symmetry

Article

A, Eigenvalues of Zero Divisor Graph of Integer Modulo and
Von Neumann Regular Rings

Bilal Ahmad Rather 1, Fawad Ali 2*®, Asad Ullah 3*(®, Nahid Fatima 4

check for
updates

Citation: Rather, B.A.; Alj, F,; Ullah,
A_; Fatima, N.; Dad, R. A,
Eigenvalues of Zero Divisor Graph of
Integer Modulo and Von Neumann
Regular Rings. Symmetry 2022, 14,
1710. https://doi.org/10.3390/
sym14081710

Academic Editor: Serge Lawrencenko

Received: 22 July 2022
Accepted: 11 August 2022
Published: 17 August 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Rahim Dad

Mathematical Sciences Department, College of Science, United Arab Emirate University,
Al Ain 15551, Abu Dhabi, United Arab Emirates

Institute of Numerical Sciences, Kohat University of Science & Technology,

Kohat 26000, Khyber Pakhtunkhwa, Pakistan

Department of Mathematical Sciences, University of Lakki Marwat,

Lakki Marwat 28420, Khyber Pakhtunkhwa, Pakistan

4 Department of Math & Sciences, Prince Sultan University, Riyadh 11586, Saudi Arabia
Department of Mathematics, University of Science and Technology Bannu,

Bannu 28100, Khyber Pakhtunkhwa, Pakistan

*  Correspondence: fawad_ali@kust.edu.pk (F.A.); asad@ulm.edu.pk (A.U.)

Abstract: The A, matrix of a graph G is determined by A,(G) = (1 — 7)A(G) + ¥D(G), where
0 < <1, A(G) and D(G) are the adjacency and the diagonal matrices of node degrees, respectively.
In this case, the A, matrix brings together the spectral theories of the adjacency, the Laplacian, and
the signless Laplacian matrices, and many more <y adjacency-type matrices. In this paper, we obtain
the A, eigenvalues of zero divisor graphs of the integer modulo rings and the von Neumann rings.
These results generalize the earlier published spectral theories of the adjacency, the Laplacian and the
signless Laplacian matrices of zero divisor graphs.

Keywords: zero divisor graphs; adjacency matrix; Laplacian (signless) eigenvalues; A, matrix; von
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1. Introduction

Throughout this study, we discuss only undirected, connected, finite, and simple
graphs. A graph G is represented by the pair G(V(G), E(G)), whereas V(G) and E(G)
represent the node and the edge sets of G, respectively. The size and order of G are,
respectively, the cardinalities of E(G) and V(G). The degree of w € V(G) is indicated by
dg(w) (or simply by dy,) and is equal to the number of edges incident on w. The neighborhood
N(w) of w € V(G) is the collection of nodes of G connected to w, so dy, is the same as
IN(w)|. If each node is of same degree, then G is said to be regular.

Consider the diagonal matrix D(G) = diag(dy,,dyv,, .. .,dy,) of node degrees dy, of
G, wheni = 1,2,...,n. The adjacency matrix A(G) = (ajk)nxn is a real symmetric ma-
trix, where (jk)-th entry is 1, if v; is connected to v; and 0 otherwise. The matrices
Q(G) = D(G) + A(G) and L(G) = D(G) — A(G) are, respectively, the signless Lapla-
cian as well as the Laplacian matrices of G. Their multiset of eigenvalues is the signless
Laplacian and the Laplacian spectrums of G, respectively. The Laplacian and the signless
Laplacian are positive real semi-definite matrices, so their spectrum is real, and they are
ordered as A, (G) < A,;,-1(G) < --+ < A4(G) and uu(G) < up-1(G) < -+ < w1(G),
respectively. Further details about these matrices can be seen in [1,2].

Nikiforov [3] suggested to investigate the symmetrical configurations A (G) of D(G)
and A(G), and it is specified as A,(G) = vD(G) + (1 — 7)A(G), whereas 1 > v > 0.
Certainly, A(G) = Ay(G), D(G) = A1(G) and Q(G) = A(G) + D(G) = ZA%(G). Thus,
A (G) is a generalization of A(G) as well as Q(G) of G. Due to the fact that A, (G) is
symmetric and real, so its eigenvalues are ordered as A1(A,(G)) > A2(A4(G)) > --- >
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An(Ay(G)), whenever A1 (A4 (G)) is referred to as the generalized adjacency spectral radius of
G. Moreover, A, (G) (v # 1) is irreducible and non-negative for connected graph G. As a
result, A1 (A (G)) is a simple eigenvalue (Perron-Frobenius theorem), and its associated
eigenvector Y with positive entries is the generalized adjacency Perron vector of G. The
spectral properties of A, (G) are described in [3-7] and the references listed therein.

Consider a commutative ring R, with multiplicative identity 1 # 0. If there exists
X € R (xp # 0) such that x1xy = 0, then x; € R (x1 # 0) is referred to as a zero divisor
of R. The collection of zero divisors is symbolized by Z(R), while Z(R) \ {0} = Z*(R) is
the collection of non-zero zero divisors of R. The zero divisor graph I'(R) of R is a graph,
where Z*(R) is its node set and two different nodes y,z € Z*(R) are connected whenever
yz = zy = 0. Beck [8] established such graphs over commutative rings; in his concept, he
incorporated the identity and was primarily concerned with the coloring of commutative
rings. Following that, the authors of [9] updated the concept of I'(R) by omitting the
identity of R. The finite field of order 7 is represented by F, and a ring of integers modulo
n by Zy. The order of I'(Zy,) is n — 1 — ¢(n), whereas ¢ is Euler’s phi function. The graph
theoretic characteristics of I'(Z,) are widely investigated [10,11].

In [12], the authors showed that I'(Z,) is a Laplacian integral, where # is some prime
power. According to [13], whenever a connected graph is bipartite, its lowest signless
Laplacian eigenvalue equals 0, and the multiplicity of the eigenvalue 0 equals the number
of bipartite components. Afkhami et al. [14] defined the normalized Laplacian as well as the
signless Laplacian spectrums of I'(Z; ) and evaluated such spectra over a range of n values.
In addition, they have identified certain bounds for various eigenvalues of the normalized
and signless Laplacian matrices of I'(Z,). In [15], the authors examined the adjacency
spectrum of I'(Z;,). Furthermore, the normalized (signless) Laplacian eigenvalues were
discussed in [14,16-24] carried out the Laplacian and the adjacency spectral analysis. We
apply the standard, symbol K, for the complete graph, K, as its complement, and K, ;, for
the complete bipartite graph. Additional unexplained terminologies and notations may be
found in [25].

We have investigated many articles for the spectral graph theory to learn in depth the
applications and use of chemical substances. From the applications point of view, the use
of the eigenvalues and especially in the Laplacian matrix plays a vital role in the computer
algorithms, where they play a foundational role in machine learning. In addition, it can
also be used for load balancing in in these algorithms. In computers, nowadays, the image
processing is very important for the security point as well as other archaeological points of
view. In these processes, the adjacency matrix plays a key role in the visualization and other
zooming purposes. In addition, there is a build up of a strong inter-network connection for
certain topologies that the algebraic graph theory can play in such a circumstances. The
connections inside the super computers are based on certain topologies, and its working
rule is based on famous Cayley graphs that use the concept of symmetry.

There are still significant gaps in the existing work about the identification of certain
A., eigenvalues of zero divisor graphs for commutative and von Neumann rings. The
apparent reason for this is that neither the construction of zero divisor graphs over rings is
well specified nor it is feasible to derive convenient formulas of graph characteristics for
wide classes of rings. We make an attempt in this article to examine one of these problems.

The remaining article is organized as follows: Section 2 begins with some fundamental
findings that will be employed to compute the A, eigenvalues of I'(Z,,). Section 3 discusses
the A, eigenvalues of zero divisor graphs over von Neumann regular rings. Section 4
contains the paper’s conclusion and future work.

2. A, Eigenvalues of the Zero Divisor Graph

We begin this section with a couple of definitions and well-known outcomes, which
we use to demonstrate our main results.
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Definition 1. (Joined Union) Let us assume that a connected graph G with V.= {uy,up,..., un},
and G;, wherei = 1,2,...,n are n; order disjoint graphs. The joined union of G denoted by
G[G1, Gy, ..., Gyl is obtained from G by substituting every u; by G; and connecting every node of
G; with each node of Gj, when u; and u; are adjacent in G.

Consider the n x n matrix

1 b2 -0 By
th1 tap -0 iy
fi1 tip et

such that the columns of M and rows M are partitioned as per the partition P = {rmy,..., 7}
of the m = {1,2,...,1} set. The matrix Q is an ! x | matrix with entries equal to the mean
column or rows sum of the tij blocks of M; such matrix is known as the quotient matrix,
see [1,26]. If every ti has a fixed column (row) sum, the P is known as regular, and Q
is said to be the regular quotient matrix. For generality, the eigenvalues of Q and M are
the same.

Let G; be regular graphs, the subsequent result from [27] indicates the A, spectrum of
the joined union of G; in relation with the adjacency spectrum of G;, for n > i > 1, together
with the eigenvalues of Q.

Theorem 1 ([27]). Consider graph G of order n > 2. Suppose G; are ri-regular graphs having

n; order and Aj,; < A=) < - S Ap < A =15, where 1 < i < n are their adjacency

eigenvalues. The A., spectrum of the joined union G|Gy, ..., G| comprises (1 — v)Ay(G;) +

v(r; + ;) eigenvalues, fork = 2,3,...,n;,i = 1,...,n, where y; = Y. njis the sum of
u;€Ng (u;)

the orders of Gj,i # | that correspond to the neighbors of u; € G. Théz other n eigenvalues of

G[Gy, ..., Gy] correspond to the eigenvalues of the matrix specified below:

¢ 1=7)812 ... (I1=7)Cu

(I=7)én 3] o (T=7)G2n
- . : ., : 4 (1)
(1 _')’)gnl (1 _7)6112 ‘gnn
where 1 < i < n, & = yy;i+ri,and j # i, §jj = nj, when u; and u; are connected, and

0 otherwise.

Assume that Y, is the simple connected graph, where dy, . .., ds of n is a set of proper
divisors with two distinct nodes being adjacent whenever n divides d;d;.
Fors > i > 1, consider

Ci, ={z€%Zy:(z,n)=d;},

where (z,n) represents the G.C.D of z and n. Notice that Cy, N Cd]. = ¢, when j # i; this
implies that Cy,, Cy,, . .., Cy, are disjoint and partitions V(I'(Z,)) as:

V(I(Zy)) = Cd1 U Cd2 U---UCy,.

According to the Cy; definition, a node of Cy, is edge connected to the node of Cdj inI'(Zy)

when # divides didj, where j,i € {1,2,...,s}. In addition, the order of Cy, is ¢ (%) , where
s >i>1, (see [22]).

The succeeding lemma presents important properties about the subgraphs that are
either null graphs or cliques.
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Lemma 1 ([12]). Assume that d; is its proper divisor and n € N. Then, the subsequent holds.
(i) Foranyi € {1,2,...,s}, the subgraph induced by I (Cy,) of I'(Zy) is either K¢(£) or

K . Eurthermore, I'(Cz.) is K/, if n|d>. i
o(2) (Car) is Ky y i mld;
(i) Forj,ie{1,2,...,s} (j # i), anode of Cy. is connected to either none or all of the nodes in
Cd]. OfF(Zn).
The sequel results give the structure of I'(Zy,).
Lemma 2 ([12]). For 1 <i <'s, suppose I'(Ag,) is the subgraph induced by I'(Zy) of Cy,. Then
I(Zw) = Yal[(C4,), T(Cay), - T(Ca) )]

Lemma 3 ([21]). The following properties hold for I (Zy).
(i) Ifn = q*", whenever q is prime and m € N, we have

F(Zn) :Yn [qu(qu—l), ce ,K(p(qnﬁrl)/ K(P(qm)/ cee /K(p(q)] .
(i) Ifn = q*"*1, where q is prime and m € N, we have
F(Zn) :Yn I:K(P(qzm), PR ,K(P(an»l),K(P(qm), oo ’K(P(q):l .
Furthermore, we examine the A, eigenvalues of I'(Z;,) of Zj.

Theorem 2. The A, spectrum of I'(Zy) contains the eigenvalues (1 — ) Ay (I'(Ag,)) + (ri +
i) having multiplicity ¢ (dﬂ,) — 1, also the eigenvalues of M presented in Equation (1).

Proof. The proof directly follows from Theorem 1. [

Corollary 1. If n = pip2...p;, wherel > 2and p; > p;_1 > -+ > py are distinct prime
numbers, then the A spectrum of I (Zy) contains the y(y;) eigenvalues, wherei = 1,2,...,1

with multiplicity ¢ (g) — 1 together with the eigenvalues of M presented in Equation (1).

Next, we discuss the A, spectrum for some special classes of zero divisor graph. As a
reminder, K,, has an adjacency spectrum {n — 1, (—1)!"~1} and that of K,, is {0["!}.

Lemma 4. If n = g2, then A, spectrum of I'(Zy) is given as:

{(re(q) = 1)1, p(q) -1},
where q is prime.

Proof. For prime g, the zero divisor graph I'(Z,,) = K;—1 and its A, spectrum is already
known. 0O

Lemma 5. For primes p; < pa, the A, spectrum of I'(Zy, p,) is specified below:
{(re(p2) 2P0 1, (p(pr) 0721,

2 (10 + 9m) £ Jo(p) + 9(p2)? — 4@ — Dolp)op)) }.
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Proof. Suppose n = pi1ps, whereas p; < p; are prime numbers. Then, by Lemma 3,
F(Zmpz) = KZ[K‘P(Pl)’K‘P(PZ)} = K‘P(Pl) \/K(P(PZ) and by T.heorem .1, r = ry = 0 and
11 = ¢(p2), 72 = ¢(p1)- The A, spectrum of I'(Zy, p,) contains the eigenvalue

v(r1+71) + (1= 1)Ai(Kgpy) = 19(P2),
whose multiplicity is ¢(p1) — 1. Similarly, y(r, + y2) + (1 — ’y))le-(KP(pz)) = v¢(p1) is

another A, eigenvalue of I'(Zy, p,) whose multiplicity is ¢(p2) — 1. The remaining two A,
eigenvalues of I'(Zy, , ) are the eigenvalues of the matrix presented below:

( 19 (p2) (1—7)4’(}72))
(1=7)¢(p1) vo(p1) )’

and its characteristic polynomial is ¢(p1)¢(p2) (27 — 1) — v(p(p1) + ¢(p2))x +x%. O
Lemma 6. For prime q, the Ay spectrum of I'(Zs ) is

{ (ro0) T (o) + o) 1) "7 L (100D + 9l0)) + plg) 12 VB) L

where A = (¢(9) +7(9(4?) + ¢(q)) — 1)> = 4(v(9(4?) — 9(q)) + ¢()p(a?) 2y — 1)).

Proof. By Lemma 3, then the graph I (Zq3) of Z is specified as:
[(Zp) = KoKy Kpi)) = Koty V Kypio

that is, the complete split graph with the clique number ¢(g) as well as the independence
number is ¢(4?). Using Theorem 1, the A, spectrum of I’ (an) contains the eigenvalue

(11 +71) + (1= 71)Ai(Ky2) = 19(q),
with multiplicity ¢(4%) — 1, the eigenvalue

v(r2+72) + (1= 7)A2i(Ky(q)) = (9(47) + ¢(9)) — 1,

whose multiplicity is ¢(q) — 1. The other two A, eigenvalues of L correspond to the
eigenvalues of the sequel matrix:

( 19(q) (1—7)¢(q) )
(1= 9 +¢(q) —1)

O
Theorem 3. Suppose n = g, where m € N and q is any prime. Then, the A spectrum of I'(Zy)
comprises the eigenvalue «y(q' — 1) whose multiplicity is ¢(q*>™ ") — 1, whenever 1 <i <m —1,

the eigenvalues (q' — 1) — 1 with multiplicity ¢(g>" ") — 1, whenever m < i < 2m — 1 and the
eigenvalues of the matrix in Equation (2).

Proof. Applying Lemma 3, the structure of I'(Zj) is given as:
F(Zn) - Yn [K(P(qufl)/ e /K¢(qnl+1)/ K(P(qm)/ ey K(P(q)} .
Now, we need to know the structure of Y;,. For that, note that {g, qz, gt qz’"’l} di-

vides n properly. Thus, by definition of Y.u, the node q' is connected to ¢/ if
2m—i < jandj # i where1 < i <2m —1. Inaddition, ry =rp, = --- = r_1 = 0 and
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ri = ¢(g?" ") — 1, wherem <i < 2m — 1. Then, v, = ¢(4°) + ¢(q9) = 4*> — 1,71 = ¢(q). In
general, using the fact that i $(q") =q" —1, we have
i=1

Yi=9@)+ o@D+ (@) +plg) =4 — 1,

fori=1,2,...,m—1.
Next, we find the remaining ;s

Y =p(@" ) + (") + -+ p(q7) + ¢(q)
=p(q" )+ p(q" )+ +9(g7) + 9(q) + ¢(q™) — p(q™)
=" =1-¢@").

More generally, for i = m,...,2m — 1, add and subtract 4J(q2m’i), so 7; values take the
simple form

Yi= Y 0@) =@ ) =g —1—9(d®" ).

k=1
Applying Theorem 1, the A, spectrum of I'(Z,) are the eigenvalues:
(1= PA(G) +7v(ri+ 7)) = rvi=7( 1),

wherei =1,...,(m —1). Likewise, as i = m, ..., (2m — 1) and using the values of r;, G;,
and v;, the other A, eigenvalues are:

(1= Ax(G) +7(ri +7) =7 (@@ ) = 1+4 = 1= p(@*" ")) + (1 — ) (-1)
=y -1)-1,

with ¢(g?"~") — 1 multiplicities. The remaining A, eigenvalues of I'(Z,) are actually the
subsequent matrix eigenvalues:

Am Bmx(m—l)
A1 e (1=7)e(@*) (1—7)¢)
Cmflxm ’ (2)
(1=7)¢p(q™ ") e dom—2 (1—71)9(9)
(1=7)¢p(g™ ") o (1=7)¢(@*)  dow
where Ay, = diag(vy1, vv2, -, YYm-1,7(@" = 1= 9(@")) + ¢(g") — 1),
0 0 (1=7)¢(q)
0 (1—=me@@*) 1T—7)9()

B= E ’
(1—7)p(g™ 1) (1=7)¢@) (1—7)¢(q)
(1—mep@g™ 1) (1—=me@* 1—7)9()

0 0 0 ¢(q)(1—7)

0 0 o PP =) Plg)(1—7)
P Y1 - 1) Y@ DA —1) .. D7) $@)1—)
P 1= @)1 -7) ... p@A-17) ¢@)1-7)
andd; = y(¢" —1—¢(@*" ) + ¢(¢*" ") — 1, wherei=m+1,...,.2m—1. O

Following the steps as in Theorem 3, we can prove the odd case.
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Theorem 4. If n = ¢*"*1 where m > 2, then the Ay spectrum of I'(Zy) contains fy(qi -1)
eigenvalues whose multiplicity is P(q?" =1 — 1, fori = 1,2,...,m, the eigenvalues y(q' — 1) — 1
with multiplicity ¢(g*"+1=1) — 1, where m + 1 < i < 2m, and the eigenvalues of the matrix below:

Ami1 Bmy1)x (m-1)
A2 e (1=7)¢(*) (1—7)¢(q)
Cim—1)x (m+1) : ) . : : ,
(1= ) e dom—1 o(9)(1—17)
Pla" (1 —7) (1—7)¢(4%) dom

where Ay1 = diag(Yy1, Y72, - o YYm—1, YYm V(" = (") — 1) — 1+ (g )),

0 0 ¢(q)(1—1)
0 P(@*)(1—7) o)1 —7)
B = E : . 7
(g™ 1) (1 —7) P —=7) ¢(g)(1—7)
P(g" (1 —1) P(@*)(1—=7) ¢(g)(1—1)
0 0 0 ¢(q)(1—1)
0 0 P(@*)(1—=7) o)1 —7)

PP (A—7) @ NA-1) ... @A) $@)1-7)
P (1—7) @ A—1) ... @1 $@)1—)

and d; = (g — ¢(¢¥" 1) — 1) + ¢(¢¥" 1) — 1, wherei = m +2,...,2m —1,2m.

The next result gives the A, eigenvalues of I'(Z, ), where n is the multiplication of
three prime numbers.

Proposition 1. The A., spectrum of I'(Zyp, p,p,) contains the eigenvalues y(p1 — 1), y(p2 — 1),
Y(p3s —1), y(p1p2 — 1), v(p1ps — 1), and «y(pap3 — 1) whose multiplicities are ¢(pap3) — 1,

o(p1p3) — 1, ¢(pip2) — 1, ¢(p3) — 1, ¢(p2) — 1, and ¢(p1) — 1, respectively. The leftover A,
eigenvalues of I'(Zy, p,p, ) are actually the eigenvalues of the matrix presented in Equation (3).

Proof. Figure 1 illustrates the proper divisor graph Y, p,p,- By expanding the divisor
sequence while using Lemma 2 to the nodes, we obtain the following zero divisor graph:

F(Zplpzpa) = YP1P2P3 [Flﬂzps'Kr’lpyflﬂlpz'fpyfpz'fm}'

By Theorem 1, the values of ; are presented as:

Nn=¢p1)=p1—Ln=¢p2) =pr2—-Lrs=¢ps) =ps—1,
Y4 = ¢(p1p2) + ¢(p1) + ¢(p2) = p1p2 — 1L vs = p(p1ps) + ¢(p1) + ¢(p3) = pip3 — 1,
Y6 = ¢(p2p3) + ¢(p2) + ¢(p3) = paps — 1.

As every component of I'(Zy,,p,) is an empty graph, therefore, the A, spectrum of
I'(Zyp, p,p;) comprises the eigenvalue

YO0 +71) + (1 =7)0=7(p1 - 1),

with multiplicity ¢(p2p3) — 1. Likewise, the other A, eigenvalues of I'(Zy, p,p,) can be
calculated as given in the statement. The remaining six A, eigenvalues of I'(Zy, p,p,)
correspond to the matrix as specified below:
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To(p1) 0 0 0 0 1 =7)¢(p1)
0 Y$(p2) 0 0 (1=7)¢(p2) 0
0 0 (1=7)¢(p1p2) 7(;71;?2*1) —(y=1D¢(p2) —(v—Do(p1) |
0 (1 =7)¢(p1ps) 0 (1=7¢(p3)  v(pps—1)  —(r=1)¢(p1)
(1=7)¢(p2p3) 0 0 (I=7)p(ps) —(r=De(p2)  v(p2ps—1)

By putting v = 0 and y = 1 in Theorem 2 and its consequences, we obtain the adja-
cency spectrum while the signless Laplacian spectrum of I'(Z,) is obtained
in [14,17,20]. Similarly, using the fact (v — B)L(G) = (v — B)(D(G) — A(G)) = A4 (G) —
Ap(G) and Theorem 2 along with its consequences, we obtain the Laplacian eigenvalues,
which were earlier obtained in [12,21].

K‘P(r’zm)

KP(Pl)

/

Ropips) — Kop) —— Kops) —— Ko(papo)

P2 p3
Figure 1. Proper divisor graph Yy, p,p, and I'(Zyp, p,p, )-

3. A, Eigenvalues of Zero Divisor Graphs of Von Nuemann Regular Rings

A ring R is known as von Neumann regular if there exists z € R so that y = y?z for
each y € R. The collection of idempotents of R is represented by B(R), and its zero divisor
graph is represented by I'(B(R)). In [28-32], researchers examined the zero divisor graphs
of von Neumann regular rings and the adjacency spectrum was recently given in [33].

If r1 € R, then the annihilator of r; is denoted by Ann(r;) and is defined as
Ann(ry) = {ry € R : ryr; = 0}. Define a relation r; ~ r, on R, if Ann(ry) = Ann(r;) and
~ is clearly an equivalence relation. In [29], the authors show the graph isomorphism, and
the equivalence class has a particular idempotent if R is a von Neumann regular. Patil
and Shinde [33] proved that for every non-trivial idempotent, the equivalence class of e
has an independent subgraph and two nodes 4, b € I'(R) are edge connected whenever e,
and e, are edge connected in I'(B(R)). They also showed that for a non-trivial idempotent
e=(eg,e...,6) InFy x Fy x - - - X Fy, the cardinality of A, is [T (|F;| — 1), where x is

€i#0
the usual product of rings (fields). ’

The structure of I'(R) of the von Neumann regular rings R is obtained by the follow-
ing result.

Lemma 7 ([33]). Assume that ey, ey, ..., e are the non-trivial idempotents in R. Then,
I(R) = I'(B(R))[['(Aey), I'(Acy), - -, T(Ae,)]-

Now, we discuss the A, eigenvalues of R.
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Theorem 5. Suppose R is a finite von Neumann regular ring whose non-trivial idempotents
are ey, ey, ..., e;. Then the A spectrum of I'(R) consists of 7y(vy;) eigenvalues with multiplicity
|Ae,| =1, fori =1,2,...,t, together with the eigenvalues of M given in (1).

Proof. This proof directly follows by Theorem 1 and Lemma 7. O

IfR =Ty x Fy x -+ xFy, forevery F; &£ Zy, and p;,i = 1,.. ., k are distinct primes, the
A spectrum of I'(R) is presented by Corollary 1. Thus, by Theorem 5, we may determine
the spectrum of more general classes of zero divisors graphs of rings.

Next, we discuss some consequence of Theorem 5. First, we will find the A, spectrum
of Fy x [Fp, whereas F and [F; are finite fields. If F; = Z, and [F; = Z;, whereas p < q are
primes, then A, eigenvalues are as in Lemma 5; otherwise, the A, spectrum is presented
by the sequel result.

Corollary 2. Suppose R == [y x Fy. Then, the A spectrum of I'(R) contains the eigenvalues
Y(|F2| — 1) and v(|F1| — 1) with multiplicities |F1| — 2 and |F,| — 2, respectively, and the two
zeros of the following polynomial:

A% = A(y(JF2| + [F1]) = 29) +9*(IF1| = D(|F2| = 1) = (1 = 9)*([F1| = D ([F2| = 1).

Proof. For R = [ x F,, the non-trivial idempotent set is B(R) = {e; = (1,0),
e = (0,1)} and A,; = {(x,0) : x € F1\ {0}} and A,, = {(O,y) : x € Fo\ {0}},
with |A,,| = |F;| —1,i = 1,2. Thus, by the definition of I'(B(R)) also by Lemma 7,
I'(R) = Ka[Kig,|-1,Kjg,|—1]. Therefore, from Theorem 5, the A, eigenvalues of I'(R)
are the eigenvalue y(y1) = 7(|F2| — 1) with multiplicity |F;| — 1 and the eigenvalues
Y(72) = v(|F1| — 1) with multiplicity |F,| — 1. The other A, eigenvalues are actually the
eigenvalues of the subsequent matrix:

( ([F2| = 1)y (IFzI—l)(l—”r))
(Ff =DA=7)  (F1[ =1y )

O

If R Zy X Zy x Zy, whenr > g > p are distinct primes, as a result, Proposition 3
yields the A, eigenvalues of I'(R). For R = F; x F, x [F3. As a consequence, we obtain
the following.

Corollary 3. Suppose R = Fy x Fp x [F3. We have that the A., spectrum of I'(R) contains
the eigenvalues (|F3|[Fa| — 1), v([Fs|[F| — 1), v([F2|[Fs| — 1), 7(|Fs| — 1), 7(|Fa| — 1),
v(|Fy| — 1) with multiplicities |F1| — 2, |Fa| — 2, |F3| —2, (n; — 1), (n — 1), (n3 — 1), respec-
tively, and the other A., eigenvalues of I'(R) are of Equation (4).

Proof. For R = [y x F, x F3, the non-trivial idempotent set is B(R) = {e; = (1,0,0),
e = (0,1,0),e3 = (0,0,1),e4 = (1,1,0),e5 = (1,0,1),¢6 = (0,1,1), } and A,, = {(x,0) :
x € F1\ {0}}, I'(B(R)) is shown in Figure 2. Likewise, the graph I'(R) is expressed on
the right side of Figure 2, where n1 = (|F2| — 1)(|F3| — 1), ny = (|F1| — 1)(|F3] — 1) and
n3 = (|F1| — 1)(|F2| — 1) and by Theorem 5, the +y; values are:

71 =(|F2| = 1)(|F3| = 1) + [F2| + [F3| — 2 = [F,[|F3| - 1,
Y2 =(|F1| = D)(|F3| = 1) + |[Fq| + [F3| — 2 = [Fq[|F3| - 1,
73 =[F1| + [F2| =2+ (|[F1] — 1)(|F2[ — 1) = [Fq]|F2| - 1,
Y4 =[F3| =1, 5 = [Fa| =1, 76 = |F1] - 1.

As a result, Theorem 5 states that the A, eigenvalues of I'(R) consist of the eigenvalues
¥(711) = v(|F2||F3| — 1) with multiplicity |F;| — 2, and the other A, eigenvalues are as
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stated. The remaining six A, eigenvalues correspond to the eigenvalues of the matrix
given below:

M (IT=7)(F2] =1) (1 —7)(|Fs]-1) 0 0 (1—y)m
(1—7)(|F1] =1) Y2 (1=7)(|F3] - 1) 0 (1—=7)ny 0
(I=7)(F1|=1) (A —=7)([F2| 1) Y3 (1—7)n3 0 0 @

0 0 (1=7)(|F3] = 1) Y4 0 0

0 (1=7)(|F2| - 1) 0 0 s
(1=7)(IF| = 1) 0 0 0 0 Y6

O
Ky,
ey K\ﬂ%l*l
; /N
% 5 Ky, —— Kpyj-1 — Ky Ky,
€1 €2

Figure 2. Idempotent zero divisor graph and zero divisor graph of F; x Fy x F3, where
ny = (|F2| = 1)(|F3| —1),n2 = ([F1| — 1)(|F3| — 1) and n3 = ([Fy| — 1)(|F2 — 1).

We note that for 7+ = 0 in Theorem 5, we obtain the adjacency eigenvalues of
the von Neumann regular rings obtained by Patil and Shinde [33]. Furthermore, from
Ay (G) — Ag(G) = (v — B)L(G), applying Theorem 5, we derive the Laplacian spectrum
originally determined in [33]. For v = 1, we obtain the signless Laplacian eigenvalues of
I'(R), where R is the von Neumann regular rings and they are given below.

Proposition 2. Assume R = 1 x Fp. The signless Laplacian spectrum of I'(R) comprises the
eigenvalues |Fp| — 1, |Fq| — 1 whose multiplicities are |F1| — 2, and |Fy| — 2, respectively. The
leftover two A., eigenvalues of I'(R) are the eigenvalues given below:

(Fz|—l || )
|Fe|  [Fq| =1

For R = F; x F, x [F3, we obtain the following result.

Proposition 3. Suppose R = Fy x Fp x F3. The signless Laplacian spectrum of I'(R) contains
the eigenvalues |Fy||F3| — 1, |Fq||F3| — 1, |[Fq||F2| — 1, |[F3]| — 1, |F2| — 1, and |F1| — 1 with
multiplicities |F1| — 2, |Fo| — 2, |F3| — 2, n1 — 1, np — 1, and nz — 1, respectively. The leftover
six A, eigenvalues of I'(R) are the eigenvalues given below:

26! [Fa| =1 |F3/—-1 0 0 m
|]F1| —1 Y2 |IF3| -1 0 np 0
[F1l -1 |F2/-1 793 n3 0 0

0 0 |IF3| -1 Ya 0 0

0 ‘F2| -1 0 0 Y5
|Fq] —1 0 0 0 0 9

4. Conclusions

The present articles studied the A, eigenvalues of zero divisor graphs of various
commutative rings. Therefore, we derived the adjacency, Laplacian, and the signless
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Laplacian eigenvalues of such graphs. The field of theoretical chemistry is significant. We
study a large number of articles on spectral graph theory in order to investigate chemical
substances. Another useful application for the adjacency matrix is the spectral embedding
of graphs in the plane. In machine learning, the eigenvalues of the Laplacian matrix
provide the foundation for spectral clustering algorithms. In addition, computer scientists
incorporate it into load-balancing algorithms. Algebraic graph theory can be used to build
and study the topologies of interconnection networks. The topologies used to integrate
processors in a supercomputer are typically Cayley graphs with a high degree of symmetry.

However, some eigenvalues of these graphs remain unknown in terms of the eigen-
values of the quotient matrix, which are hard to find. At large, the A, eigenvalues of
zero divisors graphs of other commutative rings are yet to be discussed, and extremal
characterizations in terms of various spectral invariants are open and may be discussed
in future.
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