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Abstract: In this paper, we introduce a new class of mappings called “generalized β-φ-Geraghty
contraction-type mappings”. We use our new class to formulate and prove some coupled fixed points
in the setting of partially ordered metric spaces. Our results generalize and unite several findings
known in the literature. We also provide some examples to support and illustrate our theoretical
results. Furthermore, we apply our results to discuss the existence and uniqueness of a solution to
a coupled ordinary differential equation as an application of our finding.
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1. Introduction

The natural sciences are completely related to each other, and mathematics plays
a crucial role in the development of other sciences. Therefore, mathematicians are always
working on developing mechanisms and techniques in order to provide suitable ways to
improve other sciences. The fixed-point technique is one of the most powerful methods
to help mathematicians provide mechanisms for solving some models in ordinary and
partial differential equations prepared by engineers, chemists, or physicists. Also, due to
the symmetric property of metric spaces, fixed-point theory is still considered an important
tool in developing studies in many fields and various disciplines such as topology, game
theory, optimal control, artificial intelligence, logic programming, dynamical systems (and
chaos), functional analysis, differential equations, and economics.

The fixed-point technique has been used by some mathematicians to find analytical
and numerical solutions to Fredholm integral equations; for example, see [1–5].

It is noteworthy that Banach’s contraction theorem (BCT) [6] was the first discovery in
mathematics to initiate the study of fixed points (FPs) for mapping under a specific type
of contraction condition. Due to the importance of fixed points, mathematicians began
to extend the Banach contraction theorem in many directions; some of them extended
and generalized the Banach contraction condition in many ways, while others extended
metric spaces to new spaces and generalized the Banach contraction theory to new forms.
Moreover, others introduced more general contraction conditions to provide new fixed-
point results; for example, see [7–18].

In 1973, Geraghty [19] presented an interesting contraction condition called the Ger-
aghty contraction and highlighted some FPs under this condition by generalizing BCT
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in a complete metric space (CMS). Geraghty’s results have been given much attention by
several authors; for example, Caballero et al. [20] studied best proximity point theorems
for Geraghty contractions, Bilgili et al. [21] generalized the best proximity point under the
same conditions of [20], Bae et al. [11] introduced interesting results concerned with FP
consequences via the concept of α-Geraghty contraction-type maps in metric spaces, and
Gordji et al. [22] discussed an extension of the result of Geraghty in a partially ordered
metric space.

Samet et al. [23] introduced the concept of α-admissible mapping and adopted its
concept to present some new fixed-point results to give a generalization of a BFT. Recently,
Karapínar et al. [9] introduced the concepts of triangular α-admissible mappings and α-
ψ-Meir–Keeler contractive mappings and presented some new fixed-point results. Some
other authors obtained several results in this direction; see [10,23–25].

The concepts of mixed monotone property and coupled fixed point (CFP) were in-
troduced by Bhaskar and Lakshmikantham [26]. Next, they presented some CFPs for the
mapping f : Λ×Λ→ Λ under appropriate contraction conditions. They also supported
their main results by providing an application for partial differential equations. Subse-
quently, some authors have adopted these concepts to give some interesting CFP results;
for example, see [27–29].

The aim of this paper is to present the concepts of generalized triangular β-admissible
mappings and generalized β-admissible mappings. Next, we study some new CFP results.
We also support our results by introducing some examples. Next, we present an application
of coupled ordinary differential equations (CODEs).

2. Preliminaries

In this section, we consider some basic definitions and previous results that will help
us in obtaining our results.

Let Π be a class of all functions π : [0, ∞)→ [0, 1) such that the condition below holds:

lim
i→∞

π(τi) = 1 implies lim
i→∞

τi = 0.

Theorem 1 ([19]). Let (Λ, ϑ) be a CMS and f : Λ→ Λ be a given mapping. Then f has a unique
FP provided that the following inequality

ϑ(fv,fσ) ≤ π(ϑ(v, σ))ϑ(v, σ)),

holds for any v, σ ∈ Λ, where π ∈ Π.

The notions of α-admissible and α − ψ-contractive mappings were introduced by
Samet et al. [23] as follows:

Definition 1 ([23]). For a non-empty set Λ, let f : Λ→ Λ be a given mapping and α : Λ×Λ→
R be a function. The function f is called an α-admissible if

α(v, σ) ≥ 1⇒ α(fv,fσ)) ≥ 1,

holds for all σ ∈ Λ.

Definition 2 ([23]). Let (Λ, ϑ) be a metric space. A mapping f : Λ → Λ is said to be an
α − ψ-contractive mapping, if there exist two functions α : Λ × Λ → [0,+∞) and π ∈ Π
such that

α(v, σ)ψ(ϑ(fv,fσ)) ≤ ψ(ϑ(v, σ)),

holds for all v, σ ∈ Λ, where ψ ∈ Φ (Φ is defined in the next section).

Samet et al. [23] presented and proved the following interesting theorem:
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Theorem 2 ([23]). Let (Λ, ϑ) be a metric space and f : Λ→ Λ be an α− ψ-contractive mapping.
Assume the following hypotheses:

(i) f is α-admissible.
(ii) There is v0 ∈ χ so that α(v0,fv0) ≥ 1.
(iii) f is continuous.

Then f has a FP.

The concept of triangular α-admissible for an α-admissible mapping Λ×Λ→ [0,+∞)
was given by Karapinar et al. [9] as follows:

If v, σ, ρ ∈ Λ such that α(v, σ) ≥ 1, α(σ, ρ) ≥ 1, then α(v, ρ) ≥ 1.

The concepts of the CFP and mixed monotone property are presented in [26] as follows:

Definition 3 ([26]). Let Λ be a non-empty set. A pair (v, σ) ∈ Λ× Λ is called a CFP of the
mapping f : Λ×Λ→ Λ if v = f(v, σ) and σ = f(σ, v).

Definition 4 ([26]). Let (Λ,≤) be a partially ordered set (POS) and f : Λ×Λ→ Λ be a given
map. Then f has a mixed monotone property if for any v, σ ∈ Λ,

v1, v2 ∈ Λ, v1 ≤ v2 ⇒ f(v1, σ) ≤ f(v2, σ),

and
σ1, σ2 ∈ Λ, σ1 ≤ σ2 ⇒ f(v, σ1) ≥ f(v, σ2).

3. Main Results

We begin our work by considering the following definition.

Definition 5. Let Λ be a non-empty set, f : Λ2 → Λ and β : Λ2 ×Λ2 → R. We say that f is
a generalized triangular β-admissible mapping (Shortly GT βAM) if for all v, σ, $, υ, s, t ∈ Λ,

(Gi) β((v, σ), ($, υ)) ≥ 1 implies β(f(v, σ),f($, υ)) ≥ 1 and
(Gii) β((v, σ), ($, υ)) ≥ 1 and β(($, υ)(s, t)) ≥ 1 imply β((v, σ), (s, t)) ≥ 1.

To support the above definition, we give the following examples:

Example 1. Let Λ = R. Define f : Λ2 → Λ by f(v, σ) = 3
√

vσ and β : Λ2 × Λ2 → R
by β((v, σ), ($, υ)) = evσ−$υ. If β((v, σ), ($, υ)) ≥ 1, then vσ ≥ $υ, which implies that
f(v, σ) = 3

√
vσ ≥ 3

√
$υ = f($, υ); that is,

β(f(v, σ),f($, υ)) = e
3√vσ− 3√$υ ≥ 1.

Also, if
{

β((v, σ), ($, υ)) ≥ 1,
β(($, υ)(s, t)) ≥ 1,

then
{

vσ− $υ ≥ 0,
$υ− st ≥ 0

. Hence, vσ− st ≥ 0 and so

β((v, σ)(s, t)) = evσ−st ≥ 1.

Therefore, f is a GT βAM.

Example 2. Let Λ = R. Define f : Λ2 → Λ by f(v, σ) = e(vσ)7
and β : Λ2 × Λ2 → R by

β((v, σ), ($, υ)) = 5
√

vσ− $υ + 1.

If β((v, σ), ($, υ)) ≥ 1, then vσ ≥ $υ, which leads to f(v, σ) = e(vσ)7
≥ e($υ)7

= f($, υ);
that is,

β(f(v, σ),f($, υ)) =
5
√

e(vσ)7 − e($υ)7
+ 1 ≥ 1.
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Moreover, if
{

β((v, σ), ($, υ)) ≥ 1,
β(($, υ)(s, t)) ≥ 1,

then
{

vσ− $υ ≥ 0,
$υ− st ≥ 0

; that is, vσ− st ≥ 0, and hence

β((v, σ)(s, t)) ≥ 1.

Therefore , f is a TCβAM.

Example 3. Let Λ = R. Define f : Λ2 → Λ by f(v, σ) = (vσ)4 + ln
(

1 + (vσ)2
)

and

β : Λ2 ×Λ2 → R by

β((v, σ), ($, υ)) =
(vσ)3

1 + (vσ)3 −
($υ)3

1 + ($υ)3 + 1.

Then f is a GT βAM. In fact, if β((v, σ), ($, υ)) ≥ 1, then vσ ≥ $υ and hence

f(v, σ) = (vσ)4 + ln
(

1 + (vσ)2
)

≥ ($υ)4 + ln
(

1 + ($υ)2
)
= f($, υ).

This implies β(f(v, σ),f($, υ)) ≥ 1. Also,

β((v, σ), ($, υ)) + β(($, υ), (s, t))

=
(vσ)3

1 + (vσ)3 −
($υ)3

1 + ($υ)3 + 1 +
($υ)3

1 + ($υ)3 −
(st)3

1 + (st)3 + 1

=
(vσ)3

1 + (vσ)3 −
(st)3

1 + (st)3 + 2

≤ 2

(
(vσ)3

1 + (vσ)3 −
(st)3

1 + (st)3 + 1

)
= 2β((v, σ), (s, t)).

Thus,
β((v, σ), ($, υ)) + β(($, υ), (s, t)) ≤ 2β((v, σ), (s, t)).

Now, if
{

β((v, σ), ($, υ)) ≥ 1,
β(($, υ)(s, t)) ≥ 1,

, then β((v, σ), (s, t)) ≥ 1.

Example 4. Let Λ = R. Define f : Λ2 → Λ by f(v, σ) = (vσ)3 + 7
√

vσ and β : Λ2 ×Λ2 →
R by β((v, σ), ($, υ)) = (vσ)5 − ($υ)5 + 1. Then f is a GT βAM.

Example 5. Let Λ = R+. Define f : Λ2 → Λ by f(v, σ) = (vσ)2 + evσ and β : Λ2 ×Λ2 →
R by

β((v, σ), ($, υ)) =

{
1, if (a, b), (u, v) ∈ [0, 1]2 × [0, 1]2,
0, otherwise.

Then one can easily show that f is a GT βAM.

Lemma 1. Let f be a GT βAM. Assume that there exists v0, σ0 ∈ Λ so that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1.

Define two sequences {vi} and {σi} in Λ by vi = fi(v0, σ0) and σi = fi(σ0, v0). Then

β
(
(vj, σj), (vi, σi)

)
≥ 1 and β

(
(σj, vj), (σi, vi)

)
≥ 1,

for i, j ∈ N with j < i.
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Proof. Let v0, σ0 ∈ Λ. Then

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1.

Thus, condition (Gi) implies that

β((v1, σ1), (v2, σ2)) = β
(
(f(v0, σ0),f(σ0, v0)),

(
f2(v0, σ0),f2(σ0, v0)

))
.

Continuing with the same scenario, we conclude that

η((vi, σi), (vi+1, σi+1)) ≥ 1, for all i ≥ 0.

Similarly, one can prove that

η((σi, vi), (σi+1, vi+1)) ≥ 1, for all i ≥ 0.

Assume that j < i. Since β
((

vj, σj
)
,
(
vj+1, σj+1

))
≥ 1 and β

((
vj+1, σj+1

)
,
(
vj+2, σj+2

))
≥

1, then (Gii) implies β
((

vj, σj
)
,
(
vj+2, σj+2

))
≥ 1.

Also, since β
((

vj, σj
)
,
(
vj+2, σj+2

))
≥ 1 and β

((
vj+2, σj+2

)
,
(
vj+3, σj+3

))
≥ 1, then we

have β
((

vj, σj
)
,
(
vj+3, σj+3

))
≥ 1.

Continuing with the same approach, we conclude that β
((

vj, σj
)
, (vi, σi)

)
≥ 1. Analo-

gously, we can show that β
((

σj, vj
)
, (σi, vi)

)
≥ 1.

Definition 6. Let f : Λ×Λ→ Λ and β : Λ2 ×Λ2 → [0, ∞) be two mappings. We say that f
is a generalized β-admissible if for each v, σ, $, υ ∈ Λ,

β((v, σ), ($, υ)) ≥ 1⇒ β((f(v, σ),f(σ, v)), (f($, υ),f(υ, $))) ≥ 1.

From now on, Φ denotes the set of all functions φ : [0, ∞)→ [0, ∞) such that φ satisfies
the following hypotheses:

(i) φ(τ) = 0 if τ = 0;
(ii) φ is continuous;
(iii) φ(a) + φ(b) ≥ φ(a + b)
(iii) φ is nondecreasing.

Now, we introduce our contraction mapping as follows:

Definition 7. Let (Λ, ξ) be a partially ordered metric space and f : Λ×Λ → Λ be a mapping.
We say that f is an extended β-φ-Geraghty contraction (shortly Eβ-φGC) if there are two functions
β : Λ2 ×Λ2 → [0, ∞) and φ ∈ Φ such that

β((v, σ), ($, υ))φ(ξ(f(v, σ),f($, υ))) ≤ π(φ(<(v, σ, $, υ)))φ(<(v, σ, $, υ)), (1)

for any v, σ, $, υ ∈ Λ with v ≥ $ and σ ≤ υ, where π ∈ Π and

<(v, σ, $, υ) = max
{

ξ(v, $), ξ(σ, υ), ξ(v,f(v, σ)), ξ(σ,f(σ, v)),
ξ($,f($, υ)), ξ(υ,f(υ, $))

}
.

Remark 1. If v, σ, $, υ ∈ Λ with v 6= σ 6= $ 6= υ, then

β((v, σ), ($, υ))φ(ξ(f(v, σ),f($, υ))) < φ(<(v, σ, $, υ)).

We have furnished the necessary background to present and prove our first main result.
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Theorem 3. Let (Λ,≤) be a POS and (Λ, ξ) be a complete metric space (CMS). Assume the
mapping f : Λ×Λ→ Λ satisfies the following hypotheses:

(i) f is Eβ-φGC.
(ii) f has the mixed monotone property.
(iii) f is GT βAM.
(iv) There are v0, σ0 ∈ Λ such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.

(v) f is continuous.

If there are v0, σ0 ∈ Λ so that v0 ≤ f(v0, σ0) and σ0 ≥ f(σ0, v0), then f has a CFP.

Proof. Choose v0, σ0 ∈ Λ such that β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1,
β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1, v0 ≤ f(v0, σ0) = v1 and σ0 ≥ f(σ0, v0) = σ1.
Now, we choose v2, σ2 ∈ Λ such that f(v1, σ1) = v2 and f(σ1, v1) = σ2. Continuing in
this way, we can construct two sequences {vi} and {σi} in Λ such that

vi+1 = f(vi, σi) and σi+1 = f(σi, vi), for all i ≥ 0.

Next, we use the mathematical induction to prove

vi ≤ vi+1 and σi ≥ σi+1, for all i ≥ 0. (2)

(a) Since v0 ≤ f(v0, σ0), σ0 ≥ f(σ0, v0), f(v0, σ0) = v1 and f(σ0, v0) = σ1, then
v0 ≤ v1 and σ0 ≥ σ1. Thus (2) holds for i = 0.

(b) Assume (2) holds for some fixed i with i ≥ 0.
(c) Now, we will prove (2) holds for any i. The mixed monotone property of f and (b) we

imply that

vi+2 = f(vi+1, σi+1) ≥ f(vi, σi+1) ≥ f(vi, σi) = vi+1,

and
σi+2 = f(σi+1, vi+1) ≤ f(σi, vi+1) ≤ f(σi, vi) = σi+1.

This leads to
vi+2 ≥ vi+1 and σi+2 ≤ σi+1.

Thus, we conclude that (2) holds for all i ≥ 0.

If (vi+1, σi+1) = (vi, σi) for some i ≥ 0, then vi = f(vi, σi) and σi = f(σi, vi); that
is, f has a CFP. Thus, we may assume that (vi+1, σi+1) 6= (vi, σi) for all i ≥ 0. Since f is
a GT βAM, then Lemma 1 implies

β((vi, σi), (vi+1, σi+1)) ≥ 1 and β((σi, vi), (σi+1, vi+1)) ≥ 1 for all i ≥ 0. (3)

Taking (1) and (3) into account, we derive

φ(ξ(vi, vi+1)) = φ(ξ(f(vi−1, σi−1),f(vi, σi)))

≤ β((vi−1, σi−1), (vi, σi))φ(ξ(f(vi−1, σi−1),f(vi, σi)))

≤ π(φ(<(vi−1, σi−1, vi, σi)))φ(<(vi−1, σi−1, vi, σi)), (4)

where

<(vi−1, σi−1, vi, σi) = max
{

ξ(vi−1, vi), ξ(σi−1, σi), ξ(vi−1,f(vi−1, σi−1)),
ξ(σi−1,f(σi−1, vi−1)), ξ(vi,f(vi, σi)), ξ(σi,f(σi, vi))

}
= max{ξ(vi−1, vi), ξ(σi−1, σi), ξ(vi, vi+1), ξ(σi, σi+1)}.
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Again, from (1) and (3), we can write

φ(ξ(σi, σi+1)) = φ(ξ(f(σi−1, vi−1),f(σi, vi)))

≤ β((σi−1, vi−1), (σi, vi))φ(ξ(f(σi−1, vi−1),f(σi, vi)))

≤ π(φ(<(σi−1, vi−1, σi, vi)))φ(<(σi−1, vi−1, σi, vi)), (5)

where

<(σi−1, vi−1, σi, vi) = max
{

max
{

ξ(σi−1, σi), ξ(vi−1, vi), ξ(σi−1,f(σi−1, vi−1)),
ξ(vi−1,f(vi−1, σi−1)), ξ(σi,f(σi, vi)), ξ(vi,f(vi, σi))

}}
= max{ξ(vi−1, vi), ξ(σi−1, σi), ξ(vi, vi+1), ξ(σi, σi+1)}.

Setting
zi = max{ξ(vi, vi+1), ξ(σi, σi+1)}.

From (4) and (5), we obtain

φ(zi) = φ(max{ξ(vi, vi+1), ξ(σi, σi+1)})
= max{φ(ξ(vi, vi+1)), φ(ξ(σi, σi+1))}

≤ max
{

π(φ(<(vi−1, σi−1, vi, σi)))φ(<(vi−1, σi−1, vi, σi)),
π(φ(<(σi−1, vi−1, σi, vi)))φ(<(σi−1, vi−1, σi, vi))

}
= max

{
π(φ(<(vi−1, σi−1, vi, σi)))φ(<(vi−1, σi−1, vi, σi)),
π(φ(<(σi−1, vi−1, σi, vi)))φ(<(σi−1, vi−1, σi, vi))

}
. (6)

It is clear that the case of

<(vi−1, σi−1, vi, σi) = <(σi−1, vi−1, σi, vi) = max{ξ(vi, vi+1), ξ(σi, σi+1)}

is impossible due to the definition of π. Indeed,

max{φ(ξ(vi, vi+1)), φ(ξ(σi, σi+1))}
≤ max{π(φ(max{ξ(vi, vi+1), ξ(σi, σi+1)}))φ(max{ξ(vi, vi+1), ξ(σi, σi+1)})}
< max{φ(max{ξ(vi, vi+1), ξ(σi, σi+1)})}
= max{φ(ξ(vi, vi+1)), φ(ξ(σi, σi+1))}.

So, (6) reduces to

φ(zi) = φ(max{ξ(vi, vi+1), ξ(σi, σi+1)})
= max{φ(ξ(vi, vi+1)), φ(ξ(σi, σi+1))}
≤ max{π(φ(max{ξ(vi−1, vi), ξ(σi−1, σi)}))φ(max{ξ(vi−1, vi), ξ(σi−1, σi)})}
< φ(max{ξ(vi−1, vi), ξ(σi−1, σi)}) = φ(zi−1).

It follows from definition φ that zi < zi−1, for all i ∈ N. Hence ξ(vi, vi+1) < ξ(vi−1, vi)
and ξ(σi, σi+1) < ξ(σi−1, σi). This implies that {ξ(vi, vi+1)} and {ξ(σi, σi+1)} are nonin-
creasing sequences. Accordingly, there exist `, `∗ ≥ 0 such that ` = lim

i→∞
ξ(vi, vi+1) and

`∗ = lim
i→∞

ξ(σi, σi+1). We shall show that ` = 0 = `∗. Suppose the opposite is true; that is,

`, `∗ > 0. From (4), we get

φ(ξ(vi, vi+1))

φ(<(vi−1, σi−1, vi, σi))
≤ π(φ(<(vi−1, σi−1, vi, σi))) < 1.
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Consequently, lim
i→∞

π(φ(<(vi−1, σi−1, vi, σi))) = 1. Due to the definition of π,

we conclude that lim
i→∞

φ(<(vi−1, σi−1, vi, σi)) = 0. Similarly, one can show that

lim
i→∞

φ(<(σi−1, vi−1, σi, vi)) = 0. Hence,

` = lim
i→∞

ξ(vi, vi+1) = 0 and `∗ = lim
i→∞

ξ(σi, σi+1) = 0. (7)

For j < i, we have

<(vj, σj, vi, σi) = <(σj, vj, σi, vi)

= max
{

ξ(vj, vi), ξ(σj, σi), ξ(vj,f(vj, σj)), ξ(σj,f(σj, vj)),
ξ(vi,f(vi, σi)), ξ(σi,f(σi, vi))

}
= max

{
ξ(vj, vi), ξ(σj, σi), ξ(vj, vj+1), ξ(σj, σj+1)),

ξ(vi, vi−1), ξ(σi, σi−1)

}
.

Allowing i, j→ +∞ in above inequality, we get

lim
i,j→∞

<(vj, σj, vi, σi) = lim
i,j→∞

<(σj, vj, σi, vi) = lim
i,j→∞

max
{

ξ(vj, vi), ξ(σj, σi)
}

. (8)

Now we shall show that {vi} and {σi} are Cauchy sequences. Suppose the contrary; that
is, there exists ε > 0 such that

lim sup
i,j→∞

max
{

ξ(vj, vi), ξ(σj, σi)
}
= ε. (9)

The triangular inequality implies

ξ(vj, vi) ≤ ξ(vj, vj+1) + ξ(vj+1, vi+1) + ξ(vi+1, vi), (10)

and
ξ(σj, σi) ≤ ξ(σj, σj+1) + ξ(σj+1, σi+1) + ξ(σi+1, σi), (11)

From (1) and (10), and the properties of φ, we have

φ
(
ξ(vj, vi)

)
≤ φ

(
ξ(vj, vj+1) + ξ(vj+1, vi+1) + ξ(vi+1, vi)

)
≤ φ

(
ξ(vj, vj+1)

)
+ φ

(
ξ
(
f(vj, σj),f(vi, σi)

))
+ φ(ξ(vi+1, vi))

≤ φ
(
ξ(vj, vj+1)

)
+ π

(
φ
(
<(vj, σj, vi, σi)

))
φ
(
<(vj, σj, vi, σi)

)
+φ(ξ(vi+1, vi)). (12)

Similarly, from (11), we get

φ
(
ξ(σj, σi)

)
≤ φ

(
ξ(σj, σj+1) + ξ(σj+1, σi+1) + ξ(σi+1, σi)

)
≤ φ

(
ξ(σj, σj+1)

)
+ φ

(
ξ
(
f(σj, vj),f(σi, vi)

))
+ φ(ξ(σi+1, σi))

≤ φ
(
ξ(σj, σj+1)

)
+ π

(
φ
(
<(σj, vj, σi, vi)

))
φ
(
<(σj, vj, σi, vi)

)
+φ(ξ(σi+1, σi)). (13)

With the help of (8), (7), (14) and (13), we find that

lim
i,j→∞

max{φ
(
ξ(vj, vi)

)
, φ
(
ξ(σj, σi)

)
}

≤ lim
i,j→∞

π
(
φ
(
max

{
ξ(vj, vi), ξ(σj, σi)

}))
φ
(
max

{
ξ(vj, vi), ξ(σj, σi)

})
.
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From (9), we get

1 ≤ lim
i,j→∞

π
(
φ
(
max

{
ξ(vj, vi), ξ(σj, σi)

}))
= lim

i,j→∞
π
(
φ
(
<(vj, σj, vi, σi)

))
,

and hence lim
i,j→∞

π
(
φ
(
<(vj, σj, vi, σi)

))
= 1. Thus, lim

i,j→∞
<(vj, σj, vi, σi) = 0 and hence

lim
i,j→∞

ξ(vj, vi) = 0 and limi,j→+∞ ξ(σj, σi) = 0, a contradiction. Therefore {vi} and {σi}

are Cauchy sequences in (Λ, ξ). The completeness of Λ implies that there exist v∗, σ∗ ∈ Λ
such that

lim
i→∞

vi = v∗ and lim
i→∞

σi = σ∗.

Since vi+1 = f(vi, σi) and σi+1 = f(σi, vi), then by allowing i → +∞ and using the
continuity of f, we have

v∗ = lim
i→∞

vi = lim
i→∞

f(vi−1, σi−1) = f(v∗, σ∗),

and
σ∗ = lim

i→∞
σi = lim

i→∞
f(σi−1, vi−1) = f(σ∗, v∗).

Thus, f has a CFP.

In the following result, we replace the continuity of the mapping f in Theorem 3 by
a suitable condition. For this purpose, we present the following definition:

Definition 8. Let (Λ, ξ) be a CMS, β : Λ2×Λ2 → R be a function andf : Λ×Λ→ Λ be a map-
ping. We say that two sequences {vi} and {σi} in Λ are β-regular if β((vi, σi), (vi+1, σi+1)) ≥ 1
and β((σi, vi), (σi+1, vi+1)) ≥ 1 for all i, limi→∞ vi = v and limi→∞ σi = σ for all v, σ ∈ Λ,
then there exist a subsequence {vi(k)} of {vi} and a subsequence {σi(k)} of {σi} such that

β
(
(vi(k), σi(k)), (v, σ)

)
≥ 1 and β

(
(σi(k), vi(k)), (σ, v)

)
≥ 1 for all k.

Theorem 4. Let (Λ,≤) be a POS and (Λ, ξ) be a CMS. Assume the mapping f : Λ×Λ → Λ
satisfies the following hypotheses:

(i) f is an Eβ-φGC.
(ii) f has the mixed monotone property.
(iii) f is GT βAM.
(iv) There exist v0, σ0 ∈ Λ such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.

(v) The two sequences {vn} and {σn} are β-regular.

If there exist v0, σ0 ∈ Λ such that v0 ≤ f(v0, σ0) and σ0 ≥ f(σ0, v0), then f has a CFP.

Proof. Following the same proof for Theorem 3, we construct two sequences {vi} and
{σi} defined by vi+1 = f(vi, σi) and σi+1 = f(σi, vi) such that

β((vi, σi), (vi+1, σi+1)) ≥ 1 and β((σi, vi), (σi+1, vi+1)) ≥ 1 for all i ≥ 0, (14)
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σi → v∗ ∈ Λ and σi → σ∗ ∈ λ. By using (14) and (v), we choose a subsequence {vi(k)}
of {vi} and a subsequence {σi(k)} of {σi} such that limk→∞ β

(
(vi(k), σi(k)), (v

∗, σ∗)
)
≥ 1

and limk→∞ β
(
(σi(k), vi(k)), (σ

∗, v∗)
)
≥ 1. For k ∈ N, (1) implies that

β
(
(vi(k), σi(k)), (v

∗, σ∗)
)

φ
(

ξ
(

vi(k)+1,f(v∗, σ∗)
))

= β
(
(vi(k), σi(k)), (v

∗, σ∗)
)

φ
(

ξ
(
f(vi(k), σi(k)),f(v∗, σ∗)

))
≤ π

(
φ
(
<(vi(k), σi(k), v∗, σ∗)

))
φ
(
<(vi(k), σi(k), v∗, σ∗)

)
, (15)

where

<(vi(k), σi(k), v∗, σ∗) = max
{

ξ(vi(k), v∗), ξ(σi(k), σ∗), ξ(vi(k),f(vi(k), σi(k))),
ξ(σi(k),f(σi(k), vi(k))), ξ(v∗,f(v∗, σ∗)), ξ(σ∗,f(σ∗, v∗))

}
= max

{
ξ(vi(k), v∗), ξ(σi(k), σ∗), ξ(vi(k), vi(k)+1), ξ(σi(k), σi(k)+1))

, ξ(v∗,f(v∗, σ∗)), ξ(σ∗,f(σ∗, v∗))

}
.

Hence

lim
k→∞

φ
(
<(vi(k), σi(k), v∗, σ∗)

)
= φ(max{ξ(v∗,f(v∗, σ∗)), ξ(σ∗,f(σ∗, v∗)}). (16)

Similarly, one can show that

lim
k→∞

φ
(
<(σi(k), vi(k), σ∗, v∗)

)
= φ(max{ξ(σ∗,f(σ∗, v∗), ξ(v∗,f(v∗, σ∗))}). (17)

From (15), we have

β
(
(vi(k), σi(k)), (v

∗, σ∗)
)φ
(

ξ
(

vi(k)+1,f(v∗, σ∗)
))

φ
(
<(vi(k), σi(k), v∗, σ∗)

) ≤ π
(
<(vi(k), σi(k), v∗, σ∗)

)
< 1.

Allowing k→ ∞ in the above inequality, we get limk→∞ π
(

φ
(
<(vi(k), σi(k), v∗, σ∗)

))
= 1.

Therefore limk→∞ φ
(
<(vi(k), σi(k), v∗, σ∗)

)
= 0. By (16), we have

φ(max{ξ(σ∗,f(σ∗, v∗), ξ(v∗,f(v∗, σ∗)})
≤ max{ξ(σ∗,f(σ∗, v∗), ξ(v∗,f(v∗, σ∗)} = 0.

Hence, ξ(v∗,f(v∗, σ∗)) = 0 and ξ(σ∗,f(σ∗, v∗)) = 0 and so v∗ = f(v∗, σ∗) and σ∗ =
f(σ∗, v∗). Thus (v∗, σ∗) is a CFP of f.

To ensure the uniqueness of the CFP in Theorems 3 and 4, we need to add the following
condition:

(C) If (v, σ) and (v∗, σ∗) are CFPs of f, then there is (`1, `2) ∈ Λ×Λ so that

β((v, σ), (`1, `2)) ≥ 1 and β((v∗, σ∗), (`1, `2)) ≥ 1.

Theorem 5. The CFP (v∗, σ∗) of f in Theorems 3 and 4 is unique if condition (C) is added to the
hypotheses of Theorems 3 and 4.

Proof. Based on Theorem 3 (resp. Theorem 4), the mapping f has a CFP, say (v∗, σ∗) ∈
Λ×Λ. Let (s∗, t∗) ∈ Λ×Λ be another CFP of f. Then by (C), there is (`1, `2) ∈ Λ×Λ
such that

β((v∗, σ∗), (`1, `2)) ≥ 1 and β((s∗, t∗), (`1, `2)) ≥ 1. (18)
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Since f is β-admissible, we get

β
(
(v∗, σ∗),fi(`1, `2)

)
≥ 1 and β

(
(s∗, t∗),fi(`1, `2)

)
≥ 1, for all i.

Hence, we obtain

ξ
(
(v∗, σ∗),fi(`1, `2)

)
≤ β

(
(v∗, σ∗),fi−1(`1, `2)

)
ξ
(
f(v∗, σ∗),ffi(`1, `2)

)
≤ π

(
ξ
(
(v∗, σ∗),fi−1(`1, `2)

))
ξ
(
(v∗, σ∗),fi−1(`1, `2)

)
< ξ

(
(v∗, σ∗),fi−1(`1, `2)

)
, for all i ∈ N. (19)

Thus, the sequence {ξ
(
(v∗, σ∗),fi(`1, `2)

)
} is nonincearsing. Therefore, there exists $ ≥ 0

such that limi→∞ ξ
(
(v∗, σ∗),fi(`1, `2)

)
= $. By (19), we get

ξ
(
v∗, σ∗),fi(`1, `2)

)
ξ
(
(v∗, σ∗),fi−1(`1, `2)

) ≤ π
(

ξ
(
(v∗, σ∗),fi−1(`1, `2)

))
.

By allowing i→ +∞ in above inequality, we reach to

lim
i→+∞

π
(

φ
(

ξ
(
(v∗, σ∗),fi−1(`1, `2)

)))
= 1.

Thus, limi→∞ ξ
(
(v∗, σ∗),fi(`1, `2)

)
= 0. Thus, limi→∞ fi(`1, `2) = (v∗, σ∗). Analogously,

one can obtain limi→∞ fi(`1, `2) = (s∗, t∗). Thus, we have (v∗, σ∗) = (s∗, t∗); that is, the
CFP of f is unique.

4. Some Related Results

We dedicate this section to extracting some new results using our results in the previ-
ous section. We begin with the following important definition:

Definition 9. Let (Λ,≤) be a POS and (Λ, ξ) be a metric space. We say that a mapping f :
Λ × Λ → Λ is a β-φ-Geraghty contraction if there exist π ∈ Π and φ ∈ Φ such that for all
v, σ, $, υ ∈ Λ with v ≥ $ and σ ≤ υ, we have

β((v, σ), ($, υ))φ(ξ(f(v, σ),f($, υ))) ≤ π

(
φ

(
ξ(v, $) + ξ(σ, υ)

2

))
φ

(
ξ(v, $) + ξ(σ, υ)

2

)
. (20)

Theorem 6. Let (Λ,≤) be a POS and (Λ, ξ) be a CMS. Assume the mapping f : Λ×Λ → Λ
satisfies the following conditions:

(i) f is a β-φ-Geraghty contraction mapping.
(ii) f has the mixed monotone property.
(iii) f is GT βAM.
(iv) There exist v0, σ0 ∈ Λ such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.

(v) f is continuous.

If there exist v0, σ0 ∈ Λ such that v0 ≤ f(v0, σ0) and σ0 ≥ f(σ0, v0), then f has a CFP.

Proof. Theorem 3 ensures that the sequence {vi} defined by vi+1 = f(vi, σi) is convergent
to some v∗ ∈ Λ and the sequence {σi} defined by σi+1 = f(σi, vi) is convergent to some
σ∗ ∈ Λ. Also, for each i, we have β((vi, σi), (vi+1, σi+1)) ≥ 1 and β((σi, vi), (σi+1, vi+1)) ≥
1. Then the continuity of f implies that f has a CFP in Λ×Λ.
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Theorem 7. Let (Λ,≤) be a POS and (Λ, ξ) be a CMS. Assume the mapping f : Λ×Λ → Λ
satisfies the following conditions:

(i) f is a β-φ-Geraghty contraction mapping.
(ii) f has the mixed monotone property.
(iii) f is GT βAM.
(iv) There exist v0, σ0 ∈ Λ such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.

(v) The sequences {vn} and {σn} are β-regular.

If there exist v0, σ0 ∈ Λ such that v0 ≤ f(v0, σ0) and σ0 ≥ f(σ0, v0), then f has a CFP.

Proof. Choose v0, σ0 ∈ Λ be such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.

Based on the proof of Theorem 3, we can find a sequence {vi} defined by vi+1 = f(vi, σi)
convergent to some v∗ ∈ Λ and a sequence {σi} and σi+1 = f(σi, vi) convergent to some σ∗ ∈
Λ. Also, for i ∈ N, we have β((vi, σi), (vi+1, σi+1)) ≥ 1 and β((σi, vi), (σi+1, vi+1)) ≥ 1.

From condition (iii), we get lim
i→∞

sup β((vi, σi), (v∗, σ∗)) > 0 and

lim
i→∞

sup β(σ(σi, vi), (σ∗, v∗)) > 0. Thus, there exist a sub-sequence {vi(k)} of {vi} and

a sub-sequence {σi(k)} of {σi} such that

lim
k→∞

β
(
(vi(k), σi(k)), (v

∗, σ∗)
)
= p > 0

and
lim
k→∞

β
(
(σi(k), vi(k)), (σ

∗, v∗)
)
= q > 0.

Then we get

φ
(

ξ
((

vi(k)+1, σi(k)+1

)
,f(v∗, σ∗)

))
= φ

(
ξ
(
f
(

vi(k), σi(k)

)
,f(v∗, σ∗)

))
≤ 1

β
(
(vi(k), σi(k)), (v∗, σ∗)

) ×
π

(
φ

(
ξ(vi(k), v∗) + ξ(σi(k), σ∗)

2

))
φ

(
ξ(vi(k), v∗) + ξ(σi(k), σ∗)

2

)

<
1

β
(
(vi(k), σi(k)), (v∗, σ∗)

)φ

(
ξ(vi(k), v∗) + ξ(σi(k), σ∗)

2

)
.

Thus, we have

φ(ξ((v∗, σ∗),f(v∗, σ∗))) = lim
k→∞

φ
(

ξ
((

vi(k)+1, σi(k)+1

)
,f(v∗, σ∗)

))
≤ 1

p
lim
k→∞

φ

(
ξ(vi(k), v∗) + ξ(σi(k), σ∗)

2

)
= 0.
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Similarly, one can show that

φ(ξ((σ∗, v∗),f(σ∗, v∗))) = lim
k→∞

φ
(

ξ
((

σi(k)+1, vi(k)+1

)
,f(σ∗, v∗)

))
≤ 1

q
lim
k→∞

φ

(
ξ(vi(k), v∗) + ξ(σi(k), σ∗)

2

)
= 0.

Therefore, (v∗, σ∗) is a CFP of f.

Theorem 8. The CFP (v∗, σ∗) of f in Theorems 6 and 7 is unique if condition (C) is added to the
hypotheses of Theorems 6 and 7.

Proof. From Theorem 6 (resp. Theorem 7), we conclude that the mapping f has a CFP,
say (v∗, σ∗) ∈ Λ × Λ. Let (s∗, t∗) ∈ Λ × Λ be another CFP of f. Then there exists
(`1, `2) ∈ Λ×Λ such that

β((v∗, σ∗), (`1, `2)) ≥ 1 and β((s∗, t∗), (`1, `2)) ≥ 1. (21)

Since f is β-admissible, then for i ∈ N, we have

β
(
(v∗, σ∗),fi(`1, `2)

)
≥ 1 and β

(
(s∗, t∗),fi(`1, `2)

)
≥ 1.

Thus, for n ∈ N, we obtain

φ
(

ξ
(
(v∗, σ∗),fi(`1, `2)

))
≤ β

(
(v∗, σ∗),fi−1(`1, `2)

)
φ
(

ξ
(
f(v∗, σ∗),ffi(`1, `2)

))
≤ π

(
ξ
(
(v∗, σ∗),fi−1(`1, `2)

))
φ
(

ξ
(
(v∗, σ∗),fi−1(`1, `2)

))
< φ

(
ξ
(
(v∗, σ∗),fi−1(`1, `2)

))
. (22)

Therefore, the sequence {φ
(
ξ
(
(v∗, σ∗),fi(`1, `2)

))
} is nonincearsing, there exists υ ≥ 0

such that limi→∞ φ
(
ξ
(
(v∗, σ∗),fi(`1, `2)

))
= υ. From (22), one can write

φ
(
ξ
(
(v∗, σ∗),fi(`1, `2)

))
φ
(
ξ
(
(v∗, σ∗),fi−1(`1, `2)

)) ≤ π
(

φ
(

ξ
(
(v∗, σ∗),fi−1(`1, `2)

)))
.

Letting i→ +∞ in above inequality, we reach

lim
i→+∞

π
(

φ
(

ξ
(
(v∗, σ∗),fi−1(`1, `2)

)))
= 1.

Hence,
lim
i→∞

φ
(

ξ
(
(v∗, σ∗),fi(`1, `2)

))
= 0,

which implies that limi→∞ fi(`1, `2) = (v∗, σ∗). Analogously, one can prove that
limi→∞ fi(`1, `2) = (s∗, t∗). Thus, we conclude that (v∗, σ∗) = (s∗, t∗).

Corollary 1. Let (Λ,≤) be a POS and (Λ, ξ) be a CMS. Assume the mapping f : Λ×Λ→ Λ
satisfies the following hypotheses:

(i) f is extended β-Geraghty contraction.
(ii) f has a mixed monotone property.
(iii) f is GT βAM.
(iv) There exist v0, σ0 ∈ Λ such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.
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(v) f is continuous or the sequences {vn} and {σn} are β-regular.

If there exist v0, σ0 ∈ Λ such that v0 ≤ f(v0, σ0) and σ0 ≥ f(σ0, v0), then f has a CFP.
Moreover, this CFP is unique if the condition (C) is met.

Proof. The proof follows immediately from Theorems 3–5 if we set φ(τ) = τ.

Corollary 2. Let (Λ,≤) be a POS and (Λ, ξ) be a CMS. Assume the mapping f : Λ×Λ→ Λ
satisfies the the following hypotheses:

(i) f is β-Geraghty contraction.
(ii) f has a mixed monotone property.
(iii) f is GT βAM.
(iv) There exist v0, σ0 ∈ Λ such that

β((v0, σ0), (f(v0, σ0),f(σ0, v0))) ≥ 1 and β((σ0, v0), (f(σ0, v0),f(v0, σ0))) ≥ 1.

(v) f is continuous or the sequences {vn} and {σn} are β-regular.

If there exist v0, σ0 ∈ Λ so that v0 ≤ f(v0, σ0) and σ0 ≥ f(σ0, v0), then f has a CFP.
Moreover, this CFP is unique if the condition (C) is met.

Proof. The proof comes from Theorems 6–8 if we take φ(τ) = τ.

The following example supports Theorem 6.

Example 6. Let Λ = [0, ∞). Define ξ : Λ × Λ → [0,+∞) by ξ(v, σ) = |v− σ|, and
φ : [0,+∞) → +[0,+∞) by φ(τ) = τ

2 . Also, define the mapping f : Λ × Λ → Λ by
f(v, σ) = 1

64 vσ and the function β : Λ2 ×Λ2 → [0, ∞) by

β((v, σ), ($, υ)) =

{ 4
3 , if v ≥ σ and $ ≥ υ,
0 otherwise.

Clearly, f is continuous and GT βAM. Condition (iv) of Theorem 6 is satisfied when v0 = 1 and
σ0 = 0. For v, σ, $, υ ∈ Λ, we have

ξ(f(v, σ),f($, υ)) =
∣∣∣vσ

64
− $υ

64

∣∣∣
≤ 1

64
(|v− $|+ |σ− υ|) = 1

64
(ξ(v, $) + ξ(σ, υ)).

Therefore,

β((v, σ), ($, υ))φ(ξ(f(v, σ),f($, υ))) ≤ 1
96

(ξ(v, $) + ξ(σ, υ))

≤ 1
6

(
ξ(v, $) + ξ(σ, υ)

4

)2

=
1
6

(
ξ(v, $) + ξ(σ, υ)

4

)(
ξ(v, $) + ξ(σ, υ)

4

)
= π

(
φ

(
ξ(v, $) + ξ(σ, υ)

2

))
φ

(
ξ(v, $) + ξ(σ, υ)

2

)
.

Hence, the condition (20) is satisfied when π(τ) = 1
6 < 1. Therefore all conditions of Theorem 6 are

satisfied and hence f has a CFP. Here (0, 0) is the unique CFP of f.
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5. Solving Coupled Ordinary Differential Equations

This part is dedicated to applying Theorem 6 to discuss the existence of solutions to
the following CODEs:

− d2v
dς = =(ς, v(ς), σ(ς)), ς ∈ I = [0, 1],

− d2σ
dς = =(ς, σ(ς), v(ς)),
v(0) = σ(0) = 0, v(1) = σ(1) = 0,

(23)

where = : [0, 1]×R×R is continuous.
Problem (23) can be written as an integral equation [11] in the form

v(ς) =

1∫
0

ℵ(ς, ν)=(v, v(ν), σ(ν))dν, for all ς ∈ I,

where R is the Green’s function described by

ℵ(ς, ν) =

{
ς(1− ν), 0 ≤ ς ≤ ν ≤ 1,
ν(1− ς), 0 ≤ ν ≤ ς ≤ 1.

Let Λ = C(I), the space of all continuous functions defined on [0,1].
Define ξ : Λ×Λ→ +∞ by

ξ(v, σ) = ‖v− σ‖∞ = sup
ς∈I
|v(ς)− σ(ς)|, for all v, σ ∈ Λ.

Define a partial order ≤ on Λ by

(v, σ) ≤ ($, υ)⇔ v ≤ $ and υ ≤ σ, for all v, σ, $, υ ∈ Λ.

Then (Λ,≤) is a POS, and the pair (Λ, ξ) is a CMS.
Now, on Problem (23), assume the following conditions:

(P1) The functions = : [0, 1]×R×R and ℵ : [0, 1]× [0, 1]→ R→ R are continuous such
that for all ς ∈ I and all v, σ, v∗, σ∗ ∈ R,

|=(ς, v, σ)−=(ς, v∗, σ∗)| ≤ ln
(
|v−v∗|+ |σ− σ∗|

2
+ 1
)

,

and supς∈I

(
1∫

0
ℵ(ς, ν)dν

)
≤ 1

8 . Moreover, there exists a function such that

κ : R2 × R2 → R such that κ((v, σ), (v∗, σ∗)) ≥ 0 and κ((σ, v), (σ∗, v∗)) ≥
0 ∀ v, σ, v∗, σ∗ ∈ R.

(P2) There are v1, σ1 ∈ Λ such that for all ς ∈ I

κ

(v1(ς), σ1(ς)),
1∫

0

ℵ(ς, ν)=(v, v1(ν), σ1(ν))dν

 ≥ 0

and

κ

(σ1(ς), v1(ς)),
1∫

0

ℵ(ς, ν)=(v, σ1(ν), v1(ν))dν

 ≥ 0.

(P3) For all ς ∈ I and for v, σ, v∗, σ∗ ∈ Λ,

κ((v(ς), σ(ς)), (v∗(ς), σ∗(ς))) ≥ 0 and κ((σ(ς), v(ς)), (σ∗(ς), v∗(ς))) ≥ 0,
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implies

κ

 1∫
0

ℵ(ς, ν)=(v, v(ν), σ(ν))dν,
1∫

0

ℵ(ς, ν)=(v, v∗(ν), σ∗(ν))dν

 ≥ 0

and

κ

 1∫
0

ℵ(ς, ν)=(v, σ(ν), v(ν))dν,
1∫

0

ℵ(ς, ν)=(v, σ∗(ν), v∗(ν))dν

 ≥ 0.

(P4) For any cluster points v and σ of the sequences {vi} and {σi} of points in Λ with
κ((vi, σi), (vi+1, σi+1)) ≥ 0 and κ((σi, vi), (σi+1, vi+1)) ≥ 0, we have
lim
i→∞

infκ((vi, σi), (v, σ)) ≥ 0 and lim
i→∞

infκ((σi, vi), (σ, v)) ≥ 0, respectively.

Now, we present a solution to (23).

Theorem 9. Under the conditions of (P1)–(P4), Problem (23) has at least one solution (v̂, σ̂) ∈
Λ×Λ.

Proof. Define the mapping f : Λ×Λ→ Λ by

f(v, σ)(ς) =

1∫
0

ℵ(ς, ν)=(v, v(ν), σ(ν))dν, for all ς ∈ I.

It is known that the CFP of f is equivalent to the solution of Problem (23). So we will show
that f has a CFP.

Now, let v(ς), σ(ς), v∗(ς), σ∗(ς) ∈ Λ be such that κ((v(ς), σ(ς)), (v∗(ς), σ∗(ς))) ≥ 0
for all ς ∈ I. From (P1), we get

ξ(f(v, σ),f(v∗, σ∗)) = |f(v, σ)(ς)−f(v∗, σ∗)(ς)|

=

∣∣∣∣∣∣
1∫

0

ℵ(ς, ν)[=(v, v(ν), σ(ν)−=(v, v∗(ν), σ∗(ν)]dν

∣∣∣∣∣∣
≤

1∫
0

ℵ(ς, ν)|=(v, v(ν), σ(ν)−=(v, v∗(ν), σ∗(ν)|dν

≤
1∫

0

ℵ(ς, ν) ln
(
|v(ν)−v∗(ν)|+ |σ(ν)− σ∗(ν)|

2
+ 1
)

dν

≤ sup
ς∈I

1∫
0

ℵ(ς, ν)dν ln
(
|v(ν)−v∗(ν)|+ |σ(ν)− σ∗(ν)|

2
+ 1
)

≤ 1
8

ln
(
|v(ν)−v∗(ν)|+ |σ(ν)− σ∗(ν)|

2
+ 1
)

≤ ln
(
|v(ν)−v∗(ν)|+ |σ(ν)− σ∗(ν)|

2
+ 1
)

= ln
(

ξ(v, v∗) + ξ(σ, σ∗)

2
+ 1
)

.
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Therefore,

ln(ξ(f(v, σ),f(v∗, σ∗)) + 1)

≤ ln
(

ln
(

ξ(v, v∗) + ξ(σ, σ∗)

2
+ 1
)
+ 1
)

=
ln
(

ln
(

ξ(v,v∗)+ξ(σ,σ∗)
2 + 1

)
+ 1
)

ln
(

ξ(v,v∗)+ξ(σ,σ∗)
2 + 1

) × ln
(

ξ(v, v∗) + ξ(σ, σ∗)

2
+ 1
)

.

Define φ : [0, ∞)→ [0, ∞) by φ(t) = ln(t + 1). Then it is clear that φ ∈ Φ. Now, define
π : [0,+∞)→ [0, 1) by

π(t) =

{
0, if t = 0
φ(t)

t , if t 6= 0.

Therefore,

φ(ξ(f(v, σ),f(v∗, σ∗))) ≤ π

(
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

))
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

)
. (24)

Similarly, for all v, σ, v∗, σ∗ ∈ Λ with κ((σ, v), (σ∗, v∗)) ≥ 0, we can write

φ(ξ(f(σ, v),f(σ∗, v∗))) ≤ π

(
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

))
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

)
. (25)

Now, define β : Λ2 ×Λ2 → [0, ∞) by

β((σ, v), (σ∗, v∗)) =

{
1, if κ((v, σ), (v∗, σ∗)) ≥ 0,
0 otherwise.

If v, σ, v∗, σ∗ ∈ Λ, then (24) implies that

β((σ, v), (σ∗, v∗))φ(ξ(f(v, σ),f(v∗, σ∗)))

≤ π

(
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

))
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

)
.

Similarly, (25) implies that

β((v, σ), (v∗, σ∗))φ(ξ(f(σ, v),f(σ∗, v∗)))

≤ π

(
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

))
φ

(
ξ(v, v∗) + ξ(σ, σ∗)

2

)
.

Clearly, β((v, σ), (v∗, σ∗)) = 1 and β((v∗, σ∗), ($, υ)) = 1 imply β((v, σ), ($, υ)) = 1, for
all v, σ, v∗, σ∗, $, υ ∈ Λ.

If β((v, σ), (v∗, σ∗)) = 1 for all v, σ, v∗, σ∗ ∈ Λ, then κ((v, σ), (v∗, σ∗)) ≥ 0. Using
(P3), we get κ(f(v, σ)(ς),f(v∗, σ∗)(ς)) ≥ 0, and so β(f(v, σ),f(v∗, σ∗)) ≥ 0. Thus, f
is GT βAM.

Analogously, If β((σ, v), (σ∗, v∗)) = 1 for all v, σ, v∗, σ∗ ∈ Λ, then
κ((σ, v), (σ∗, v∗)) ≥ 0. So (P3) implies that κ(f(σ, v)(ς),f(σ∗, v∗)(ς)) ≥ 0, and so
β(f(σ, v),f(σ∗, v∗)) ≥ 0. Thus, f is GT βAM.

From (P2), we can find v1, σ1 ∈ Λ such that κ((v1, σ1),f(v1, σ1)) ≥ 0 and
κ((σ1, v1),f(σ1, v1)) ≥ 0. Hypothesis (P4) completes all requirements of Theorem 6.
So, f has a CFP in Λ; that is, there exists (v̂, σ̂) ∈ Λ × Λ such that v̂ = f(v̂, σ̂) and
σ̂ = f(σ̂, v̂). Therefore, (v̂, σ̂) is a solution of (23).
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6. Conclusions and Future Works

In this paper, a new class of mappings called “generalized β-φ-Geraghty contraction-
type mappings” has been introduced. Through the use of our new concept, several coupled
fixed points have been presented and demonstrated. Also, we supported our results with
some examples and an application to coupled ordinary differential equations. Lately,
Mlaiki et al. [13] launched a new space, called “controlled metric-type space”, and they
gave a new version of the Banach contraction theorem. For future work, our main concern
will be to initiate a study of the coupled fixed-point results by utilizing the concept of
generalized β-φ-Geraghty contraction-type mappings and applying the new results to solve
some real-life problems.
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