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1. Introduction

The natural sciences are completely related to each other, and mathematics plays
a crucial role in the development of other sciences. Therefore, mathematicians are always
working on developing mechanisms and techniques in order to provide suitable ways to
improve other sciences. The fixed-point technique is one of the most powerful methods
to help mathematicians provide mechanisms for solving some models in ordinary and
partial differential equations prepared by engineers, chemists, or physicists. Also, due to
the symmetric property of metric spaces, fixed-point theory is still considered an important
tool in developing studies in many fields and various disciplines such as topology, game
theory, optimal control, artificial intelligence, logic programming, dynamical systems (and
chaos), functional analysis, differential equations, and economics.

The fixed-point technique has been used by some mathematicians to find analytical
and numerical solutions to Fredholm integral equations; for example, see [1-5].

It is noteworthy that Banach’s contraction theorem (BCT) [6] was the first discovery in
mathematics to initiate the study of fixed points (FPs) for mapping under a specific type
of contraction condition. Due to the importance of fixed points, mathematicians began
to extend the Banach contraction theorem in many directions; some of them extended
and generalized the Banach contraction condition in many ways, while others extended
metric spaces to new spaces and generalized the Banach contraction theory to new forms.
Moreover, others introduced more general contraction conditions to provide new fixed-
point results; for example, see [7-18].

In 1973, Geraghty [19] presented an interesting contraction condition called the Ger-
aghty contraction and highlighted some FPs under this condition by generalizing BCT
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in a complete metric space (CMS). Geraghty’s results have been given much attention by
several authors; for example, Caballero et al. [20] studied best proximity point theorems
for Geraghty contractions, Bilgili et al. [21] generalized the best proximity point under the
same conditions of [20], Bae et al. [11] introduced interesting results concerned with FP
consequences via the concept of a-Geraghty contraction-type maps in metric spaces, and
Gordji et al. [22] discussed an extension of the result of Geraghty in a partially ordered
metric space.

Samet et al. [23] introduced the concept of x-admissible mapping and adopted its
concept to present some new fixed-point results to give a generalization of a BFT. Recently,
Karapinar et al. [9] introduced the concepts of triangular a-admissible mappings and «-
y-Meir-Keeler contractive mappings and presented some new fixed-point results. Some
other authors obtained several results in this direction; see [10,23-25].

The concepts of mixed monotone property and coupled fixed point (CFP) were in-
troduced by Bhaskar and Lakshmikantham [26]. Next, they presented some CFPs for the
mapping U : A x A — A under appropriate contraction conditions. They also supported
their main results by providing an application for partial differential equations. Subse-
quently, some authors have adopted these concepts to give some interesting CFP results;
for example, see [27-29].

The aim of this paper is to present the concepts of generalized triangular -admissible
mappings and generalized S-admissible mappings. Next, we study some new CFP results.
We also support our results by introducing some examples. Next, we present an application
of coupled ordinary differential equations (CODEs).

2. Preliminaries

In this section, we consider some basic definitions and previous results that will help
us in obtaining our results.
Let I'T be a class of all functions 7 : [0,00) — [0,1) such that the condition below holds:

lim 77(7;) = 1 implies lim 7; = 0.
i—00 i—o0

Theorem 1 ([19]). Let (A, ®) bea CMS and O : A — A be a given mapping. Then U has a unique
FP provided that the following inequality

30w, Vo) < t(¥(w,0))8(w,0)),
holds for any @, € A, where 7t € T1.

The notions of a-admissible and & — y-contractive mappings were introduced by
Samet et al. [23] as follows:

Definition 1 ([23]). For a non-empty set A, let G : A — A be a given mapping and o : A X A —
R be a function. The function U is called an a-admissible if

a(w,0) > 1= a(0w,00)) >1,
holds for all o € A.

Definition 2 ([23]). Let (A, ®) be a metric space. A mapping U : A — A is said to be an
« — P-contractive mapping, if there exist two functions & : A x A — [0,+o0) and w € 11
such that

a(@,0)yp(8(0w@, U0)) < p(8(@,0)),

holds for all @,0 € A, where i € O (P is defined in the next section).

Samet et al. [23] presented and proved the following interesting theorem:
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Theorem 2 ([23]). Let (A, 9) be a metric space and U : A — A be an « — p-contractive mapping.
Assume the following hypotheses:

(i) O is a-admissible.
(i) There is @y € x so that a(@g, Uwg) > 1.
(iii) O is continuous.

Then U has a FP.

The concept of triangular a-admissible for an a-admissible mapping A x A — [0, +o0)
was given by Karapinar et al. [9] as follows:

If @,0,p € A such that a(@,0) > 1, a(c,p) > 1, then a(w@,p) > 1.
The concepts of the CFP and mixed monotone property are presented in [26] as follows:

Definition 3 ([26]). Let A be a non-empty set. A pair (@,0) € A x A is called a CFP of the
mapping 0 : A X A — ANif o =U(w@,0) and 0 = U(c, @).

Definition 4 ([26]). Let (A, <) be a partially ordered set (POS) and U : A x A — A be a given
map. Then U has a mixed monotone property if for any @, 0 € A,

@1,@p €A, @1 < @y = U(w1,0) < U(wy,0),

and
0,00 €N, 01 <0 = U(w,01) > U(w@,0,).

3. Main Results

We begin our work by considering the following definition.

Definition 5. Let A be a non-empty set, 0 : A> — Aand B : A*> x A2 — R. We say that U is
a generalized triangular B-admissible mapping (Shortly CT B ap) if for all @,0,0,v,5,t € A,

(G) B((@,0),(0,v)) > Limplies B(O(w,0),B(g,v)) > 1and
(Git) B((@,0),(0,v)) = Land B((e,v)(s,t)) = Limply B((®@,0), (s, t)) = 1.

To support the above definition, we give the following examples:

Example 1. Let A = R. Define U : A> — A by U(@,0) = J@oand B : A> x A> — R
by B((@,0),(0,v)) = e If B((@,0),(0,v)) > 1, then wo > gv, which implies that
U(w,0) = Voo > ¥ov = U(o,v); that is,

B(B(@, ), (0, v)) = e VT Y20 > 1,
Also, zf{ /3;3((‘(17@/ ‘:}))/((S(’/tl)f)) )>211, then { (DQZ: iff(?’ . Hence, @o — st > 0 and so
B((@,0)(s,t)) =e®7 % > 1.

Therefore, U is a T B .

Example 2. Let A = R. Define U : A2 — A by UO(w@,0) = e@) and B:A*xA? = Rby
B((@,0), (0,0)) = Y@= g0+ 1. .

If B((@,0), (0,0)) > 1, then @o > ou, which leads to U(@, ) = e(@®)" > eleV)” = (g, v);
that is,

B(U(w,0),V(0,v)) = Ve@) —ele) 41> 1,
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f B(@0),(00) 21, @ —quz0, o
Moreover, zf{ B((0,0)(s,1)) > 1, then ov—st>0 that is, @wo — st > 0, and hence

p((@,0)(s, 1)) > 1.
Therefore, Uis a TCB o

Example 3. Let A = R. Define U : A2 — A by U(w,0) = (@0)* +ln(1+ ((D(T)z) and
B:A2x A2 Rby

3 3
B((@,0), (o,0)) = — 29" __ _(ev)

= - s+ 1L
1+ (w0) 1+ (ov)

Then U is a T B apr. In fact, if B((@, ), (0,v)) > 1, then @o > ov and hence
B(@,0) = (o0)*+ ln(l + (wa)z)
> (ov)*+In(1+ (ev)?) = V(o).
This implies B(U(@, ), (o, v)) > 1. Also,

B((@,0), (e, v)) +B((e,v), (s,t))

(@)’ (ov)’ 14 (v (st
1+ (@0)® 1+ (ov)® 1+ (ov)® 14 (st)®
(@0)® (st)®

1+ (@0)? 1+ (st)®

(@00)’ B (st)® B
2<1 +(@00)® 1+ (st)® T 1) =2B((@,0),(s,1)).

IN

Thus,
B((@,0),(e,v)) + B((0,v), (s, 1)) < 2B((@,0), (s, 1))
>

Now, if{ B((@,0), (g,v)) =1,

Bl v)(s,1) > 1, e Bl(@0),(s,1)) = 1.

Example 4. Let A = R. Define 5 : A2 — A by B(@,0) = (00) + {/@c and p : A2 x A2 —
Rby B((@,0), (0,0)) = (@) — (0v)° + 1. Then Bis a ST B 4.
Example 5. Let A = R*. Define 5 : A2 — A by B(@,0) = (00)* + 7 and p : A2 x A2 —
R by
[ 1, if(ab),(u,0)€[0,1)*x[0,1)?,

pl(@,0),(0,v)) = { 0, otherwise.
Then one can easily show that U is a G B op1.
Lemma 1. Let U bea GT,BAM. Assume that there exists @y, 0y € A so that

B((@0,00), (B(@o,00), (00, @0))) = 1.
Define two sequences {@;} and {o;} in A by @; = U'(@o, 09) and o; = U (09, @). Then
ﬁ((wjlo—j)/ (‘Di/ ‘71>) > land ﬁ((gj' @j)/ (Ui/ wl)) >1,

fori,j € Nwithj < i.
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Proof. Let @y, 09 € A. Then

B((@o, 00), (O(w@o, 09), B(09, @p))) > 1.

Thus, condition (G;) implies that

B((@1,01), (@2,02)) = B((B(@0, @), B(ev, @), (0% (@0, @0), B3 (00, @0) ) ).
Continuing with the same scenario, we conclude that
n((®;,0), (@i11,0i41)) = 1, foralli > 0.
Similarly, one can prove that
(03, @;), (041, @i11)) > 1, foralli > 0.

Assume thatj < i. Since ﬁ((w], 0']'), (CD]'+1,(T]'+1)) >1and ﬁ(((i)j+1,0'j+1), (@j+2, 0']'+2)) >
1, then (Gii) implies IB((C’O], 0']'), ((Dj+2,0']‘+2)) > 1.
Also, since B((@j,0j), (@ 2, 0j12)) > 1and ,3((@j+2/ Uj+2), (coj+3,(7j+3)) > 1, then we
have B( (@, 0j), (@j13,0j43)) = 1.

Contmumg with the same approach, we conclude that B( (@}, 07), (@;,0;)) > 1. Analo-
gously, we can show that B((cj,@;), (07, @;)) > 1. O

Definition 6. Let U: A x A — Aand B : A?> x A> — [0, 00) be two mappings. We say that O
is a generalized B-admissible if for each @,0,0,v € A,

B((@,0),(e,v)) 21 = B((B(@,0),5(v,@)), (B(e,v),B(v,0))) = 1

From now on, ® denotes the set of all functions ¢ : [0,00) — [0, 00) such that ¢ satisfies
the following hypotheses:

i) ¢(r)=0ifT=0;
(ii) ¢ is continuous;

(ii) @(a)+¢(b) > ¢(a+b)

(iif) ¢ is nondecreasing.

Now, we introduce our contraction mapping as follows:

Definition 7. Let (A, ) be a partially ordered metric space and U : A x A — A be a mapping.
We say that U is an extended B-¢-Geraghty contraction (shortly EB-¢gc) if there are two functions
B:A%x A?> —[0,00) and ¢ € ® such that

B((@,0),(2,0))9(((B(@,0),0(e,v))) < n(p(R(@,0,0,0)))¢p(R(,0,0,0)), (1)

forany ,0,0,v € Awithw@ > ¢and o < v, where t € 11 and

_{ (@,0),6(0,0), 2@, 5(@,0)), (0, B(c,@)),
e, 0.0) = { £(0,5(0,0)),£(0, 5(v,0)) }

Remark 1. If @,0,0,v € A with @ # 0 # ¢ # v, then

B((@,0), (,0))¢(§(D(w@,0),B(eg,v))) < ¢(R(e@, 0, 0)).

We have furnished the necessary background to present and prove our first main result.
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Theorem 3. Let (A, <) be a POS and (A, {) be a complete metric space (CMS). Assume the
mapping O : A X A — A satisfies the following hypotheses:

(i) UisEB-¢pgc.

(i) O has the mixed monotone property.

(iii) U is ST B am.

(iv) There are @y, 0y € A such that

B((@o,00), (B(@o,00), B(00,@0))) > 1 and B((00, @), (B(c0, @), B(@o,00))) > 1.

(v) O is continuous.

If there are @y, 0y € A so that @y < U(w@y, 09) and oy > U(0op, @), then U has a CFP.

Proof. Choose @p,090 € A such that B((@o,00), (O(@o,00),0(0p,@9))) > 1,
B((00, @0), (B(00, @0), B(@o,00))) > 1, @9 < U(@o,00) = @1 and g > U(0p, @9) = 01.
Now, we choose @y, 0> € A such that U(wq,01) = @, and U(0y,®@1) = 07. Continuing in
this way, we can construct two sequences {®@;} and {0;} in A such that

Wi = U(CD{,O}‘) and Oiy1 = O(U’i, (Dl'), foralli > 0.
Next, we use the mathematical induction to prove

@; < @;1and 0; > 0,4, foralli > 0. 2)

(a) Since @y < 6((@0,0’0), oy > 6(0'0,6’00), U((Do,(?'()) = @7 and U(O’(),L’Uo) = 01, then

@ < @1 and 0y > 01. Thus (2) holds for i = 0.

(b) Assume (2) holds for some fixed i with i > 0.

(¢) Now, we will prove (2) holds for any i. The mixed monotone property of U and (b) we
imply that

@iz = U(@i11,0i11) > UO(®@;,0i11) > O(w;,07) = @41,
and
Oiy2 = U(0i11, @iy1) < O(03,@i41) < O(03,@;) = 041
This leads to
@jy2 > @jp1 and 01 < 041

Thus, we conclude that (2) holds for all i > 0.

If (@;41,0i11) = (@;,0;) for some i > 0, then @; = U(w;, 0;) and 0; = U(0;, @;); that
is, U has a CFP. Thus, we may assume that (@;1,0i11) # (@;,0;) for alli > 0. Since U is
a “TB op1, then Lemma 1 implies

B((@i,01), (@i11,0141)) = 1and B((03, @;), (0i41,@i+1)) = 1foralli > 0. ®)
Taking (1) and (3) into account, we derive
P(G(@i,@i1)) = ¢(E(O(@i-1,0i-1),B(®;,07)))

< Bl(@i-1,0i-1), (@,07))p(G(B(@;-1,0i-1), B(®@;,07)))
< m(p(R(@i—1,0i-1,@;,07)))p(R(@; 1,011, @;,07)), 4)

where

S(@i1,@;),8(0i-1,07),8(@;—1,0(@;_1,0i-1)), }
0i-1,0(0i_1,®;_1)), {(@;, B(@;, 07)), & (07, B(07, @;))

= max{&(®;_1,@;),{(0i_1,0), (@i, @i11),E(03,0i11) }

§R(a‘-)ifll0'1'71/('(‘:714/0’1') - maX{ (:(
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Again, from (1) and (3), we can write
¢(8(0i,0i41)) = P(E(U(0i—1,@i-1),0(03,@1)))
< B((0i-1,@i-1), (01, @) (5 (O(0i-1, @i-1), (0, @;)))
< 7T(¢(§R(U'j_1,(501_1,0'1 ))) ( (Ui—lrwi—lrairwi))/ (5)

%(Ui_l,(ﬂi_l,ﬁi,(ﬂo = max{max{ g(

where

$(0i-1,07),8(@i—1,@;),(01-1, B(07-1,@i-1)),
@;_1,0(@i-1,0i-1)),6(03,O(0;, @;)), G (@;, (@, 07) )

= max{¢(@;_1,@;),&(0i_1,07),(@;, @i11),E(05,0i41) }-
Setting
z; = max{{(@;, @;11),¢(03, 0i11) }-

From (4) and (5), we obtain

4’(21') = (max{ (wz/wz+1>
(¢

, (0'1/‘71+1 })
(@i, @i11)), 1

f

= max{¢(¢(w;, $(&(01,0741)) }
: (R e e
- o e e o )} ©
It is clear that the case of
R(@i-1,01-1, @i, 07) = R(0j—1, @i 1,03, @;) = max{&(@i, @;11),8(05,0141) }

is impossible due to the definition of 7. Indeed,

§(@i, @i11)), $(G(0i,0i11))

—~

max{¢

max{ 7t
max{¢
max{¢

So, (6) reduces to

—

max{¢(@;, @;i11),8(03,041)})}
§(@i, @it1)), ¢(S(0i,0i11)) }-

A A

—~ o~

¢(zi) ¢(max{&(@;, @;i11),&(07,0i41)})

max{¢((@;, @i11)), $(E(0i, 0i11)) }

AN VAN

¢(max{&(@;_1,®;),{(0i-1,01)}) = ¢(zi-1)-

It follows from definition ¢ that z; < z; 1, for alli € N. Hence ¢(@;, @;11)

P(max{g(w;, @i11),¢(03,0i11) }))p(max{¢ (@i, @i11), (0, 0i41) }) }

max{7t(¢(max{G(@;_1,®;),{(ci-1,07)}))p(max{¢(@; 1, @;),G(0i-1,07)})}

< g((ﬂl‘,l, (Di)

and ¢(0j,0i41) < ¢(0j—1,07). This implies that {¢(w;, @; 1)} and {¢(0;,0741)} are nonin-

creasing sequences. Accordingly, there exist ¢, £* > 0 such that { = lim ¢
1—00
0* = lim &(03,0711). We shall show that £ = 0 = £*. Suppose the opposite
1— 00
£,0* > 0. From (4), we get

¢ (@i, @it1))
¢(§R((Di_1, 0i—1,@;, Ui))

< (p(R(@i_1, 011, @;,07))) < 1.

(@, @i11) and

is true; that is,
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Consequently, lim 71(¢(R(w@;_1,0i-1,@;,0;))) = 1. Due to the definition of 7,
1—00
we conclude that lim ¢(R(w;_1,0;_1,@;,0;)) = 0. Similarly, one can show that
1—00

hm ¢(§R(0’i_1, W;_1,0;, C’DZ‘) = 0. Hence,
i—o0

¢ =lim §(w;,®;11) = 0and £* = hm é(Ul,UZH) 0. (7)

i—00

For j < i, we have

R(@j, 07, @i, 07) = R(0oj, @j, 04, @;)

5(0']',0','),é‘(@j,U((Dj,O’j)),g(O'j,U(O']',(D]')), }
C((Di,U(@i,o’i)),g(Ui,U(U’i,wi))
C(OYIJi)/‘:(wj/wj+l)/§(0—]'/0}+l))/ }

{(@i, @i-1),8(03,0i-1) '

Allowing i,j — +o0 in above inequality, we get

lim R(w@;, 0, @;,0;) = lim R(0j, @j,07,@;) = lim max{&(@;,@;),&(0},071)}.  (8)
l]—)oo l]ﬁoo l]—>00

Now we shall show that {®;} and {c;} are Cauchy sequences. Suppose the contrary; that
is, there exists € > 0 such that

lim sup max{éf(a)]-, @;),&(0;, o)} =e. 9)
i,j—00

The triangular inequality implies

§(@j, @;) < ¢(@), @j+1) + E(@j11, @it1) + §(Dit1,@i), (10)
and
¢(0j,01) < &(0j,0541) + 6 (011, 0i41) + E(0i41, 03), (11)
From (1) and (10), and the properties of ¢, we have

47((:((0]',(,01')) (P((: ‘D]/‘D]+1) + (;’(60]+1,(D,+1) + ‘:(‘Derl/w ))
(P(é((D c'0]+1)) ( ( ((D],O']),U((DI,U'I)))+¢(§((Dl+1, ))
(

¢(8(@j,@j11)) + (¢(R(@), 07, @, 07)) ) (R(@;, 05, @1, 07))

+¢(&(@it1, @) (12)

INIA A

Similarly, from (11), we get

47(‘:(‘7]'/‘71')) ( (‘7]/‘7]+1)+C(‘7]+1/Uz+1)+‘:(‘fz+1/(71))
¢(Z(0j,0511)) + ¢ (E(V(0j, @;), B(oi, @i)) ) + ¢(&(0i11,07))
(C(‘T]raﬁl)) + n(¢(§R(Uj,@j, 03, coi)))qb(%(a]-,wj, ai,wl-))

+¢(5(0i1,07))- (13)
With the help of (8), (7), (14) and (13), we find that
1%13})0 max{¢(¢(@;, @;)),¢(E(0},01)) }
< lim 7(¢p(max{¢(@;, @), &(0;,01) })) ¢ (max{& (e}, @;), & (0}, 1) }).-

i,j—00

ININ A
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From (9), we get
1 < i%gnwrr(4>(ma><{§(@j,wi),€(f7j/‘7i)}))
= lim n(cp(%(wj,aj,@i,Ui))),

i,j—00

and hence lim 71(¢(R(@j,0j,@;,07))) = 1. Thus, lim R(@},0j,@;,0;) = 0 and hence
1,]—00 i,j—oo

lim §(@;j,@;) = 0and lim;; , 1 (0},0;) = 0, a contradiction. Therefore {®@;} and {c;}
i,j—00
are Cauchy sequences in (A, ¢). The completeness of A implies that there exist @*,0c* € A

such that

lim @; = ®* and lim 0; = .

1—00 1—00
Since w; 11 = U(w@;,07) and 0741 = U(0;, @;), then by allowing i — +oco and using the
continuity of U, we have

@* = hm w; = hm U(wi—lrg'i—l) = 6(@*,0'*),
1—00 1—00

and
*

o= 1im 0, = lim O(Ui—llwi—l) = U(O’ ,CD*).
i—o0 i—oo0

Thus, O hasa CFP. [

In the following result, we replace the continuity of the mapping U in Theorem 3 by
a suitable condition. For this purpose, we present the following definition:

Definition 8. Let (A, &) bea CMS, B: A?> x A?> — Rbeafunctionand U : A x A — A bea map-
ping. We say that two sequences {@;} and {o;} in A are B-reqular if B((@;, 0;), (@i11,0i41)) > 1
and B((0;, @;), (0j41,@i1)) > 1 forall i, lim; , @; = @ and lim; .o, 0; = 0 forall @,0 € A,
then there exist a subsequence {@;)} of {@;} and a subsequence {oyy} of {o;} such that

ﬁ((wi(k)lgi(k))/ (C@,(T)) > 1and ﬁ((gi(k)'wi(k))/ ((7, (D)) > 1f07’ all k.

Theorem 4. Let (A, <) bea POS and (A, {) be a CMS. Assume the mapping U : A x A — A
satisfies the following hypotheses:

(i) UisanEB-gpgc.

(i) O has the mixed monotone property.

(iii) U is OTB am.

(iv) There exist @q, 0y € A such that

B((@o,00), (B(@o,00), B(00, @0))) = 1 and B((00, @), (G(00, @), B(do,00))) > 1.

(v)  The two sequences {@, } and {c, } are B-reqular.
If there exist g, 09 € A such that @y < U(wg, 0p) and o9 > U(0y, @g), then U has a CFP.

Proof. Following the same proof for Theorem 3, we construct two sequences {@;} and
{0;} defined by @;1 = U(w;, 0;) and 0;1 = U(0;, @;) such that

/3(((91', (TZ'), (CDi+1,(Ti+1)) >1and [3((0’1', (271'), (Ui+1rwi+1)) >1foralli >0, (14)
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0; = @* € Aand 0; — ¢* € A. By using (14) and (v), we choose a subsequence {@; ) }
of {@;} and a subsequence {c;(;} of {c;} such that limy_, ,B((coi(k),cri(k)), ((D*,U*)) >1
and limy_, ,B((U,-(k),(oi(k)), (0*,&7*)) > 1. For k € N, (1) implies that

ﬁ((@i(k)/ Ti(k)), (@7, ‘7*)) ¢ (C (‘Di(k)+1f U(@*/‘T*)))
= B ((@i(k)/ Tiky), (@, ‘7*)) ¢ (€<6(‘oi(k)/ Tik)), U(‘D*ﬂ*)))

< 7T<¢(§R(¢@i(k)/0i(k)f@*rU*)>)¢(§R(@i(k)/Ui(k)r@*rtf*)>, (15)
where
e e ¢(@ik), @ )/ (i) ), S (@igx), B(@i(x), i) ).
R Oigey @1 7) = ma"{ (1), O (0 @ ,c(m6(@*,a*>>,c<a*,zs<a*,w*>>}
_ max{ §(@i(r), @*), ¢ (0, i(k)f‘f*)rg(wi(k)rwi(k)—&-l)/C(‘Ti(k)/‘fi(k)—«—l)) }
G(@*, (@, 07)), (0", B(0", @) '
Hence
lim ¢(R(@i, 0319, @, 0%) ) = P(max{¢(@",B(@",¢)),&(¢",B(e",@")}).  (16)

Similarly, one can show that
lim ¢ (R(ore) @0, 0%, @) = plmax{(e”, B(e", @), 6(@", B(@", 0 )} (17)
From (15), we have

¢ (&(@i 11, 0(@",0")) )
¢(%((Di(k)f Ti(k), @*, U*))

ﬁ((‘oi(k)ro'i(k))r(w*ro'*)) < n<§}%(wi(k)f0'i(k)/w*r0'*)) <L

Allowing k — oo in the above inequality, we get limy_, n(cp (%(‘Di(k)/ Tik), @, U*))) =1.

Therefore limy_,, ¢ (S‘E(a)i(k), Ti(k), @ (7*)) = 0. By (16), we have

¢(max{¢(c",O(c", @), ¢ (0", B(@",07)})
< max{&(c",U(c*, @), &(@*, B(@*,0*)} = 0.

Hence, &(@0*, U(w*,0*)) = 0 and &(c*, U(c*, @*)) = 0 and so @* = U(@*,0*) and ¢* =
U(c*,@*). Thus (0*,0*)isa CFP of U. [

To ensure the uniqueness of the CFP in Theorems 3 and 4, we need to add the following
condition:

(©) If (w,0) and (@*,0*) are CFPs of U, then there is (¢1,¢,) € A x A so that
p((@,0), (t1,£2)) = 1and B((@",07), ({1,£2)) = 1

Theorem 5. The CEP (@*,0*) of U in Theorems 3 and 4 is unique if condition (C) is added to the
hypotheses of Theorems 3 and 4.

Proof. Based on Theorem 3 (resp. Theorem 4), the mapping U has a CFP, say (@*,0*) €
A x A.Let (s*,t*) € A x A be another CFP of U. Then by (C), there is (¢1,¢3) € A x A
such that

B((@*,0%), (41,42)) > 1and B((s*, 1), ({1,42)) > 1. (18)
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Since U is B-admissible, we get
ﬁ((w*,a*),z;i(el,zz)) > 1and ﬁ((s*,t*),Ui(£1,£2)> > 1, forall i.

Hence, we obtain

g((w*,o-*),zsi(el,ez)) < ﬁ((w*,a*),Ui‘1(£1,€2))§(0(w*,0*),UUi(El,Ez))
< n(é((w*,a*),ﬁi’l(él,@»)C((w*,a*),()i’l(él,éz))
< §((c@*,a*),6i*1(£1,€2)>,foralliEN. (19)

Thus, the sequence {¢((@*, "), U'(¢4,42)) } is nonincearsing. Therefore, there exists ¢ > 0
such that lim;_,o, & ((@*,0*), U (41, £2)) = 0. By (19), we get

6((0*, U*)/ Ui('gl/ EZ))
{((@%,0%), G714y, £)

< (g (@*,0%), 871y, 6)) ).
By allowing i — +o0 in above inequality, we reach to

. * % i—1 _
dim w(p(2((@",0"), 07 (0, 02) ) =1,
Thus, lim;_, C((w*,v*),@i(ﬂl,éz)) = 0. Thus, lim;_,, Ui(ﬁl,éz) = (@*,0"). Analogously,
one can obtain lim; ., U'(¢1, ¢p) = (s*,t*). Thus, we have (@*,c*) = (s*,t*); that is, the
CFP of U is unique. O

4. Some Related Results

We dedicate this section to extracting some new results using our results in the previ-
ous section. We begin with the following important definition:

Definition 9. Let (A, <) be a POS and (A, ) be a metric space. We say that a mapping U :

N x A — Ais a B-¢-Geraghty contraction if there exist m € Il and ¢ € D such that for all
@,0,0,0 € ANwith@ > ¢ and o < v, we have

Bl(@,0), (0,0))9(E(0(@,0), B(e,0))) < (g ELLTELL ) g (Sl LEL0D) 20

Theorem 6. Let (A, <) bea POS and (A, ) be a CMS. Assume the mapping O : A x A — A
satisfies the following conditions:

(i) Uis a B-¢-Geraghty contraction mapping.
(i) O has the mixed monotone property.

(iii) U is CTB s

(iv) There exist g, 09 € A such that

B((@0,00), (B(@o,00), B(00, @0))) > 1 and B((c0, @), (B(00, @0), B(@g,00))) > 1.

(v) U is continuous.
If there exist g, 0y € A such that @y < U(w@y, 0p) and oy > U(0p, @), then U has a CEP.

Proof. Theorem 3 ensures that the sequence {®; } defined by @;,1 = U(w;, 0;) is convergent
to some @* € A and the sequence {0;} defined by 0; 1 = U(0;, @;) is convergent to some
o* € A. Also, for each i, we have B((@;, 0;), (®@;11,0i+1)) > 1and B((0;, @;), (0141, @i41)) >
1. Then the continuity of U implies that U hasa CFPin A x A. O
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Theorem 7. Let (A, <) bea POS and (A, ) be a CMS. Assume the mapping O : A x A — A
satisfies the following conditions:

(i) U is a B-¢-Geraghty contraction mapping.
(i) O has the mixed monotone property.

(iii) Uis °TB s

(iv) There exist @y, 09 € A such that

B((@0,00), (B(@o,00), B(00, @0))) > 1 and B((co, @), (B(00, @o), B(@g,00))) > 1.

(v)  The sequences {@y} and {cy, } are B-regular.
If there exist @, 0y € A such that @y < U(w@y, 0p) and oy > U(0p, @), then U has a CEP.

Proof. Choose @, 0y € A be such that

‘B((CDO,UO), (U(CD(),O'()),U(O'Q, (Do))) > 1and ‘B((U'(), C’Do), (U(U’Q, @0),0((@0,0’0))) > 1.

Based on the proof of Theorem 3, we can find a sequence {@;} defined by @;,1 = U(w;, ;)
convergent to some @* € A and a sequence {c;} and 0; 1 = U(0;, @;) convergent to some * €
A. Also, for i € N, we have B((@;, 07), (®@;+1,0i+1)) > 1and B((0;, @;), (0i41, @i+1)) > 1.
From condition (iii), we get 1Lm sup B((@j,07), (@*,0*)) > 0 and
1—00

hrn n sup B(o(oi, @;), (¢*,@*)) > 0. Thus, there exist a sub-sequence {@; )} of {®@;} and

a sub -sequence {0} of {07} such that

lim B (@), 7)), (@",0%)) = p > 0

k—o0
and
lim B( (070, @), (0%,@") ) = 4> 0.
Then we get
‘P(g((‘Di(k)+1/0'i(k)+l)rU(‘D*ra*)>)
= ¢(§(U(‘Di(k)/‘71(k)) O(@%, 0 )))
1
- ﬁ((wi(k)/@(k))/(w*fa*)) "
n<¢<§(wi(k) )2 &(Tigk), )>>¢<6<(Dl(k) )2 &(Tigk), ))
1 C(wi(k)r@*)+§(‘Ti(k)/(7*)>‘
) ,3((@( ) Tik) ) (@ 0*))¢< 2

Thus, we have
P(E((@",0),8(@",0") = lim ¢(&((@ie) 41,0001 ), B(@",07)) )
< 1hm¢<§(@z() );C( i(k) O )>_O.
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(P (g((w*ra*)r Ui(ﬁl’ EZ)))

Similarly, one can show that

90", @"),0(", @) = lim ¢(&( (o1, @i041), O, @) )
(C(@i(k)/w*) +§(Ui(k)r0*)> o

1.
— lim ¢
q k—roo

IN

2
Therefore, (@*,0*) isa CFP of U. [

Theorem 8. The CFP (@0*,c*) of U in Theorems 6 and 7 is unique if condition (C) is added to the
hypotheses of Theorems 6 and 7.

Proof. From Theorem 6 (resp. Theorem 7), we conclude that the mapping U has a CFP,
say (@*,0*) € A x A. Let (s*,t*) € A x A be another CFP of U. Then there exists
(01,¢;3) € A x A such that

B((@*,0%), (£1,02)) > 1and B((s*,t"), (¢1,42)) > 1. (21)
Since U is B-admissible, then for i € N, we have

ﬁ((w*,a*),Ui(él,éz)) > 1and ﬁ((s*,t*),Ui(él,Ez)) > 1.

Thus, for n € N, we obtain

IN

B((@*,c"), 01 (01, 02))p(& (0@, ), 0T (11, 12) ) )
m(&((@"0%), 070, 0)) )¢ (8( (@, 0), 07 (0, 2) ))
o(¢((@",0"), 57 (0, 12)) ).

IN

A

(22)

Therefore, the sequence {¢(&((@*,0*),U(¢1,£,)))} is nonincearsing, there exists v > 0
such that lim;_,, ¢ (¢ ((@*,0*), U (¢4, £2))) = v. From (22), one can write

P(E((@*,0%),0(ty,£2)))
(P(C(((D*, 0’*), Uiil(él,gz))

Letting i — o0 in above inequality, we reach

p=a(o(e((@eu ).

lim n(qb(g((w*,a*),zsifl(el,zz)))) = 1.

i—+o0
Hence, ‘
lim ¢ (2 ((@",0),0'(01,82)) ) = 0,
which implies that lim;_,,, U'(¢1,£2) = (@*,0*). Analogously, one can prove that

lim; o O (41, 6,) = (s*,t*). Thus, we conclude that (@*,0*) = (s*,t*). O

Corollary 1. Let (A, <) bea POS and (A, ¢) be a CMS. Assume the mapping O : A x A — A
satisfies the following hypotheses:

(i) U is extended B-Geraghty contraction.
(i) O has a mixed monotone property.

(iii) U is ST B apm.
(iv) There exist @q, 0y € A such that

B((@o,00), (B(@o,00), B(00, @0))) = 1 and B((v0, @), (G(00, @), B(d,0p))) > 1.
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B((@,0),(e,0))9(5(B(@,0),T(e,v)))

(v) U is continuous or the sequences {@, } and {c, } are p-regular.
If there exist g, 09 € A such that @y < U(@g, 09) and oy > U(0p, @y), then U has a CFP.
Moreover, this CFP is unique if the condition (C) is met.

Proof. The proof follows immediately from Theorems 3-5 if we set ¢(7) = 7. O

Corollary 2. Let (A, <) bea POS and (A, ) be a CMS. Assume the mapping O : A x A — A
satisfies the the following hypotheses:

(i) O is B-Geraghty contraction.
(i) O has a mixed monotone property.

(iii) Uis °TBan.
(iv) There exist @y, 09 € A such that

B((@0,00), (B(@o,00), B(c0, @0))) > 1 and B((c0, @), (B(00, @o), B(@g,00))) > 1.

(v) U is continuous or the sequences {@, } and {c, } are B-reqular.

If there exist @, 09 € A so that @y < U(@g,00) and op > U(0p, @o), then G has a CFP.
Moreover, this CFP is unique if the condition (C) is met.

Proof. The proof comes from Theorems 6-8 if we take ¢(7) = 7. O

The following example supports Theorem 6.

Example 6. Let A = [0,00). Define & : A x A — [0,+0c0) by {(@,0) = |@ —0|, and
¢ :[0,400) = +[0,+00) by ¢(t) = 5. Also, define the mapping U : A x A — A by
U(@,0) = &0 and the function B : A% x A% — [0,00) by

4 .
_[3 ifo>cando > v,
B((@,0), (0,v)) { 0 otherwise.

Clearly, U is continuous and G B 45y Condition (iv) of Theorem 6 is satisfied when @y = 1 and
0o =0.Forw,c,0,v € A, we have

£(0(@,0),0(e) = g -5
< glo—el+lr—v) = @0 +Eov)).
Therefore,
< gel(@0) +Ev)
< l(He0rteny
_ 1 (He0 o) (oo i)

_ n((P(C(@,Q) ;C(UIU)»(P(C(@,Q);LC(U,U))

Hence, the condition (20) is satisfied when 7t(T) = % < 1. Therefore all conditions of Theorem 6 are
satisfied and hence U has a CEP. Here (0,0) is the unique CFP of U.
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5. Solving Coupled Ordinary Differential Equations
This part is dedicated to applying Theorem 6 to discuss the existence of solutions to

the following CODEs:
~4e —(ga(c),0(e), cel=[01],
~ 8¢ = (g, 0(¢),@(c)), (23)
@(0)=0(0)=0,  @(1)=0c(1)=0,

where S : [0,1] X R x R is continuous.
Problem (23) can be written as an integral equation [11] in the form

1
@(g) = /N(g,v)%(v,w(v),u(v))dv, forallg €1,
0

where R is the Green’s function described by

[ c(l-v), 0<g<v<l,
N(g’v){v(lg), 0<v<¢g<l

Let A = C(I), the space of all continuous functions defined on [0,1].
Define ¢ : A X A — +o0 by

$(w,0) =||@— 0| =sup|@(c) —c(g)|, forall@,o € A.
cel

Define a partial order < on A by
(@,0) < (o,v) & w@w<gandv <o, forall®,0,0,v € A.

Then (A, <) is a POS, and the pair (A, &) is a CMS.
Now, on Problem (23), assume the following conditions:

(P1) The functions S : [0,1] x R x Rand X : [0,1] x [0,1] — R — R are continuous such
thatforall¢g € I and all @, 0, ®*,0* € R,

(D_CD* _ *
R )

IS(g,@,0) — (g, 0", 0")| < ln(

1
and sup ., bf R(g,v)dv| < %. Moreover, there exists a function such that
»x : R2x R? — R such that x((@,0),(@*,0*)) > 0 and x((c,®@), (c*,@*)) >

0V w,o,0*, 0" € R.
(P,) There are @1,07 € A such that forall¢ € I

1
%((@1(@),01@))//N(w)%(v,wl(v),o-l(v))dv) >0
0

and

1
%((01(9),@1(9)),/N(g,V)%(v,m(V),col(v))dv) > 0.
0

(P3) Forall ¢ € I and for @, 0, @*,0* € A,

#((@(g), 0(g)), (@7(¢),07(¢))) = 0 and »((0(¢), @(g)), (¢" (), @ (¢))) = O,
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implies
1 1
%( / R(c, v)S(0, @(v), o (v))dv, / N(g,v)%(v,c@*(v),a"(v))dv) >0
0 0
and
1 1
%( / R(c,v)S (v, 0 (v), @ (v))dv, / N(g,v)%(v,a*(v),w*(v))dv) > 0.
0 0

(Py) For any cluster points @ and ¢ of the sequences {®@;} and {0;} of points in A with
%(((Di, (Tl'), ((Di+1,(7i+1)) > 0 and J{(((Ti, CDi), ((Ti+1,wi+1)) > 0, we have
lim inf »((@;, 0;), (@,0)) > 0 and lim inf »((0;, @;), (0, @)) > 0, respectively.
1—00 1—00
Now, we present a solution to (23).

Theorem 9. Under the conditions of (Py)—(Py), Problem (23) has at least one solution (®,7) €
A XA

Proof. Define the mapping U : A x A = A by
1
B(e,0)(c) = / R(c, v)3(0, @(v), o (v))dv, forall ¢ € L.
0

It is known that the CFP of U is equivalent to the solution of Problem (23). So we will show
that U has a CFP.

Now, let @(¢), 0(g), @*(g),0™(¢) € Abesuchthat »(((g),o(c)), (@*(¢),0*(¢))) = 0
forall ¢ € I. From (Py), we get

¢(0(@,0),6(0%,07)) = [O(@,0)(g) —V(@*,")(s)]

1
/N(g,v)[%(v,w(v),a(v) —S(v,@* (v), 0" (v)]dv
0

IN

S O

R(g,v)|S(v,@(v),o(v) — (v, @ (v), " (v)|dv

Mg ) n 120 = L0 0" ),

IN

sup .N(le)dvln(m(v) - @*(Vﬂ;— lo(v) — o (v)] N 1)

INA
\
5

1 <|co(v> — @' (V)| +o(v) — o*(v)] +1>

1
: +1)

I

=3
-
2
=

|
S)
*
2
_|_
=
=

|
N
*
<
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Therefore,
In(¢(O(@,0), (@, *))+1)
< ln(ln( ( '@ L) +1) +1>
) In (In (&2 ) Elo) +1)+1) xln(g(‘”'w*>2+§<‘7"7*) +1>'

m( >;f:<w*> +1)

Define ¢ : [0,00) — [0,00) by ¢(t) = In(t +1). Then it is clear that ¢ € ®. Now, define
7 [0,+00) — [0,1) by

Therefore,

S(E(B(@,0), B(@",0"))) < n((P(C(w,@*);Lé(a,m))>¢<C(w,@*);€(¢7,a*)>_ (24)

Similarly, for all @, 0, @*, 0* € A with »((0, @), (c*,@*)) > 0, we can write

H(E(O(0, @), B(o*, %)) < n(q)(@(w,@*);5(0,0*)))(P(C(w,w*);ré(a,a*)) (25)

Now, define B : A2 x A% — [0, ) by

loa), @) ={ § @D @720

If o,0,0*% 0" € A, then (24) implies that

ﬁ((a,w),(a*,yio*))¢(§(li(w,a),O(cv*,a**))) )
< n(¢(€(@,@ );6(010 ))>¢<é‘(@/w );—C(U,U ))_

Similarly, (25) implies that
pl(@,0), (@%,07))¢(¢(B(e, @), B(c", @7)))

< n(p(HOR)FER)) (How) i)

Clearly, B((@,0), (@*,0*)) = 1 and B((@*,0*), (0,v)) = 1imply B((®@,0), (o,v)) =1, for
all w,0,@*,0%,0,v € A.

If B((w,0), (@*,0*)) =1forall @,0,@*,0* € A, then ((w,0), (@*, ")
(Py), we get 2(5(,0)(€), B(@" %) (6)) > 0, and 50 B(B(@,0), B{a*,0°))
is 7B an-

Analogously, If B((c,@),(c*,@*)) = 1 for all @,0,@*0c* € A, then
»#((o, ), (c*,@*)) > 0. So (P3) implies that s(U(c,®@)(¢), O(c*,@*)(g)) > 0, and so
B(U(v, @), B(c*,@*)) > 0. Thus, U is T B s

From (P), we can find w1,00 € A such that s((@y,01),0(w1,01)) > 0 and
#((01,@1),0(01,@1)) > 0. Hypothesis (P;) completes all requirements of Theorem 6.
So, U has a CFP in A; that is, there exists (@,0) € A x A such that ® = U(®,0) and
0 = U(0,@). Therefore, (@, 0) is a solution of (23). O
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6. Conclusions and Future Works

In this paper, a new class of mappings called “generalized S-¢-Geraghty contraction-
type mappings” has been introduced. Through the use of our new concept, several coupled
fixed points have been presented and demonstrated. Also, we supported our results with
some examples and an application to coupled ordinary differential equations. Lately,
Mlaiki et al. [13] launched a new space, called “controlled metric-type space”, and they
gave a new version of the Banach contraction theorem. For future work, our main concern
will be to initiate a study of the coupled fixed-point results by utilizing the concept of
generalized B-¢-Geraghty contraction-type mappings and applying the new results to solve
some real-life problems.
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Abbreviations

The following abbreviations are used in this manuscript:

FP Fixed point

BCP Banach contraction principle

CMS Complete metric space

CFP Coupled fixed point

POS Partially ordered set

CODE  Coupled ordinary differential equation
GTBam  Generalized triangular f-admissible mapping
EB-poc  Extended B-¢-Geraghty contraction
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