
Citation: Vivas-Cortez, M.; Latif, A.;

Hussain, R. Some Fractional Integral

Inequalities by Way of Raina

Fractional Integrals. Symmetry 2023,

15, 1935. https://doi.org/10.3390

/sym15101935

Academic Editors: Pshtiwan

Othman Mohammed, Soubhagya

Kumar Sahoo, Artion Kashuri,

Junesang Choi and Sergei D.

Odintsov

Received: 11 July 2023

Revised: 7 September 2023

Accepted: 12 September 2023

Published: 19 October 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

symmetryS S

Article

Some Fractional Integral Inequalities by Way of Raina
Fractional Integrals
Miguel Vivas-Cortez 1,† , Asia Latif 2,*,† and Rashida Hussain 2,†

1 Faculty of Exact and Natural Sciences, School of Physical Sciences and Mathematics, Pontifical Catholic
University of Ecuador, Av. 12 de Octubre 1076 y Roca, Apartado, Quito 17-01-2184, Ecuador;
mvivas@ucla.edu.ve

2 Department of Mathematics, Mirpur University of Science & Technology (MUST),
Mirpur 10250, AJK, Pakistan; drrashida@must.edu.pk

* Correspondence: asialatif.maths@must.edu.pk
† These authors contributed equally to this work.
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1. Introduction

Convexity has been known for a long time and has been intensively studied. Convex
functions play a significant role in pure and applied mathematics, see [1–3]. To cope
with the needs of modern mathematics, various generalizations of convex functions have
been presented in the literature, such as the (α, β, γ, δ)-convex function [4], coordinated
convex function [5], harmonically convex function [6], h1, h2-convex function [7], GA-
convex function [8], biconvex function [9], refined convex function of Raina type [10], s-HH
convex function [11], 4-convex function [12], ϑ-convex function [13] and so on. This work
utilizes the ϑ-convex function, which is defined as follows.

Definition 1. A function p : H ⊆ R −→ R is said to be ϑ-convex on H if there is a function
ϑ : R −→ R such that H is a ϑ-convex set and the inequality

p(υϑ(ι) + (1− υ)ϑ(κ)) ≤ υp(ϑ(ι)) + (1− υ)p(ϑ(κ)), (0 ≤ υ ≤ 1), (1)

is valid for each ι, κ ∈ H.

If the inequality sign in (1) is reversed, then p is called ϑ-concave on the set H. Every
convex function p on a convex set H is a ϑ-convex function provided that ϑ(υ) = υ.
The Hermite–Hadamard-type inequality for ϑ-convex functions is given in the following
theorem.

Theorem 1. Suppose that ϑ : J ⊂ R −→ R is a continuous increasing function and ι, κ ∈ J with
ι < κ. Moreover, let p : I ⊆ R −→ R be a ϑ-convex function on I = [ι, κ], then the inequality

p
(

ϑ(ι) + ϑ(κ)

2

)
≤ 1

ϑ(κ)− ϑ(ι)

∫ ϑ(κ)

ϑ(ι)
p(ϑ(υ)) dϑ(υ) ≤ p(ϑ(ι)) + p(ϑ(κ))

2
, (2)

is valid, see [14].
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If ϑ(υ) = υ in Theorem 1, then Inequality (2) reduces to the classical Hermite–Hadamard
inequality

p
(

ι + κ

2

)
≤
∫ κ

ι
p(υ)dυ ≤ p(ι) + p(κ)

2
, (3)

where p is a convex function on [i, κ]. For a thorough review of recent work related to
Hermite–Hadamard-type inequalities, see [15] and the references therein. An extension of
Inequality (3) is the classical Hermite–Hadamard–Fejér inequality

p
(

ι + κ

2

)∫ κ

ι
q(υ)dυ ≤

∫ κ

ι
p(υ)q(υ)dυ ≤ p(ι) + p(κ)

2

∫ κ

ι
q(υ)dυ, (4)

where the function q : [ι, κ] −→ R is integrable and symmetric with respect to ι+κ
2 , see [16].

For detailed a investigation of Inequality (4), see [8,17–19]. In the present work, we will
extend Inequality (4) for ϑ-convex functions.

It is riveting to study generalized convex functions in the scenario of fractional integral
operators, see [20–22] and the references therein. There are various fractional operators
inspired by applied problems or analytical approaches, for example, the Caputo–Fabrizio
fractional integral [23], generalized fractional operators [24], fractional conformable op-
erators [25], weighted fractional integrals [26], variable order and distributed order frac-
tional operators [27], tempered fractional calculus [28,29] and the Raina fractional integral
operator [30,31]. In the present paper, ϑ-convexity is utilized together with Raina fractional
integrals. These integrals are defined in the following.

Definition 2. Suppose that p ∈ L(ι, κ), then for σ, ρ ∈ R+, δ ∈ R, the Raina fractional integrals
of p are given as follows

Iv
σ,ρ,ι+;δ p(s) =

∫ s

ι
(s− υ)ρ−1Rv

σ,ρ[δ(s− υ)σ]p(υ)dυ, (s > ι)

and

Iv
σ,ρ,κ−;δ p(s) =

∫ κ

s
(υ− s)ρ−1Rv

σ,ρ[δ(υ− s)σ]p(υ)dυ, (s < κ).

Here,Rv
σ,ρ(s) is the Raina function given as follows

Rv
σ,ρ(s) = R

v(0),v(1),v(2),···
σ,ρ (s) =

∞

∑
t=0

v(t)
Γ(σt + ρ)

sn, (σ, ρ ∈ R+, s ∈ R),

where {v(t)} is a bounded sequence of positive real numbers, see [31].

The Raina fractional integrals are highly significant because of their generality. For
instance, if we set t = 0, v(0) = 1 and δ = 0 in Definition 2, then the classical Riemann–
Liouville fractional integrals are obtained

Jρ
ι+p(s) =

1
Γ(ρ)

∫ s

ι
(s− υ)ρ−1 f (υ)dυ, (s > ι)

and

Jρ
κ−p(s) =

1
Γ(ρ)

∫ κ

s
(υ− s)ρ−1 f (υ)dυ, (s < κ).

Similarly, various fractional integrals can be obtained by specifying the coefficients
v(t). For recent work on inequalities based on Raina fractional integrals, see [20,32] and
the references therein. In this article, we obtain Hermite–Hadamard–Fejér-type inequalities
for ϑ-convex functions in the context of Raina fractional integrals; therefore, the results will
be novel and considerably general.
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2. Results

In this section, we establish the Hermite–Hadamard–Fejér inequalities in the setting
of ϑ-convex functions and Raina fractional integrals. Firstly, we generalize Inequality (4)
for ϑ-convex functions. Then, a Hermite–Hadamard–Fejér-type inequality for ϑ-convex
functions involving the Raina fractional integral is obtained. Moreover, the estimates
related to the left-hand side of this generalized fractional inequality are provided. The
correlation of these results with the contemporary results present in the literature is also
determined. We begin with the following result.

Lemma 1. Suppose that the function q : [ϑ(ι), ϑ(κ)] −→ R is integrable and symmetric with
respect to ϑ(ι)+ϑ(κ)

2 , then the following equality

Iv
σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) = Iv

σ,ρ,ϑ(κ)−;δ q(ϑ(ι)) =
1
2

[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

]
,

is valid for all σ, ρ ∈ R+ and δ ∈ R.

Proof. As q is symmetric with respect to ϑ(ι)+ϑ(κ)
2 , we have q(ϑ(ι) + ϑ(κ)− h) = q(h) for

all h ∈ [ϑ(ι), ϑ(κ)]. Consider the left Raina fractional integral

Iv
σ,ρ,ϑ(ι)+;δ q(ϑ(κ))

=
∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− υ)ρ−1Rv

σ,ρ[δ(ϑ(κ)− υ)σ]q(υ)dυ

=
∫ ϑ(κ)

ϑ(ι)
(h− ϑ(ι))ρ−1Rv

σ,ρ[δ(h− ϑ(ι))σ]q(ϑ(ι) + ϑ(κ)− h)dh

=
∫ ϑ(κ)

ϑ(ι)
(h− ϑ(ι))ρ−1Rv

σ,ρ[δ(h− ϑ(ι))σ]q(h)dh

= Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι)),

which is the right Raina integral.

In the sequel, J represents an interval of non-negative real numbers and ι, κ ∈ J with
ι < κ and I represents the interval of real numbers. The function q : [ϑ(ι), ϑ(κ)] −→ R is an
integrable and symmetric function with respect to ϑ(ι)+ϑ(κ)

2 with ‖q‖∞ = supυ∈[ι,κ]|q(υ)|.
Furthermore, the following notation is used to reduce complexity.

∆ := κ − ι, ϑ(∆) := ϑ(κ)− ϑ(ι),

M(J) :=
p(ι) + p(κ)

2

[
Jρ
ι+p(κ) + Jρ

κ−p(ι)
]
−
[

Jρ
ι+pq(κ) + Jρ

κ−pq(ι)
]
,

M(I) :=
p(ι) + p(κ)

2

[
Iv

σ,ρ,ι+;δ p(κ) + Iv
σ,ρ,κ−;δ p(ι)

]
−
[
Iv

σ,ρ,ι+;δ pq(κ) + Iv
σ,ρ,κ−;δ pq(ι)

]
and

M(E(J )) =
p(ϑ(ι)) + p(ϑ(κ))

2

[
Iv

σ,ρ,ϑ(ι)+;δ p(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ p(ϑ(ι))

]
−
[
Iv

σ,ρ,ϑ(ι)+;δ pq(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ pq(ϑ(ι))

]
.
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Theorem 2. Suppose that ϑ : J −→ R is a continuous increasing function and the function
p : I −→ R is such that p ∈ L([ϑ(ι), ϑ(κ)]) for ϑ(ι), ϑ(κ) ∈ I. If p is a ϑ-convex function on
[ι, κ], then the inequality

p
(

ϑ(ι) + ϑ(κ)

2

)∫ ϑ(κ)

ϑ(ι)
q(υ)dυ ≤

∫ ϑ(κ)

ϑ(ι)
p(υ)q(υ)dυ ≤ p(ϑ(ι)) + p(ϑ(κ))

2

∫ ϑ(κ)

ϑ(ι)
q(υ)dυ,

is valid for all σ, ρ ∈ R+ and δ ∈ R.

Proof. Considering the following integral, using the change in variable and the fact that q
is symmetric with respect to ϑ(ι)+ϑ(κ)

2 , we have

∫ ϑ(κ)

ϑ(ι)
p(υ)q(υ)dυ =

∫ ϑ(ι)+ϑ(κ)
2

ϑ(ι)
p(υ)q(υ)dυ +

∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

p(υ)q(υ)dυ

=
∫ ϑ(∆)

2

0
p(ϑ(ι) + h)q(ϑ(ι) + h)dh +

∫ ϑ(∆)
2

0
p(ϑ(κ)− h)q(ϑ(κ)− h)dh

=
∫ ϑ(∆)

2

0
[p(ϑ(ι) + h) + p(ϑ(κ)− h)]q(ϑ(ι) + h)dh. (5)

Since p is convex, for 0 ≤ a ≤ b, we have

p
(

ϑ(ι) + ϑ(κ)

2
+ a
)
+ p

(
ϑ(ι) + ϑ(κ)

2
− a
)
≤ p
(

ϑ(ι) + ϑ(κ)

2
+ b
)
+ p

(
ϑ(ι) + ϑ(κ)

2
− b
)

, (6)

see ([33] pp. 164–165). On substituting a = 0 and b = ϑ(∆)
2 − h ≥ 0 into (6), we have

2p
(

ϑ(ι) + ϑ(κ)

2

)
≤ p(ϑ(κ)− h) + p(ϑ(ι) + h). (7)

By using Inequality (7) in Inequality (5), we have

∫ ϑ(κ)

ϑ(ι)
p(υ)q(υ)dυ ≥ 2p

(
ϑ(ι) + ϑ(κ)

2

) ∫ ϑ(∆)
2

0
q(ϑ(ι) + h)dh

= p
(

ϑ(ι) + ϑ(κ)

2

) ∫ ϑ(κ)

ϑ(ι)
q(υ)dυ. (8)

Now, putting a = ϑ(∆)
2 − h ≥ 0 and b = ϑ(∆)

2 in (6), we have

p(ϑ(ι) + h) + p(ϑ(κ)− h) ≤ p(ϑ(κ)) + p(ϑ(ι)). (9)

By using Inequality (9) in Inequality (5), we have

∫ ϑ(κ)

ϑ(ι)
p(υ)q(υ)dυ ≤ p(ϑ(ι)) + p(ϑ(κ))

∫ ϑ(∆)
2

0
q(ϑ(ι) + h)dh

=
p(ϑ(ι)) + p(ϑ(κ))

2

∫ ϑ(κ)

ϑ(ι)
q(υ)dυ. (10)

By combining Inequality (8) and Inequality (10), we get the required result.

Remark 1. If ϑ is taken as an identity function in Theorem 2, then Inequality (4) is retrieved.
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Theorem 3. Suppose that ϑ : J −→ R is a continuous increasing function and the function
p : I −→ R is such that p ∈ L([ϑ(ι), ϑ(κ)]) for ϑ(ι), ϑ(κ) ∈ I. If p is ϑ-convex on [ι, κ], then for
Raina fractional integrals, the inequality

p
(

ϑ(ι) + ϑ(κ)

2

)[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

]
≤
[
Iv

σ,ρ,ϑ(ι)+;δ pq(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ pq(ϑ(ι))

]
(11)

≤ p(ϑ(ι)) + p(ϑ(κ))
2

[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

]
,

is valid for all σ, ρ ∈ R+ and δ ∈ R.

Proof. Since p is a ϑ-convex function on [ι, κ], for ϑ(a), ϑ(b) ∈ I, we have

p
(

ϑ(a) + ϑ(b)
2

)
≤ p(ϑ(a)) + p(ϑ(b))

2
.

By substituting ϑ(a) = υϑ(ι) + (1− υ)ϑ(κ) and ϑ(b) = (1− υ)ϑ(ι) + υϑ(κ), we have

2 p
(

ϑ(ι) + ϑ(κ)

2

)
≤ p(υϑ(ι) + (1− υ)ϑ(κ)) + p((1− υ)ϑ(ι) + υϑ(κ)). (12)

On multiplying both sides of (12) by υρ−1Rv
σ,ρ[δ(ϑ(∆))συσ]q(υϑ(ι) + (1− υ)ϑ(κ)) and

then integrating the resultant inequality with respect to υ over [0, 1], we have

2p
(

ϑ(ι) + ϑ(κ)

2

) ∫ 1

0
υρ−1Rv

σ,ρ[δ(ϑ(∆))
συσ]q(υϑ(ι) + (1− υ)ϑ(κ))dυ

≤
∫ 1

0
υρ−1Rv

σ,ρ[δ(ϑ(∆))
συσ]p(υϑ(ι) + (1− υ)ϑ(κ))q(υϑ(ι) + (1− υ)ϑ(κ))dυ

+
∫ 1

0
υρ−1Rv

σ,ρ[δ(ϑ(∆))
συσ]p((1− υ)ϑ(ι) + υϑ(κ))q(υϑ(ι) + (1− υ)ϑ(κ))dυ.

By substituting u = υϑ(ι) + (1− υ)ϑ(κ), we have

p
(

ϑ(ι) + ϑ(κ)

2

) ∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− u)ρ−1Rv

σ,ρ[δ(ϑ(κ)− u)σ]q(u)du

≤
∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− u)ρ−1Rv

σ,ρ[δ(ϑ(κ)− u)σ]p(u)q(u)du

+
∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− u)ρ−1Rv

σ,ρ[δ(ϑ(κ)− u)σ]p(ϑ(ι) + ϑ(κ)− u)q(u)du.

By substituting ϑ(ι) + ϑ(κ)− u = v and then utilizing the symmetry of q, we have

p
(

ϑ(ι) + ϑ(κ)

2

) ∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− u)ρ−1Rv

σ,ρ[δ(ϑ(κ)− u)σ]q(u)du

≤
∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− u)ρ−1Rv

σ,ρ[δ(ϑ(κ)− u)σ]p(u)q(u)du

+
∫ ϑ(κ)

ϑ(ι)
(v− ϑ(ι))ρ−1Rv

σ,ρ[δ(v− ϑ(ι))σ]p(v)q(v)dv.
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Now, using Definition 2 and Lemma 1, we have

p
(

ϑ(ι) + ϑ(κ)

2

)[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

]
≤
[
Iv

σ,ρ,ϑ(ι)+;δ pq(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ pq(ϑ(ι))

]
. (13)

Considering again the ϑ-convexity of p over the interval [ι, κ], we have

p(υϑ(ι) + (1− υ)ϑ(κ)) ≤ tp(ϑ(ι)) + (1− υ)p(ϑ(κ)) (14)

and

p((1− υ)ϑ(ι) + υϑ(κ)) ≤ (1− υ)p(ϑ(ι)) + tp(ϑ(κ)). (15)

Adding (14) and (15), we have

p(υϑ(ι) + (1− υ)ϑ(κ)) + p((1− υ)ϑ(ι) + υϑ(κ)) ≤ p(ϑ(ι)) + p(ϑ(κ)). (16)

On multiplying both sides of (16) by υρ−1Rv
σ,ρ[δ(ϑ(∆))συσ]q(υϑ(ι) + (1− υ)ϑ(κ)) and

integrating with respect to υ over the interval [0, 1], we have∫ 1

0
υρ−1Rv

σ,ρ[δ(ϑ(∆))
συσ]p(υϑ(ι) + (1− υ)ϑ(κ))q(υϑ(ι) + (1− υ)ϑ(κ))dυ

+
∫ 1

0
υρ−1Rv

σ,ρ[δ(ϑ(∆))
συσ]p((1− υ)ϑ(ι) + υϑ(κ))q(υϑ(ι) + (1− υ)ϑ(κ))dυ

≤ [p(ϑ(ι)) + p(ϑ(κ))]
∫ 1

0
υρ−1Rv

σ,ρ[δ(ϑ(∆))
συσ]q(υϑ(ι) + (1− υ)ϑ(κ))dυ.

Substituting u = υϑ(ι) + (1− υ)ϑ(κ), then utilizing the symmetry of q and finally
using Definition 2 and Lemma 1, we have[

Iv
σ,ρ,ϑ(ι)+;δ pq(ϑ(κ)) + Iv

σ,ρ,ϑ(κ)−;δ pq(ϑ(ι))
]

≤ p(ϑ(ι)) + p(ϑ(κ))
2

[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

]
. (17)

By combining (13) and (17), we get the required result.

Remark 2. If ϑ is taken as an identity function in Theorem 2, then the following inequality is valid
for all σ, ρ ∈ R+ and δ ∈ R

p
(

ι + κ

2

)[
Iv

σ,ρ,ι+;δq(κ) + Iv
σ,ρ,κ−;δq(ι)

]
≤
[
Iv

σ,ρ,ι+;δ pq(κ) + Iv
σ,ρ,κ−;δ pq(ι)

]
≤ p(ι) + p(κ)

2

[
Iv

σ,ρ,ι+;δq(κ) + Iv
σ,ρ,κ−;δq(ι)

]
.

Remark 3. If ϑ is taken as an identity function and v(0) = 1 and υ = 0 in Theorem 2, then the
following inequality is valid

p
(

ι + κ

2

)[
Jρ
ι+q(κ) + Jρ

κ−q(ι)
]
≤
[

Jρ
ι+pq(κ) + Jρ

κ−pq(ι)
]

≤ p(ι) + p(κ)
2

[
Jρ
ι+q(κ) + Jρ

κ−q(ι)
]
,

which is given in [34].
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Lemma 2. Suppose that ϑ : J −→ R is a continuous increasing function and p : I −→ R is a
differentiable function on Io such that p

′ ∈ L([ϑ(ι), ϑ(κ)]) for ϑ(ι), ϑ(κ) ∈ I. Then, the equality

M(ϑ(R))=
∫ ϑ(κ)

ϑ(ι)

[∫ υ

ϑ(ι)
(ϑ(κ)− h)ρ−1Rv

σ,ρ+1[υ(ϑ(∆)(ϑ(κ)− h))σ]q(h)dh

−
∫ ϑ(κ)

υ
(h− ϑ(ι))ρ−1Rv

σ,ρ+1[δ(ϑ(∆)(h− ϑ(ι)))σ]q(h)dh
]

p
′
(υ)dυ,

is valid for all σ, ρ ∈ R+ and δ ∈ R.

Proof. By applying the integration by parts technique on the following integral, using
change in variable and then by applying Definition 2, we have

I1 =
∫ ϑ(κ)

ϑ(ι)

[∫ υ

ϑ(ι)
(ϑ(κ)− h)ρ−1Rv

σ,ρ[δ(ϑ(∆))
σ(ϑ(κ)− h)σ]q(h)dh

]
p
′
(υ)dυ

=

(∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− h)ρ−1Rv

σ,ρ[δ(ϑ(∆))
σ(ϑ(κ)− h)σ]q(h)dh

)
p(ϑ(κ))

−
∫ ϑ(κ)

ϑ(ι)
(ϑ(κ)− υ)ρ−1Rv

σ,ρ+1[δ(ϑ(∆))
σ(ϑ(κ)− υ)σ]q(υ)p(υ)dυ

= Iv
σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) p(ϑ(κ))− Iv

σ,ρ,ϑ(ι)+;δ pq(ϑ(κ))

=
[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

] p(ϑ(κ))
2

− Iv
σ,ρ,ϑ(ι)+;δ pq(ϑ(κ)).

Similarly,

I2 =
∫ ϑ(κ)

ϑ(ι)

[∫ ϑ(κ)

υ
(h− ϑ(ι))ρRv

σ,ρ+1[δ(ϑ(∆))
σ(h− ϑ(ι))σ]q(h)dh

]
p
′
(υ)dυ

= −
[
Iv

σ,ρ,ϑ(ι)+;δ q(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ q(ϑ(ι))

] p(ϑ(ι))
2

+ Iv
σ,ρ,ϑ(κ)−;δ pq(ϑ(ι)).

Thus,

I1 − I2 =
p(ϑ(ι)) + p(ϑ(κ))

2

[
Iv

σ,ρ,ϑ(ι)+;δ p(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ p(ϑ(ι))

]
−
[
Iv

σ,ρ,ϑ(ι)+;δ pq(ϑ(κ)) + Iv
σ,ρ,ϑ(κ)−;δ pq(ϑ(ι))

]
=M(ϑ(R)).

Theorem 4. Suppose that ϑ : J −→ R is a continuous increasing function and p : I −→ R is a
differentiable function on Io such that p

′ ∈ L([ϑ(ι), ϑ(κ)]) for ϑ(ι), ϑ(κ) ∈ I and |p′ | is ϑ-convex,
then the inequality

|M(ϑ(R))| ≤ (ϑ(∆))ρ+1‖q‖∞Rv1
σ,ρ+2[δ(ϑ(∆))

2σ]
(∣∣∣p′(ϑ(ι))∣∣∣+ ∣∣∣p′(ϑ(κ))∣∣∣),

is valid for all σ, ρ ∈ R+ and δ ∈ R, where v1(t)=v(t)
(

1− 1
2σt+ρ

)
f or t = 0, 1, 2, · · · .

Proof. Since p is ϑ-convex on [ι, κ], then

|p′(υ)| =
∣∣∣∣p′( ϑ(κ)− υ

ϑ(κ)− ϑ(ι)
ϑ(ι)) +

υ− ϑ(ι)

ϑ(κ)− ϑ(ι)
ϑ(κ))

)∣∣∣∣
≤ ϑ(κ)− υ

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(ι))∣∣∣+ υ− ϑ(ι)

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(κ))∣∣∣. (18)
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As q is symmetric with respect to p(ι)+p(κ)
2 , then

∫ ϑ(κ)

υ
(h− ϑ(ι))ρ−1Rv

σ,ρ[δ(ϑ(∆)(h− ϑ(ι)))σ]q(h)dh

=
∫ ϑ(ι)+ϑ(κ)−υ

ϑ(ι)
(ϑ(κ)− h)ρ−1Rv

σ,ρ[δ(ϑ(∆)(ϑ(κ)− h))σ]q(h)dh.

Consider the integral∣∣∣∣∫ υ

ϑ(ι)
(ϑ(κ)− h)ρ−1Rv

σ,ρ[δ(ϑ(∆)(ϑ(κ)− h))σ]q(h)dh

−
∫ ϑ(κ)

υ
(h− ϑ(ι))ρ−1Rv

σ,ρ[δ(ϑ(∆)(h− ϑ(ι))σ]q(h)dh
∣∣∣∣

=

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ
(ϑ(κ)− h)ρ−1Rv

σ,ρ[δ(ϑ(∆)(ϑ(κ)− h))σ]q(h)dh
∣∣∣∣ (19)

≤


∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆)(ϑ(κ)− h))σ]q(h)

∣∣∣dh
[
ϑ(ι), ϑ(ι)+ϑ(κ)

2

]
∫ υ

ϑ(ι)+ϑ(κ)−υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆)(ϑ(κ)− h))σ]q(h)

∣∣∣dh
[

ϑ(ι)+ϑ(κ)
2 , ϑ(κ)

] .

(20)

Using Lemma 1 and inequalities (18)–(20), we have

|M(ϑ(R))|

=
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ
(ϑ(κ)− h)ρ−1Rv

σ,ρ[δ(ϑ(∆)(ϑ(κ)− h))σ]q(h)dh
∣∣∣∣|p′(υ)|dυ

=
∫ ϑ(ι)+ϑ(κ)

2

ϑ(ι)

(∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)− h)σ]q(h)
∣∣∣dh
)

(
ϑ(κ)− υ

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(ι))∣∣∣+ υ− ϑ(ι)

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(κ))∣∣∣)dυ

+
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

(∫ υ

ϑ(ι)+ϑ(κ)−υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)− h)σ]q(h)
∣∣∣dh
)

(
ϑ(κ)− υ

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(ι))∣∣∣+ υ− ϑ(ι)

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(κ))∣∣∣)dυ

≤ ‖q‖∞

ϑ(∆)

∞

∑
t=0

v(t)
Γ(σt + ρ + 1)

(δ(ϑ(∆))σ)t

[∫ ϑ(ι)+ϑ(κ)
2

ϑ(ι)
{(ϑ(κ)−υ)σt+ρ−(υ−ϑ(ι))σt+ρ}

(
(ϑ(κ)−υ)

∣∣∣p′(ϑ(ι))∣∣∣+(υ−ϑ(ι))
∣∣∣p′(ϑ(κ))∣∣∣)dυ

+
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

{(υ−ϑ(ι))σt+ρ−(ϑ(κ)−υ)σt+ρ}
(
(ϑ(κ)−υ)

∣∣∣p′(ϑ(ι))∣∣∣+(υ−ϑ(ι))
∣∣∣p′(ϑ(κ))∣∣∣)dυ

]
(21)

and we have

∫ ϑ(ι)+ϑ(κ)
2

ϑ(ι)
{(ϑ(κ)− υ)σt+ρ − (υ− ϑ(ι))σt+ρ}(ϑ(κ)− υ)dυ

=
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

{(υ− ϑ(ι))σt+ρ − (ϑ(κ)− υ)σt+ρ}(υ− ϑ(ι))dυ

=
(ϑ(∆))σt+ρ+2

(σt + ρ + 1)

(
σt + ρ + 1
σt + ρ + 2

− 1
2σt+ρ+1

)
. (22)



Symmetry 2023, 15, 1935 9 of 13

Also, we have

∫ ϑ(ι)+ϑ(κ)
2

ϑ(ι)
{(ϑ(κ)− υ)σt+ρ − (υ− ϑ(ι))σt+ρ}(υ− ϑ(ι))dυ

=
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

{(υ− ϑ(ι))σt+ρ − (ϑ(κ)− υ)σt+ρ}(ϑ(κ)− υ)dυ

=
(ϑ(∆))σt+ρ+2

(σt + ρ + 1)

(
1

σt + ρ + 2
− 1

2σt+ρ+1

)
. (23)

By substituting (22) and (23) into (21), we have

|M(ϑ(R))|

= (ϑ(∆))ρ+1‖q‖∞

∞

∑
t=0

v(t)
Γ(σt + ρ + 2)

(
δ(ϑ(∆))2σ

)t
(

1− 1
2σt+ρ

)(∣∣∣p′(ϑ(ι))∣∣∣+ ∣∣∣p′(ϑ(κ))∣∣∣)
= (ϑ(∆))ρ+1‖q‖∞

∞

∑
t=0

v1(t)
Γ(σt + ρ + 2)

(
δ(ϑ(∆))2σ

)t(∣∣∣p′(ϑ(ι))∣∣∣+ ∣∣∣p′(ϑ(κ))∣∣∣)
= (ϑ(∆))ρ+1‖q‖∞Rv1

σ,ρ+2[δ(ϑ(∆))
2σ]
(∣∣∣p′(ϑ(ι))∣∣∣+ ∣∣∣p′(ϑ(κ))∣∣∣),

where

v1(t)=v(t)
(

1− 1
2σt+ρ

)
for t = 0, 1, 2, · · · .

Remark 4. If ϑ is taken as an identity function in Theorem 4, then the following inequality is valid

|M(R)| ≤ (∆)ρ+1‖q‖∞Rv1
σ,ρ+2[δ(∆)

2σ]
(∣∣∣p′(ι)∣∣∣+ ∣∣∣p′(κ)∣∣∣).

Remark 5. If ϑ is taken as an identity function and v(0) = 1 and υ = 0 in Theorem 4, then the
following inequality is valid

|M(J)| ≤ (∆)ρ+1‖q‖∞

Γ(ρ + 2)

(
1− 1

2ρ

)(∣∣∣p′(ι)∣∣∣+ ∣∣∣p′(κ)∣∣∣),

which is given in [34].

Theorem 5. Suppose that ϑ : J −→ R is a continuous increasing function and p : I −→ R is a

differentiable function on Io such that p
′ ∈ L([ϑ(ι), ϑ(κ)]) for ϑ(ι), ϑ(κ) ∈ I. If

∣∣∣p′ ∣∣∣n, n > 1, is a
ϑ-convex function on [ι, κ], then for Raina fractional integrals, the inequality

|M(ϑ(R))| ≤ 2
1
m (ϑ(∆))ρ+1‖q‖∞

(
Rv2

σ,ρ+1[δ(ϑ(∆))
2σ]
) 1

m


∣∣∣p′(ϑ(ι))∣∣∣n + ∣∣∣p′(ϑ(κ))∣∣∣n

2


1
n

,

is valid for all σ, ρ ∈ R+, δ ∈ R and 1
m + 1

n = 1. Here, v2(t) =
(

v(t)
(σt+ρ)m+1

(
1− 1

2(σt+ρ)m

)) 1
m

for t = 0, 1, 2, · · · .
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Proof. Using Lemma 2, Inequality (21), the properties of the modulus and the well-known
Hölder’s inequality,

|M(ϑ(R))|

≤
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ
(ϑ(κ)− h)ρ−1Rv

σ,ρ+1δ(ϑ(∆))σ(ϑ(κ)− h)σ]q(h)dh
∣∣∣∣p′(υ)dυ

=

(∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ
(ϑ(κ)−h)ρ−1Rv

σ,ρ[δ(ϑ(∆))
σ(ϑ(κ)−h)σ]q(h)dh

∣∣∣∣mdυ

)1
m

(∫ ϑ(κ)

ϑ(ι)
|p′(υ)|ndυ

)1
n

= (I3)
1
m (I4)

1
n . (24)

Considering the following integral, using Inequality (20) and solving the resultant
integrals, we have

I3 =
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ
(ϑ(κ)−h)ρ−1Rv

σ,ρ[δ(ϑ(∆))
σ(ϑ(κ)−h)σ]q(h)dh

∣∣∣∣mdυ

≤
∫ ϑ(ι)+ϑ(κ)

2

ϑ(ι)

(∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)− h)σ]q(h)
∣∣∣mdh

)
+
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

(∫ υ

ϑ(ι)+ϑ(κ)−υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)− h)σ]q(h)
∣∣∣mdh

)

≤
(
‖q‖∞

∞

∑
t=0

v(t)
Γ(σt+ρ+1)

(δ(ϑ(∆))σ)t

)m[∫ ϑ(ι)+ϑ(κ)
2

ϑ(ι)
|(ϑ(κ)−υ)σt+ρ−(υ−ϑ(ι))σt+ρ|mdυ

+
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

|(υ−ϑ(ι))σt+ρ−(ϑ(κ)−υ)σt+ρ|mdυ

]

≤
(
‖q‖∞

∞

∑
t=0

v(t)
Γ(σt + ρ + 1)

(δ(ϑ(∆))σ)t

)m[∫ ϑ(ι)+ϑ(κ)
2

ϑ(ι)

{
(ϑ(κ)− υ)(σt+ρ)m

−(υ− ϑ(ι))(σt+ρ)m
}

dυ +
∫ ϑ(κ)

ϑ(ι)+ϑ(κ)
2

{
(υ− ϑ(ι))(σt+ρ)m−(ϑ(κ)− υ)(σt+ρ)m

}
dυ

]

≤
(
‖q‖∞

∞

∑
t=0

v(t)
Γ(σt + ρ + 1)

(δ(ϑ(∆))2σ)t

)m(
2(ϑ(∆))mρ+1

(σt + ρ)m + 1

(
1− 1

2(σt+ρ)m

))
= 2(ϑ(∆))mρ+1‖q‖m

∞

(
Rv2

σ,ρ+1[δ(ϑ(∆))
2σ]
)m

, (25)

where v2(t) = v(t)
(

1
(σt+ρ)m+1

(
1− 1

2(σt+ρ)m

)) 1
m . Furthermore, we have used here the fact

that (a− b)m ≤ am − bm for 0 ≤ b ≤ a and m ≥ 1.

Now, considering the following integral and using the fact that
∣∣∣p′ ∣∣∣n is ϑ-convex on

[ι, κ]

I4 =
∫ ϑ(κ)

ϑ(ι)
|p′(υ)|ndυ

≤
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣p′( ϑ(κ)− υ

ϑ(κ)− ϑ(ι)
ϑ(ι)) +

υ− ϑ(ι)

ϑ(κ)− ϑ(ι)
ϑ(κ))

)∣∣∣∣ndυ

≤
∫ ϑ(κ)

ϑ(ι)

(
ϑ(κ)− υ

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(ι))∣∣∣n + υ− ϑ(ι)

ϑ(κ)− ϑ(ι)

∣∣∣p′(ϑ(κ))∣∣∣n)dυ
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= ϑ(∆)


∣∣∣p′(ϑ(ι))∣∣∣n + ∣∣∣p′(ϑ(κ))∣∣∣n

2

. (26)

By substituting the values of integrals I3 and I4 into (24), we have the required re-
sult.

Remark 6. If ϑ is taken as an identity function in Theorem 5, then the following inequality is valid:

|M(J)| ≤ 2
1
m (∆)ρ+1‖q‖∞

(
Rv2

σ,ρ+1[δ(∆)
2σ]
) 1

m


∣∣∣p′(ι)∣∣∣n + ∣∣∣p′(κ)∣∣∣n

2


1
n

.

Remark 7. If ϑ is taken as an identity function and v(0) = 1 and υ = 0 in Theorem 5, then the
following inequality is valid

|M(R)| ≤ 2
1
m (∆)ρ+1‖q‖∞

Γ(ρ + 1)

(
1

ρm + 1

(
1− 1

2ρm

)) 1
m


∣∣∣p′(ι)∣∣∣n + ∣∣∣p′(κ)∣∣∣n

2


1
n

,

which is given in [34].

Theorem 6. Suppose that ϑ : J −→ R is a continuous increasing function and p : I −→ R is a

differentiable function on Io such that p
′ ∈ L([ϑ(ι), ϑ(κ)]) for ϑ(ι), ϑ(κ) ∈ I. If

∣∣∣p′ ∣∣∣n, n > 1, is a
ϑ-convex function on [ι, κ], then the following inequality

|M(ϑ(R))| ≤ 2(ϑ(∆))ρ+1+ 1
n ‖q‖∞Rv1

σ,ρ+2[δ(ϑ(∆))
2σ]


∣∣∣p′(ϑ(ι))∣∣∣n+∣∣∣p′(ϑ(κ))∣∣∣n

2


1
n

,

is valid for all σ, ρ ∈ R+ and δ ∈ R, where v1 is as defined in Theorem 4.

Proof. Using Lemma 2, Inequality (21), the properties of the modulus and the well-known
Hölder’s inequality, we have

|M(ϑ(R))|

=
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ
(ϑ(κ)− h)ρ−1Rv

σ,ρ+1δ(ϑ(∆))σ(ϑ(κ)− h)σ]q(h)dh
∣∣∣∣ p
′
(υ)dυ

=

(∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)− h)σ]q(h)
∣∣∣dh
∣∣∣∣dυ

)1− 1
n

(∫ ϑ(κ)

ϑ(ι)

∣∣∣∣[∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)−h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)−h)σ]q(h)
∣∣∣dh
]
|p′(υ)|n

∣∣∣∣dυ

)1
n

= (I5)
1− 1

n (I6)
1
n . (27)

Considering I5 and solving it by using (20) and (22)–(23), respectively, we have

I5 =
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)− h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)− h)σ]q(h)
∣∣∣dh
∣∣∣∣dυ

= 2(ϑ(∆))ρ+1‖q‖∞Rv1
σ,ρ+2[δ(ϑ(∆))

2σ].
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Similarly, solving I6 by using (20), the ϑ-convexity of |p′ |n and (22)–(23), we have

I6 =
∫ ϑ(κ)

ϑ(ι)

∣∣∣∣[∫ ϑ(ι)+ϑ(κ)−υ

υ

∣∣∣(ϑ(κ)−h)ρ−1Rv
σ,ρ[δ(ϑ(∆))

σ(ϑ(κ)−h)σ]q(h)
∣∣∣dh
]
|p′(υ)|n

∣∣∣∣dυ

= (ϑ(∆))ρ+2‖q‖∞Rv1
σ,ρ+2[δ(ϑ(∆))

2σ]
(∣∣∣p′(ϑ(ι))∣∣∣n + ∣∣∣p′(ϑ(κ))∣∣∣n). (28)

By substituting values of integrals I5 and I6 into (27), we get the required result.

Remark 8. If ϑ is taken as an identity function in Theorem 6, then the following inequality is valid

|M(R)| ≤ 2(ϑ(∆))ρ+1+ 1
n ‖q‖∞Rv1

σ,ρ+2[δ(∆)
2σ]


∣∣∣p′(ι)∣∣∣n + ∣∣∣p′(κ)∣∣∣n

2


1
n

.

Remark 9. If ϑ is taken as an identity function, v(0) = 1 and υ = 0 in Theorem 6, then the
following inequality is valid

|M(R)| ≤ 2 (∆)ρ+1+ 1
n ‖q‖∞

Γ(ρ + 2)

(
1− 1

2ρ

)
∣∣∣p′(ι)∣∣∣n + ∣∣∣p′(κ)∣∣∣n

2


1
n

,

which is given in [34].

3. Conclusions

In the present work, Hermite–Hadamard–Fejér-type inequalities are established by
utilizing the Raina fractional integrals for ϑ-convex functions. Primarily, a generalized
version of the Hermite–Hadamard–Fejér inequality for ϑ-convex functions is obtained.
Moreover, the fractional Hermite–Hadamard–Fejér inequality is also established by using
Raina fractional integrals. Furthermore, right-sided estimates are formulated for the said
fractional inequality. The backward compatibility of the results obtained in the study
shows that these results are a considerable extension of the analogous results present in
the literature.
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