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Abstract: In this paper, we study the effect of detuning parameters and driven external classical field
parameters on a quantum system consisting of a O-configuration four-level atom inside a quantized
cavity field. Under some canonical conditional of dressed states, the exact solution of the Schrodinger
equation is obtained. The occupation of atomic levels and statistical population inversion is studied.
Our results show that the classical field parameter dissolved the collapse periods and increased the
maximum bounds of the upper state, while decreasing the lower bounds of the lower state. The
detuning parameters reduce the minimum bounds of atomic levels and their inversion. On the other
hand, the linear entropy and /; norm of coherence are employed to measure the temporal evolution
of the mixedness and coherence. It is found that the driven classical field improves the temporal
evolution of the mixedness and lower bounds of coherence. However, the detuning parameters have
a destructive effect on the mixedness and lower bounds of coherence. The intensity of the external
classical field is regarded as a control parameter with different values of detuning parameters.

Keywords: four-level atom; external classical field; mixedness; coherence

1. Introduction

The interaction between a quantized field and atomic state is one of the most attractive
topics in quantum optics. The Rabi model is the first uncomplicated theoretical model
that describes a direct interaction between a single quantized photon and a two-level
atom [1]. Another theoretical model that has opened the way for numerous experimental
and theoretical quantum studies is called the Jaynes—Cummings model (JCM), which is
solved under the rotating wave approximation technique [2]. Overall, the generalization
of atom-field interaction has been demonstrated in many theoretical studies, e.g., the
interaction between an optical electromagnetic field and N-level atomic stat has been
investigated [3,4]. The resonance and non-resonance cases of multi-photon JCM have been
discussed [5]. Moreover, high-dimensional atomic states inside an electromagnetic field
have been widely studied. For example, the quantum correlation and some statistical
characteristics of the three-level atom, four-level atom, and five-level atom have been
explored [6-8]. Additionally, the influence of some external effects on atom-field interaction
has been proposed, such as Kerr-like medium [9,10], vibrating graphene membrane [11,12],
external classical field [13-15], and deformed fields [16,17]. In particular, the interaction
between a four-level atom and different types of a cavity mode field has been paid more
attention under different configurations [18-22]. The effect of external classical fields in the
two-level atom scheme coupled with a quantized electromagnetic field was studied [13].
The squeezing phenomenon and entanglement of JCM in the presence of driven classical
field has been discussed [23]. In SU(1,1) Lie algebra, the influence of the off-resonance case
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and driven classical field on a A configuration three-level atom interacting with SU(1,1) Lie
algebra has been displayed [24].

The degree of entanglement is one of the outstanding properties of quantum states,
which may be evaluated via different measurements. The quantum concurrence and
negativity are regarded as the best quantifiers of entanglement for finite dimensions [25,26].
The time evolution of entanglement in the presence of Kerr-like medium [27], driven
laser field [28], intrinsic decoherence [29], a classical homogeneous gravitational field [7],
and Stark-shift [30] has been investigated. Based on quantum information theory, an
optimal scheme to quantify the degree of quantum coherence [31] has been reconstructed.
In general, the behavior of coherence measurement may be used either as an entropic
or metric measure such as Jensen-Shannon divergence [32], the geometric measure of
coherence [33], the relative quantum of coherence [31], and the coherence of formation [34].

This study is motivated by the effect of an external classical field parameter on a
O four-level atom inside a quantized field. In the presence of an external classical field,
solving a four-level atom needs many approximations [35]. In our solution, we have used
some canonical transformations to solve the Hamiltonian. Moreover, this model and these
results are interesting, and will be useful for future experiments, such as studying the
process of four-wave mixing, both theoretically and experimentally for a {-configuration
four-level atomic system [36]. Experimental observation of a tripod configuration for a
four-level atom has been used to improve the cross-phase modulation based on a double
electromagnetically induced transparency [37]. A new technique is proposed to solve the
Hamiltonian physical model, where the classical field associates the two intermediate states
together and simultaneously associates the upper state with the lower state. The statistical
aspects and quantum correlation of this system is still an effective topic in experimental
and theoretical schemes.

The paper is organized as follows: in Section 2, the description of the physical model
and its exact solution is presented, in which we obtain the temporal wave function. Con-
sequently, the final atomic density state and the occupation of atomic levels are obtained.
Section 3 investigates the temporal evolution of statistical inversion under the influence of
driven classical field. The optimal behavior of the mixedness and purity via linear entropy,
and the temporal evolution of coherence via the I; norm are discussed in Sections 4 and 5.
Finally, Section 6 displays our conclusions.

2. Description of the Physical Model

Let us assume that a physical system consists of a single ¢ configuration of a four-level
atom inside a single mode of a quantized field and simultaneously driven by an external
classical laser field. As schematically shown in Figure 1, the permitted transitions between
the atomic levels are |1) — {|2),|3)}, and {|2), |3)} — |4), where |1), |4) are the top and
ground state, while |2), |3) are the two intermediate states. The classical field associates
the two intermediate states together and simultaneously associates the upper state with
the lower state. The Hamiltonian that describes this system under the rotating wave
approximation is written as (7 = 1),

H = Hfrgg + Hint + Hdrivenr (1)
where

4
Hfree = c‘)fﬁirﬁ + Zwia'iil
i=1
Hinp = M (8(612 + 013 + 024 + 034) + hoc.),

Hdriven =A (5'14 + 0p3 + h.C.)

@

where wy and w; are the frequencies of the field and atomic transition, respectively, A4
and Ay donate the coupling of the strength atom field and external field, respectively. 4
donates the bosonic annihilation of the quantized field with the Hermitian conjugate a*
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which satisfies |

,4"] = I,and &;; = |i)(j| are the atomic raising operators with the lowering
operator 0j; = |j)(il.

Figure 1. A sketch of a ¢ configuration of a four-level atom inside a cavity field influenced by the
classical field. Here, wy is the frequency of the quantized field. The classical field is represented by
the transition from |1) to |4) and from |2) to |3).

Via denationalization for the free atomic subsystem Z?zl w;03; and the driven Hamil-
tonian H ..., One can obtain the following eigenstates:

01 02

|1>—cos— e) — sm—|g} |2>:cos— i) — sm—|f>
|3 >—cos—|f>—|—smé iy, |4) —cos—|g>+smé e), 3)
{1 = arctan 24 o = arctanzi

w1 — Wy Wy — w3

where the atomic states |1), |2), |3), |4) are transformed under the above conditional
dressed state to |e), |i), |f), |g). Therefore, the total physical Hamiltonian (1) in the dressed
states (3) may be written as
H = wpa'a+ O See + WSt + 038 + MuSgq + 4(A1S,i + A2Ses + A3Sig + AySpg) + hc, (4)
with
S=1r\(s|, r,s=eif,g (5)

Now, the atomic transitions are given by

Oy = w; cos? % + wo sin? ?1 + Apsingy, (= wy cos? ?2 + w; sin? ?2 + Apsin{p,
2 &2 2 &2 2 &1 261 ©
O3 = w3 cos > + wo sin 5 Apsinlp, (4 = wyqcos > + w1 sin 5= Apsin(y,
Meanwhile, the coupling strengths are obtained by
Ay — o5 1 ;Cz +Sin§142r€2’ Ay :Cosélﬂ;@z 4sin & ;@2,
@)
As :Coséfl;r@z _sin & . b2 Ay ~ s o . G2 _SinélﬂzLCz‘

By applying the Heisenberg equation of motion, the physical Hamiltonian (4) can be
written as
= WiN + T + Hin, ®)

Here, T =Y, S, N =ata—8;-8§ ff— 2§gg, and the interaction Hamiltonian
is obtained by
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At 0 5y Agd ©)
0 Azat At 5
with(51 :w+02—01,(52 :w+03—01,and53 :2CU+Q4—Ql.
To investigate the effect of the external field, we shall obtain the exact solution of the
wavefunction |(t)) associated with the interaction Hamiltonian (9), which takes the form

lp(t)) = i <A1(n,t)|n,e) +Ay(n+1,8)n+1,1) + As(n+ 1, t)[n+1, f) + Ag(n+2,t)|n —|—2,g>>. (10)
n=0

Altogether, the time-dependent Schrodinger equation i% [p(t)) = Hint|p(t)) leads to
a system of four ordinary differential equations:

oA (n,t)

iSEUE — i) (A Aa(n4+1,8) + Apds(n +1,1)),

iav“z(’giﬂrf) = 51 Ay (n+1,1) + v[n] Ay Ay (n, ) + v[n + 1] Az Ag(n +2,1)),

y t L (11)
i% =0 As(n+1,t) +v[n]Ag Ay (n, t) + v[n + 1] AgAs(n + 2,1)),
iw =63 As(n+2,t) +v[n + 1] (Azha(n + 1 t) + AgAz(n + 1,1)),

where v[n] = A1v/n + 1. Now, we assume that the initial atomic state is initially prepared
in the upper state, while the field is initially prepared in the coherent state |a) with

o0
alt o Ja?

‘“> = ngozn|n>r Zp = ﬁe z. (12)

The exact solution of the time-dependence of probability amplitudes in differential
Equations (11) by employing the Laplace transform method is given by

Ai(n, t) fin fiz fiz fia] [en!
Ar(n+1Lt)| _ |fa foo fsn fu||e?

= 13
Asz(n+1,t) far fu fm faul| |eB (13)
Ag(n+2,t) n fo fi fu] [
where
fij 7+ 1i(q2 + (93 + 1))
fzj Zn w1 + Uj(wZ + 77]'ZU3) . L
= thn, =1, —n, 1 k#+1=1,2,3,4 14
fai|  mimpnji er+njlea+rjes) |V kT Tk Firk# 14
4j r1+ 12
with
R S +t_ "M . hn +_1 Y3
Ma=xX" £T ipa=x"£T, x = %5, T =3 yi4y1'
_ 82 , 8 0, 82 83 — 43
= g1+3g3 T3 n 281 30 3 y3 = 4x1x3 — x7 — 83,
2 2, ) | d+\/d? — 483
Q1= — 5 = tl2u-3nx, H=\———7F—"" (15)

and d = 2x3 4 27(x% + x3x*) — 72x0x4 — 9x1 %03,

X1 =i(01+ 0 +33), x2=vVA[AT+AZ] + V2 [AS+ AL] —61(62 + 83) — 0ads,
X3 = i(&l(u,%/\g + V2 1A = 0283) + 62 (VAAT + 12 AS) + 633 (AT + A%)),

Xy = V22 (A1 AL — AaA3)? — 8302 (162 + Agdy).
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Additionally,

g1 = (Vi1 (A302 + AJ01) — 616283), G2 = Vi oy (A5 + A — 61(82 + 83) — 6203),

g3 =i(01 + 62+ 83), w1 = i (A10203 + V21 As(AaA3 — A1As)), Wy = Aq(62 +63),

w3 = —iA1, €1 = ivu(A26103 + VA 1 A3(A1As — AoA3)), ea = No(6+33), e3 = —ily,
1 = =iV 1 (A1 A0 + Ao A4dy), 12 = —VnVpy1 (A1 A3 4+ ApAy).

(16)

The main task of this manuscript is to investigate the influence of the driven classical
field on the behavior of the atomic inversion and quantum correlation. Therefore, it is
important to obtain the reduced density operator of the four-level atom sub-state. To obtain
the atomic sub-state, one traces out the field degree of freedom, i.e., 94 = Triea|P(t)) (P ()|,
where |(t)) is defined in Equation (10). Therefore, the reduced density operator using the
transformation (3) is given by

011 P12 P13 P14

2= o b e o a7)
P41 P42 P43 P44
o1 = A5 (1) cos? & — Rel AT 2() A ()] singy + |4} () sin? &,
p22 = |45 (1) cos? 2 — Re[AF (1) A} ()] sin G + | 44(1)  sin? %
P33 = [A5()[? cos® 2 €2 L Re[AL(£)AY (£)] sin ga + | AL (F)| sin? %
pas = |44 (0)cos? &} gl + R0 A7 (1] sings + A1) Psin 5,
pra = S EL AR - LAGO) — A0 A7 (sin S+ A7 (01450 cost & = i
p23:51“2€2<|A2<>| CAZBP) — ALY (1) sin? 2 4 AT ()AL cos? 2 = p, (18)

o = (COS ClATrl(t) —smé ALt )) <A§*(t)cos§22 — A (t) sin 522) =051,
o — (C S g () — sin S s )) (Ag*(t)cosgz?— + A% () sin 522) — ok,
o = <sm521,47+1(t> +cos§21,45;<t>) <Ag*(t)cos§22 — A (t)sin 522) = 3
o35 — (singzlA{H'l( £)+ cos LAY (1 )) (Ag*(t)cosgz + AY (1)sin 522) ~ Pl

Hereinafter, we shall employ the final reduced atomic density state to discuss some
statistical properties and quantum correlation of the system.

First, we have investigated the occupation of atomic levels by a plot of the diagonal
element of the final reduced density state (17). Figure 2 displays the effect of the detuning
parameter and the coupling strength of the external classical field on the occupation of
atomic levels when & = 5. The dynamical evolution of p1; (green-solid), ps» (blue-dot
dash), p33 (red-dash), and p44(black-dot) are represented in Figure 2a, where the coupling
strength of classical field is zero (A, = 0) and there are small values of the detunings
(01,02,03) = (wy,0.25 wg, wy). It is clear that the populations of the levels p11 and py4 have
symmetric behaviors. Likewise, the two intermediate states py» and ps3 are symmetric, but
the upper bounds of the upper and lower states are frequently different to that depicted for
the two intermediate density states.
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Moreover, for the small strength of classical field (A, = 0.3) with detuning (91, 92, J3) =
(wf,0.25 wg, wy), the collapse periods of upper and lower density states are removed, while
the two intermediate density states are identical. As the detuning increases (91, d,,d3) =
(6wy,3 wys,6wy) and (A = 0), the occupation of atomic levels are totally separated, the
phenomena of collapse intervals disappears for p11, p33, and ps44. The upper bounds of
011, P33 increase and the lower bounds of p44 decrease, while the distribution of py, keeps
his occupation. Figure 2d shows the effect of a small classical field (A, = 0.3) with
(01,02,03) = (6wy,3 wg,6wy). An increase in the fluctuation in the periods of collapse over
the four levels is noted. For large values of detuning (31, d2,03) = (15wy, 0.561, 10wy) and
(A2 = 0), Figure 2e depicts a decrease in the upper bounds of the atomic level occupation.
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Atomic Levels
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T s s e s T 3 s e s
Scaled Time Scaled Time
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Figure 2. The influence of detuning and external field on the population of atomic levels p;;(green-
solid), pp2(blue-dot dash), p33(red-dash), and p44(black-dot) with & = 5. (a) 1 = 63 = w, 6, = 0.2541,
Ay =0,(b) 61 =3 =w, dy = 0.2501, Ay = 0.3, (c) &1 = I3 = 6w, dy = 0.561, Ap =0, (d) 61 = 3 = 6w,
(52 = 0.551, )\2 = 0.3, (e) (51 = 15(/Jf 52 = 0.5(51 ,53 = 10(Uf, )\2 =0, (f) (51 = 15(Uf (52 = 0.551,
53 = 100.)f, )LZ =2

The collapse interval increases, and the distribution of p33 and p44 has symmetric
behavior. Finally, Figure 2f shows that the large strength of the classical field (A, = 2) and
large detuning decreases the upper bounds of the occupation phenomena. The collapse
periods disappear, and the lower state p44 is noticeably diminished.

3. Atomic Inversion

In this section, we discuss the influence of detuning and classical field parameters on
the difference between the atomic levels by using the atomic inversion. It is defined by

W(t) = p11 + P22 + P33 — Pa4- (19)
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Under the same values of Figure 2, the effect of different values of detuning and
the strength of the classical field on the statistical population inversion is displayed in
Figure 3. As displayed in Figure 3a, the temporal evolution of statistical inversion fluctuates
between negative and positive values, but the inversion has more positive values. This
means that the energy of the upper state is larger than that existing in the lower state.
After the onset interaction, the small strength of the classical field (A, = 0.3) dissolves
the collapse periods. However, the negative values of revivals is transposed to positive
values; therefore, the energy exchanges approach the upper state. As the detuning increases
(61,02,03) = (bwy,3 wy, 6wy) and (A, = 0), Figure 3c shows that the upper bounds of the
statistical population inversion increase after the onset interaction. The collapse intervals
disappear, and the revival intervals fluctuate. By adding the classical field effect, the revival
intervals are regulated, and the upper bounds of the inversion increase. For large detuning
in the absence of the classical field effect, the statistical inversion shifts to non-negative
values. This means that the energy approach to the upper state and the amplitude of revival
periods are decreased. For a large strength of classical field and detuning, Figure 3f depicts
that the collapse periods vanish. Since the occupation of py; is higher than p44, the upper
bounds of statistical inversion increase to approach to the upper excited state.

1.0 ‘ ‘ ‘ ] 1.0[,
(a) (b)
s 05 S o5
|4 4
g g
o o
: 0.0 :
E E 0.0
g g
-0.5
-0.5
-1.0" ‘ ‘ ‘ ‘
0 20 40 60 80 /] 20 40 60 80
Scaled Time Scaled Time
1.0 ‘ wol, .
(d)
s §
B 0.5 @ 0.5
$ g
o c
(=1 =]
2 2
E o0 E 0.0
: :
-0.5 -0.5
0 20 40 60 80 o 20 40 e 8o
Scaled Time Scaled Time
[ ' ' ' "] 1.0
1.0
(e) ®)
_os 0.8
g s
5 506
2 0.6/ 2
- (=1
2 L 0.4
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< < 0.2
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Figure 3. Influence of detuning and external field on population inversion against the scaled time
A1t (a—f) the same as Figure 2.
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4. Linear Entropy

Linear entropy is one of the best and simplest quantifiers to calculate mixedness and
purity degree. For a pure state, the degree of linear entropy is zero, but it has a maximum
value for a maximally mixed state. This was derived for an arbitrary quantum state based
on purity P = —Tr(p?) as [38],

SL(t) = o (1= Tr(gh)) 20)

D-1
where D is the dimension of atomic subsystem. By employing the wavefunction (10), one
can obtain explicitly the linear entropy of the atomic state as follows:

4
Si(t) = ;1(1 - Y (o +2Piiji)) (21)

Lj=Li#]

As displayed in Figure 4, the degree of mixedness and purity via linear entropy is
related to the collapse-revival phenomenon. In the absence of the effect of the classical
field with a small detuning, Figure 4a shows that the mixedness increases after the onset
interaction between atom and field. As shown in Figure 4b, where a small effect of the
classical field and detuning are added, the mixedness increases as the scaled time increases,
and decreases once the atom—field interaction collapses. The external field increases the
lower bounds of the linear entropy; hence, the purity of the system increases. As the
detuning parameters increase (91, ,03) = (6wy, 3wy, 6wy) with (A2 = 0), the maximum
bounds of linear entropy decrease. Therefore, the purity of the atomic state increases.
By taking the effect of the classical field into our account (A, = 0.3), the maximum
bounds of linear entropy grow as the scaled time increases. Additionally, the amplitudes
of the osculation increase. At robust detuning and deficiency of the classical field, the
upper bounds of linear entropy between the atom and field decrease, while the lower
bounds increase. This means that the purity of the system increases by increasing the
detuning. Nevertheless, the intense external classical field enhances the lower bounds
of the purity and grows the upper bounds as dimensionless time grows. Overall, the
destructive influence of the external field parameter may be resisted by raising the intensity
of the detuning parameter. Furthermore, at higher values of the classical field parameter,
purity is weak at high detuning, where the upper bounds of their amplitudes are extending.

1.0
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£ 06
c
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3 0.4
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Figure 4. Cont.
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Figure 4. Influence of detuning and external field on degree mixedness against the scaled time A;t,
(a—f) with the same as Figure 2.

5. 11 Norm of Coherence

The /1 norm of coherence is one of the most common quantifiers of quantum coherence.
In the first place, it is a geometric (distance) measure, where it is defined as the sum of
the magnitudes of all off-diagonal entries. The [; norm of coherence for a quantum state
0 = Y0p Pap|a)(b| has the following form [31],

Cll = Z |pﬂ,b
a#b

, (22)

where p, ;, denotes all the off-diagonal elements of the total density operator.

In Figure 5, we discuss the influence of external classical fields and detuning parame-
ters on the degree of coherence by using the /; norm of coherence. The general behavior of
quantum coherence indicates that the function C;, oscillates proportionally to the statistical
population inversion. It is clear that the detuning and the classical field parameters play as
control rules for minimizing or maximizing the coherence degree. In general, the numerical
behavior of coherence degree for large and small detuning at the onset interaction is zero.
In the presence of the classical field, the coherence at the onset interaction is 0.6, 0.1, or
0.5 depending on the strength of detuning. The minimum bounds of quantum coherence
are enhanced as the intensity of the classical field increases, while the maximum bounds
decrease. This means that by controlling the classical field parameter, one can improve the
possibility of restringing the decoherence of the system induced by the detuning parameter.
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Figure 5. Influence of detuning and external field on degree coherence against the scaled time A;t,
(a—f) the same as Figure 2.

6. Conclusions

A quantum system consists of a single {-configuration four-level atom that interacts
locally with a single-mode quantized cavity field. It is assumed that the initial cavity field is
in the coherent state while the atomic system is in the upper state. The exact solution of the
Schrodinger equation under some canonical conditional of dressed states is solved. These
new states allow us to find a solution without taking any approximations into account. We
discuss the effect of the detuning parameter and external classical field on the behavior
of atomic levels, mixedness and coherence. Our results show that the maximum bounds
of the occupation of atomic levels depend on the strength of the classical field and the
detuning parameters. The classical field parameter reduces the energy of the lower state,
and increases the maximum bounds of the upper state.

We discuss the influence of the detuning parameter on the behaviors of the statistical
inversion, the mixedness and the coherence. It is shown that the decreasing rate of the
three phenomena depend on detuning. The lower bounds of statistical inversion and
quantum coherence decrease as the detuning parameters increase. However, the maximum
bounds of the mixedness degree decrease as the detuning increases, and consequently, the
maximum mixed state switches to a mixed or pure state.

The impacts of different values of the external classical field on the general behaviors
of the three phenomena in the presence of detuning parameters are investigated. It is
depicted that the destruction induced by the detuning parameters may be resisted by
raising the strength of the classical field parameter. At large values of the classical field, the
purity is weak, with high detunings, where amplitudes are extending. The lower bounds
of coherence are improved as the classical field increases. Therefore, by controlling the
classical field parameter, one can improve the possibility of restringing the decoherence
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of the system. Finally, the intensity of the external classical field may be considered to be
a control parameter that maximizes or minimizes the temporal evolution of mixedness
and coherence.
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