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Abstract: Based upon the Pascal distribution series ;”X’Y(g ) =0+ ):+1 (]7—;2) [14+AG—1)]g !
j=m
(1- q)rajCj , we can obtain a set of fuzzy differential subordinations in this investigation. We also

newly obtain class Pf;, " (17) of univalent analytic functions defined by the operator \; ;/r\n, give certain

properties for the class Pg " (1) and also obtain some applications connected with a special case for
the operator. New research directions can be taken on fuzzy differential subordinations associated
with symmetry operators.
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1. Introduction

Let H,, (@) represent the class of holomorphic and univalent functions on @ such
that @C C and let H(w@) denote the class of holomorphic functions on @. The class of
holomorphic functions in the open unit disk of the complex plane A = {{ € C: |{| < 1} is
denoted in this study by a note H(A), with B, = {¢ € C : || = 1} standing as the unit
disk’s boundary. For m € N = {1, 2, ...}, we define

Hm[v]z{YE’H(A): Y(C) =7+ i a; 7, CeA},

j=m+1

Am:{YE’H(A): Y(Q) =7+ i a; geA} with A; = A, )

j=m+1
and
S ={Y € A;; : Yis aunivalent function in A}.
We denote by
()
C=<YeAd,: R|1+Z >0,€Ay,
{ " ( Y'(0)

which is the set of convex functions on A.
Let Y; and Y3 be analytic in A. Then Y; is subordinate to Y, written as Y; < Y» if
there exists a Schwarz function ¢, which is analytic in A with ¢(0) = 0 and |¢()| < 1
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for all { € A such that Y1({) = Y2(¢(Q)). Furthermore, if the function Y; is univalent in A,
then we have the following equivalence (see [1,2]):

Y1(8) < Y2() < Y1(0) = Y2(0) and Y1 (A) C Y2(A).

In order to introduce the notion of fuzzy differential subordination, we use the follow-
ing definitions and propositions:

Definition 1 ([3]). Assume that T # @ is a Fuzzy subset and F : T — [0,1] is an application.
A pair of (A, Fp), where Fp : T — [0,1], and

R={xeT:0<Fa(x) <1} =sup(A,Fp),
a fuzzy subset. The fuzzy set (A, Fp) is called a function Fu.

Let Y, g € H(w@) be denoted by

Y(@) = {Y(@): 0< Fyo)Y(§) €1, ¢ €@ = sup(Y(@), Fy(a) ), @

and

(@) = {8(5) P 0< Fe8(0) <1, 0 € w} = SuP(g(w),fg(@)). 3)

Proposition 1 ([4]). (i) If (B, Fg) = (U, Fy), then we have B = U, where B = sup(B, Fj)
and U = sup(U, Fy); (ii) if (B, F) C (U, Fyy), then we have B C U, where B = sup(B, Fp)
and U = sup(U, Fy;).

Definition 2 ([4]). Let o € @ be a fixed point and let the functions Y, g € H (). The function
Y is said to be fuzzy subordinate to g, and we write Y <x g or Y({) <r §({), which satisfies the
following conditions:

i) Y(Go) = g(Go);
(i) Fy)Y(§) < Fg)8(0), ¢ € @.

Proposition 2 ([4]). Assume that {y € w is a fixed point and the functions Y,g € H(w).
IfY(Z) <7 8(0), § € w, then

(i) Y(Zo) = 8(%0)
(i) Y(w) Cg(w), Fyw)Y(0) < Fyw)8(d) ¢ €w,
where Y(w) and g(w) are defined by (2) and (3), respectively.

Definition 3 ([5]). Assume that h € S and ® : C3 x A — C, ®(a,0,0;0) = h(0) = a.
If p satisfies the requirements of the second-order fuzzy differential subordination and is analytic
in A, with p(0) = «,

Foeay®(P(0), 80 (2),8%0"(©):¢) < Fua)h(@). )

If q is a fuzzy dominant of the fuzzy differential subordination solutions, then p is said to be a
fuzzy solution of the fuzzy differential subordination and satisfies

fp(A)p(g) < Fq(A)q(g)f Le., p(C) =F Q(g), CeEAN,
for each and every p satisfying (4).
Definition 4. A fuzzy dominant g that satisfies

Fand(Q) < Fyaya(2),
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then
q(8) <7 4(0), LA
The fuzzy best dominant of (4) is referred to for all fuzzy dominants.

Assume the function Q) € A, is given by
Q@) =0+ Y i en
j=m+1
The Hadamard (or convolution) product of Y and () is defined as
(Y+Q)(Q) =0+ Y aid, (€A
j=m+1

A variable x is said to have the Pascal distribution if it takes the values 0,1,2,3, ...
r 2 r 3 r
with the probabilities (1 —g)", qr(lﬁq) 1 r(ﬂr;)!(l_q) 1 Y(VH)(;”Z)U_‘” , ..., respectively,
where g and r are called the parameters, and thus we have the probability formula

P(X =k) = ("I"71gk(1 —q)", k € Ny = NU{0}.

Now we present a power series whose coefficients are Pascal distribution
probabilities, i.e.,

Q) =0+ Y (7AHd -9 g, en,

j=m+1
(meN,r>1,0<g<1).

We easily determine from the ratio test that the radius of convergence of the above
I 1
power series is at least — > 1; hence, Qg,m c Ay

We define the functions

M) = (1= M)Q(C) + Az (QZ,m(C))/

= o+ 3 (A u G- a-ard e n,
(meN,r>1,0<g<1, A>0).

El-Deeb and Bulboaci [6] introduced the linear operator N/ qr s Ay = Ay defined by
NIEN(Z) = MIR(D) * Y()

= ¢+ Y (jj:i?)[lwt(j—l)}q"1(1—q)r”f€jf§€/\'
j=m+1

(meN, r>1,0<g<1,A>0),
where Y is given by (1), and the symbol “+” stands for the Hadamard (or convolution) product.

Remark 1. (i) For m = 1, the operator N ;/'\" reduces to I, , := N, ;’)1\,
El-Deeb et al. [7]; (ii) for m = 1 and A = 0, the operator Qg reduces to Qg = N1 introduced

9.0
and studied by El-Deeb et al. [7].

introduced and studied by



Symmetry 2023, 15, 1589

40f9

Using the operator J\/qr ';”, we create a class of analytical functions and derive several
fuzzy differential subordinations for this class.

Definition 5. If the function Y € A belongs to the class P;Xm (n) forall y € [0,1) and satisfies
the inequality

!

F(N"”’Y)/(A) (N;T Y(g)) >, (EEA).
qA

2. Preliminary

The following lemmas are needed to show our results.

g "
Lemma 1 ([2]). Assume that [ € Aand G({) = %fF(t)dt, {eNIf 3?{14_ glfl(éé))}
0

>S5, T e A thenG €C.

Lemma 2 (Theorem 2.6 in [8]). If F is a convex function such that F (0) = v, v € C* = C\{0}
with R(v) > 0. If p € Hu|7] such that p(0) = v, ® : C2x A — C, @(p(@),@p,(g);g)
= p(Q) + L¢p'(Q) is an analytic function in A and

Faicean (PO + 580 (@) < Fuh@) = p(@)+ 108 ©) <2 1), T A
then
Foayp (&) < Fpa)a(Q) < Frayh() — p(0) <7 4q(0), €A,
where

¢
9(g) = 27 /w(f)t%’ldt, €A
0

m

The function q is convex, and it is the fuzzy best dominant.

Lemma 3 (Theorem 2.7 in [8]). Let g be a convex function in A and F (Z) = g(Z) + m vZg (2),
where { € A, m € Nand v > 0, if

p(6) = 8(0) + pum O + pmsa T+ € H(A),
and
Fo (P@ +980 (@) < Fyay$Q) = p(@) +120 () <7 $(0), T € A
Then
Fomy(PQ)) < Fymg@) — p(0) <7 8(0), €A

This result is sharp.

We define the fuzzy differential subordination general theory and its applications
(see [9-13]). The method of fuzzy differential subordination is applied in the next section
to obtain a set of fuzzy differential subordinations related to the operator /\/qr .

3. Main Results

Assume thaty € [0,1),m e N, r>1,0<g <1, A > 0and { € A are mentioned
throughout this paper.
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Theorem 1. Let k belong to C in A, and h({) = k() + plﬁgk’(g). IfY € Pg;m(lj) and

9(0) =7v(@) = 215 / o ©

then

! !

F(N;,X,ﬂf(A)(N;,';”Y(é)) <SFwh@ — (M) <F @), 6)
implies

F o) W WiR9@) SEwk@ = (MR9@) <7 ke):

Proof. Since
¢

2rG(@Q) = (o +2)/tPY(t)dt,

0

by differentiating, we obtain

(0 +1)G(0) +2G (2) = (p +2)Y(Q),

and
I

(0 + DNTTGQ) + T (NFTG(D) = (o +2NITY(D), 7)
and also, by differentiating (7), we obtain

"

(N26) + gt (Viro©) = (Wirvo). ®

The fuzzy differential subordination (6) technique is used

o ((5590) + g0 )

Funy (O + 550K ©) ©)
We denote
7(0) = (A719(0)) , so q € Hln) (10)

Putting (10) in (9), we have

1 / 1 /
Fm o100+ g ©) < Fun (KO + @) an

Using Lemma (3), we obtain

Fyn)q(8) < Fyayk(Q),  ie. N;,’TQ(CD < Fyayk(2),

F /
(M76@) <A)<

!

and therefore, (N qy 1G(C )) <7 k(Z),where k is the fuzzy best dominant. [
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Putting m = 1 and A = 0 in Theorem 1, we obtain the following example since the
operator Qj reduces to Q} := N, I;"g.

Example 1. Let k be an element of C in A and h({) = k({) + plﬁgk’(g). IfY € PqF)r\m(;y) and
G is given by (5), then

! !

Flapn) o (@Y@) S Bah@) = (@) << 1)

implies
/ /!

F gy (G90) SRuk@  — (@) <r k)

Theorem 2. Assume that h({) = %, n €10,1), A > 0and ZP is given by (5), then
7 [PET" ()] < PLY ), (12)
where
. 1 to+2
" —217—1+(p+2)(2—217)0/t+1dt. (13)

Proof. A function & belongs to C, and we obtain from the hypothesis of Theorem 2 using
the same technique as that in the proof of Theorem 1 that

1
(0+2)
where g() is defined in (10). By using Lemma 2, we obtain

Fyn)49(8) < Fayk(Q) < Fyayh(8),

) (10 + 580 ©)) < Buayhi@),

which implies

!

F ey (N729(0)) < Fak(@) < Fyayh(©),

where

¢
_ P+2/ pr11+ (27 — 1)t
Ko = [ S

(0+2)(2—27) ;o
gr+2 / 1+t

= (27-1)+ dt € C,

where k(A) is symmetric with respect to the real axis, so we have

F N;,’TQ(C)) > minFya)k(§) = Fyayk(1), (14)

(N;;;’g),(/x) < g[=1
1 tp+2

and " = k(1) =2 =1+ (0 +2)(2 = 27) [ 7o7dt. O
0
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Theorem 3. Assume that k belongs to C in A, that k(0) = 1, and that h({) = k(Z) + k' (7).
When'Y € A and the fuzzy differential subordination is satisfied,

!

) (MAN@) <Fah(@) =~ (MANQ@) <#h@),  (5)
holds, then
NAY(D) NVY(D)
FN;/’;”Y(A)% < Fnk(Q) — 7%2 < F k(0). (16)
Proof. Let
r,m y jtr2 14+A>G =D~ Y1 —g)a;0d
o NIY(D) _“],:%H(H JL+AG =Dl (1 —q) a8
s T T ;
©  fiip_2 . ‘
=1+ ¥ (T ueaG- gt a-gr e,
j=m+1

and we obtain that

10 +8© = (NIY©),

SO

!

(Arrv) (a) (A7AY(@) < Fuah(@)

F
implies
Fya) (q(C) +2q (@)) < Fyah(§) = Fya (k(é) + €k,(€))-

Using the Lemma 3, we obtain

ATIY(E)
Fyn)4(8) < Fyayk(Q) — FN%”Y(A)? < Fa)k(0),

and we obtain
NIY(Q)

7 =<7 k(Z)-

O

Theorem 4. Consider h € H(A), which satisfies 3?(1 + g:/(g)) > L when h(0) = 1. If the

fuzzy differential subordination

/

P @ (MY(©) <Eah@) = (MY(©) <£ k@), (17)
then
Nr'mY(C) Nr,mY(g)
FN;,'X'Y(A)%SFk(A)k(g) ie. % <r k(Q), (18)

where

1 4
@) = JGL
0

the function k is convex, and it is the fuzzy best dominant.
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Proof. Let

Y (0) o0 i, '
q(¢) = % =1+ almil]lq]w_l”j% 771, g€ H1),
]: 7,

where R (1 + ch (C)> > %1 From Lemma 1, we have

¢
k() = /h(t)dt e
0

| =

belongs to the class C, which satisfies the fuzzy differential subordination (17). Since

k(Q) + 2k (¢) = h(Q),

it is the fuzzy best dominant. We have

!/

9(0) +20'(@) = (MY @)
then (17) becomes
Fya) (‘1(@) + @4(@)) < By a)h(9)-

By using Lemma 3, we obtain

. NZAY(2)
Fya)q(8) < Fyayk(Q), ie. FNMY(A)T < Fya)k(0),
then
NI
a7 © =<F k(Z)-
4
O

Putting h({) = % in Theorem 4. As a result, we have the following corollary:

Corollary 1. Let h = % be a convex function in A, with h(0) =1,0< < 1.IfYe A
and verifies the fuzzy differential subordination

E (Aq"A”Y(g)),gph(A><H(2”_1)§>, ie. (N7IY(@) <x (1+<2—1>é>

(N7 () 1+¢ 1+¢
then
NY(Q)
FN{;;"Y(A)% < Fya)k(0), (19)
then
NTY
M XO o,
g
where
k() =20—1+ 2(1-v) In(1+7),

the function k is convex and it is the fuzzy best dominant.

Putting m = 1 and A = 0 in Corollary 1, we obtain the following example.
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Example 2. Let h = % be a convex function in A, withh(0) =1,0<p<1LIffe A
and verifies the fuzzy differential subordination

F(ng)'(/\) (QSY(O)/ < Fy(a) (1+(2u—1)§) ie. (ng(g))/ <5 <1+(20—1)C)

1+7 1+¢
then
QY QY
FQZIY(A)qC(g) < Fak(Q) e qg(g) <r k(2), (20)
where
k) =20—14 2= 1040,

4. Conclusions

All of the above results provide information about fuzzy differential subordinations
for the operator Vj'Y'; we also provide certain properties for the class P;’;\’m () of univalent
analytic functions. Using these classes and operators, we can create some simple applications.
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