c, d] with

z1 < z2. Thus, we have

|P1(r, s)(z2)− P1(r, s)(z1)|

≤ 1
σδ1 Γ(δ1)

∫ z2

c
[(z2 − u)δ1−1 − (z1 − u)δ1−1]|h1(u, r(u), s(u))|du

+
1

σδ1 Γ(δ1)

∫ z2

z1

(z2 − u)δ1−1|h1(u, r(u), s(u))|du +
|k|
σ
‖r‖(z2 − z1)

+
(z2 − c)γ1−1 − (z1 − c)γ1−1

|D|Γ(γ1)

[
∆
( D2

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2

+
|k1|r

σ

m

∑
j=1
|θj|(ξ j − c) +

D1

σδ1 Γ(δ1 + 1)
+

r|k|(d− c)
σ

)
+B
( D1

σδ1 Γ(δ1 + 1)

n

∑
i=1

εi(λi − c) +
|k|r
σ

n

∑
i=1
|εi|(λi − c)

+
D2(d− c)δ2

σδ2 Γ(δ2 + 1)
+

r|k1|(d− c)
σ

)]
≤ D1

σδ1 Γ(δ1 + 1)

[
|(z2 − c)δ1 − (z1 − c)δ1 + 2(z2 − z1)

δ1
]
+
|k|
σ
‖r‖(z2 − z1)

+
(z2 − c)γ1−1 − (z1 − c)γ1−1

|D|Γ(γ1)

[
∆
( D2

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2

+
|k1|r

σ

m

∑
j=1
|θj|(ξ j − c) +

D1

σδ1 Γ(δ1 + 1)
+

r|k|(d− c)
σ

)
+B
( D1

σδ1 Γ(δ1 + 1)

n

∑
i=1
|εi|(λi − c) +

|k|r(λi − c)
σ

+
D2(d− c)δ2

σδ2 Γ(δ2 + 1)
+

r|k1|(d− c)
σ

)]
.

Thus, we have

|P1(r, s)(t2)− P1(r, s)(t1)| −→ 0, as t1 → t2.

Similarly, we have
|P2(r, s)(t2)− P2(r, s)(t1)| → 0.

Hence, set P(Br) is equicontinuous. Consequently, due to the Arzelá-Ascoli theorem,
we obtain that P is completely continuous.

Lastly, the boundedness property of set Θ = {(r, s) ∈ X × Y : (r, s) = λP(r, s),
0 ≤ λ ≤ 1} is showed. Let (r, s) ∈ Θ, then (r, s) = λP(r, s). Hence, for all z ∈ [c, d] we have

r(z) = λP1(r, s)(z), s(z) = λP2(r, s)(z).

Thus, we have

‖r‖ ≤ (r0 + r1‖r‖+ r2‖s‖)A1 + (s0 + s1‖r‖+ s2‖s‖)A2 + (‖r‖+ ‖s‖)A3,

‖s‖ ≤ (r0 + r1‖r‖+ r2‖s‖)B1 + (s0 + s1‖r‖+ s2‖s‖)B2 + (‖r‖+ ‖s‖)B3.

Thus, we have

‖r‖+ ‖s‖ ≤ (A1 + B1)r0 + (A2 + B2)s0 +
[
(A1 + B1)r1 + (A2 + B2)s1

+A3 + B3

]
‖r‖+

[
(A1 + B1)r2 + (A2 + B2)s2 + A3 + B3

]
‖s‖.
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Consequently, we have

‖(r, s)‖ ≤ (A1 + B1)r0 + (A2 + B2)s0

D∗
, (24)

where D∗ = min{1− [(A1 + B1)r1 − (A2 + B2)s1 − (A3 + B3)], 1− [(A1 + B1)r2 − (A2 +
B2)s2 − (A3 + B3)]} Hence, the set Θ is bounded, and via the Leray–Schader alternative, at
least one fixed point of operator P is obtained, and this completes the proof.

Krasnosel’skiĭ’s fixed-point theorem is applied to obtain our second existence result.

Lemma 8. (Krasnosel’skiĭ fixed-point theorem) [24] Let N indicates a closed, bounded, convex and
nonempty subset of a Banach space Y, and C, D are operators, such that (i) Cx + Dy ∈ N where
x, y ∈ N, (ii) C is compact and continuous, and (iii) D is contraction mapping. Then, there exists
z ∈ N, such that z = Cz + Dz.

Theorem 3. Assume that D 6= 0 and h1, h2 : [c, d]×R2 −→ R are continuous functions. In
addition, we suppose that

(G3) There exist non-negative functions φ1, φ2 ∈ C([c, d],R+), such that
|h1(z, r, s)| ≤ φ1(z), |h2(z, r, s)| ≤ φ2(z) for all (z, r, s) ∈ [c, d]×R×R.

Then, at least one solution of Problem (1) is obtained on [c, d], provided that

A3 + B3 < 1. (25)

Proof. First, we decompose operator P into four operators:

M(r, s)(z) = − k
σ

∫ z

c
r(u)e

σ−1
σ (z−u)du

+
(z− c)γ1−1

DΓ(γ1)
e

σ−1
σ (z−c)

[
∆
(
− k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du

+
k
σ

∫ d
c r(u)e

σ−1
σ (d−c)du

)
+ B

(
− k

σ

n

∑
i=1

εi
∫ λi

c r(u)e
σ−1

σ (λi−u)du

+
k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du

)]
,

(26)

N(r, s)(z) = Iδ1,σ
c+ h1,r,s(z)

+
(z− c)γ1−1

DΓ(γ1)
e

σ−1
σ (z−c)

[
∆
( m

∑
j=1

θj I
δ2,σ
c+ h2,r,s(ξ j)− Iδ1,σ

c+ h1,r,s(d)
)

+B
( n

∑
i=1

εi I
δ1,σ
c+ h1,r,s(λi)− Iδ2,σ

c+ h2,r,s(d)
)]

,

(27)

S(r, s)(z) = − k1

σ

∫ z

c
s(u)e

σ−1
σ (z−u)du

+
(z− c)γ2−1

DΓ(γ2)
e

σ−1
σ (z−c)

[
A
(
− k

σ

n

∑
i=1

εi
∫ λi

c r(u)e
σ−1

σ (λi−u)du
)

+
k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du

)
+ Γ

(
− k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du

+
k
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du

)]
,

(28)
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R(r, s)(z) = Iδ2,σ
c+ h2,r,s(z)

+
(z− c)γ2−1

DΓ(γ2)
e

σ−1
σ (z−c)

[
A
( n

∑
i=1

εi I
δ1,σ
c+ h1,r,s(λi)− Iδ2,σ

c+ h2,r,s(d)
)

+Γ
( m

∑
j=1

θj I
δ2,σ
c+ h2,r,s(ξ j)− Iδ1,σ

c+ h2,r,s(d)
)]

,

(29)

Thus, P1(r, s)(z) = M(r, s)(z) + N(r, s)(z) and P2(r, s)(z) = S(r, s)(z) + R(r, s)(z).
Let Bε = {(r, s) ∈ X× Y; ‖(r, s)‖ ≤ ε}, in which

ε ≥ (A1 + B1)‖φ1‖+ (A2 + B2)‖φ2‖
1− (A3 + B3)

.

First, we indicate that P1(r, s) + P2(r, s) ∈ Bε, where (r, s) ∈ Bε. In view of the proof of
Theorem 2, we have

|M(r, s)(z) + N(r, s)(z)| ≤ A1‖φ1‖+ A2‖φ2‖+ εA3,

|S(r, s)(z) + R(r, s)(z)| ≤ B1‖φ1‖+ B2‖φ2‖+ εB3,

which leads to the fact that

‖P1(r, s) + P2(r, s)‖ ≤ (A1 + B1)‖φ1‖+ (A2 + B2)‖φ2‖+ ε(A3 + B3) ≤ ε.

Hence, P1(r, s) + P2(r, s) ∈ Bε and condition (i) of Lemma 8 is obtained.
Now, it is proven that operator (M, S) is contraction mapping. For (r1, s1), (r2, s2) ∈ Bε,

we have

|M(r1, s1)(z)−M(r2, s2)(z)|

≤ |k|
σ

∫ d

c
|r1(u)− r2(u)|du +

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( |k1|

σ

m

∑
j=1
|θj|

∫ ξ j

c
|s1(u)− s2(u)|du

+
|k|
σ

∫ d

c
|r1(u)− r2(u)|du

)
+ B

( |k|
σ

n

∑
i=1
|εi|

∫ λi

c
|r1(u)− r2(u)|du

+
|k1|
σ

∫ d

c
|s1(u)− s2(u)|du

)]
≤ |k|(d− c)

σ
‖r1 − r2‖+

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( |k1|

σ

m

∑
j=1
|θj|(ξ j − c)‖s1 − s2‖

+
|k|(d− c)

σ
‖r1 − r2‖

)
+ B

( |k|
σ

n

∑
i=1
|εi|(λi − c)‖r1 − r2‖+

|k1|(d− c)
σ

‖s1 − s2‖
)]

≤
{ |k|(d− c)

σ
+

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( |k1|

σ

m

∑
j=1
|θj|(ξ j − c) +

|k|(d− c)
σ

)
+B
( |k|

σ

n

∑
i=1
|εi|(λi − c) +

|k1|(d− c)
σ

)]}
(‖r1 − r2‖+ ‖s1 − s2‖)

= A3(‖r1 − r2‖+ ‖s1 − s2‖),

and hence
‖M(r1, s1)−M(r2, s2)‖ ≤ A3(‖r1 − r2‖+ ‖s1 − s2‖).

Similarly, we have

‖S(r1, s1)− S(r2, s2)‖ ≤ B3(‖r1 − r2‖+ ‖s1 − s2‖).
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Consequently, we obtain

‖(M, S)(r1, s1)− (M, S)(r2, s2)‖ ≤ (A3 + B3)(‖r1 − r2‖+ ‖s1 − s2‖),

which, by (25), implies that (M, S) is a contraction, and condition (iii) of Lemma 8
is obtained.

In the next step, condition (ii) of Lemma 8 is considered for operator (N, R). By
applying the continuity property of functions h1 and h2, we obtain that operator (NR) is
continuous. For all (r, s) ∈ Bε, due to the proof of Theorem 2, we have

|N(r, s)(z)| ≤ ‖φ‖1(d− c)δ1

σδ1 Γ(δ1 + 1)
+

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( ‖φ‖2

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2

+
‖φ‖1(d− c)δ1

σδ1 Γ(δ1 + 1)

)
+ B

( ‖φ‖1

σδ1 Γ(δ1 + 1)

n

∑
i=1
|εi|(λi − c)δ1

+
‖φ‖2(d− c)δ2

σδ2 Γ(δ2 + 1)

)]
= A1‖φ1‖+ A2‖φ2‖,

and hence
‖N(r, s)‖ ≤ A1‖φ1‖+ A2‖φ2‖.

Similarly,

‖R(r, s)‖ ≤ B1‖φ1‖+ B2‖φ2‖.

Consequently, we have

‖(N, R)(r, s)‖ ≤ (A1 + B1)‖φ1‖+ (A2 + B2)‖φ2‖,

thus, set (N, R)Bε is uniformly bounded.
Lastly, we show that set (N, R)Bε is equicontinuous. Let z1, z2 ∈ [c, d], such that

z1 < z2. For all (r, s) ∈ Bε, due to the equicontinuous property of operators P1 and
P2, we can show that |N(r, s)(z2) −N(r, s)(z1)| −→ 0, |R(r, s)(z2) − R(r, s)(z1)| −→ 0
az z1 −→ z2. Consequently, set (N, R)Bε is equicontinuous. Now, using Arzelá-Ascoli
theorem, the compactness property of operator (N, R) on Bε is obtained. Hence, by using
Lemma 8, at least one solution of Problem (1) is obtained on [c, d]. The proof is finished.

4. Existence Results in Banach Space

In this section, the technique of measure of noncompactness is applied to construct an
existence result concerning Problem (1). First, some elementary concepts about the notion
of the measure of noncompactness are recalled.

Definition 6. Assume that E is a Banach space, and ME indicates the set of all bounded subsets of
E. Mapping Ω : ME −→ [0, ∞) defined via [25]

Ω(N) = inf
{

ε > 0 : N ⊆ ∪m
i=1Ni, diam(Ni) ≤ ε

}
,

is called the Kuratowski measure of noncompactness.

Measure of noncompactness Ω comprises the following properties [25]:

(1) Ω(N) = 0⇔ N is compact.
(2) Ω(N) = Ω(N).
(3) N1 ⊂ N2 ⇒ Ω(N1) ≤ Ω(N2).
(4) Ω(N1 + N2) ≤ Ω(N1) + Ω(N2).
(5) Ω(λN) = |λ|Ω(N), λ ∈ R.
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(6) Ω(convN) = Ω(N).

Lemma 9. Assume that G ⊆ C([c, d], E) is a bounded and equicontinuous subset. Then, function
z −→ Ω(G(z)) is continuous on [c, d] [26]:

ΩC(G) = max
z∈[c,d]

Ω(G(z)),

and

Ω
( ∫ d

c
u(s)ds

)
≤
∫ d

c
Ω(G(s))ds,

where G(s) = {u(s) : u ∈ G}, s ∈ [c, d].

Theorem 4. (Mönch’s fixed point theorem) Let set V be a closed, bounded, and convex subset in a
Banach space Y, such that 0 ∈ Y, and let TV −→ V be continuous mapping satisfying [27]

V = convT(V), or V = T(V) ∪ {0} ⇒ Ω(V) = 0, (30)

for all subsets V of V. Then, T contains a fixed point.

Definition 7. Function h : [c, d]× E −→ E satisfies Carathéodory conditions if [28]:

(i) h(z, u) is measurable with respect to z for all u ∈ E,
(ii) h(z, u) is continuous with respect to u ∈ E for z ∈ [c, d].

Theorem 5. Assume that A3 + B3 < 1. Moreover, assume that

(L1) Caratheodory conditions are satisfied by functions h1, h2 : [c, d]× E× E −→ E;
(L2) There exist Ωh1 , Ωh2 ∈ C([c, d],R+) and ψ ∈ C(R+,R+) with ψ that is nondecreasing,

such that

‖hi(z, r, s)‖ ≤ Ωhi
(z)ψ(‖(r, s)‖), i = 1, 2 f or a.e z ∈ [c, d] and r, s ∈ E.

(L3) For each bounded set G ⊆ E× E and for all z ∈ [c, d], we have

Ω(hi(z, G)) ≤ Ωhi
(z)Ω(G).

If

max
{

Ω∗h1
A1 + Ω∗h2

A2 + A3, Ω∗h1
B1 + Ω∗h2

B2 + B3

}
< 1,

where Ω∗hi
= supz∈[c,d] Ωhi

(z), i = 1, 2; then, Problem (1) has at least one solution on [c, d].

Proof. Let operators P, P1, P2 : X× Y −→ X× Y be defined by (15)–(17), respectively. One
can see that the fixed point of operator P is a solution of Problem (1). Define

Br = {(s, r) ∈ X× Y : ‖(s, r)‖∞ ≤ r},

in which r ≥
Ω∗h1

ψ(r)(A1 + B1) + Ω∗h2
ψ(r)(A2 + B2)

1− (A3 + B3)
.

Step 1. F maps Br into itself.

For all (r, s) ∈ Br and z ∈ [c, d], we obtain

‖P1(r, s)(z)‖

≤ Iδ1,σ
c+ ‖h1,r,s(z)‖+

|k|
σ

∫ z

c
‖u(s)‖ds +

(d− c)γ1−1

|D|Γ(γ1)

[
∆
( m

∑
j=1
|θj|Iδ2,σ

c+ ‖h2,r,s(ξ j)‖
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+
|k1|
σ

m

∑
j=1
|θj|

∫ ξ j

c
‖s(t)‖dt + Iδ1,σ

c+ ‖h1,r,s(d)‖+
|k|
σ

∫ d

c
‖r(t)‖dt

)
+B
( m

∑
j=1
|εi|Iδ1,σ

c+ ‖h1,r,s(λi)‖+
|k|
σ

m

∑
j=1
|εi|

∫ λi

c
‖r(t)‖dt + Iδ2,σ

c+ ‖h2,r,s(d)‖

+
|k1|
σ

∫ d

c
‖s(t)‖dt

)]
≤ Ω∗h1

ψ(r)A1 + Ω∗h2
ψ(r)A2 + rA3,

and

‖P2(r, s)(z)‖ ≤ Ω∗h1
ψ(r)B1 + Ω∗h2

ψ(r)B2 + rB3.

Hence,

‖P(r, s)‖∞ ≤ Ω∗h1
ψ(r)(A1 + B1) + Ω∗h2

ψ(r)(A2 + B2) + r(A3 + B3)

≤ r.

Hence, operator P maps ball Br into itself.

Step 2. The operator P is continuous.

Let {(rn, sn)} ∈ Br such that (rn, sn) −→ (r, s) as n −→ ∞. We indicate that
‖P(rn, sn) − P(r, s)‖ −→ 0. Since functions h1 and h2 satisfy Carathéodory conditions,
we conclude that P1(rn, sn) −→ P1(r, s) and P2(rn, sn) −→ P2(r, s) as n −→ ∞. Now,
due to condition (L2) and the Lebesgue dominated convergence theorem, we obtain that
‖P1(rn, sn)− P1(r, s)‖, ‖P2(rn, sn)− P2(r, s)‖ −→ 0 as n −→ ∞. Consequently, ‖P(rn, sn)−
P(r, s)‖∞ −→ 0, which is implies that P is continuous on Br.

Step 3. Operator P is equicontinuous.

Let l1, l2 ∈ [c, d] with l1 < l2 and (r, s) ∈ Br. Thus, we have

‖P1(r, s)(l2)− P1(r, s)(l1)‖

≤ 1
σδ1 Γ(δ1)

∫ l2

c
[(l2 − u)δ1−1 − (l1 − u)δ1−1]‖h1(u, r(u), s(u))‖du

+
1

σδ1 Γ(δ1)

∫ l2

l1
(l2 − u)δ1−1‖h1(u, r(u), s(u))‖du +

|k|
σ

r(l2 − l1)

+
(l2 − c)γ1−1 − (l1 − c)γ1−1

|D|Γ(γ1)

[
∆
( Ω∗h2

ψ(r)

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2

+
|k1|r

σ

m

∑
j=1
|θj|(ξ j − c) +

Ω∗h1
ψ(r)

σδ1 Γ(δ1 + 1)
+

r|k|(d− c)
σ

)

+B
( Ω∗h2

ψ(r)

σδ1 Γ(δ1 + 1)

n

∑
i=1
|εi|(λi − c)δ1 +

|k|r(λi − c)
σ

|εi|+
Ω∗h1

ψ(r)(d− c)δ2

σδ2 Γ(δ2 + 1)

+
r|k1|(d− c)

σ

)]
≤

Ω∗h1
ψ(r)

σδ1 Γ(δ1 + 1)

[
|(l2 − c)δ1 − (l1 − c)δ1 + 2(l2 − l1)δ1

]
+
|k|
σ

r(l2 − l1)

+
(l2 − c)γ1−1 − (l1 − c)γ1−1

|D|Γ(γ1)

[
∆
( Ω∗h2

ψ(r)

σδ2 Γ(δ2 + 1)

m

∑
j=1
|θj|(ξ j − c)δ2
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+
|k1|r

σ

m

∑
j=1
|θj|(ξ j − c) +

Ω∗h1
ψ(r)

σδ1 Γ(δ1 + 1)
+

r|k|(d− c)
σ

)

+B
( Ω∗h1

ψ(r)

σδ1 Γ(δ1 + 1)

n

∑
i=1
|εi|(λi − c)δ1 +

|k|r(λi − c)
σ

|εi|+
Ω∗h2

ψ(r)(d− c)δ2

σδ2 Γ(δ2 + 1)

+
r|k1|(d− c)

σ

)]
.

As l2 −→ l1, we obtain that ‖P1(r, s)(l2)−P1(r, s)(l1)‖ −→ 0. Similarly, ‖P2(r, s)(l2)−
P2(r, s)(l1)‖ −→ 0 as l2 −→ l1. Consequently, ‖P(r, s)(l2)− P(r, s)(l1)‖∞ −→ 0, as l2 tends
to l1. Thus P is equicontinuous.

Step 4. Condition (30) of Theorem 4 is satisfied.

Let V1 = M1 ×M2 ⊆ conv(P1(V1)∪ {0}) and V2 = N1 × N2 ⊆ conv(P2(V2)∪ {0}) be
two bounded and equicontinuous subsets. Thus, T1(z) = Ω(V1(z)) and T2(z) = Ω2(V2(z))
are continuous on [c, d]. Now, in view of Lemma 9 and (L3), we have

T1(z) = Ω(V1(z)) ≤ Ω(conv(P1(V1)(z) ∪ {0})) ≤ Ω(P1(V1)(z)))

≤ Ω
{ 1

σδ1 Γ(δ1)

∫ z

c
e

σ−1
σ (z−u)(z− u)δ1−1h1(u, r(u), s(u))du : (r, s) ∈ V1

}
+Ω

{ k
σ

∫ z

c
s(u)e

σ−1
σ (z−u)du : s ∈ M2

}
+
(z− c)γ1−1

DΓ(γ1)
e

σ−1
σ (z−c)

[
∆
( m

∑
j=1

θjΩ
{

Iδ2,σ
c+ h1,r,s(ξ j) : (r, s) ∈ V1

}
+Ω

{ k1

σ

m

∑
j=1

θj

∫ ξ j

c
s(u)e

σ−1
σ (ξ j−u)du : s ∈ M2

}
+Ω

{ 1
σδ1 Γ(δ1)

∫ d

c
e

σ−1
σ (d−u)(d− u)δ1−1h1(u, r(u), s(u))du : (r, s) ∈ V1

}
+Ω

{ k
σ

∫ d

c
r(u)e

σ−1
σ (d−u)du : r ∈ M1

})
+B
( n

∑
i=1

Ω
{

εi I
δ1,σ
c+ h1,r,s(λi) : (r, s) ∈ V1

}
+Ω

{ k
σ

n

∑
i=1

{
εi

∫ λi

c
r(u)e

σ−1
σ (λi−u)du : r ∈ M1

}
+Ω

{ 1
σδ2 Γ(δ2)

∫ d

c
e

σ−1
σ (d−u)(d− u)δ2−1h2(u, r(u), s(u))du : (r, s) ∈ V1

}
+Ω

{ k1

σ

∫ d

c
s(u)e

σ−1
σ (d−u)du : s ∈ M2

})]
≤ ‖T1‖

{
Ω∗h1

A1 + Ω∗h2
A2 + A3

}
.

Hence,
‖T1‖∞ ≤ ‖T1‖∞

{
Ω∗h1

A1 + Ω∗h2
A2 + A3

}
.

It follows that ‖T1‖∞ = 0. Hence, for all z ∈ [c, d] T1(z) = 0. Similarly, T2(z) = 0.
Consequently, Ω((V1 ∩ V2)(z)) ≤ Ω(V1(z)) = 0 and Ω((V1 ∩ V2)(z)) ≤ Ω(V2(z)) = 0.
Thus, V(z) = (V1 ∩V2)(z) is relatively compact in E× E and by Arzelá-Ascoli theorem V
is relatively compact in Br × Br. Now by applying Theorem 4, P contains a fixed point on
Br × Br which is a solution of the problem (1). The proof is completed.
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5. Some Examples

Now, we present some illustration cases to show the benefits of our theorems.

Example 1. Consider the following nonlocal boundary value problems of a coupled system of Hilfer
generalized proportional fractional differential equations of form

(
D

3
2 , 2

3 , 3
4

1
11

+
1

12
D

1
2 , 2

3 , 3
4

1
11

)
r(z) = h1(z, r(z), s(z)), z ∈

[
1
11

,
13
11

]
,(

D
5
4 , 2

3 , 3
4

1
11

+
1

15
D

1
4 , 2

3 , 3
4

1
11

)
s(z) = h2(z, r(z), s(z)), z ∈

[
1
11

,
13
11

]
,

r
(

1
11

)
= 0, r

(
13
11

)
=

2
21

s
(

3
11

)
+

4
23

s
(

7
11

)
+

6
25

s
(

10
11

)
,

s
(

1
11

)
= 0, s

(
13
11

)
=

1
31

r
(

2
11

)
+

3
41

r
(

5
11

)
+

5
61

r
(

9
11

)
+

7
71

r
(

12
11

)
.

(31)

Setting constants from boundary value problem (31) as δ1 = 3/2, δ2 = 5/4, η = 2/3,
σ = 3/4, k = 1/12, k1 = 1/15, c = 1/11, d = 13/11, m = 3, θ1 = 2/21, θ2 = 4/23,
θ3 = 6/25, ξ1 = 3/11, ξ2 = 7/11, ξ3 = 10/11, n = 4, ε1 = 1/31, ε2 = 3/41, ε3 = 5/61,
ε4 = 7/71, λ1 = 2/11, λ2 = 5/11, λ3 = 9/11, λ4 = 12/11. Then we can calculate γ1 =
11/6, γ2 = 7/4, A ≈ 0.7945741588, B ≈ 0.2983181613, Γ ≈ 0.1617113429, ∆ ≈ 0.8073671886,
D ≈ 0.5932716742, A1 ≈ 3.483107763, A2 ≈ 0.6362573874, A3 ≈ 0.3699010850, B1 ≈
0.3281306250, B2 ≈ 1.755337743, B3 ≈ 0.2927192099

(i) Consider unbounded Lipschitz functions h1, h2 : [(1/11), (13/11)]×R2 → R given by

h1(z, r, s) =
e−(11z−1)2

40

(
r2 + 2|r|
1 + |r|

)
+

tan−1 |s|
11z + 20

+
1
3

z2 + 2z, (32)

h2(z, r, s) =
sin2 πz

17
sin |r|+ 2s2 + 3|s|

54(1 + |s|) +
1
4

z3 +
1
2

. (33)

Then, we can compute that

|h1(z, r1, s1)− h1(z, r2, s2)| ≤
1

20
|r1 − r2|+

1
21
|s1 − s2|

and
|h2(z, r1, s1)− h2(z, r2, s2)| ≤

1
17
|r1 − r2|+

1
18
|s1 − s2|,

for all r1, r2, s1, s2 ∈ R and z ∈ [(1/11), (13/11)]. By choosing `1 = 1/20, `2 = 1/17,
we obtain `1(A1 + B1) + `2(A2 + B2) + A3 + B3 ≈ 0.9938642808 < 1. By the benefit of
Theorem 1, we deduce that the nonlocal boundary value problem of a coupled system of
Hilfer generalized proportional fractional differential equations in (31) with h1, h2 given by
(32) and (33), respectively, has a unique solution on [(1/11), (13/11)].

(ii) Let nonlinear functions h1, h2 : [(1/11), (13/11)]×R2 → R be given by

h1(z, r, s) =
1
2

cos28(zrs) +
|r|153

21(1 + r152)
e−s12

+
s184

20(1 + |s|183)
sin16 r, (34)

h2(z, r, s) = tan−1(πz) +
r cos14 s
11z + 17

+
s36

19(1 + |s|35)
e−r72

. (35)

Then we have

|h1(z, r, s)| ≤ 1
2
+

1
21
|r|+ 1

20
|s|, |h2(z, r, s)| ≤ π

2
+

1
18
|r|+ 1

19
|s|.
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By setting r0 = 1/2, r1 = 1/21, r2 = 1/20, s0 = π/2, s1 = 1/18, s2 = 1/19, we obtain
(A1 + B1)r1 + (A2 + B2)s1 + A3 + B3 ≈ 0.9769742333 < 1 and (A1 + B1)r2 + (A2 + B2)s2 +
A3 + B3 ≈ 0.9790556422 < 1. By Theorem 2, we conclude that boundary value problem
(31) with h1, h2 given by (34) and (35), respectively, has at least one solution on interval
[(1/11), (13/11)].

(iii) Suppose that nonlinear functions h1, h2 : [(1/11), (13/11)]×R2 → R are appeared by

h1(z, r, s) =
r8s8

1 + r8s8 + tan−1
(√

1 + r4s6
)
+ sin z +

1
3

, (36)

h2(z, r, s) =
1
2

z2 + 2z +
3
4

e−r2
+

1
4

cos4 s. (37)

Then, we have

|h1(z, r, s)| ≤ 8 + 3π

6
+ sin z := φ1(z) and |h2(z, r, s)| ≤ 1

2
z2 + 2z + 1 := φ2(z).

Since A3 + B3 ≈ 0.6626202949 < 1, then, from Theorem 3, the nonlocal boundary
value problem of a coupled system (31) with h1, h2 given bhy (36) and (37) respectively, has
at least one solution on an interval [(1/11), (13/11)].

(iv) Let E = {u = (u1, u2, . . . , un, . . .) : un → 0} be a Banach space of real sequences
converging to zero, endowed with norm ‖u‖ = supn≥1 |un|. Suppose that h1, h2 :
[(1/11), (13/11)]× E2 → E appear through

h1(z, r, s) =
1

11z + 7

(
r2

ns2
n

1 + |rnsn|
+ 1
)

, (38)

h2(z, r, s) =
1
5

e−z2
(1 + sin(rnsn)). (39)

It is easy to see that (L1) in Theorem 5 holds. In addition, for z ∈ [(1/11), (13/11)],
we have

‖h1(z, r, s)‖ ≤ 1
11z + 7

ψ(‖(r, s)‖) and ‖h2(z, r, s)‖ ≤ 1
5

e−z2
ψ(‖(r, s)‖),

where ψ(u) = u + 1. Therefore, we get Ω∗h1
= 1/8 and Ω∗h2

= 1/5 and consequently

max
{

Ω∗h1
A1 + Ω∗h2

A2 + A3, Ω∗h1
B1 + Ω∗h2

B2 + B3

}
≈ max{0.9325410329, 0.6848030866} = 0.9325410329 < 1.

The application of Theorem 5 yields that boundary value problem (31) with h1, h2 given
by (38) and (39), respectively, has at least one solution on an interval [(1/11), (13/11)].

6. Conclusions

In the present research work, we investigated the existence and uniqueness of solu-
tions for a new class of coupled system of Hilfer-type generalized proportional fractional
differential equations supplemented with nonlocal multipoint boundary conditions. First,
we proved an auxiliary result concerning a linear variant of the given problem, helping
us in transforming the problem at hand into a fixed-point problem. Then, we proved the
existence and uniqueness results in the scalar case by applying Banach’s contraction map-
ping principle, Krasnosel’skiĭ’s fixed-point theorem, and the Leray–Schauder alternative.
Next, we studied the Banach space case, and established an existence result on the basis
of Mönch’s fixed-point theorem and the technique of the measure of noncompactness.
All obtained results are well-illustrated by numerical examples. Our results are new and
enrich the literature on coupled systems of Hilfer-type generalized proportional fractional
differential equations.
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