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Abstract: Lots of symmetric properties are well-explored and analyzed in extremal graph theory,
such as the well-known symmetrization operation in the Turdn problem and the high symmetric
in the extremal graphs. This paper is devoted to studying the Lagrangian of hypergraphs, which
connects to a very symmetric function—the Lagrangian function. Given an r-uniform hypergraph F,
the Lagrangian density 7, (F) is the limit supremum of 7!A(G) over all F-free G, where A(G) is the
Lagrangian of G. An r-uniform hypergraph F is called A-perfect if ) (F) equals r!/\(K;< P)il). Yan
and Peng conjectured that: for integer r > 3, there exists no(r) such that if G and H are two A-perfect
r-graphs with |V(G)| and |V (H)| no less than 1y(r), then the disjoint union of G and H is A-perfect.
Let S; denote a 3-uniform hypergraph with t edges {ey, ..., e} satisfying that ¢; N ej = {v} for all
1 <i < j < t. In this paper, we show that the conjecture holds for G = S, and H = S; for all t > 62.
Moreover, our result yields a class of Turan densities of 3-uniform hypergraphs. In our proof, we
use some new techniques to study Lagrangian density problems; using a result of Sidorenko to find
subgraphs, and a result of Talbot to upper bound the Lagrangian of a hypergraph.

Keywords: hypergraph Lagrangian; Lagrangian density; Turan density

1. Introduction

Symmetry is a major characteristic of mathematical beauty, and it is found in many
branches of mathematics. A number of symmetric properties are widely studied, analyzed
and applied in graph theory. For example, a well-known symmetrization operation is
widely applied in the study of the Turdn type problems in extremal graph theory, and the
Lagrangian of hypergraphs concerned in this paper connects to a very symmetric function—-
the Lagrangian function (see [1,2] for surveys).

For a finite set X and an integer > 0, let X(") = {A C X : |A| = r}. An r-uniform
hypergraph (r-graph) G on the vertex set V(G), is a subset of V(G)("). We simply denote
G as the edge set of G. We call a 2-graph a simple graph. Denote G = V(G)("\G. Let
S CV(G),denote G—S ={ee€ G:eNS =Q}and G[S] = {e € G:e C S}. An
edge e = {v1,0vy,...,0:} will be simply denoted by v1v; ... v,. Let Kl, = X(") denote the
complete r-graph on vertex set X with |X| = n. Denote [n] = {1,2,...,n}. Given an
r-graph G on vertex set [1], define the Lagrangian function of G as

w(G,x) = 2 Hxi,

ecG ice

where x € [0,00)". w(G, x) can be interpreted as the density of a blow-up of G divide r!.
Define the Lagrangian of G as A(G) = maxyea w(G, x), where

n
A:{xER”:inzl,xiZO}.

i=1
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We call a weighting x a feasible weighting if x € A. We call a feasible weighting x optimal
if w(G,x) = A(G). Given r-graphs G and F, G is said to be F-free if G contains no copy of
F. The Lagrangian density 7, (F) of F is defined to be

A (F) = r'sup{A(G) : G is F-free}.

The idea of continuous optimization is widely used not only in mathematics, but also in
other disciplines (see [3,4] and so on). The hypergraph Lagrangian method, first introduced
by Zykov [5] in 1949, is such a continuous optimization method that is helpful to solve
the extremal problems. One of the earliest applications of the hypergraph Lagrangian
method was applied by Motzkin and Straus [6] in 1965 to establish the connection (See
Theorem 1) between the Lagrangian of a simple graph and its maximum clique number. A
surprising application is that in the 1980’s, Frankl and R&dl [7] used it to disprove a famous
conjecture of Erd6s. For more developments of the Lagrangian theory of hypergraphs
see [8,9]. Actually, determining the Lagrangian density of general r-graphs when r > 3
is interesting in itself. However, there are very few known results in Lagrangian density
problems. We list some of the relevant results known so far as follows.

Since K], _; is F-free for an n-vertex r-graph F, then

A (F) = 1A (K, 1)

We call an n-vertex r-graph F A-perfect if 71y (F) = A(K!,_;) (We will show the value
of A(K%) in Fact 4).

Motzkin and Straus [6] showed that every 2-graph K? is A-perfect. Next, we turn
our attention to the hypergraphs. Let T be a tree or a forest that satisfies Erds and Sés’
conjecture, and let F be an r-graph obtained by joining r — 2 fixed vertices into every edge of
T. Sidorenko [10] proved that F is A-perfect for large tree. Let H" be the r-graph with edge
set {v1...0,-19;,01...0,_10,41}. Sidorenko [9] showed that H" is A-perfect for r = 3 and 4.
Let Mj be the r-uniform matching with ¢ pairwise disjoint edges. Let S; denote a 3-uniform
hypergraph with t edges {ej, ..., e:} satisfying thate;Ne; = {v} forall1 <i <j <t
Hefetz and Keevash [11] showed that Mg is A-perfect. The authors [12] proved that M?
and S} are A-perfect. A result given by Bene Watts, Norin and Yepremyan [13] suggested
that Mj is not A-perfect for r > 4. It is interesting to study the A-perfect r-graphs. More
results yielding A-perfect r-graphs are in the papers [10,14-22]. It is worth mentioning
that Yan and Peng [23] recently proved that the Lagrangian density of a 3-graph is an
irrational number, and independently, Wu [24] showed that the Lagrangian density of M}
is an irrational number. These two results give a positive answer to the question posed by
Baber and Talbot [25]: whether there is an irrational Turdn density of a single hypergraph.
For more relevant Hypergraph Lagrangian results, one may refer to [10,17,22,26-38].

We call a graph linear if any two edges of it share at most one vertex in common. Our
original motivation is to seek some new tools to study the Lagrangian density of linear
3-graphs, and to give brief proofs. Denote the disjoint union of two r-graphs G and H as
G U H. In 2019, Yan and Peng [22] posed an interesting conjecture.

Conjecture 1 (Yan and Peng [22]).

(i)  For an integer r > 3, there exists ny(r) such that a linear r-graph on at least ny(r) vertices
is A-perfect.

(i)  For an integer r > 3, there exists ny(r) such that if G and H are two A-perfect r-graphs with
v(G) > ny(r) and v(H) > ng(r), then G U H is A-perfect.

The other motivation of this paper is to find a class of A-perfect 3-graphs to support
Conjecture 1. We simplify Sf to S, ie., Sp = {uv;w; : 1 <i < tand the v;’s and w;’s are
all distinct}. Let Sp; = Sp U S;. In this paper, we show that Sy is A-perfect for all t > 62,
proving that (ii) of Conjecture 1 holds for G = S; and H = S;, also supporting (i) of
Conjecture 1 in some sense.
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Theorem 1. Let t > 62 be an integer and G be a 3-graph. If G is Sy 4-free, then

(t+2)(2t+3)

AMG) < /\(K%t+5) - 3(2t+5)2

In particular, Sy ¢ is A-perfect.

The Lagrangian density problem is strongly related to the well-known Turdn problem.
For a given positive integer n and an r-graph F, define the Turdn number of F as the
maximum number of edges attained by an n-vertex F-free r-graph, and denote it as ex(#, F).
The Turdn density of F is defined as

7(F) = lim ex(n, F)

n—00 (’:) !

such a limit is known to exist. Denote the extension of a graph F as H F which is an r-graph
obtained from F by adding (r — 2) new vertices to each pair {v;, v;} that is not contained
in any edge of F. For example, H{123456} — {ijvij :1<i<3,4<j<6}, whereall vjj are
different. A result of Sidorenko [9,10] yields that the Lagrangian density of F is equal to the
Turén density of H'. Hence, we can directly obtain the following corollary by Theorem 1.

2(t+2)(2t43)

Corollary 1. Let t > 62 be an integer. Then mt(H%2t) = (2t15)2

We remark that the lower bound for ¢ can be improved slightly with some more
tedious discussion, we omit it here.

2. Preliminaries

Let us list some useful results of the Lagrangian function. First, we obtain the following
fact directly from the definition of Lagrangian.

Fact 1. Let G be an r-graph. If F is a subgraph of G, then A(F) < A(G).

Call an r-graph G dense if A(F) < A(G) for every proper subgraph F of G. Therefore,
we may assume that G is dense when we estimate the Lagrangian upper bound of an F-free
r-graph G. We say that F covers pairs if every pair of vertices is contained in some edge of F.

Fact 2 (Frankl and Rodl [7]). If an r-graph G is dense, then G covers pairs.

Let G be an r-graph, and 7, j € V(G). Define

L) = {ge (V) g0 e B andgu ) ¢ E(O) ).

There is a useful fact concerning the symmetry property of Lagrangian function. We
omit its proof here; see [12].

Fact 3. Let G be a dense r-graph on vertex set [n| and x be an optimal weighting on G. If for some
i,j € [n], Lg(i\j) = Lg(j\i) = @. Then x; = x;.

Fact4. A(K.,) = (").

r’n
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Proof of Fact 4. By Fact 3, (%, %, ey, %) is an optimum weighting of K], thus we have

MKG) =K o) = (1)

O

Motzkin and Straus [6] proved that the Lagrangian of a simple graph G equals to the
Lagrangian of its complete subgraph with maximum order, which implies a simple proof
of Turan’s classical theorem. Let w(G) denote the clique number of G, i.e., w(G) = max{s :
K? C G}.

Theorem 1 (Motzkin and Straus, [6]). Let G be a simple graph with w(G) = t,

A(C) = A(K2) = ;(1 - 1)

However, it is not easy to determine the Lagrangian of an r-graph when r > 3. The
following result is useful to calculate the Lagrangian of hypergraphs.

Lemma 1 (Frankl and Rodl [7]). Let G be an r-graph on vertex set [n] and x be an optimum

weighting on G. Then ( aw(—gf_’x) is the partial derivative of function w(G, x) with respect to vari-

able x)

ow(G, x)

o rA(G)

for every i € [n] with x; > 0.

3. Proof of Theorem 1
For a given r-graph G and U C V(G), define the link graph of U in G as the hypergraph

with edge set {¢ € (Vr(_c‘)l}fl) :eUJU € E(G)}, and denote as Gy;. When U = {i} or

U = {i,j}, we simply write as G; or Gij-

Lemma 2. Let G be a dense 3-graph on vertex set [n]. If \(G) > A(K3, 5), then for each vertex

2
i € V(G), there is a clique on s vertices contained in G; with s > %.

Proof of Lemma 2. Let x be an optimum weighting on G. Then, by Lemma 1, for every
vertex i € G, we have
0
A (Kss) < 31(G) = 24 (G )
1

Note that x; > 0, which follows from G being dense. Since G; is a simple graph,
by Motzkin-Straus Theorem, w(G;,x) = A(Ks)(1 — x;)® < A(K;), where s is the clique
number of G;. It follows that 3A(K3,,5) < A(Ks). Thus, by Fact 4 and Motzkin-Straus

Theorem, we have
1 (2t+4)(2t+3) 1 s—1

2 (2t +5)2 2 s

2
It yields that % <1- %, ie., % < (giitls;' Therefore, s > %iﬁ% and we

are done. [

Let s be a positive integer. The s-fold enlargement of the graph F is obtained from
F by adding the same s new vertices to every edge of F. For example, the 3-graph
{123,134,145,...,1t(t + 1) } is the 1-fold enlargement of {23,34,45,...,t(t+ 1)}, a path on
t vertices. The following proposition is a consequence of a result of Sidorenko [10].
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Proposition 1 (Sidorenko [10]). Let G be a 3-graph. If A(G) > A(K;’t+5), then G contains
a copy of the 1-fold enlargement of a path on 2t + 5 vertices.

Let A,B € [n](") be two distinct r-set. The colex ordering on [n]") is the ordering
satisfying that A < B if max((A\B) U (B\A)) € B. For instance, 236 < 146 in N©®), Let
C(m;r) be the r-graph consisting of the first m sets in the colex ordering of N ("), There is a
famous conjecture proposed by Frankl and Fiiredi [39] in 1989. They conjectured that the
Lagrangian of any r-graph with m edges is no more than A(C(m;7)).

Note that if m = (5) + (‘5") = (‘§1) — (£ 1), then C(m;3) = [£ + 1P\ {£(£ +1)i :
i € [( —1]}. Clearly, {¢, ¢+ 1} is not covering pairs in C(m;3). Thus C(m; 3) is not dense
by Fact 2. Hence A(C(m;3)) < A(K}). Moreover, we have A(C(m;3))) > A(K?) since
K3 C C(m;3)). Therefore, A(C(m;3))) = A(K3). For r = 3, Talbot [35] first showed the
conjecture holds whenever (g) <m< (5) + (251) — (. After then, big progress has been
made in [28-30,36,37,40].

Theorem 2 (Talbot [35]). Let m and ¢ be integers satisfying

l ¢ (-1
<m< —
(6 =m=a)+(2) ¢
then for any 3-graph G with m edges, A(G) < A(C(m;3)). Moreover, A(C(m;3)) = A(K?).
Corollary 2. Let G be a 3-graph with m edges. If A(G) > A(K3), then m > (g) + (Zgl) —{+1.

Proof of Corollary 2. For the contrary, suppose that m < (é) + (131) — 1. Let G’ be the
3-graph obtained from G by adding arbitrarily s edges to G such that (é) < e(G) <
(é) + ('31) — 1, where s > 0 is an integer. By Fact 1, we have A(G) < A(G’). Moreover,
by Theorem 2, we have A(G') < A(K?). Thus, A(G) < A(K?), which contradicts that
AG) > AK?). O

We now give two crucial lemmas.

Lemma 3. Lett > 62 and 2t +6 < n < 2t + 9 be two positive integers. Let G be a dense n-vertex
3-graph. If G is Sy free, then A(G) < A(K3,.5).

Proof of Lemma 3. For the contrary, suppose that A(G) > A(K3,_5). Since A(G) > A(K3,.5),
by Proposition 1, there exists a copy of the 1-fold enlargement of a path on 2t + 5 vertices
in G. Denote this 3-graph as S with V(S) = {ay,a3,...,a2+5} U {0} and E(S) = {oaay,

00243, . .., 0024 402¢15 ). Clearly, {oaay, ..., 0api 145, ...,0ap:430944} forms a copy of Sy
in S (see Figure 1).
For1l <k <ky < ks <ky <ks<t+3,denote

U=u(ky,... ks) = {amk,—1, a2k, A2ky—1, 2k, A2ks—1 y and H = G[U].
Note that V(S)\U contains a copy of S; with edge set Ujc ¢ E;, where

Ey = {oaja;,0a3a4, . ..,0a0k, 305, 2},

Ey = {0agk, a2k, 11,042k, 1202k, 43/ - - -, 082k, 22k, 1},
E3 = {0a0ky4+12ky+2, 002ky+302ky+4/ - - -, 002k 30252 },
Ey = {089k, 00k5 11, 002ky 1202)5 43/ - - -, 082k, 202k, —1},
Es = {0agk,+12k,+2, 002k, 302k, +4/ - - -, 002ks —302k5—2 },
Eg = {0a0ka0k5 11, 000k +202k5 13, - - - , 0024 1482145 }-
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Since G is Sy-free, H is Sy-free. We claim that e(H) < 4. Suppose that e(H) > 5,
and relabel the vertex set of H as [5]. Without loss of generality, assume that 123 € H. Since
H is Sy-free, thus there is no edge of H containing {4, 5}. If there is no edge of H containing
{4} or {5}, then H C K3}, which contradicts that e(H) > 5. So there are at least two edges
of H such that one contains 4 and the other contains 5. Without loss of generality, assume
that 124 € H. Similarly, there is no edge of H containing {3,5}. So, 125 € H, and thus,
there is no edge of H containing {3,4}. Therefore, E(H) C {123,124,125}, a contradiction.
Hence, e(H) < 4.

There are (t?) such {ky,ko, k3, kg,ks}, and for each e € H, there are at most (5)
such {ky, ko, k3, kg, ks} so that e C {any, 1, aok,, A2k,—1, A2k, A2ks—1 }- Note that H C G and
e(H) = () —e(H) > 6. Then

6-("8)  (t+3)(t+2)(t+1)
(4 o 10 )

— (<2 ;5 (Zt;4> —(2t+5)+1>

N
(M) e )

£(t) = (”;9) _ ((2t3+5) N (2t2+4> _(2t+5)+1) GG IGR

e(G) > 1

By Corollary 2,

e(G)

IN IN
/N /‘?
S~
\_/
/N
/-\

—13 45442 + 419t + 714 —312 4+ 108t + 419

The roots of f/(t) = 0 are 2= % 473 and 54J” 473 Since the quadratic function f'(t)
concave, f(t) is increasing in [0, L 5417), and decreasmg in (2L 3417, +00). By direct

calculation, we have 24HY4173 54173 < 62 and f(62) < 0. Hence, f(t) < 0since t > 62, that is,
e(é) < (t+3>(tii62)(i’+1)

. This is a contradiction with (1). We complete the proof. O

0

@y Az  Q2i-1 A2 Qzt+3 QAt4q A2t45
Figure 1. A copy of S5 in S.

Lemma4. Lett > 62 and n > 2t + 10 be two positive integers. Let G be a dense n-vertex 3-graph.

If G is Sy p-free, then A(G) < A(K3,,5).
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Proof of Lemma 4. For the contrary, suppose that A(G) > A(K3,,5). For each u € V(G),
denote a maximum clique in G, as K*. Since A(G) > A(K;’t +5) with t > 62, by Lemma 2,

2
(2t +5) > 43,

u >7
o(KY) = g5 2

Furthermore, by Proposition 1, there exists a copy of the 1-fold enlargement of a path
on 2t + 5 vertices in G. Denote this 3-graph as S with V(S) = {ay,a2,..., 4245} U {0}
and E(S) = {Oﬂ]ﬂz, oanasz, ..., oa2t+4a2t+5}. Clearly, {0611612, c..,002i_102i,. .. ,0a2t+3a2t+4}
forms a copy of Sy4; in S (see Figure 1). If we delete one vertex of {ay,ay, ..., a5} with
an odd number of subscript, then we can still find a copy of S¢1, in S. However, If we
delete one vertex of {ay,ay,...,a2+5} with an even number of subscript, then we can
only guarantee that there is a copy of S;11 in S. The situation is always ‘worse” when the
subscript of the deleted vertex is even than when it is odd.

Since n > 2t + 10, there are at least four vertices in V(G)\V(S), we denote four
vertices among them as 11, up, u3, uy and denote U = {uq,up,u3, us}. Since G is dense,
then G covers pairs by Fact 2. We consider Guiuj forall 1 < i < j < 4, recall that
Guu; = {v € V(G) s vuju; € G} O

Claim 1. Gy,u; C {0,a0,a4, ..., 0014} forall1 <i <j<4

Proof of Claim 1. Suppose that there isw € V(G)\{o, a2, 44, ..., a2¢14} such that uqu,w €
G. Recall that v(K") > 43, so we can pick two vertices in V(K¥) — {o,uy,up}, say
v1,03. Thus, {ujupw, wviv,} forms a copy of Sy in G — {0}. We will show that there
exists a copy of Sy in S — {w, uq,up, v1,v2}. Recall that w ¢ {ay, a4, ..., 42114}, the worst
case (For the sake of brevity of the proof, we consider only the worst case and omit
other cases where {v1,v2} = {a;,a2j41} or {v1,v2} = {a2i41,a2i41}) is w = Az and
{v1,12} = {azi,azj}, where 0 < k < t4+2and1 < i < j < t+2. Assume that
i < j <k delete ay,azj,a511 € {ay1,ay,...,a2:+5} and abandon azi—1,a2j-1. We can
find a copy of S; with edge set {oa1ay, ..., 0a2; 3a3; 2} U{0azi 1142112, ...,0a2j _3a2j 2} U
{oazj1a2j12, -, 080k 182} U {0a9k 1 282k13, - - -, 024 4824 +5} in S. So, G contains a copy of
Sa¢, a contradiction. The proofs fork <i < jori <k < jaresimilar. O

Claim 2. If uquzay € G, then for each k € {1,3,...,2t + 5}, Gy oy = Guya, = {0}

Proof of Claim 2. Fix k € {1,3,...,2t + 5}. First we prove that G,,,, C {0,a2}. Suppose
that there is w ¢ {0,a,} such that uya,w € G, then {ayupuq, urarw} forms a copy of S,. It
is not hard to see that there exists a copy of S; in S — V(S;). Thus, G contains a copy of
S+, a contradiction. Similarly, Gy,s, € {0,a2}. Now we suppose that ujaa, € G. Then
fork’ € {1,3,5,..,2t +-5} and k' # k, Guya, = {0}. Otherwise {uzapas, azagu,} forms a
copy of Sy, and clearly there exists a copy of S; in S — V(S;). Thus, G contains a copy
of Sy, a contradiction. Let v,w € V(K%) — {o,uq,up,a,}. {uqazay, axow} forms a copy
of Sy. Our goal is to find a copy of S; in SU {uy} — {ag, az, v, w}, thus, we obtain a copy
of Sy in G and we are done. The worst case is {v,w} = {ay, ap}, where1 <1 <I' <
t + 2. Assume that 21 < k < 2I'. In this case k # 1, we abandon ay,ay_1,ay,1 and
find a copy of S;_1 with edge set {0a3ay, ...,0a0 _3a5; 2} U{oay 102,72 ..,0a5 20, 1} U
{o0ay 10k 10, ..., 000 _pay_1} U{oayy o0y i3, ..., 0001400145} in S. This copy of S;_1 to-
gether with {ouza;} forms a copy of S;, and we are done. The proofs for k < 21 < 21’ or
I <l < karesimilar. 0O

Claim 3. Ifujusas € G, then u;uja, ¢ G for every pair i € {1,2},j € {3,4}.
Proof of Claim 3. Without loss of generality, assume that 1;u3a, € G. By Claim 2, u;a,0 € G

for every pairi € [3] and k € {1,3,...,2t +5}. Letv,w € V(K®) — {ay,uy, up, u3, ug,0}.
Then {uquza;, ayvw} forms a copy of Sy in G. Our goal is to find a copy of Sy in SU {uz} —
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{az,v,w}, thus we obtain a copy of Sy; in G and we are done. Similar to the proof of
Claim 2, the worst case is {v,w} = {ay,a,}, where 1 <1 <1’ < t+2, and there is a
copy of S;_1 not containing ;. This copy of S;_1 together with {ouza; } forms a copy of S,
and we are done.

Now we continue to prove the lemma. We first claim that {uuz0, uzuso} or {uquzo,
upug0} or {11140, upuz0} is contained in G. Otherwise, without loss of generality suppose
that ujup0 ¢ G. By Claim 1, we have ujupa; € G. If for some triple i € {1,2},j € {3,4}
and k € {4,6,...,2t +4}, uiujar € G, then {uqumay, uiujak} forms a copy of Sy in G. It
is not hard to see that there is a copy of Sy in S — {ap, ax}, a contradiction. So we may
assume that w;u;a; ¢ G for every triple i € {1,2},j € {3,4} and k € {4,6,...,2t +4}.
Moreover, by Claim 3, u;uja; ¢ G for every pair i € {1,2}, j € {3,4}. Therefore, we
have uquzo0,upug0 € G. Hence, we have shown that the claim holds. Without loss of
generality, we assume that {17150, uzus0} is contained in G. Let ¢q,¢p,¢3,¢4 € V(K™) —
{0, u1,up,u3,us}. Then {cicpa1,a1c3c4} forms a copy of Sy. Our goal is to find a copy of
S¢in SU {uq, up, uz, us} — {ay, c1,c2,¢3,c4}, thus we obtain a copy of Sp; in G and we are
done. Similar to the proof of Claim 2, the worst case is {c1, ¢, c3,¢1} = {ay;, aj, Azk, ay },
where 1l < i < j <k < <t+2. Itisnothard to see that there exists a copy of S5;_; in
S —{ay,c1,¢2,c3,ca}. This copy of S;_; together with {uj150, uzuso} forms a copy of S;.
Thus we complete the proof. O

Proof of Theorem 1. Let G be an S s-free 3-graph with vertex set [n]. We can assume that
G is dense, otherwise we replace G by a dense subgraph G’ of G with A(G’) = A(G). So G
covers pairs by Fact 2. If n < 2t + 5, then A(G) < A(K%HS) by Fact 1. If 2t +6 <n < 2t+9,
then we are done by Lemma 3. Now assume that n > 2t + 10. For the contrary, we suppose
that A(G) > A(K3,,5). By Lemma 4, there exists a copy of S5 in G, a contradiction. So
A (Sa,¢) < 3IA(K3,, 5). Since K3, , < contains no Sy 4, we have 7y (Sp1) > 3!A(K3,_ 5). Hence,
7\ (Sa,t) = 3IA(K3,, 5). Thus, we complete the proof. [
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