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Abstract: Symmetry in systems arises as a result of natural design and provides a pivotal mechanism
for crucial system properties. In the field of control theory, scattered research has been carried out
concerning the control of group-theoretic symmetric systems. In this manuscript, the principles of
stochastic analysis, the fixed-point theorem, fractional calculus, and multivalued map theory are
implemented to investigate the null boundary controllability (NBC) of stochastic evolution inclusion
(SEI) with the Hilfer fractional derivative (HFD) and the Clarke subdifferential. Moreover, an example
is depicted to show the effect of the obtained results.

Keywords: fractional stochastic evolution inclusions; boundary controllability; multivalued map
theory

MSC: 26A33; 34G25; 93B05

1. Introduction

In recent decades, one of the areas of great concentration in the scientific community
has been fractional differential equations and fractional differential inclusions (see [1-3]).
Real-world phenomena, such as population growth, stock prices, the weather-prediction
model, and heat conduction in materials with memory, are affected by random influences.
As a result of noise, deterministic models frequently change. Naturally, such models must
be extended to include stochastic models, in which the relevant parameters are regarded as
suitable Brownian motion and stochastic process. Stochastic differential equations, as op-
posed to deterministic equations, are used to model the majority of issues that arise in
real-world settings (see [4-7]). Many systems, such as physical, chemical, and biological
systems, exhibit natural symmetry. Stochastic differential equations play an important
role in explaining some symmetry phenomena (see [8-10]). Evolution inclusions, and the
generalization of evolution equations and inequalities, have been used in different fields
(see [11-13]. Stochastic evolution inclusions are a combination of deterministic evolution
inclusions and a noise term (see [14-21]). One of the fundamental concepts of contem-
porary control theory is the idea of a dynamical system being controllable. In general,
controllability is the capability of a control system to be directed from an arbitrary initial
state to a likewise arbitrary final state through a permitted set of controls. Significant
consequences for the behavior of linear and nonlinear dynamical systems are drawn from
this idea (see [22-29]). Previously, few researcher’s studied the boundary controllability,
for example, Kumar et al. [30] explored the sufficient conditions for the boundary con-
trollability of nonlocal impulsive neutral integrodifferential evolution equations by using
Sadovskii’s fixed-point theorem. Carreno et al. [31] studied the boundary controllabil-
ity of a cascade system coupling fourth-and second-order parabolic equations. Ahmed
et al. [32] established the sufficient conditions for the approximate and null boundary
controllability of nonlocal Hilfer fractional stochastic differential systems with fractional
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Brownian motion and Poisson jumps by using the Schauder fixed-point theorem. Lizzy and
Balachandran [33] studied the boundary controllability of nonlinear stochastic fractional
systems in Hilbert spaces. Ma et al. [34] discussed the boundary controllability of nonlocal
fractional neutral integrodifferential evolution systems. To our best knowledge, there are
no results on the null boundary controllability of nonlocal SEI with the HFD and the Clarke
subdifferential. This work aims to address this gap.

Now, consider nonlocal SEI with the HFD and the Clarke subdifferential where the
control is on the boundary as:

D38 (1) € FB(w) + (1, B (1)) + (1, B(10)) L)

40Y (10, B(1)), w € J = (0,a], 1
0B () = 01V(0), v € J = (0,a], @
I YB(0) + K(B) = g By,

where Dg’f is the HFD of order & € [0,1], u € (%,1), and F is the bounded linear
operator and the linear operator ¢ from E into ®, where D is separable Hilbert space .
01 stands for a bounded linear operator from A into =, where A and & are the Hilbert
space. The state B(-) takes values in EZ. Let A : & — E be a linear operator defined by
Dom(A) = {B € Dom(F ); FB =0}, AB = B, for B € Dom(A).

Let {w(w) }1>0 be the ®-valued Brownian motion with a finite trace nuclear covari-
ance operator ® > 0 defined on a complete probability space (0, S, {Sw }w>0, P) with a
normal filtration {Sy }w>0 satisfying that Sy contains all P-null sets of S. Additionally,
| . || for L(®,E), where L(®D, E) is the space of all bounded linear operators from ® into E.
dY (10, B(1v)) denotes Clarke’s subdifferential of Y(tv, B(tv)). The control function V(-) is
given in LZ(J, A), the Hilbert space of admissible control functions with a Hilbert space
A. 03 x E — 2%, a non-empty, bounded, closed, and convex (BCC) multivalued map,
and p : J X E — Le (D, E) are nonlinear functions and K : C(J,E) — E. Let Le (D, E) be
the space of all ®-Hilbert-Schmidt operators from © to E.

The main contributions of the current work:

¢ Nonlocal fractional stochastic differential inclusion with the Clarke subdifferential
and control on the boundary is introduced.

*  We establish a set of sufficient conditions that demonstrate the null boundary control-
lability for (1).

*  Anexample is provided to show the effect of the results obtained.

2. Preliminaries

Definition 1 ([35,36]). The HFD of order 0 < & < 1and 0 < u < 1 for a function G can be
defined as
d

ol G ),

DG (w) = 151

where

MG = /m M) 4y w>0,u>o0.
I(u) Jo (w—v)l-u

Let 9 := &(J, L*(S, E)) be the Banach space of all continuous functions B from J into L2(S, &),

with ||Bllon = sup,c5 E|ln(=S)(1-wB(1v)||2)1/2, where L?(S,E) = L2(Q, S, P, ) denotes

a Hilbert space of strongly S-measurable, H-valued random variables satisfying E||B|*> < oo.

L% (3, Z) will denote the Hilbert space of all random processes Sy -adapted measurable defined on J

with values in E with the norm H%HL%(S,E) = (Jy ElB(w)]3)}? < .

In the present paper, let 2, = {8 € M : ||B||3; < t}, where t > 0.
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Definition 2 (see [37]). Let Y : O — R be a locally Lipschitz functional on O, where O is a
Banach space with O* is the dual space . Clarke’s generalized directional derivative of Y at 1 € O in
the direction ¢ € Y is defined by

Y(v+hg) — Y(n).

Y%(1;¢) = limsup P

h—0t b—

Clarke’s generalized gradient of Y at 1 € O, denoted by Y (1), is a subset of O* given by
(1) ={rrc0*:Y(s¢) > (15,¢), Ve 0.}

Definition 3 (see [38]). A Family M in 9 is called equicontinuous if for every € > 0 there is a
1 =1(e) > 0, such that |®(r1) — ()| < € V wq, 10, € Jwith [wg —wy| < randall® € M.

The following hypotheses are necessary to prove the main results.
(A1) Dom(F ) C Dom(d) and the restriction of é to Dom (F ) is continuous relative to graph
norm of Dom(f).
(A2) 3 alinear continuous operator ¢ : A — E such that for all V € A we have
oV € Dom(F), 5(oV) = 01V and E|oV||> < C1E||01V||?, where C; is a constant.
(A3) Ais the infinitesimal generator of compact semigroup of bounded operator {X (), o >
0} in E and there exists IT > 0 such that sup .5 [|R()[| < IT.
(A4) Vo € (0,a] and V € A, R(w)oV € Dom(A). Moreover, 3 IT; > 0 such that
JAR(ro)| <TT.
(A5) o : J x E — 2= is locally Lipschitz continuous (LLC), Vv € J, B, By, B, €
&, 3 Cp > 0 such that

Ello(w,B1) — (w0, %B,)[|1* < C(E||B1 — B %, Eflo(w, B)|* < Co(1+ E||B?).
(A6) p:IJxE — Le(®,E)isLLC, Vv € J, B, B, By € &, 3 C3 > 0such that
Ellp(r, B1) — (1, B2) (15 < C3(E[B1 — B2, Ellp(w, B) |15 < C3(1+ E|[B]%).

A7) Y : J x E — R satisfies the following:

I)Y(:,B) : § — R is measurable V B € E,

II)Y(ro,-) : E — RisLLC fora.e. w € [,

IIT) Ja functlon ® € LY(3,R") and a constant C4 > 0 satisfying

(
(
(
(

E[[9Y (ro, B)||* = sup{E[9N(w) |* : N(w) € 3Y (0, B)} < &(w) + C4E[B|?,

forall B € Eae. tv € Jand B € E.
(A8) K : C(J,E) — Eis continuous, for any B, B, B, € C(J,E) 3 C5 > 0 such that

E|[K(%B1) — K(B2)||* < C5E[|%B1 — B, ||*, E[IK(B)]* < Cs(1+E||B]]%).

Let B(v) is the solution of (1). Then, we define
r(w) = B(w) — 0V (). We see that, from our hypotheses, r(w) € Dom(A). Hence, (1) can
be expressed in terms of A and ¢ in the form:

Dfﬁ“;(m) € Ar(w) + F oV(w) — QD%'“V( )
+0(10,B(10)) + p(to, B (1)) %) 1 5Y (10, B(1w)), w € J = (0,4],

179091 (0) + 0v(0)] = Ié N0 (0) = By — K(B).

\_/

Hence, the integral inclusion of (1) is given by
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Bo—-K(B) (s naw, 1 [™ u-
B € sy Y TR (o)A
+F(lu) /om(m = )" (v, B(v))dw(v)
+F(lu) /om(m —v)" oY (v, B(v))dv. ?

Lemma 1 (see [32]). If the integral inclusion (2) holds, then the mild solution of (1) is given by
o
B(w) = Rgu(w0)[Bo— K(B)] + /0 [Pu(to — v)F — APy(to — v)]oV(v)dv

+ /m Pu(to — v)o (v, B(v))dv + /Om Pa(to — v)N(v)dv

+/ (v, B(v))dw(v), w3
where
Rga(w) = 0T YPu(w), Pulw) =00 I Ty(w), Tu(w) = [ uo¥(v)R(wie)d
with .« o
Yulv) = n;l =D =y’ € ©O)

Lemma 2 (see [39]). The operators Vg , and Py satisfy the following:
(i) {Pu(w) : w > 0} is continuous in the uniform operator topology.
(ii) Rg , () and Py (w) are linear bounded operators, and

[Trou—1! [Tro(S—H-w)
B, Rga()B] < e
Ty 1Bl e (m)B < rrm—

(iii) Py(10), Vg, (10) are strongly continuous, for ro > 0.

[Py () B < [1B]], ro > 0.

Lemma 3 (see [32]). [|AP,()B| < “lm“ |B]|, if (A4) is satisfied.

Now, we define an operator § : L%(3,E) — 2L5(" as follows:
F(B) = {MN e LL(JE): N(w) €Y (v, B(w)) ae. v € J for B € L%(J,E)}.

Lemma 4 (see [37]). VB € L%(J, E), the set F(B) has nonempty, convex, and weakly compact
values, provided that (A7) is realzzed

Lemma 5 (see [37]). The operator § satisfies: if B, — B in L%(J,E), ¢n — ¢ weakly in
L%(3,E) and ¢, € F(By), then ¢ € F(B), provided that (A7) is satisfied.

Theorem 1 (see [40]). Assume that Q is a locally convex Banach space and M, : Q — 22 isa
compact convex-valued (CCV), upper semicontinuous multi-valued map such that there a closed
neighbourhood £ of 0 exists for which M¢(£) is a relatively compact set. If the set ¥ = {B € Q :
¢B € M.(B) for some ¢ > 1} is bounded, then M, has a fixed point.
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3. Main Result

To investigate the NBC for (1), we consider linear SEI with the HFD and the control on
the boundary

D (w) € F (1) + o) + p(w) %) - 3,
5§(m) :glv(m)r wEJ, (3)
I 20) = g,

associated with the system (1).
Consider

L&y = /O“[pu(a C V) — APy(a — v)]eV(W)dv : La(3,A) — B

where L}V has a bounded inverse operator (Ly) ! with values in L»(J, A) /ker(L}), and

NE(Z,0,0) = Roa(w)l+ /0 P& — v)o(v)dv + /0 Pa(a —v)p(v)dw(v) : E x Ly(3, A) — E.

Definition 4 (see [41]). (3) is said to is exactly null controllable on J if ImLy O ImN§ or 3 a
v > O such that || (L§)*C|* > 7| (N) |2 for all { € &,

Lemma 6 (see [42]). Suppose that (3) is exactly null controllable on J. Hence, (Ly) 'N§ :
E X Ly(J,E) = La(J, A) is bounded and the control

V(m)——()l{Ngu go+/ (@ —v)o dv+/ (@ — v)p(v)dw(v) | (1)

transfers (3) from (o to 0, where Ly is the restriction of L to [ker L§]*.

Definition 5 (see [42]). The problem (1) is said to be exact null controllable on the interval J if a
stochastic control V € Ly (J, A) exists such that the solution B (wv) of (1) satisfies B(a) = 0.

To prove the null boundary controllability, we need the following hypothesis:

(A9) The fractional linear system (3) is exactly null controllable on J.

Theorem 2. If (A1)—(A9) are satisfied, then (1) is exactly null controllable on J provided that

R 25C5H2 2(3-1)(1—u) 25112421
2 T 2SI -wrw | u_Dr2w)

25 2 L —1(2,2u—-1 21‘12 HZ
x{1+ lolPN(o) e PR+ TR

[(Cz + Tr(®)Cs) + C4zx} }

(2u —1)T2(u)

Proof. Consider the map M, : 9 — 2™ as follows:

€M : Y1) = N y(0)[By — K(B)]
_ +fm[Pu(m_V F_Apu( o —v)][oV(v)dv
Me(B) = +fgm Py(w —v)o(v, B(v))dv + [;° Pu(vo — v)N(v)dv
+ [y Pu(to —v) (v, B(v))dw(v), mep(%)
where
Vo) = ~(0)! [Nou()lBa— KB+ [ Pula - v)oly, By

+/0apu(a_v d1/+/ (« — 1) (v, B))dw(v) | ().
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Now, we demonstrate that M, has a fixed point, so we subdivided the proof into six steps.
S1: VB € M, M(B) are nonempty, convex, and weakly compact values.

Lemma 4 can be used to see that M(8) has nonempty and weakly compact values.
Furthermore, F(8) has convex values; so that if k1, x € F(B) then fx; + (1 — £)xy € F(B)
V ¢ € (0,1), which implies that M(B) is convex.

S2: M, is bounded on a bounded subset of It.

Clearly, 2, is a BCC set of 91.

We can prove that E[|4(0)[|> < T, T > 0V i € M(B),B € ..

If ® € M(B), then 3 a9 € F(B) such that

B() = Rgu(w)[By— K +/ 10— v)F — APy(ro — 1)]oV (v)dv
+/ o — 1) (v, B(v) dv—i—/ o — v)R(v)dv
+/ o(v, B(v))dw(v) 1 € 3. @)
Then,
[P (o) [[Fr < 25 sup XIS LE|Rg 4 (10)[Bo — ()]

ey

FEI [T P =) — APy (0 — )]V ()]
FE| [ Pulro — v)r(v, B()dv P
FE| [ Pl —v)R@)dv]+E] [ Pulo = v)o(v, B(0)do(v) P}

IN

251712
{FZ(S(l — u) + u) [E|%OH2 + C5(1 + t)]

251_[20(1_2%(1_11)
ATy eIy

2 211 (La) " 1]|242u—-1 2112 4+ 112
x{1+ 5llallPll(Lo) ! Pa® |1 |PT1 + 1}}:_7

[(CerTr(@)Ca)(l +1) + Mg, +C4oct”

(2u—1)I2(u)

Hence, M, (2l,) is bounded in 9.

S3: {M,(B) : B € 2.} is equicontinuous.

Forany B € 2., ® € M (B), FaN € F(B) such that (4) holds V w € J.
For 0 < tv; < 1wy < g, we can obtain

E[|®(103) — (1) |3,

< 25E]) (o (ma) ~ Rgulior) ) [0 — KB

+asE| [ 2 Py — v)o (v, B())dv — / ! a1 — v)o(v, B(v))dv|y

42SE| [ Puiz = 0)p(v, BW)dew) ~ [ Pulior = 0)p(r, D)),

o

1 25E|| /mz Pu(mz—v)‘ﬂ(v)dv—/o " Pulror — v)NW)dv|2,

—|—25E||/ (102 — V) — APq(1z — v)]oV(v)dv

_/0 [Pu(roy —v)F — APy(tvq —v)]V(v)dv| 5y



Symmetry 2023, 15, 928

7 of 12

@' (10)

= 258 (Rgio2) o o)) (B0 - KCB)] s
+25E||/ Pu(r02 = v)o(v, B(v))d

+/m1[ (r03 — 1) ml—v]a $))dv |2,
+25E||/ Pt — 1) p(v, B(v))dw(v)

Jr/m1 {pu w02 — v) Puml—v]p w )3

425E| [ Pa(tos — v)9N(v)dy

J101

e :pm ) Pa(ioy — u>]m<v>dvu%m

125E| / " Pa(w03 — 1) F — APy (10 — 1) oV (v)dv

oy

o
+/O " Pu(tos — v)F — APy (103 — v) — Pu(tor — v)F + APy (101 — v) |0V (v)dv|[2y.

From the compactness of ®(tv)(w > 0), the above inequality tends to zero as w, — tv5.
Thus, M,(B)(w) is continuous from the right in J. Additionally, for tv; = 0 and 1, € J,
we can prove that E||®(1v;) — ®(0)]|3;, — 0as vy — 0.

As aresult, {M(B)(w) : B € A} is equicontinuous.

S4: M, is completely continuous

We show that the set x(ww) = {®(v) : ® € M,(2,)} is relatively compactin E V v €
J, t>0.

Undoubtedly, x(0) is relatively compact in 2. Let 0 < o < a be fixed, 0 < < w; for
B e A.,, we define

TRA T /0"3*77 "ot — ) 0TI ()R (10) [Bg — K ()] dudy
]

b [ [T = ) ) (0 — ) o) — AR((0 — 1))V (v)dudy
]

FuR(y” / o / () R0 — )0 — ) F
—AR((r0 —v)"v —1"y)]eV (v)dvdv
+uX (1Y) / 17/ o — )", (0)R((v — v)%o — 7)) N (v)dvdy

+uR(g)) /m '7/ o — )51 (0)R (0 — 1) — 1)) (v, B())dvdw (v).
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Since X(yY)), 77 > Ois a compact operator. Hence, x7/(10) = {®"/(w) : 1 €
M () } is relatively compact in E. Furthermore, we have

E||®(w) — @ (w) |3y = sup w? IV E || (1w) — DV (1) ||
el

25u? 2(1-9)(1-u)
— - Supto
= 200 - w) iy

o ] N
X E|| ./0 ./0 v(to — u)s(lfu)flyufl\yu(v)N(Vuv)[%O _ /C(‘B)]dvdu”z
2(1-3)(1-u)

_ B sup w2
(51— ) e

E|| /m /mv(m — )30l uly ()R (100 [Bo — K (B)]dvdv|?
ltl—11 ]

+

N v
+25u? sup (1= 1-WE| /0 /Ojv(m — )", ()R (v — v) ) o (v, B(v))dvdv||?

el

12502 sup 21| / N / " o — 1) (0)R((10 — 1) 0)o (v, B(v) ) dodv]|
w—nJj

el

N v
+25u2 sup w213 (1-w g / /] v — V)41, (v)
o Jo

el

XR((0 =) v =) F = AR((0 = v)"v — 7))oV (v)dvdv|?

+25u? sup 2(1-S)(1-u E V)i,

gt e [ o

X[R((w = v) o = 7)) F — AR((v —v)"v = 1"))]eV(v)dvdv|*

12502 sup w2(1-3)(1-u EH/ / 10 — 1)1 (0)R((1v — v) o) (v)dudv|2
el

+25u2 sup w2(1-3)(1-u EH/ / Y1 ()R (10 — 1) 0)N(v)dvdy |2
el -y

2502 sup w2(1-3)(1-u EH/ / 10— )51 (0)R((v — 1) 0) (v, B (1)) dvdew(v) |2
el

12502 sup w2(1-3)(1-u EH/ / 10— 1)5 1 (0)R((v — v)40) (v, B(v) dvdw(v) |2 — 0,
el -7

asy —0t;—0".

Therefore, the set x(tv) is relatively compact in E. From the Arzela—Ascoli theorem and
Step 3, we can deduce that M, is completely continuous.

S5: M, has a closed graph.

Let B, — B, in M, ©, € M (B,), and ®, — O, in M. We will deduce that &, €
M (B.).

Actually, @, € M(B,) implies that 3a N,, € F(B,,) such that

@u) = Ro(0)[Bo— K(B)] + [ Pultw —v)orv, Bo(v))v
+/ w—v)F —APy(ro —v)]oV(v dv+/ w —v)MN,(v)dv (5)
+/ (v, By (1)) deo (v).
Fro (A1)-(A8), we can deduce that {IC(B,),0(-,Bn), M, (-, Bn) n>1 € E X E X
(~ E) x Lg is bounded. Hence, we obtain

(K(Bn), (-, Bn), N, 9, Bn)) = (K(Bx), 0 (-, B), Ns, 0+, B)) (6)

weakly in & x E x L%(J,E) x Le.
From the compactness of X(1v), (5), and (6), we obtain
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1o
Dy(to) — Rgu(w)[Bo — K(B.)] + /0 Pu(ro — 1) (v, B, (v))dv
o 1o
+/O [Pu(to — v)F — APy(10 — v)]oV (v)dv +/0 Pa(o — )R (0)dv (7)
o
+/O Pa(tvo — v)p(v, B (v))dw ().
Applying that ®, — P, in M and N, € F(B,). From (7) and Lemma 5, we obtain
N, € F(B.). Therefore, it can demonstrated that ®, € M (2,); then, M, has a closed
graph and M. is a completely continuous multi-valued map with compact value. Thus,
from [28], M, is upper semicontinuous.
S6: A priori estimate.
From S1-55, we found that M, is CCV and upper semicontinuous and M, (2Ay) is relatively

compact. By Theorem 1, it remains to demonstrated that
Y={BeM:¢BecM, ¢>1}isbounded. VB € ¥, Fa N € F(B) such that

B(w) = ¢ o) [Bo — K]+ [ Pl = v)a(v, B))dv
G (;m [Pa(to — ) — APy(ro — v)]oV(v)dv + ¢! /Om Pu(to — )0 (v)dv (8)
vt [ ® Palto — v)p(v, B))dw(v).
Applying the hypotheses (A1)-(A8), we obtain

E[B(w)|> < 25{E|[Rgu(w)[Bo— K(B)]|?
4—E||/0 Pu(m—v)a(v,%(v))dv||2+E||/0 [Pu(to —v)F — APy (o — v)]oV(v)dv|?

E| [ Pato —v)R@)dvl+EN [ Palio — v)o(v, B(0)do() P}

25H2a2(%71)(17u) ) ,
25112291 , .
2u—1)2(w) [(Cz + Tr(©)Cs) (1 + E[|B () [|*) + 9] 11 (3,r+) + CaE[B(10)]] ]
L PPl o) P I | + TH]
(2u = 1)I*(u)
<R+ §RZE||%(m)||2,
where
25112020~V (E|1%Bo |2 + C5) | 251!
8%] - { 1"2(%(1 _ u) + u) (211 — 1)1—-2(11) |:(C2 + TT(@)C3> + ||‘ﬁ|L1(3,R+)}

S 25117 |0l [ (Lo) P& M [||F || + IT7]
(2u —1)T2(u) ’
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and

R 25C5H2 2(3-1)(1—u) 25T1242u—1
2 T\ GO -wrw | u_Dr2w)

’ {1 L 25T o2 (Lo) [ Pa? ||| + T }
(2u — 1)I2(u) :

[(Cz + Tr(®)Cs) + C4zx} }

Since R, < 1, from (9), we obtain

19130 = Sulg’EIIm S (0) > < Ry + Ra | B3
e

Then, ||B ||%ﬁ < 1?562 , consequently, ¥ is bounded. By Theorem 1, M, has a fixed point.
Any fixed point of M, is a mild solution of (1) on J. Therefore, the inclusion system (1) is
exact null controllableon J. O

4. Application

We consider the stochastic partial differential inclusions with the HFD and Clarke
subdifferential via the nonlocal condition:

25
Dy B, ) € 22 (B, p)
+0.05¢B (1) 4 0.02sin(B (10, 1)) 2 1 3Y (1o, B(w, 1)), w € I = (0,1], € T (10)

(my):V(my) meg,ye@
118 B0, ) + X, a; B(voi, 1) = Bo(u), w €U,

25
where B(, y) denotes the temperature at the time v € J, Dj'® is the HFD of order

& = %, u= 6' 0 <mwg <ty <...< 1wy <1;0is an open subset of R and bounded
with w is a Brownian motion; and O is a sufficiently smooth boundary. The functions

B(w)(u) = B(w,u), 0.052H) = (w0, B(r,u)), 0.02sin(B (v, 1)) = p(ro, B(w, 1)),

and Y (v, B(w)) (4) = Y (1, B(r, ).

Suppose E=9=L1%(U), A=L*0D), 01 =, the identity operator, and F : Dom(F) C
Eis given by F = 22 with Dom(f) = {%B € &,B, 22 Gy are absolutely continuous,

%7%3 € L2(D)}.

Then, A can be written as

AB = i(—nz)(%,%n)%n, B c D(A),

n=1

where B, (s) = \/g sinuns, n = 1,2, ... is the orthonormal base set of eigenvectors of A.
Moreover, for B € & we have

ST
N()B =) e (B, B,)B,.
n=1

Clearly, A generates a compact semigroup {R(i) },,>0 on E. Now, (10) can be written in
the abstract form of(1), and all of the assumptions of Theorem 2 are verified and

2(SA—w+u) | Qu-1)2(u)

25 2 L —1(12,2u—1 2H2 HZ
x{1+ lelPlI(o) " Pa I PTP + 1] | _

25Cs M242(S-1)(1-u) 25T1242u—1
{ 2 {(Cz +Tr(0)C) + CM}

(2u — 1)I2(u)
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Thus, (10) is null controllable on (0, 1].

5. Conclusions

The fractional calculus has many diverse and potential applications in all areas of
science and engineering. A new control model is presented with the HFD including the
continuous stochastic noises and generalized gradient of Clarke’s subdifferential. In this
paper, we investigated the null boundary controllability of SEI with the HFD and Clarke
subdifferential via nonlocal conditions. Our results were obtained with the aid of non-
smooth analysis, fractional calculus, the Clarke subdifferential, stochastic analysis, and
fixed-point theorems. Finally, an example was provided to illustrate the developed the-
oretical results. This helps to establish the results numerically with simulation, and one
can give an application in the numerical null controllability using the developed result.
In the future, we will study the optimal control problem for the Hilfer fractional stochastic
differential inclusions with Sobolev-type and Poisson jumps.
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