symmetry MoPY

Article

Neutrosophic 91-Structures in Semimodules over Semirings

Ghulam Muhiuddin'*(, Nabilah Abughazalah 2(%, Balasubramanian Elavarasan 3", Kasi Porselvi 3

and Deena Al-Kadi 4

check for
updates

Citation: Muhiuddin, G.;
Abughazalah, N.; Elavarasan, B.;
Porselvi, K.; Al-Kadi, D.
Neutrosophic DM-Structures in
Semimodules over Semirings.
Symmetry 2024, 16, 41. https://
doi.org/10.3390/sym16010041

Academic Editors: Ferdinando Di

Martino and Salvatore Sessa

Received: 20 October 2023
Revised: 14 December 2023
Accepted: 18 December 2023
Published: 28 December 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 Department of Mathematics, University of Tabuk, P.O. Box-741, Tabuk 71491, Saudi Arabia

Department of Mathematical Sciences, College of Science, Princess Nourah bint Abdulrahman University,
P.O. Box 84428, Riyadh 11671, Saudi Arabia; nhabughazala@pnu.edu.sa

Department of Mathematics, Karunya Institute of Technology and Sciences, Coimbatore 641 114, India;
elavarasan@karunya.edu (B.E.); porselvi@karunya.edu (K.P.)

Department of Mathematics and Statistics, College of Science, Taif University, P. O. Box 11099,

Taif 21944, Saudi Arabia; d.alkadi@tu.edu.sa

*  Correspondence: gmuhiuddin@ut.edu.sa

Abstract: The study of symmetry is a fascinating and unifying subject that connects various areas of
mathematics in the twenty-first century. Algebraic structures offer a framework for comprehending
the symmetries of geometric objects in pure mathematics. This paper introduces new concepts in
algebraic structures, concentrating on semimodules over semirings and analysing the neutrosophic
structure in this context. We explore the properties of neutrosophic subsemimodules and neutrosophic
ideals after defining them. We discuss, utilizing neutrosophic products, the representations of
neutrosophic ideals and subsemimodules, as well as the relationship between neutrosophic products
and intersections. Finally, we derive equivalent criteria in terms of neutrosophic structures for a
semiring to be fully idempotent.
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1. Introduction

The exploration of symmetry is a foundational and captivating topic that unites
various disciplines in contemporary mathematics. Algebraic structures provide valuable
tools in pure mathematics for understanding the symmetries of geometric objects. For
instance, in ring theory, homomorphisms are essential functions that preserve the ring
operation. These functions are crucial for studying the symmetries within the context of
ring theory. Additionally, the theory of groups, another significant algebraic structure,
offers a comprehensive framework for exploring symmetry. Using group theory, various
types of symmetries can be examined and analysed. As a result, group theory has become
widely employed as an algebraic tool for understanding and characterizing symmetries
in diverse contexts. Semirings play an important role in computer science as well as in
mathematics. It is advantageous to characterise a ring’s properties using modules over
the ring. Consequently, semimodules over semirings are common as a generalisation of
modules over rings (see [1-4]).

In 1965, Zadeh [5] pioneered the notion of fuzzy sets and their characteristics; since
then, a wide range of fields involving uncertainty have made extensive use of fuzzy sets
and fuzzy logic, including robotics, machine learning, computer engineering, control theory,
business administration, and operational science. However, it has been noted that some
situations are still not covered by fuzzy sets, so the idea of interval-valued fuzzy sets was
developed in order to capture those situations. While fuzzy set theory is incredibly effective
at managing uncertainties resulting from an element’s vagueness within a set, it is unable
to capture all types of uncertainties found in various real-world physical problems, such as
those involving incomplete information.
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In [6], Altassan et al. defined the concept of a w-fuzzy set, w-fuzzy subring, and w-
fuzzy ideal, where they also looked into various fundamental outcomes of this phenomenon.
Furthermore, they developed a quotient ring with respect to this specific fuzzy ideal
analogue to the classical quotient ring and proposed the idea of a w-fuzzy coset. They also
established a w-fuzzy homomorphism between a w-fuzzy subring of the quotient ring and
a w-fuzzy subring of this ring, and they proved some additional basic theorems of w-fuzzy
homomorphism for these particular fuzzy subrings. Additionally, they described w-fuzzy
homomorphism and w-fuzzy isomorphism. Numerous authors have investigated fuzzy
logic in a number of different structures (see [7-9]).

In [10], Atanassov created intuitionistic fuzzy sets (IFS), a further generalisation of the
fuzzy set. Each element in IFS has a non-membership grade attached to it in addition to
a membership grade. Additionally, the total of these two grades cannot be greater than
or equal to unity. When there is insufficient data available to define imprecision using
traditional fuzzy sets, the idea of IFS can be seen as a suitable or alternative approach.

To address the ubiquitous uncertainty, Smarandache [11] proposed neutrosophic
sets. In addition to fuzzy sets, they also generalise intuitionistic fuzzy sets. The three
characteristics of neutrosophic sets are truth(T) membership functions, falsity(F), and
indeterminacy(I). These sets can be used to address the complexities brought about by
ambiguous information in a wide range of applications. A neutrosophic set can distinguish
between absolute and relative membership functions. Smarandache used these sets for
non-traditional analyses such as control theory, decision-making theory, sports decisions
(winning/defeating/tie), etc.

In [12], Khan et al. investigated several characteristics of the e-neutrosophic 91-
subsemigroup as well as the neutrosophic 9-subsemigroup in a semigroup. In [13], B.
Elavarasan et al. investigated various properties of neutrosophic -ideals in semigroups.
In [14], Muhiuddin et al. defined neutrosophic 9i-ideals and neutrosophic 91-interior ideals
in ordered semigroups and studied their properties. They also used neutrosophic 9-ideals
and neutrosophic M-interior ideals to describe ordered semigroups.

In [15], Karaaslan obtained some information pertaining to the determinant and adjoint
of the interval-valued neutrosophic matrices by defining the determinant and adjoint of
interval-valued neutrosophic (IVN) matrices based on the permanent function. In [16], Jun
et al. introduced the notion of neutrosophic quadruple BCK/BCI-numbers and studied
neutrosophic quadruple BCK/BCl-algebras. In [17], Muhiuddin et al. continued this work
by coming up with the idea of implicative neutrosophic quadruple BCK-algebras and
looking into some of their properties. In [18], Nagarajan et al. described a way to find
the correlation coefficient of neutrosophic sets, which tells us how strong the connections
are between variables based on neutrosophic sets. They also talked about the multiple
regression method in the context of neutrosophic sets.

In this paper, we investigate neutrosophic structures in semiring modules, the con-
cept of neutrosophic 9t-subsemimodules, and neutrosophic -ideals over semirings, and
establish their various properties. In addition, we investigate the concept of neutrosophic
right t-pure ideals in semirings and the relations between neutrosophic t-pure ideals and
neutrosophic M-submodules in semirings. Moreover, we obtain equivalent statements for a
semiring that is fully idempotent.

2. Preliminary Definitions of Semirings

In this section, we summarize the preliminary definitions of semirings that are required
later in this paper.

Definition 1 ([1]). Let R(# @), “ + " and “ - ” be two binary operations defined on R. Then R
is called a semiring if it satisfies the below requirements:

(i) (R,+) and (R,-) are commutative semigroups with identity elements 0 and 1(# 0),
respectively.
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(i) jr - (y1+d1) = j1-y1+j1-dyand (1 +y1) -dv = j1 -di +y1 - di, Vi, y1,di € R
(ii)) Vd1 € R,0-d1 =d1-0=0.

Obviously, a ring is a semiring, where each element has an additive inverse. A module
over a ring is a vector space over a field generalisation where the corresponding scalars are
components of a ring that were selected at random (with identity) and the elements of the
modules and rings are multiplied (on the right and/or on the left).

Definition 2 ([1]). Let (R, +,-) be a semiring. A non-empty set Q is called a right R-semimodule
over R if the following are satisfied:

(i) (O, +) is a commutative semigroup with an identity element 0, For any mq, my € Q and
Uy, Uy € 'R,

(ii)) my - up € Q,

(iii) (mq 4+ mp) - uy = my - Uy + my - ug,

(iv) my - (ug + up) = mq - uy +my - Uy,

() my - (uy - up) = (mq - uy) - ua,

(vi) my -1 =my,

(vii)0-u; =mq-0=0.

It is denoted by Og.

A left R-semimodule z O can be defined in a similar manner. It is obvious that each
semiring R is a right (left) R semimodule over itself.

Hereafter, a semiring can be represented by R, O denotes a right R-semimodule over
R, and the power set of a set 4 can be expressed as & (A).

Definition 3 ([1]). Let @ be a right R-semimodule and C € 22(Q). Then C is termed as a
subsemimodule of O if sy + zg € C and soly € C Vsp,zg € Cand Iy € R.

Naturally, C has evolved into its own R-module, with the same addition and scalar
multiplication as Q. Clearly, a ring is a semiring, so a left module over a ring R is a left
semimodule over R.

Definition 4. Let C € Z(R).If C of Rr( rR) is a subsemimodule, then C is termed as a right
(left) ideal of R.
If C of R is both a right and a left ideal, then it is described as an ideal of R.

Definition 5. If by € R satisfies by + by = by, it is known as an additive idempotent.
If each element by of R satisfies by 4+ by = by, then R is described as an idempotent semiring.

3. Preliminary Definitions and Results of Neutrosophic 91-Structure

This portions outlines the basic ideas of neutrosophic 91-structures of O, which are
essential for the sequel.

Aset Q(# @), F(Q,I7) is the family of functions with negative values from a set Q
tol~. An element k; € F(Q,I7) is known as a 9-function on Q and 9-structure denotes
(Q,kp) of X, where I~ = [—1,0].

Definition 6 ([12]). For aset Q(# @), a neutrosophic M- structure of Q is described as below:

Q9 _ v _
QM T (TMrIM/FM) - {(TM(UO)JM(%O)/FM(UU)) 200 € Q}/

where Ty; means the negative truth membership function on Q, Iy means the negative inde-
terminacy membership function on Q, and Fy; means the negative falsity membership function

on Q.

Remark 1. Qy satisfies the requirement —3 < Tpg(by) + Ip(b1) + Far(b1) < 0Vby € Q.
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Definition 7 ([12]). Let Q(# ©@). For any Qj := % and Qp = (

Q
Tave IvEm)’

(i) Qu is defined as a neutrosophic MN-substructure of Qj, represented by Q; € Quy, if it fulfils
the below criteria: for any zo € Q,

Tj(zo) > Tm(20), Ij(z0) < Im(zo), Fy(zo) > Fm(zo)-

If Qr € Qmand Qum € Qy, then Qr = Q.
(i1) The intersection and union of Qy and Q) are neutrosophic N-structures over Q and are
defined as follows:

(@) QN Qm = Qjrm = (Q Tyam, Ljnm, Fynm), where

(Ty N Tym) (ho) =Tjnm(ho) = Ty(ho) V Tam(ho),
(I; N Inm) (ho) =Ijnm(ho) = Ij(ho) A Im(ho),
(P] N FM)(hO) :F]ﬂM(hO) = F](l’lo) V FM(hO) fOT’ any ho S Q

(b) Qr U Qm = Qyuym = (Q: Tjum, Ljum, Frum), where

(Ty U Tm) (yo) =Tjum(yo) = Tj(yo) A Tm(yo),
(I; U Inm)(yo) =Lum(vo) = I1(yo) V Im(vo),
(Fy U Fm)(vo0) =Fjum(yo) = F(vo) A Fm(yo) for any yo € Q.

Definition 8. For V C Q # @, consider the neutrosophic M-structure

_ 0
xv(QD) = o Tym oy (Bl

where, for any rg € Q,

_ -1 if?‘()EV

Tp:Q—=1",r—
xv(T)p: Q 0 {0 FrodV,
_ 0 ifroGV

Dp:0—=17, rg—
xv(l)p:Q 0 {_1 T
-1 ifT()EV

Fip:Q—17,ry—
xv(F)p:Q 0 {0 Frod v,

which is described as the characteristic neutrosophic MN-structure of V over Q.

Definition 9 ([12]). For a nonempty set Q, let QN := m
0+ ¢ +v < 0. Consider the following sets:

TII\% = {Cl S Q | TN(C1) < 19}, I;\D] = {C1 S Q ‘ IN(C1) > gD},FII\/] = {C1 S Q|FN(C1) < 1/}.
Then the set Qn (8, ¢,v) = {c1 € Q|Tn(c1) < 8,In(c1) > ¢, En(c1) < v} is known as a
(8, ¢, v)-level set of Qn. Note that Qn (9, ¢,v) = TS NI NFL.

and 8, ¢,v € I~ with =3 <

. age L O L
Definition 10. Let Qg := T FD and Qp :=
Then:

(i) The neutrosophic MN-sum of Og and Op is described as a neutrosophic N-structure of O,
@K@@)p::$ { = ) ‘UOG@ },where

(TeerIxirFrep) U (Tx+p(00).Ix1p(00) Fxrp(v0

% be neutrosophic M-structures in Q.
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/\ {TK(S()) \ Tp(Co)} Zf dsg,co € O : vy =59+ ¢
(TK + Tp)(vo) = TK+p(vo) = ¢ vg=sp+co
0 otherwise,

\/ {IK(S())/\IP(C())} if dsp,c0 € O : vy =s9+¢g
(Ixk + Ip)(v0) = Ix4p(vo) = { vo=so+co
-1 otherwise,

N {Fx(s0) V Fp(co)} if 3so,co € O : vg =s0+cp
(FK + Fp)(vo) = FK+p(UO) = < vp=s0+¢
0 otherwise.

L)
Tic+p(v0),Ix+-p (v0) Fr+p (vo
(Tr+p(v0), Ik+p(v0), Fxyp(00))-

(ii) The neutrosophic N-product of Qg and (O)p is described to be a neutrosophic M-structure of

0, Og © Op := |k6©},where

For vy € Q, the element 0 5 is simply denoted by (Og & Op)(vg) =

()
(Tkor Ikop,Fkop) ~— { (Tkop (K), IKoP(k) Fop(k))

N ATk(s) VTp(t)} ifIscO,teR : k=st
(Tx o Tp) (k) = Trop(k) = { k=st
0 otherwise,

\/{IK A Ip(t } if3s€Q,teR : k=st
(Ix o Ip) (k) = Igxop(k) = { k=st
-1 otherwise,
/\{FK \/Fp )} ifE'SG@,tERIk:St
(Fg o Fp)(k) = Fxop(k) = { k=st
0 otherwise.
For k € Q, the element (TKoP(k)rIKolkj(k)/FKoP(k)) is simply denoted by (Ox ® Op)(k) =

(TKOP(k)r Ixop (k)r FKOP (k))

4. Main Results

The neutrosophic MN-subsemimodule is defined and its various properties are examined
in this section. Additionally, we define and examine the notion of neutrosophic right ¢t-pure
ideals in semirings as well as the connections between neutrosophic t-pure ideals and
neutrosophic 91-submodules in semirings.

Definition 11. A neutrosophic M-structure Oy := %
N-subsemimodule of O if it satisfies the following:
Tn(yo + fo) < Tn(yo) vV Tn(fo)
(i) (Yo, fo € 0) ( IN(yo + fo) = In(yo) A In(fo) )
Fn(yo + fo) < En(vo) V Fn(fo)
( Tn (koso) < Tn(ko) )
(i1) (V ko € O;s9 € R) IN(kOSO) > IN(kO)
Fy(koso) < Fn(ko)

of O is defined as a neutrosophic

It is clear that, for any neutrosophic N-subsemimodule Oy of O, we obtain
Tn(0) < Tm(l)

(VeO)| IN0)>1Ipm(1) ).
Fn(0) < Fm(I)

IN IV |/\
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Definition 12. If Ry, a neutrosophic N-structure of R, is a neutrosophic MN-subsemimodule of a
right R-semimodule R, then Ry is referred to as a neutrosophic N-right ideal of R.

If Ry is a neutrosophic N-subsemimodule of a left R-semimodule g'R, then Ry is referred as
a neutrosophic N-left ideal of R.

RN of R is defined as a neutrosophic N-ideal if it is both a neutrosophic N-right and a
neutrosophic N-left ideal of R.

Example 1. Let O be the set of all non-zero negative integers. Then, with respect to usual addition
“+ 7 and multiplication “ x ", (0, +) is a commutative semigroup with an identity element 0 and
(O, +, %) and (20, +, *) are semirings. Clearly, O is a right 20-semimodule over 20 and Q is a

right Q-semimodule over Q. Define a neutrosophic M- structure Oy := %, where, for any
vo €0,

Tn(yo) = Fn(vo) = {_1 i yo=0. In(yo) = {0 if yo=0

-1+ % otherwise’ —% otherwise.

It is then easy to verify that Oy is a neutrosophic 20-subsemimodule of O and Oy is a
neutrosophic Qyp ideal of O.

Theorem 1. Let Oy := % Then the following criteria are equivalent:
(i) For any o, A,v € I7, On(0, A, v) (5 ¢) is a subsemimodule of O;

(ii) On of O is a neutrosophic N-subsemimodule.

Proof. (i) = (ii) Let ¢,z € Q. Then Tx(c) = g1, Fn(c) = r1,In(c) = t and Tn(z) =
g2, EN(2) = 12, In(2) = 5, for some g1, o, 11, t2, 71,172 € 1.

If g = max{q1,92};t = min{ty, t,} and r = max{ry,ry}, then Tx(c) < q,In(c) >
t,Fn(c) < rand Tn(z) < q,In(z) > t,Fn(z) < 1,s0c¢,z € On(g,t,1). Since On(q,t,7)
is a subsemimodule of O, we obtain ¢ + z € Qn(qg, t,7), which implies Ty(c +2z) < g =

Tn(c) VIN(z), IN(c+2) >t =1INn(c) NIN(z), FN(c+2z) <t = Fy(c) V Ex(2).

In addition, for r € R, we have cr € On(q1,t1,71), which implies Ty(cr) < g1 =
Tn(c), In(cr) > 11 = In(c),Fn(cr) > r1 = Fy(c). Therefore, Oy is a neutrosophic 91-
subsemimodule of O.

(ii) = (i) For o,A,v € I, letg,z € On(0,A,v). Then, Tny(g+2) < Tn(9) V Tn(z) <
0,; IN(g+z) > IN(q) Nn(z) > Aand Fy(g+2) < Fn(g) V Ex(z) < v, which imply
g+z € On(0,Av).

In addition, for r € R, Tn(qr) < Tn(q) < o, IN(qr) > In(g) > A, and Fy(gqr) <
Fx(q) < vimply thatqr € On(o, A, v). Therefore, Oy (0, A, v) is a subsemimodule of 0. [

Remark 2. Based on the equivalent conditions of the above Theorem 1, we have the following
succeeding Corollary as an outcome of Theorem 1.

Corollary 1. For @ # ID C O, a neutrosophic M- structure Dy :=
as below: For g1,11,w1,t1,51,v1 €17,

i eh wp i eD s1 1 eD
Tn(yo) 1= { &' e, In(yo) =14 ' fweD, Fy(yo) := 24 ! f e
ly  otherwise t1  otherwise, v1  otherwise,

(TN}.#N) of D is characterized

where g1 < l; w1 > ty and s1 < vy in 17, the listed below statements are equivalent:
(i) D of O is a subsemimodule;
(ii) Dy is a neutrosophic N-subsemimodule of O.

Proof. (i) = (ii) For yo,fo € O;sp € R. If yo+ fo € D, then Tn(yo+ fo) = &1 <

Tn (o) V Tn(fo), In(yo + fo) = w1 > In(yo) A In(fo), Fn(yo + fo) = s1 < En(vo) V Fn(fo)-
Otherwise, yo + fo ¢ D. Then, yy ¢ D or fy ¢ D, which implies Ty(yo + fo) = 1 =



Symmetry 2024, 16, 41

7 of 16

Tn(yo) V Tn(fo) In(yo + fo) = 1 = In(yo) A IN(fo), En(yo + fo) = o1 = Fn(yo) V
FN(fO)- For sy € R, if Yoso € D, then TN(yOSO) =% < TN(yo),IN(y()S()) = W] >
IN(y0), Fn(yoso) = s1 < Fn(yo). Otherwise, ypsp ¢ D. Then, yo ¢ D, which implies
Tn(yoso) =11 = Tn(yo), In(yoso) = t1 = In(¥0), Fn(yoso) = v1 = Fn(yo). Therefore, Dy
is a neutrosophic M-subsemimodule of O.

(ii) = (i) If Dy is a neutrosophic 9t-subsemimodule of O, then, by Theorem 1,
Dn(g1,w1,51) = Dis a subsemimodule of O. O

Remark 3. Ifwe take g1 =ty =s1 = —land |y = wy = vy = 0in Corollary 1, then we obtain
the following Corollary:

Corollary 2. For @ # K C Qand Oy := (TN}#FN)’ the listed below statements are equivalent:

(i) xx (On) of O is a neutrosophic N-subsemimodule;
(ii) K of O is a subsemimodule.

Next, we prove the following result:
L (0} e [0)
Theorem 2. Let Ok = TolcE) and Qp := Toln )

If Ok and Op are neutrosophic N-subsemimodules of O, then Qg @ Op is also a neutrosophic
N-subsemimodule of O.

be neutrosophic M-structures in O.

Proof. Letz, x € Q. Then, for d, d/,q, q/ € O, we have

Txp(x) V Tk p(z) = [ N A{T(d) Vv Tp(q ] [ A {Tx(@d) VvV Te(g)}

x=d+q z=d' +¢'

= A\ Tk V To(g)} v {Ti(d) v Tolq)}}

x::l71+q/
z=d +q
= A A{Tx(d) vV Tx(d)VTp(q) V Tp(q)}
Sy
> A {Tx(d+d )V Tp(g+q)} = Teep(x +2),

xtz=(d+d)+(q+q")

Ix+p(x) A Ik4p(z) = [ \ {Ik(d) Alp(q

x=d+q

A [ \/ {Ik(d) Mpm}]

z:d/+q,

=V {k@) AIp(@)} A{I(d) NIp(q)}}

x=d+q
Z*d/‘Fq/
=V {Ik@d) AI(d) A Ip(q) Alp(q)}
x= d+q
z:d +q
< \V {Ix(d+d)AIp(g+q )} = Ixsp(x +2),

x+z=(d+d )+(g+q")
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Feip(x) V Fip(z) = [ N {Fx(d) V Fp(q ] [ A {Fc(d) Vv Fp(g )}]

x=d+q z=d +4'

= A {E@) VE(@)}V {F(d)VFp(q)}}

x:t/i-%—q/
z=d +q

= N {Fx(d)V Fx(d d)VEp(q)V Fp(q)}

zr:dl’iiZ’

> A {F(d+d)VEp(q+q)} = Fiep(x +2).

x+z=(d+d )+(q+4")

Forz € O and r € R, we obtain

Teep(z) = N {Tk(q) V Tp(w)}
z=q+w
> A AT@)VTe(w)} > A\ {Tk(g) v To(@)} = Trr(ar),
zr=qr+wr Zy— q+w

Ikip(z) = \/ {Ik(q) A Ip(w)}
z=gq+w
<V k@) Alpn}< /) {Ik(@) Alp(w)} = Igsp(zr),
zr=qr+wr zr:q/—i—w/

Feip(z) = A\ {Fk(q) V Fp(w)}

z=q+w
> N\ {E(@r)VEe(wr)} > N\ {F(q)VFp(w)} = Fxip(zr).
zr=qr+wr zr:q/—i-w/

Therefore, Ok @ Op is a neutrosophic M-subsemimodule of 0. O

Theorem 3. Let Ok := W be a neutrosophic N-structure in Q. If Rp := (TT% isa
neutrosophic M-right ideal of R, then Qg © Rp is a neutrosophic MN-subsemimodule of O.

Proof. Forz,x € O.1f Jw,w’ € Oand q,4 € R : x = wq and z = w'q’, then

Trop(x) V Top(z) = | /\ {TK<w>va<q>}] v[ A {TK<w’>va<q’>}}

= !
x=wq z=u'q

A {{Tx(w) Vv Tp(g)} V{Tk(w) v Tp(q ) }}

x=wq

I
z=w q

A {Tx(w) v Tx(w') V Tp(q) V Tp(q )}

{Tx(ww') V Tp(qq )} = Tiop(x +2),

\Y
=

x+z=(ww')+(qq")
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Ixop(x) Alop(z) = | \/ {Ix(w) Alp(q ] [ \/ {Ix(w') A Ip(q )}]

x=wq =u'q

V {{ik(w ) Ap(g)} A Ik (@) ATp(g)}}

w) A Ix(w') Ap(g) Ap(g)}

I
<
—~—
?

N

v {Ix(ww') AIp(qq )} = Ixop(x + 2),
x+z=(ww/ )+(qq/)

FKOP(JC)\/FKOP(Z)Z /\ {FK(ZU)\/FP ] [ /\ {FK \/Fp )}]

r=wq z=w'q'

. /\ {{Fx(w) v Ep(q)} V {Fx(w') V Fp(q)}}

= /\ {Fx(w) v Fx(w') V Fp(q) V Fp(q )}
> N\ {F(ww)VFe(qq)} = Fiop(x +2).

x+z=(ww')+(qq")
Forz € O and r € R, we obtain

z=quw
> N A{Tk(q)V Tp(wr)} > /\ {Tx(q )V Tp(w)} = Tkop(2r),
zr=q(wr) zr= qw
Z=qw
\ A{Ik(q) Ap(wr)} < \/ {Ix(q) A Ip(w')} = Ixop(zr),
zZr=qur = qw
Frop(z) = N\ {Fx(q) V Fp(w)}
z=quw
> A {K(@) VE(wn)}> A {F(q)VFp(w)} = Frop(zr).
zr=quwr zr:q,w/

Therefore, Ox ® Rp is a neutrosophic 91-subsemimodule of 0. O

Corollary 3. If Rg and Rp are neutrosophic N-ideals in R, then Rx & Rp and Rg ® Rp are
neutrosophic M-ideals in R.

Definition 13. The neutrosophic M-product of Rx and Rp is described to be a neutrosophic

- R _ k
N-structure of R, Rx © Rp := T o] = { Teop (0 Teer (0 Fan (0)) |keR }, where

/\{TK \/Tp )} if3s,t e R : k=st
(Tx o Tp) (k) = Tkop(k) = { k=st
0 otherwise,
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V A{Ik(s) ANIp(t)} if 3s,teR : k=st
(Ix o Ip) (k) = Ixop(k) = 4 k=st

-1 otherwise,

N\ {Fx(s) VFp(t)} if3s,teR : k=st
(Fx o Fp)(k) = Fxop(k) = { k=st

0 otherwise.

Theorem 4. Let Rz := % Then, for any nonempty subsets |, D of R, the following
statements hold:

(1) x1(Rz) Nxp(Rz) = xjnp(Rz);

(i)) x;(Rz) © xp(Rz) = xjp(Rz).

xp(T)z(v1) = =1 = xjnp(T)z(v1), (x;(I)zNxp(I)z)(v1) = xj(I)z(v1) A xp(I) 2 (v1)
0 = xjp(I)z(v1) and (xj(F)z N xp(F)z)(v1) = xj(F)z(v1) V xp(F)z(v1) = —1
Xjnp(F)z(v1).

If vy ¢ JND, then (x;(T)z N xp(T)z)(v1) = xj(T)z(v1) Vxp(T)z(v1) = 0 =
Xinp(T)z(v1), (xj(I)zNxp(D)z)(v1) = x;(I1)z(v1) Axp(I)z(v1) = =1 = xjap (1) z(v1)
and (xj(F)z Nxp(F)z)(v1) = xj(F)z(v1) V xp(F) z(v1) = 0 = xjnp(F) z(01)-

Therefore, xj(Rz) N xp(Rz) = xjnp(Rz)-

(ii) Let v1 € R.If v1 = c1dy for some ¢; € | and dy € D; then we have

(xj(T)z o xp(T) = A {x@z@)va(Tzh)}

V1=851 ll

Proof. (i) Let v; € R. If v; € JN D, then ()(]( )g ﬂXD( ) )("01) = X](T)Z(vl)\/
Dz -

<X](T) (c1) Vxj(T)z(d1) = =1 = xjp(T) z(v1),
(xy(Dzoxp(l)z =V gDz(s) Ax(Dzh)}

v1=s11
> xj(Dz(c1) Vxy(I)z(d1) = 0= xjp(I)z(v1),
(xj(F)zoxp(F)z)(v1) = A {xj(F)z(s1) V x;(F)z(l1)}

v1=s1
< xj(F)z(c1) Vxj(F)z(d1) = =1 = xjp(F) z(v1).

If v1 # c1dq forany ¢; € J and dy € D, then we have

(xj(T)z o xp(T) /\ {xj (M) z(s1) Vx)(T)z(l)} = 0= xjp(T)z(v1),
=s1l;

(xy(I)z o xp(I \/ xi(Dz(s1) A xp(Dz(l)} = =1=xp(I)z(v1),
=s1];

(xj(F)z o xp(F) /\ {xj(F)z(s1) Vxj(F)z(h)} = 0 = xjp(F) z(v1)-

=s1l1

Therefore, x;(Rz) ® xp(Rz) = xjp(Rz). O

The equivalent condition for a non-empty subset of R to be an ideal of R is given below.

Theorem 5. Let Ry :=
are equivalent:

(i) Cof R is a left (right) ideal;

(ii) xc(Ry) of R is a neutrosophic N-left (right) ideal.

R .
T FD) Then, for any subset C(# @) of R, the below criteria

Proof. (i) = (ii) Letz,x € R. Ifx € Cand z € C, then xz € C, so xc(T)y(xz) = —1
xe(Mu(x)V xe(T)n(z), xe(Du(xz) =0 = xc(Dy(x) A xc(D)y(z) and xc(F)p(xz)
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—1 = xc(F)3(x) V xc(F)(z). i x € Corz ¢ C, then xc(T)y(xz) < 0= xc(T)y(x) Vv
xc(T)u (Z% xc(Du(xz) > =1 = xc(Du(x) A xc(I)n(z) and xc(F)y(xz) < 0 =

xc(F)a(x) V xc(F)au(2).
If x € C, then xz € C, which implies xc(T)x (xz) = =1 < xc(T)x(2), xc(I)y(xz) =

0> xc(I)y(z) and xc(F)y(xz) = —1 < xc(F)3(z). Therefore, xc (R4 ) is a neutrosophic
N-left ideal of R.

(ii) = (i) Let,z € Cand y € R. Then xc(T)x (I +2) < xc(T)x (1) V xc(T)n(z) =
—Lxc(u(l+2z) = xc(Du() A xc(I)y(z) = 0and xc(F)u(l+z) < xc(F)u(l)V
Xc(F)x(z) = —1, which imply I +z € C.

In addition, xc(T)x(ly) < xc(T)u(y) = =1 xc(Du(ly) = xc(I)u(y) = 0 and
xc(F)x(ly) < xc(F)y(y) = —1, which imply ly € C. Therefore, C of R is a leftideal. O

Definition 14 ([1]). In R, an ideal P is known as a right t-pure if fort € P,3d € P : t = td.

Theorem 6 ([1]). If Y of R is a two-sided ideal, then the below criteria are equivalent:
(i) for any right ideal G of R, GNY = GY;
(ii) Y is right t-pure.

Definition 15. A subsemimodule N of O is said to be pure in O if, for any ideal I of R, NN OI =
NI. If O is described as normal, then each subsemimodule of O is pure in Q.

Definition 16. A neutrosophic M-right ideal Rk := ﬁ is described as a neutrosophic right
t-pure N-ideal in R if Rp N Rx = Rp © R for every neutrosophic N -right ideal Rp in R.

Below is the equivalent condition for an ideal of R to be a right t-pure ideal of R.

Theorem 7. Let Rg := (TT% and C be an ideal of R. Then, the below criteria are equivalent:

(1) xc(Rk) of R is a neutrosophic right t-pure N-ideal;
(ii) C of R is a right t-pure ideal.

Proof. (i) = (ii) By Theorem 5, C is a right ideal of R. For any right ideal D of R, we have
Xc(Rk) N xp(Rk) = xc(Rk) © xp(Rk)- By Theorem 4, we have xcnp(Rk) = xcp(Rk),
which implies that C N D = CD; therefore, C is a right t-pure ideal of R.

(ii) = (i) By Theorem 5, xc(Rk) is a neutrosophic right 91-ideal of R.

Let Rp := (TT,IIQ;FP) be a neutrosophic 91 -right ideal in R..

Now, we show that Rp N xc(Rk) = Rp @ xc(Rk)-

Let x € R. Then,

(Tpoxc(T)x)(w) = A {Tp(s) V xc(T)x(t)}

> w/\St{Tp(st) V xc(T)x(st)} = Te(x) V xc(T)k(x),
(Ip o xc (D) (w) =w\/5t{1p ) A xe(Di(t)}

< z\/z{lp(st) Axc(Dx(st)} = Ip(x) A xc(Dx(x),
(Fp o xc(F)x)(w) = w/\st{FP V xc(F)x(t)}

> N\ {Ep(st) V xc(F)k(st)} = Fp(x) V xc (F)k (x).

w=st

Therefore, Rp N xc(Rk) 2 Rp © xc(Rk).
Leth e R.If h ¢ C, then
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=Tp(h) V xc(T)x(hr) = N {Tp(a) V xc(T)k(d)} = (Tpxc(T)k)(h),
h=ad
(Ip N xc(D)k)(h) = Ip(h) A xc(I)k(h)
=Ip(h) A xc(Dk(hr) < \/ {Ip(a) A xc(Dk(d)} = (Inxc (k) (h),
h=ad
(Fp N xc(F)k)(h) = Fp(h) XC(F)K(h)
= Fp(h) V xc(F)x(hr) > N\ {Fp(a) V xc(F)x(d)} = (Fpxc(F)k)(h).
h=ad

Thus, Rp N xc(Rk) € Rp ® xc(Rk) and hence Rp N xc(Rk) = Rp © xc(Rk). O

Definition 17. An ideal I of R is idempotent if 1> = I. If every ideal of R is idempotent, then
R is termed as fully idempotent. A neutrosophic MN-structure Rk of R is called idempotent if
Rk ® Rx = Rk.

Definition 18. A semiring R is termed as reqular if, for j € R, 3z € R : j = jzj. Clearly, every
reqular semiring is fully idempotent.

Theorem 8. For R, the conditions listed below are equivalent:
(i) R is fully idempotent;
(ii) every neutrosophic N-ideal in ‘R is idempotent;
(iii) for every neutrosophic N-ideals Ry and Rz in R, Ry N Ry =Ry © Ryp.
If R is commutative, then the above criteria are equivalent to
(iv) R is regular.

Proof. (i) = (ii) Let Ry := W?VFW/) of R be a neutrosophic 1-ideal. Then, for any

f € R,weobtain (Ty oTy)(f) = AN {Tw @) VTyd)} > N {Ty(ad)V Ty(ad)} =

N ATy (H)V Ty ()} = Ty (f), (I;olw)(f) V ALy (a )Q_Iﬂ;(d)} < V {Iy(ad) A
L)) =\ Uy () Ay () = by () and By < Fy () = A\ B a) v Ey (@) 2
A {Fy/(ad])r:vadl-"y,/(ad)} = N\ {Er(f) VEr(f)} = Fp(f). Theréf:oarde, Ry @Ry CRy.
T Since R is fully 1demp{)t§1t wehave f €< f >=< f >2=RfRRfR, so Ipy, f1, 2,
fa € R:f=piffipaf f2. Now,

Ty (f) =Ty (f)V Ty (f) = Ty (p1ff1) V Ty (p2ff2)
> N AT (pifA) VT (peffa)} = NATw () VTy ()} = (Ty o Ty)(f),
f=piffip2ff2 f=st
Ly (f) = Ly (f) Ny (f) < Ly (piffi) ALy (p2ff2)

<V  Alypiffony(paffa)} < V ALy () Ny ()} = (Iy o Ly)(f),
f=riffiraffo f=st
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Ey (f) =FEyp(f)VFEy(f) > Fy(piffi) V Fy(paff2)

> AN ABp(pifA)VEr(p2ffa)} = N AFw(s)V Fy(t)} = (Fy o Fy)(f).
f=prifapff f=st

Thus, Ry © Ry 2 Ry and hence Ry © Ry = Ry .

(ii) = (i) If Ry is a neutrosophic N-ideal of R and C is an ideal of R, then x¢c(Ry )
is a neutrosophic 91-left ideal of R, so xc(Ry ) © xc(Ry ) = xc(Ry ) implies that Ry ©
Ry =Ry.

(i) = (iii) Let Ry and R » be any two neutrosophic 91-ideals of R and b € R. Then,

(Ty o Tg)(b) = N{Ty(s)VTz(t)} > N\ {Ty(st)V Tu(st)}

= b;\St{TW(b) V Ty(b)} Zb;;t(b) V Tg(b) = (Ty NTgy)(b),
(Iy o I)(b) = b\/St{IW(S) Ng(t)} < h\_/ {Ly (st) N g(st)

= b\_/St{Iw(b) Nlg(b)} = I;j(b) Nz(b) = (Ly Ulz)(b),
(Fy o Fg)(b) = b/\St{Fw(S) VEg(t)} = b/\ {Fy (st) V Fg(st)}

= :;\::{Fw(b) V Fg(b)} = ;;(b) V Fg(b) = (Fy N Fz) (D).

Therefore, Ry © Rz C Ry NR 5.
Since R is fully idempotent, we have < b >=< b >2 forany b € R. In the first section
of this Theorem'’s proof, we mentioned that we obtain

(Ty NTy)(b) =Ty (b) VTx(b) = N\ {Ty(s)V Ta(t)} = (Ty o Ty)(b),

b=st

(Iy Ulg)(b) =Ly (b) ANg(b) < \/ {Iy(s) ANlg(t)} = (Iy o Lz)(b),
b=st

(Fy NFg)(b) =Fy (b) VFz(b) > N\ {Fy(s) VFg(t)} = (Fy o Fg)(b).
b=st

Thus, Ry N"Rp C Ry ©®Rygand hence Ry © Ry = Ry NR 5.

(iii) = (i) If Ry of R is a neutrosophic -ideal, then Ry O Ry = Ry NRy = Ry
As (iii) <= (i) and (ii) <= (i), we obtain (i) <= (ii) <= (iii). If R is
commutative, then it is simple to obtain (iv) <= (i). O

Theorem 9. For any neutrosophic N-subsemimodule Qg of O and neutrosophic M- ideal R in R,
if R is regular, then for any x € O, we have

A ATk(st) VTp(t)} ifIscQteR : x=st
(Tk © Tp)(x) = Tkop(x) = { x=st

0 otherwise,

\/ {Ik(st) AIp(t)} if Is€OteR : x=st
(Ik o Ip)(x) = Igop(x) = { x=st

-1 otherwise,

N {Fx(st)VFp(t)} if3Is€OQteR : x=st
(FK @) Fp)(x) = FKop(x) = x=st

0 otherwise.
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Proof. Let x € O. Then, by Definition, we have

NATk(s)VTp(t)} ifIs€OteR : x=st
(TK o Tp)(x) = TKOp(x) = § x=st

0 otherwise,

V {Ik(s)AIp()} ifIs€OteR : x=st
(Ix o Ip)(x) = Ikop(x) =  x=st

-1 otherwise,
N\ {Fc(s)VEp(t)} ifIs€QteR : x=st
(FK OFp)(x) = FKoP(x) = 4 x=st

0 otherwise.

Since R is regular, for u € R,3t1,tr € R : u = utqut,. Clearly, TK( u) > Tg(zutq)
Tk (zutyuty) = Ti(zu), Ix(zu) < Ix(zutr) < Ik(zutyuty) = Ix(zu), Fx(zu) > Fg (Zuh)
Fx(zutiuty) = Fx(zu). In addition, Tp(u) > Tp(uty) > Tp(utiuty) = Tp(u), Ip(u)
Ip(uty) < Ip(utyuty) = Ip(u), Fp(u) = Fp(ut1) > Fp(utyuty) = Fp(u).

Now,

INIV IV

(Tg o Tp)(x) = Tgop(x) > /\ {Tx(zu) vV Tp(u)}

= xxu{TK(zutl) V Tp(uty)}

> Z\Z:{TK(y) VTp(s)} = Tror(x) = (Tk 0 Tp) (x),
(Ix o Ip)(x) = Igop(x) < yy {Ik (zu) A Ip(u)}

= xi;u{IK(zutl) AIp(uty)}

< z\/:{IK Alp(s)} = Ikop(x) = (Ix 0 Ip)(x),

(Fk © Fp)(x) = Frop(x) >\ {Fx(zu) V Fp(u)}

X=zu

/\ {Fx(zuty) V Fp(uty)}

X=zu

> A {Fcy) V Fp(s)} = Frop(x) = (Fi o Fp) ().

x=ys

Therefore,

A ATk(st) VTp(t)} ifIscQteR : x=st
(Tk o Tp)(x) = Tkop(x) = { x=st

0 otherwise,

\/ {Ik(st) AIp(t)} if €O teR : x=st
(Ik o Ip)(x) = Igop(x) =  x=st

-1 otherwise,

N {Fx(st)VFp(t)} ifIs€OQteR : x=st
(FK o Fp)(x) = FKop(x) = § x=st

0 otherwise.
O

5. Conclusions

Algebraic structures are significant in mathematics, having a broad impact in diverse
fields such as theoretical physics, computer science, control engineering, information
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science, coding theory, and topological spaces, among others. Symmetry is a crucial and
aesthetically pleasing concept that connects several domains in modern mathematics, with
algebraic structures providing a valuable apparatus in pure mathematics for understanding
the symmetries of geometric entities. We have obtained the neutrosophic structures for
semiring modules; the idea of neutrosophic 9t-subsemimodules and neutrosophic 91-ideals
was established in this study, and some of their characteristics were discussed. In addition,
we looked into the idea of neutrosophic right t-pure ideals in a semiring and the many
connections between neutrosophic t-pure ideals and neutrosophic 91-submodules in a
semiring. Moreover, we have obtained equivalent statements for a semiring to be fully
idempotent. Using the ideas and findings of this paper, it is possible to define the concept of
neutrosophic 91-prime(resp., semi) ideals and derive their various properties and equivalent
conditions for a neutrosophic 9i-ideal to be a neutrosophic 9t-prime (resp., semi) ideal in a
neutrosophic 91-subsemimodule.
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