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Abstract: Fuzzy entropy has a wide range of applications in uncertainty problems. Due to the dual-
complexity of its characteristics and calculation, the study on type-2 fuzzy entropy is rare, let alone
the semi-ones. Given this, the paper takes the lead in proposing the credibility-based type-2 entropy
and semi-entropies delivered around a specific symmetric type-2 fuzzy variable. After presenting
the relevant theorems and definitions, we give the corresponding examples of linear entropy and
semi-entropies to illustrate and verify the favorable property of our study. This series of formulas on
type-2 entropy proposed has a strong advantage in reducing computational complexity. It can be
commonly applied to measure fuzziness and solve return-oriented and cost-oriented problems in
the business field. A sequence of measures on type-2 fuzzy entropy developed in this paper delivers
fresh insights into this field. It also provides a new reasonable tool for the decision-making on cost

and investment control in companies.

Keywords: interval type-2 fuzzy variable; entropy; semi-entropy

1. Introduction

In 1975, Zadeh [1] extended the fuzzy set theory to the type-2 fuzzy set theory, which
means the problem appeared that the membership function of classical fuzzy sets can be
fuzzified. Mendel et al. [2-5] broadened the theory of type-2 fuzzy sets, establishing a
type-2 fuzzy logic system and the related uncertainty measures. Mendel [6] discovered
that type-2 fuzzy set theory can be useful when such systems are used in situations where
multi-uncertainties exist. Since type-2 fuzzy sets can predict uncertain information more
accurately [7,8], they have been successfully applied in many fields, such as machine
learning [9], image recognition [10] and network security [11].

Numerous statistical measures are utilized to characterize the relationships between
fuzzy variables (e.g., expected value, variance) [12,13]. For example, Nieminen [14] gave
a detailed description of the geometric structure of type-2 fuzzy sets. Wu [15] proposed
various uncertainty measures for the interval type-2 fuzzy sets, including center of mass,
cardinality, fuzziness, variance and skewness. Considering that information entropy can
be used to measure the uncertainty degree of the system [16], Bolturk [17] proposed an
interval-valued neutral hierarchical analysis based on the cosine similarity measures in
a type-2 fuzzy setting. Moreover, Roy and Bhaumik [18] developed a triangular type-2
intuitionistic fuzzy matrix games approach used into water management. Fuzzy entropy
can well weigh information and denote the uncertainty [19]. Apart from that, it can also be
applied into the field of operation management, including the decisions about portfolio [20]
and cost controlling [21]. As a result, among these fuzzy measures, fuzzy entropy has
received attention and has been widely accepte [22].

This paper summarizes the related studies about type-2 fuzzy entropy and organized
the main contents of Table 1, including the type of fuzzy variables and the formulas for
calculating them. Obviously, from this table, we can see that all of the calculation formulas
about type-2 fuzzy entropy in Table 1 involve complex calculation processes, implying that
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they might bring high calculation costs to obtain the final results [23]. Additionally, we can
see that previous studies mostly focused on discrete fuzzy numbers, yet there are rarely
studies about the continuous ones. While continuous fuzzy variables are more common,
those such as triangles, trapezoids, and normal fuzzy sets all belong to continuous type [24].
Therefore, there is a necessity to study the continuous fuzzy entropy.

Table 1. The fuzzy-entropy measures for interval type-2 fuzzy variables (IT2-FVs).

. Type of .
Literature Fuzzy Variable The Formula for Calculating Entropy
Burillo & Bustince [25] D. H(A) = YN, [ﬁg(xi) ~ 15 (xi)]
Szmidt & Kacprzyk [26] D. H(A) = 4N, 1omax(1-fa (%i)ats (x1)]
=1 temin 11 (x) e (1) |
Zeng & Li [27] D. H(A) = 1= 2N () + gy (x0) — 1]
1. = AnAc
Vlachos & Sergiadis [28] D. H(A) = iEADAf%
Cornelis & Kerre [29] D. H(A) = [% YN, min(ﬁA(xi), 1- ‘A(x)> ,
BN, min (05,1 (), 714(x))]
Hwang & Miin [30] D. H(A) = %mi”{erx Luch mg:{/?(;t (/Lll;fx(ll)} )
v Eue min{1 = () () !
xeX Zue]x 1_f-\f(u>
Ozkan & Turksen [31] D. H(x + Ax) = Z,’zil
[ —mik(x + Ax) In(pip(x + Ax)) |
iy~ 1 b min{fz(0)1-pz()}
Zhang & Zheng [32] C. H(A) = 4= [ max{;z/;(x),l—yg(x)} dx

D. and C. are the abbreviations of discrete and continuous, respectively.

In this regard, we found that Zhou et al. [33] put forward a series of concepts about
type-1 fuzzy entropy based on the credibility measurement. Because of the nature of
credibility, this kind of calculation formula can make fuzzy entropy meet self-duality, and
the results of type-1 fuzzy entropy can be acquired by the inverse credibility distribution
(ICD) of fuzzy sets, which can reduce the calculation difficulty. Compared with other
formulas, the entropy based on the credibility measurement has irreplaceable advantages
in the generality of application.

Inspired by the type-1 entropy defined by Zhou et al. [33], this paper introduces the
credibility-based fuzzy entropy and semi-entropy for the type-2 fuzzy sets for reducing the
complexity of calculations. Due to their inherent complexity, this paper takes the study of
Li and Cai [34] as an example to study a special type-2 fuzzy sets (RSTIT2-FV) and give
a series of methods to calculate their fuzzy entropies. This paper further fills the current
lack of the study on continuous type-2 fuzzy entropy and semi-entropies, facilitating the
popularization of type-2 fuzzy entropy at the application level in the future.

The rest of this paper is as follows. Section 2 reviews several concepts related to the
RTIT2-FVs. Subsequently, Section 3 introduces the definition of the credibility-based type-2
fuzzy entropy, and some related theorems are proved and followed by some examples.
Moreover, the definitions of the lower and upper semi-entropies with some examples
are presented to quantify the uncertainty on the only one side. Section 4 proposes the
formula of calculating the entropy and semi-entropies of a linear function constructed by
RSTIT2-FVs. Finally, the conclusions are drawn in Section 5.
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2. Preliminaries

In the following, some necessary concepts and operational laws of fuzzy set theory
that lay the foundation for the following sections are reviewed successively, and some
concepts and theorems of type-2 fuzzy set, i.e., regular symmetric triangular interval type-2
fuzzy variable (RSTIT2-FV), are briefly introduced.

2.1. Type-1 Fuzzy Variable
Definition 1. (Zadeh [35]) A type-1 fuzzy set (T1-FS) B can be defined as

B_ / He(x)
xeX X

where pg(x) is the real-valued membership function (MF), and X is the universe of x.

Definition 2. (Liu [36]) Given that © is a nonempty set, I'(®) is the power set of ©, Pos is a
possibility measure, and R is a real number set. Let the triad (©,T(®), Pos) be a possibility space,
then the map n: (©,T(©),Pos) — Ris called a type-1 fuzzy variable (T1-FV).

Definition 3. (Liu [36]) The credibility distribution (CD) ® and credibility function (CF) v for a
T1-FV 1 can be calculated by

@y (x) = Cr{y < x} = 5 (sup, ., uy (x) +1 = sup,_ py (x) ), 0(x) = Cr{é = x}

NI~

where py (x) is the MF of 1.

Definition 4. (Dubois and Prade [37]) A T1-FV 1 is called an LR-type FV if its shape function
and scalers &« > 0,c > 0 satisfy

o

py(x) = 1)
R(x_c), X € [c,400),

o

L(C_x>, x € (—oo, (]

where the shape function L (for left) and R (for right) are decreasing functions from Rt — [0,1]
and satisfy L(0) = R(0) =1 and L(1) = R(1) = 0.

Definition 5. (Zhou et al. [33]) A LR-type FV 1, which has a continuous and strictly increasing
credibility distribution @y, is called a regular LR-FV.

Definition 6. (Zhou et al. [33]) For a LR fuzzy number 6~ (o, a, B) g with the MF y in Equation (1),
its credibility distribution (CD) can be worked out in view of Equation (3) as

;L(U_x), ifx<co

w
P(x) = @)

1;R<x;0>, ifx > 0.

Theorem 1. (Zhou et al. [38]) Let 61, da, - - -, Oy be independent regular LR fuzzy numbers,
their CDs are, respectively, @1, @y, - - -, . If f(x1, X2, -+, xy) is a strictly increasing function
with regard to xq, xa, -+ -, Xy and a strictly decreasing function with regard to X111, Xy+2,
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cvv, Xy, then 6 = (61,02, ,0y) is a reqular LR fuzzy number and has the inverse credibility
distribution (ICD).

O (y) =F( @7 (), @t (), @ (L =), -, @ (1= ). €)

2.2. Type-2 Fuzzy Variable

Definition 7. (Zadeh [35], De and Termini [39]) A type-2 fuzzy set (T2-FS), denoted as S and
characterized by a type MF ug(x,u), can be expressed as

5= /xeX /ue]x H?)E,xl;;l)'

where u € J, C [0,1], x € X is called the primary MF of x, pg(x,u) is called the secondary MF of u.

Definition 8. (Mendel and John [3]) For any x € X, let the primary membership function of a
T2-FV, S, be Jx C [0,1], the FOU of S is the union of all the primary membership functions and,
thus, can be expressed as
Fou(s) = | Jx
xeX
The upper and lower bounds of the FOU are called the upper membership function (UMF) and
lower membership function (LMF) of S, respectively.

Definition 9. (Li and Cai [34]) An IT2-FV S is called a reqular symmetric triangular IT2-
FV (RSTIT2-FV) if its UMF and LMF in the following forms,

1 —Cilu, x €lc—Iy,c)
I I
_ 1 l
UMF = _ - +C+ Y xelec+ly )
lu Iy
0, otherwise,
and . |
Sx- L xele—1I0)
Ir Ir
_ 1 1
LMF = ——x+c+ L xelee+1] ®)
Ip Ir
0, otherwise,

c— lu c Cc+ lu
c— ZL c c+ lL
satisfy lyy > 1r, and the peak of them, 1, are reached when x is equal to c.

and can be denoted as ( ), where the spreads of the UMF and LMF, I;; and I},

Definition 10. (Li and Cai [34]) Let S be an RSTIT2-FV, 1 be a T1-FV, and their MFs satisfy

1 1
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Then, 1 is called the medium of S, and the analytical expression of y, (x) can be calculated as

1/1 C—lu
2<lux_ » >, x € c—Iy,c—1p)
1/1  c—Ig\ 1/1 c—1
2<lux I >+2(1Lx I ), x €c—1I,0)
71 1 c+1 1 1 c+1
py(x) =q1(_L u i L (6)
2< I + I +5 hx+ L) x€lc,c+1p)
1 —ix+c+lu , X€[C+1L,C+lu]
2\ 1y I
0, otherwise.

Definition 11. ( Li and Cai [34]) By means of the medium v, the CD and ICD of an RSTIT2-FV

can be defined as

Pg(x) =Cr{S < x}

0, x € (—oo,c—1Iy]
E lx—c_lu x € (c—Iy,c—1I]
i\, n ) us L
@)
11 e-1p\ 1/1 -1
4(lux I >+4(1Lx I ), x € (c—Ip,c+1]
LY (P TR ) x € (c+lpc+ Il
4\ Iy Iy
1, x € (c+ Iy, +0),
and - l
4lya+c—1y, a € |0, gL
L 4y
Alylpe — 21yl [Ty —1 Iy—1
-1 u'lL ulL u—lL o lu—-i
O (a) = S R R +c wa€ i 1 1 ) 8)
[ lu—1It
4l + ¢ — 3y, wae |l1—-—7——=,1].
i 4ly

Remark 1. Figure 1 gives the visualization of <I>5_1. Obviously, <1>S_1 is a continuous and strictly

increasing function.
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Figure 1. The inverse credibility distribution of S, @gl.

Definition 12. (Li and Cai [34]) Assume that S;,i = 1,2,---,n, are RSTIT2-FVs with
the mediums of n;, and f is a function from R" to R, then the credibility distribution of
S=£(51,82,,8n), Ps(x) = Cr{S < x}, is defined as

Ds(x) = Dy(x),

where 1 = f(n1, M2, -+ , Nn) is the medium of S, and the inverse credibility distribution of S is the
inverse function of ®s(w), i.e., @gl ().

Remark 2. According to Definition 12, it can be easily deduced that

Definition 13. (Li and Cai [34]) Let S be a linear function formed by multiple RSTIT2-FVs
Si,i =1,2,-- ,n, and S is a strictly increasing function with regard to S1,Sy,- -+ ,S¢ and a
strictly decreasing function with regard to St1, St2, - -+, Su. Then, its ICD can be defined as

@ (a) = f(@gll (@), Pgl(a), 51 (1—a), -, D511 - a)). )

Definition 14. (Li and Cai [34]) Suppose that S is an RSTIT2-FV or a linear function derived
from multiple RSTIT2-FVs, then the expected value of S can be defined as

E[S] = /0+°° Cr{S > x}dx — /Ooo Cr{S < x}dx

(10)
L
= /0 d " (a)da = c.
Definition 15. (Li and Cai [34]) The RSTIT2-FVs S;,i = 1,2, -+, n, are said to be mutually

independent if
Cr{S; € B;,i=1,2,--- ,n} = min Cr{S; € B;}
1<i<n

for any subsets By, By, - - -, By.
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Definition 16. (Li and Liu [40]) Let 6 be a continuous fuzzy number with a credibility function
(CF) v. Then, the entropy of 6 can be defined as

Hm:[jﬂMﬂﬂn

where the function S(t) = —tInt — (1 — t) In(1 — t), as shown in Figure 2.

S(t)

In2{-----------

0 0.5 1

Figure 2. The function 5(t) in Definition 16.

Definition 17. (Zhou et al. [33]) Given that ¢ is a continuous fuzzy number and its entropy exists,
then the entropy is

—+00
H[S) = / S(®(x))dx,
where ® is the CD of 6.

Definition 18. (Zhou et al. [33]) Let 6 be a reqular LR fuzzy number. Then, the entropy of 6 can
be calculated as

1
HId) :/0 dfl('y)lnlz,yd'y, (11)

where ®~ 1 is the ICD of 8.
Definition 19. (Zhou et al. [33]) Suppose that 61,65, - - , 0y are independent reqular LR fuzzy
numbers, and f(x1, X2, ..., Xn) = A1X1 + AaXp + - - - + ApXy, where Ay, Ay, - -+, Ay are real num-
bers, then the entropy of 6 = f (61,02, -+ ,0n) is

H[o] = [A1[H[é1] + [Aa|H[b2] + - - + [An| H[n]. (12)

Definition 20. (Zhou et al. [33]) Let 6 be a continuous fuzzy number with the expected value e
and CF v. Then, its lower semi-entropy can be expressed as

+o00

where S(t) = —tInt — (1 —t)In(1 — t), and

{ v(x), ifx<e

0, ifx > e.
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Since S(0) = 0, the lower semi-entropy of 6 can be simplified as

Similarly, the upper semi-entropy can be obtained following the above steps. Since S(0) = 0,
the upper semi-entropy of the fuzzy number 5 can be simplified as the following specification

400

Hg[s]" = / S(v(x))dx.

e

Definition 21. (Zhou et al. [33]) Let 6 be a regular LR fuzzy number with the ICD ®~! and
expected value e. Then, the lower and upper semi-entropies of 6 can be calculated as

@(e)
‘/0 e (q)_l (ry) — (3) In ﬁd’)/, lfe < 0

Hs[6]™ = (13)

) 0% 1 0% .
/O @ (7)1n1_7d7+e/©(8)1n1_7d7, ife >0,

P(e) % 1 %
1 d / O (7)1 dy, ife<0
e/o T Lo (7)n1_77 ife <
Hg[s]" = 1 (14)

-1 _ Y .
Jo (@710 =), ife > 0.

3. Entropy and Semi-Entropies of an RSTIT2-FV

By using the above-mentioned definitions and theorems, we can redefine and calculate
the entropy and semi-entropies of an RSTIT2-FV via their ICD. To verify the performance
of the proposed formulas, some examples are illustrated.

3.1. The Entropy of an RSTIT2-FV

Based on the entropy of a regular LR fuzzy number from Zhou et al. [33], the credibility-
based type-2 entropy is defined in this paper as follows.

Theorem 2. Given that V is an RSTIT2-FV and its entropy exists, then the entropy is

HY) = [ s(@y(@)de, (15)

where ® is the CD of V.

Proof of Theorem 2. Denote ®y («) and v(«) as the CD and CF of an RSTIT2-FV V, respec-
tively. By virtue of Definitions 11 and 16, we have

H[V] :/;:05(0(01))da
- _:lus(v(zx))dzx—{— / C_ZLIILS(v(a))dtx+ / leLS(v(zx))dxac
c+ly +o00
+/C S(v(a))da + S(v(w))da

+ZL C+lu

+00
:/W S(®y(a))da.
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Theorem 3. Let V be an RSTIT2-FV. Then, the entropy of V can be calculated as

= /01 ¢‘;1(a) In

o
e, (16)

where CD‘;l is the ICD of a.

Proof of Theorem 3. With a view to Definition 16 and Theorem 2, the entropy can be
expressed as

+co D
H[V] :/ S(@y(n da—/ / v dzxda+/ / «)dada,

where §'(¢) = (—alna— (1 —a)In(1—a)) = —In %. By using the Fubini theo-

/% / a)dada + ou 0)/ a)dada
— /0 q>;1((x)s’(a)da
= /01 @, (a)In

rem [41], we have

da.
-
O

Theorem 4. Suppose that V is an RSTIT2-FV with the ICD CD(,l and medium of 1, then its
entropy is
1
— -1
= /0 @, (a)In

Proof of Theorem 4. According to Remark 2, we have Equation (17) immediately. [

«
T lxdtx. 17)

Remark 3. According to Definition 11 and Theorem 4, the specific formula of the RSTIT2-FVs’
entropy is

H[V] _/’%,;?(41 atc—Iy)in " doc+/l_7 dulie )& gy
~Jo v W yly Iy +1Ip

1
u (18)

—i—/ - 4onc+c—3lu)ln

41u

do
-

Example 1. According to Theorem 3, if we denote an RSTIT2-FV as V| = (:_25 g g) , then it

follows Equation (18)

1 11
i « o [ 24n « 1 «
H = 12 2)1 — )1 120 — 4)1
(V1] /0 (120 + )nl_adac+/1(5)n1_ad1x+/ﬂ( o )nl_

12

du
o

5
144 -118 297 -In11
=In o1 + ) -8 In12+3
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3.2. The Semi-Entropies of an RSTIT2-FV

In the type-1 fuzzy set theory, the semi-entropies usually are used in controlling cost
and investment risk, which can be regarded as an emerging and effective tool to manage
the uncertainty of projected revenue for a company. In reality, these risks are difficult to
accurately describe, so it is appropriate to catch these situations with fuzzy variables, and
apply the semi-entropies to predict them.

In the light of the definitions proposed by Zhou et al. [33], we can also define the
semi-entropies of an RSTIT2-FV via the CD and ICD.

Definition 22. Let V be an RSTIT2-FV with the ICD of ®~1, expected value of e and medium of
1. Then, its credibility-based type-2 semi-entropies can be expressed as

H[V]~

H[V]*

Dy (e) 4 x )
/0 (@, (uc)—e)lnl_ da, ife <0
B /¢”(e)q>—1()1 * dat /1 In—* da, ife>0
a)In a+e n——da, ife>0,

0 U 1—« Dye) 1—a
Py (e) a 1 1 .
. <

e/o lnl_adoc+ CID,,(E)CDH (oc)lnl_adoc, ife <0

prm— 1 71 lx ‘
[1)}7(6)(@,7 (zx)—e)lnliadtx, ife>0.

(19)

(20)

Remark 4. By using Definitions 11 and 22, we can easily obtain the lower and upper semi-entropies
of an RSTIT2-FV as

lu-IL

1
4l — 1)1
/0 (4lya —Iy) In 3—

4lulL1X - ZlulL o
In
Iu+1p 1—ua

& doa+

du, ife <0

ly-Ip

/ U (e c—Iy)In
0

da+

o 1 o
1_adzx+c/% 1n1_a

1
2 4lulLlX—21ulL
/IUUZL( Iy+1 +e)ln

41

duo, ife >0,

o
1—n

o

1_wda+

1 1
2 14
c/o In - _adzx+/1_lu7,L (4lya+ ¢ — 31 In

fy

/1_7111;1]“ 4lulLlX—21ulL+c In
1 Iu+1p

2

dua,

o
ife <0
11—« fe<

lu

/17 41;1L Alylpe — 21yl In Ivd
1 luy+1

1_(th><+

1 «
/1 iy (s =3l In = de.

an;

ife >0,

Corollary 1. Let V be an RSTIT2-FV. Then, we have

H[V] = H[V]~ + H[V]*.

(21)

(22)

(23)
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Proof of Corollary 1. Following from Equations (19) and (20), we have

H[V]™ + H[V]*

Dyle) bt 1 « 1 1 «
_/O o, (oc)lnl_adoc+elbrl(e)lnl_ada+/q>”(e)(<1>,7 (zx)—e)lnl_lxd(x
1 D, (e)
— 1 1 -1 ©
= [, @@ _dea+/0 ;1 (w) In " da
—/1d>_1(1x)ln Y du
Jo 11—«

which is exactly equal to H(V') of Equation (17) in Theorem 4. [J

Example 2. Assume that the deficit probability of a bank’s real estate investment project can be

described as an RSTIT2-FV V, = < 0 02 04 , its investment risk can be further accurately

01 02 03
depicted by the lower semi-entropy proposed in this paper. In the light of Equations (6)—(8) and the
MEF of its medium 15, the CD and ICD of V, are as follows:

0

e xe |0, —
2% 10
o1 11
272 110’5
pry(x) =4 15 5 13
: 2 2 YC 50
_§x+§ X e -3 %
2 4’ 110" 5
0, otherwise,
0, x € (—o0,0]
5 1
Ex, X € (O, 10:|
Bl (L3
Q)= 4" % 10710
4 2’ 10’5
1, X € <§,+00>,
%zx, ®E _0,;)
U I SO S
Py, (@) =915% T 15 88
éoc 2 s Z 1
57 5 18
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Finally, the lower semi-entropy of the bank’s investment risk can be derived as

3 1
HIVA™ = J§ (080) In pipda+ [ (45500 +02) In p e
8

1
2 389
5.7480

4 63
In2 25 .7160 25.7180 1
=% +In=— +In=5— + f.

Similarly, the risk that costs go over budgets can be described as an RSTIT2-FV. By
using the upper semi-entropy, we can give a measure in this kind of issues.

04 07 1. ‘ '
06 0.7 0.8> is an RSTIT2-FV, then the MF of its medium 13,

the credibility distribution and inverse credibility distribution are as follows:

Example 3. Given that V3 = (

5.2 [23
3 3’ 15'5
0 1 (37
3 3’7 15710
py(x) =9 20 17 (7 4
’ 373 Y€ 05
—§x+§ X € 4 1
3 3’ 5
0, otherwise,
2
0, X € <_00, 5:|

1 (23
3’ 5'5

>

6

10 11 3 4
q’?]s(x): ?x—— xelz, ¢

6’ 55
§x+1 X € é1
6 6 5
1, x € (1,40),
§¢x+g 1)(6-01
5 5 "6

. I
Py, (@) = 910" " 207 66

éa—l ae_§1
5 5’ 16" |

Accordingly, the upper semi-entropy of the cost control risk can be shown as

5
+ (60120 —0.06 o /1 3 «
H(V] _/% 0q gt [ (120-09)In g da
53610 5 3
=1In —In— + —
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4. Entropy and Semi-Entropies of Linear Function of RSTIT2-FVs

In order for verifying the desirable property of linearity in the credibility-based type-2
entropy, the formula for calculating the entropy and semi-entropies of a linear function
constructed by the RSTIT2-FVs is considered in this section.

4.1. The Entropy of a Linear Function of RSTIT2-FV's

Theorem 5. Suppose that V;,i = 1,2,--- ,n are mutually independent RSTIT2-FV's with the
mediums of n;. If the function f(xq,- -+ ,X¢, Xp41,- -+, Xn) IS strictly increasing with respect to
x;,1=1,2,--- ,t and strictly decreasing with respect to x;,i =t +1,t +2,--- ,n, then

Vi=f(V1, -, Vi, Vg, -, Vi),
has the ICD of
@yl () = f(07) (@), @y (@), @3} (1 —w), -, @M1 ) (24)
Proof of Theorem 5. It follows from Theorem 1 immediately. O
Theorem 6. Suppose that Vy, Vs, - - -, Vy, are independent RSTIT2-FVs, and f(Vy, Va, ..., Vi) =

MV + Vo + - + AV, where Ay, Ay, -+, Ay are real numbers, then the entropy of
V:f(V1/V2/" : 1Vn) is

H[V] = [M[H[Wi] + [A2|H[V2] + - - - + [An|H[Vi]. (25)
Proof of Theorem 6. Suppose that the mediums of V;(i = 1,2, - - - , n) are, respectively, 77;,
and the function f(xy,---,x¢, X441, ,%,) is strictly 1ncreasmg with respect to

x;,i=1,2,--- ,tand strictly decreasing with respectto x;,i =t +1,t+2,--- ,n,
V=FfVy, -, Vi,Vigr, -, V).

A1, oo ,Ar>0,and Apqq, - -+, Ay < 0. Then, on the basis of Theorem 5, we have
@yl (a) = f(q)‘}]l(oc), @yl (a), @yt (1-a), @yl (1 - vc))
- (cp;,ll(a) +o () 0y (1—a) + -+ @yl (1 - oc))
According to Theorem 6, it can be derived that
HIf(Vi, Vo, V)] = '/()1(/\1@;11(&) ot A (@) A Py (1 a)

da

o @y (1—a)) In 1 t

1
:/0 (M@ () + -+ Ay (@) + A1 Py, (1— )

_ o
+...+/\nd>,7nl(1—oc))ln1 da

I
M
O\._.
\;9

da + Z /\/ @, 1—o¢)ln du
i=1 —a i=t4+1
t
= /cp —da y A/ ;! () In ——da
i=t+1

fZ)\H[V Z AiHV,

i=t+1
= Z |Ai[H[Vi]
i=1
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Remark 5. Assume that V;,i =1,2,--- ,n, are RSTIT2-FVs with the mediums of n;, and f is a
function from R" to R, then the entropy of the linear function, V.= f(Vy,V,, - -+, Vy,) satisfy

where n = (11,12, -+ ,Mn) is the medium of V.

Proof of Remark 5. It follows from Remark 2 and Theorem 3 immediately. O

Example 4. Given that Vy = ((1) ; ;L) and Vs = (g g é;) are two RSTIT2-FV’s, then the

entropy of H[f(Va, V5)] = 3H[Vy] —5H[ V5] is

H[f(Vy, V5)] = 3H[V,] — 5H[V5]

1 7
8 o 8 8u o 1 o
:3(/0 (8a)ln1adtx—k/é(?))lnl“doc+/§(81x—4)ln1ad¢x>

1 11
"2 x 1, 24a « 1 o
+5<./0 (120c+2)1n1_adzx+/112 (5)lnl_adtx+/%(12a—4)1nl_adzx>
15 5
343 - 716 In7 144 - 118 297 -In11

4.2. The Semi-Entropies of a Linear Function of RSTIT2-FV's

Based on Theorem 5, we can obtain the semi-entropies of a linear function contributed
by multiple RSTIT2-FVs. This paper provides two examples as follows.

Example 5. According to Remark 5, if we denote two RSTIT2-FVs as Vg = <§ g E)

Vy = <(1) g g) and we have Vg = Vg — V7, then it follows Equations (19), (20) and (24) that

8a -4, S 0,1>
|78
. ) . 8 14 17
Dyl () = () — @yl (1-a) = (3% T 37 € |53
[7
8 1.
o well]
8 3 80(
H[Vs]” = /(80c+4)1n1 dzx+/ +6)In duc+6/
29
4096 - 77 119-In7
N § 8a—4 " 1 .
H[ V4] :./%( . )lnl_“dzx+/§(80c—6)1nl_adzx

_1n49-7% L 77
o 64 48
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Example 6. Similarly, if we denote three RSTIT2-FVs as Vo = ((1) 3 ;1>’ Vip = (; g g)

and V11 = ((1) g g) , and assume that Vip = Vo + V1o + Vi1, then it follows Equation (24) that

32u +2, S 0,3)

32
. . . . 160 50 [3 2
Dy, (@) = Py () + Py, (a) + Py (a) = § 134T 137 3232

[29
200 — 14 —,1].
32 ’ a€_32,}

G a 2 160 — 80 & 1
H[Vis]” = [ 7 (324 +5)1 = 6 1
Vil = | (3a+5)n1_ad(x+/332( - +6)n1_adoc+6/; n——da

_ 393 o 130529 1.68 107 - 352 - 295% - 8715 L
64 64 5.17 - 1010 ’

o
1—n

29
52 ,160a — 80 o
H[Vio] " / & 1

2

dua

1
—dut /gg (32a —24) In

5.10'1 . 3% - 298 388 . 293%
14

-1
NTaaoz T o9

Compared with the previous study, in terms of calculating the type-2 semi-entropies,
the formulas presented in this paper have an advantage in reducing computational com-
plexity. This study makes it possible to evaluate the indicators that are formed by a set of
RSTIT2-FVs in related areas, such as business investment and cost control. Theoretically,
Remark 4 provided a way to help enterprises and other entities in operation management.

5. Conclusions

This paper proposed the concepts and formulas of the credibility-based type-2 fuzzy
entropy and semi-entropies for the interval type-2 fuzzy variables, and we even explored
these in a linear function. Based on the inverse credibility distribution, they can be efficiently
figured out without complex calculations. Furthermore, this paper put forward that for
independent type-2 fuzzy variables, the entropy and semi-entropies can be calculated even
if the variable distribution formed by their linear combination is not known.

However, there are still certain limitations in this paper that can be explored in future
studies. Firstly, it is worth noting that due to the complicated calculation of type-2 fuzzy
variables and entropy, this paper only applied regular symmetric triangular interval type-2
fuzzy variables (RSTIT2-FVs) proposed by Li and Cai [34] to numerical verification, but
the formulas can be extended to the general interval type-2 variable, which is about to be
expanded in its application prospects and deepening theoretical research. Moreover, this
paper only sets up several numerical experiments for possible application fields in real
situations. The research on its application in this paper is still vacant, such as cost and risk
control in operation management and the portfolio decisions in financial investment [42],
the market share problem [43], and even the bio-gas implementation problem [44]. The
above issues are waiting for more in-depth empirical research in future work.
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Abbreviations

The following abbreviations are used in the manuscript:

CD credibility distribution
CF credibility function
FOU footprint of uncertainty
FV fuzzy variable
ICD inverse credibility distribution
IT2-FV interval type-2 fuzzy variable
LMF lower membership function
MF membership function
T1-FV type-1 fuzzy variable
T2-FV type-2 fuzzy variable
RSTIT2-FV  regular symmetric triangular Interval type-2 fuzzy variable
UMF upper membership function
References
1. Zadeh, L.A. Concept of a linguistic variable and its application to approximate reasoning—I. Inf. Sci. 1975, 8, 199-249. [CrossRef]
2. Liang, Q.; Mendel, ] M. Interval type-2 fuzzy logic systems: Theory and design. IEEE Trans. Fuzzy Syst. 2000, 8, 535-550.
[CrossRef]
3. Mendel, ].M,; John, R.I.B. Type-2 fuzzy sets made simple. IEEE Trans. Fuzzy Syst. 2002, 10, 117-127. [CrossRef]
4. Mendel, ].M,; Jerry, M. General type-2 fuzzy logic systems made simple: A tutorial. IEEE Trans. Fuzzy Syst. 2014, 22, 1162-1182.
[CrossRef]
5. Zhai, D.; Mendel, ].M. Uncertainty measures for general type-2 fuzzy sets. Inf. Sci. 2011, 181, 503-518. [CrossRef]
6.  Mendel, ].M. Type-2 fuzzy sets: Some questions and answers. IEEE Connect. 2003, 1, 10-13.
7. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-353. [CrossRef]
8.  Gao, M,; Zhang, Q.; Zhao, G.; Wang, G. Mean-entropy-based shadowed sets: A novel three-way approximation of fuzzy sets. Int.
J. Approx. Reason. 2020, 120, 102-124. [CrossRef]
9.  Hullermeier, E. Does machine learning need fuzzy logic? Fuzzy Set Syst. 2015, 25, 292-299. [CrossRef]
10. Wang, G.; Jin, Y,; Liu, L. Logo recognition based on membership degree and clossness degree of fuzzy sets. Comput. Sci. 2009,
36, 184-193.
11. Huang, W.; Chen, H. A network anomaly detection method incorporating domain knowledge. J. Nanjing Univ. Sci. Technol. 2016,
49, 229-235.
12.  Yager, R. A measurement-informational discussion of fuzzy union and fuzzy intersection. Int. J. Man—Mach. Stud. 2015,
84,189-200. [CrossRef]
13.  Kaufmann, A. Introduction to the Theory of Fuzzy Sets, 2nd ed.; Academic Press: New York, NY, USA, 1975.
14. Nieminen, ].M. On the algebraic structure of fuzzy sets of type-2. Kybernetica 1977, 13, 887-896.
15.  Wu, D.; Mendel, ].M. Fuzzy multiple attributes group decision-making based on the interval type-2 TOPSIS method. Inf. Sci.
2007, 117, 5378-5393. [CrossRef]
16. Chen, X,; Dai, W. Maximum entropy principle for uncertain variables. Int. J. Fuzzy Syst. 2011, 13, 232-236.
17.  Bolturk, E.; Kahraman, C. A novel interval-valued neutrosophic AHP with cosine similarity measured. Soft Comput. 2018,
22,4941-4958. [CrossRef]
18. Roy, S.K.; Bhaumik, A. Intelligent water management: A triangular type-2 intuitionistic fuzzy matrix games approach. Soft
Comput. 2018, 32, 949-968. [CrossRef]
19. Jiang, Y,; Tang, Y.; Liu, H.; Chen, Z. Entropy on intuitionistic fuzzy soft sets and on interval-valued fuzzy soft sets. Inf. Sci. 2013,
240, 95-114. [CrossRef]
20. Zhou, J.; Shen, J.; Zhao, Z.; Gu, Y.; Zhao, M. Performance of different risk indicators in a multi-period polynomial portfolio

selection problem based on credibility measure. Entropy 2019, 21, 491. [CrossRef]


http://doi.org/10.1016/0020-0255(75)90036-5
http://dx.doi.org/10.1109/91.873577
http://dx.doi.org/10.1109/91.995115
http://dx.doi.org/10.1109/TFUZZ.2013.2286414
http://dx.doi.org/10.1016/j.ins.2010.09.020
http://dx.doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.1016/j.ijar.2020.02.006
http://dx.doi.org/10.1016/j.fss.2015.09.001
http://dx.doi.org/10.1016/S0020-7373(79)80016-4
http://dx.doi.org/10.1016/j.ins.2007.07.012
http://dx.doi.org/10.1007/s00500-018-3140-y
http://dx.doi.org/10.1007/s11269-017-1848-6
http://dx.doi.org/10.1016/j.ins.2013.03.052
http://dx.doi.org/10.3390/e21050491

Symmetry 2022, 14, 930 17 of 17

21.

22.

23.

24.

25.

26.
27.

28.

29.
30.

31.
32.

33.

34.

35.

36.
37.

38.
39.
40.
41.
42.
43.

44.

Zhou, D.; Li, X,; Pedrycz, W.S. Mean-semi-entropy models of fuzzy portfolio selection. IEEE Trans. Fuzzy Syst. 2016, 24, 1627-1636.
[CrossRef]

Pelayo, Q.; Pedro, A.; Humberto, B.; Irene, D.; Susana, M. An entropy measure definition for finite interval-valued hesitant fuzzy
sets. Knowl.-Based Syst. 2015, 84, 121-133.

Shen, J.; Zhou, J. Calculation formulas and simulation algorithms for entropy of function of LR fuzzy intervals. Entropy 2019,
21, 289. [CrossRef] [PubMed]

Li, W,; Zhao, Y.; Wang, Q.; Zhou, ]. Twenty years of entropy research: A bibliometric overview. Entropy 2019, 21, 694. [CrossRef]
[PubMed]

Burillo, P,; Bustince, H. Entropy on intuitionistic fuzzy sets and on interval-valued fuzzy sets. Fuzzy Set Syst. 1996, 78, 305-316.
[CrossRef]

Szmidt, E.; Kacprzyk, J. Entropy for intuitionistic fuzzy sets. Fuzzy Set Syst. 2001, 118, 467-477. [CrossRef]

Zeng, W.; Li, H. Relationship between similarity measure and entropy of interval valued fuzzy sets. Fuzzy Set Syst. 2006,
157,1477-1484. [CrossRef]

Vlachos, G.; Sergiadis, G. Submethood, entropy, and cardinality for interval-valued fuzzy sets—An algebraic derivation. Fuzzy
Set Syst. 2007, 158, 1384-1396. [CrossRef]

Cornelis, C.; Kerre, E. Inclusion measures in intuitionistic fuzzy set theory. Lect. Notes Comput. Sci. 2004, 2711, 345-356.
Huang, C.; Miin, S.; Wen, L.; Stanley, L. Similarity, inclusion and entropy measures between type-2 fuzzy sets based on the
Sugeno integral. Math. Comput. Model. 2011, 53, 1788-1797.

Ozkan, I; Turksen, I.B. Entropy assessment for type-2 fuzziness. IEEE Int. Conf. Fuzzy Syst. 2004, 2, 1111-1115.

Zhang, X.; Zheng, G. Relationship between Similarity Measure and Entropy of Interval Type-2Fuzzy Sets. IEEE Circuits Syst. Soc.
2013, 15, 89-98.

Zhou, J.; Huang, C.; Zhao, M,; Li, H. Entropy and semi-entropies of LR fuzzy numbers’ linear function with applications to fuzzy
programming. Entropy 2019, 21, 697. [CrossRef]

Li, H.; Cai, J. Arithmetic operations and expected value of regular interval type-2 fuzzy variables. Symmetry 2021, 13, 2196.
[CrossRef]

Zadeh, L.A. The concept of a linguistic variable and its application to approximate reasoning—II. Inf. Sci. 1975, 8, 301-357.
[CrossRef]

Liu, B,; Liu, Y. Expected value of fuzzy variable and fuzzy expected value model. IEEE Trans. Fuzzy Syst. 2002, 10, 445-450.
Dubois, D.; Prade, H. Twofold fuzzy sets: An approach to the representation of sets with fuzzy boundaries based on possibility
and necessity measures. J. Fuzzy Math. 1983, 3, 53-76.

Zhou, J.; Yang, F.; Wang, K. Fuzzy arithmetic on LR fuzzy numbers with applications to fuzzy programming. J. Intell. Fuzzy Syst.
2016, 30, 71-87. [CrossRef]

De, A.; Termini, S. A definition of no probabilistic entropy in the setting of fuzzy sets theory. Inform. Comput. 1972, 20, 301-312.
Li, P; Liu, B. Entropy of credibility distributions for fuzzy variables. IEEE Trans. Fuzzy Syst. 2008, 16, 123-129.

Kim, D.S.; Kim, T.; Kwon, H.I.; Park, ].W. Two variable higher-order fubini polynomials. J. Korean Math. Soc. 2018, 55, 975-986.
[CrossRef]

Liang, Q.; Karnik, N.N.; Mendel, ]. M. Connection admission control in ATM networks using survey-based type-2 fuzzy logic
systems. IEEE Trans. Fuzzy Syst. Man. C 2000, 30, 329-339.

Seikh, M.R; Dutta, S.; Li, D.E. Solution of matrix games with rough interval pay-offs and its application in the telecom market
share problem. Int. J. Intell. Syst. 2021, 36, 6066—6100. [CrossRef]

Shuvasree, K.; Mijanur, R.S.; Oscar, C. Type-2 intuitionistic fuzzy matrix games based on a new distance measure: Application to
biogas-plant implementation problem. Appl. Soft Comput. 2021, 106, 107357.


http://dx.doi.org/10.1109/TFUZZ.2016.2543753
http://dx.doi.org/10.3390/e21030289
http://www.ncbi.nlm.nih.gov/pubmed/33267004
http://dx.doi.org/10.3390/e21070694
http://www.ncbi.nlm.nih.gov/pubmed/33267408
http://dx.doi.org/10.1016/0165-0114(96)84611-2
http://dx.doi.org/10.1016/S0165-0114(98)00402-3
http://dx.doi.org/10.1016/j.fss.2005.11.020
http://dx.doi.org/10.1016/j.fss.2006.12.018
http://dx.doi.org/10.3390/e21070697
http://dx.doi.org/10.3390/sym13112196
http://dx.doi.org/10.1016/0020-0255(75)90046-8
http://dx.doi.org/10.3233/IFS-151712
http://dx.doi.org/10.1186/s13660-019-2100-0
http://dx.doi.org/10.1002/int.22542

	Introduction
	Preliminaries
	Type-1 Fuzzy Variable
	Type-2 Fuzzy Variable

	Entropy and Semi-Entropies of an RSTIT2-FV
	The Entropy of an RSTIT2-FV
	The Semi-Entropies of an RSTIT2-FV

	Entropy and Semi-Entropies of Linear Function of RSTIT2-FVs
	The Entropy of a Linear Function of RSTIT2-FVs
	The Semi-Entropies of a Linear Function of RSTIT2-FVs

	Conclusions
	References

