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Abstract: We propose a new hierarchy of the vector derivative nonlinear Schrodinger equations
and consider the simplest multiphase solutions of this hierarchy. The study of the simplest solutions
of these equations led to the following results. First, the three-leaf spectral curves I' = {(y, A) } of
the simplest multiphase solutions have a quite simple symmetry. They are invariant with respect to
holomorphic involution 7. The type of this involution depends on the genus of the spectral curve.
Or the involution has the form 7 : (4,A) — (4, —A), or T : (4,A) = (—p, —A). The presence of
symmetry leads to the fact that the dynamics of the solution is determined not by the entire spectral
curve I, but by its factor I/ 7, which has a smaller genus. Secondly, it turned out that the dynamics
of the two-component vector p = (p1, p2)! is determined, first of all, by the dynamics of its length |p].
Independent equations determine the dependence of the direction of the vector p from its length. In
cases where the direction of the vector p is fixed, the corresponding spectral curve splits into separate
components. In conclusion, we note that, as in the case of the Manakov system, the equation of the
spectral curve is invariant with respect to the orthogonal transformation of the vector solutions. Le.,
the solution can be found from the spectral curve up to the orthogonal transformation. This fact
indicates that the spectral curve does not depend on the individual components of the solution, but
on their symmetric functions. Thus, the spectral data of multiphase solutions have two symmetries.
These symmetries make it difficult to reconstruct signals from their spectral data. The work contains
examples illustrating these statements.

Keywords: spectral curve; derivative NLS equation; vector NLS equation; Gerdjikov-Ivanov equation;
multiphase solution

1. Introduction

Vector integrable nonlinear equations still continue to attract active attention (see, for
example, [1-10]). Mainly, the vector nonlinear Schrédinger equation is considered. Much
less work is devoted to the derivative form of the vector equation (see, for example, [11-19]).
Scalar forms of the derivative nonlinear Schrodinger equation are given much more at-
tention (see, for example, [20-25]). Note that for each derivative nonlinear Schrodinger
equation, its vector form is obtained, and multi-soliton solutions of these vector forms are
investigated. Attention to two-component variants of the nonlinear Schrodinger equation
is due to the fact that with the help of double-polarized waves, twice as much information
can be transmitted over an optical fiber [26-29]. In practice, it turns out that it is much more
difficult to recover encoded information from a two-component signal. Apparently, this is
due to the results obtained in our work. When transmitting information, it is assumed that
each component is independent and carries its own part of the information. As we proved
earlier [30], the spectral curve is invariant with respect to the orthogonal transformation of
the solution. Le., it does not depend on the individual components of the solution, but on
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their symmetric functions. This statement is also true for the equations from our current
work. This is one of the possible reasons for the difficulty of recovering information from
the transmitted signal. The second possible reason most likely follows from the fact that the
spectral curve corresponding to a solution with linearly dependent components is greatly
reduced. The correctness of this statement can be seen in the examples from this work.
Therefore, when transmitting signals that differ slightly from each other, some information
about the spectral characteristics of the signals may be lost. In addition, as our examples
show, the genus of the spectral curve far exceeds the number of phases of the solution.
Thus, part of the spectral data is redundant. Also, as we show, in the case of the vector
equations, first of all, we get the law of transformation of the length of the solution vector,
and then the rule of direction transformation. When replacing the components of a vector
by its length and vice versa, information loss may occur. Thus, based on the results of
this work, we can advise transmitting information not in Cartesian coordinates, but in
polar ones.

In this paper, we use the monodromy matrix method (see, for example, [1,20,30]) to
construct a hierarchy of the Gerdjikov—Ivanov vector equation and investigate the simplest
solutions of equations from this hierarchy. As a rule, in the works devoted to the study
of vector nonlinear equations, the individual components of the vector are analyzed. At
the same time, sometimes there are works (see, for example, [7]) in which the behavior of
the length and tangent of the angle of inclination of the vector is investigated. Our studies
of the simplest solutions have shown that in the case of a vector nonlinear equation, the
evolution of a vector can naturally be divided into two components: the evolution of the
length of the vector and the evolution of its direction. Note that this statement is also
true for the Manakov system, which can be seen by looking at the calculations in [1]. For
example, assuming

p1 = Iple® cos(9), p2 = Iple™sin(9)

and q = op*, where 0 = £1, we have

w1 = piq1 = olp[ cos?(9), ux = pagp = olp[*sin®(¢) (1)

and )
u=1u+uy=olpl,
v = uy — uy = o|p|? cos(2¢), 2)
U=v/u=cos(2¢) <1.

If the reduction has the form

q1=0pj, q2=—0p3, 3)

then the angle ¢ becomes purely imaginary ¢ = ip, where ¢ € R. In this case, the “direction”
of the vector p is defined by the function & = cosh(2¢) > 1. Thus, if < 1, then it is
possible to construct solutions that satisfy the reduction q = op*. If o > 1, then the
solutions will satisfy the reduction (3). When v = 1, the second component of the vector p
is missing (12 = 0). The reduction sign ¢ is determined by the sign of the function u:

o = sign(u).

Note that the functions u, v, and ¥ naturally appear during calculations. Also, note
that from Equation (1) it follows that |p]-} = \/m . Therefore, to plot the amplitudes of
the individual components p; of the vector p, it is enough to find u;. The analysis of the
examples showed that when the direction of the vector p is independent of the coordinate
and time (0 = const), the spectral curve splits into two separate components, and the
dynamics of the solution is determined by a spectral curve of a smaller kind than in the
case when the direction of the vector p changes depending on the coordinate and time.
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The presented article consists of an introduction, four sections, and concluding re-
marks. In the first section, we define the Lax operator, define the monodromy matrix,
find recurrent relations between its elements, and derive the equation of spectral curves
associated with multiphase solutions. In Section 2, we define the second Lax pair operators
and obtain vector integrable nonlinear differential equations from the hierarchy of the
Gerdjikov-Ivanov vector equation. The first equations from this hierarchy have the form

ipt, — Pxx +2i(p'qx)p — 2(p'q)*p =0,

iqr, + qxx +2i(q'px)q +2(p'q)*q =0

and
Pt, + Prxx — 3i(phax)p — 3i(p'qx)px + 3(p'q) (PLq)p + 3(p'q)*px =0,

qt, + Qxxx + 3i(phqy)q + 3i(q'px)ax + 3(p'q) (qkp)q + 3(p'q)*qx = 0.

If we replace vectors with scalars in these equations, we obtain the Gerdjikov-Ivanov
equation and one of the forms of the mKdV equation.

In Section 3, we consider solutions in the form of plane waves. We show that there
are two types of plane waves that differ in the properties of their spectral curves. If
p(x,t) = p(x, t)k, where k is a constant vector, then the equation of the spectral curve does
not depend on the direction of the vector p, in another case, the equation of the spectral
curve depends on the direction of the vector p. In the case when the direction of the vector
p is fixed, the corresponding spectral curve splits into separate components.

In the fourth section, the simplest nontrivial solutions of the Gerdjikov-Ivanov vector
equation are investigated. In this case, the function u is an elliptic function or its degeneracy,
and the function 9 depends on the function u according to the following formula:

0= Asin(k(6 +t1)) + B,

where 9,0 = +u~!. Note that the simplest nontrivial solutions are also divided into two
types. If A = 0, then the direction of the vector p is fixed, only its length changes. The
spectral curve of such a solution also splits into two components. If A # 0, then the vector
makes small fluctuations near the direction given by the equality 7 = B. The amplitude of
these oscillations satisfies the condition |A| < ||B| — 1|. Therefore, if |B| < 1, then |7] < 1,
and from |B| > 1 follows the inequality |0] > 1.

2. The Monodromy Matrix

Let the Lax operator have the form

v, =UY, (4)
where
U=-AJ+AQ+R, (5)
2 0 0
N _(0 p _(-p'q 0
]_3(8 01 01>' Q_(—q 0)’ R_< 0 qp')’ ©)

Pt = (p1,p2), qt = (91,92)-
Let us consider Equations (4) and (5) with matrices (6). The monodromy matrix M is a
polynomial of the spectral parameter A, and satisfies the equation (see, for example, [1,31])

iMy+MU—UM=0 7)
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From Equation (7), the following structure of the matrix M follows:
n—1
M = Vn + Z Ckank + Ci’lu + Cn«‘,»lvfl + ]Vl/ (8)
where V| = AU + V = AV + V+1, Vai=-A]+0Q,

0 H ~F 0O

e 0 0
Jn = 0 Cnt2 + Cnt3 Cnd .

0 Cn+t5 Cnt2 — Cn+3

The elements of the matrix V? satisfy the following recurrence relations

H) = —ipy, Gi= —iqy,
Hy1 = (F+FI)p — (pq’ + (p'q)I)Hy — idxHy,
Gi1 = — (B + Fil)g — (qp' + (4'p)I) Gk +i0:Gy, )
dxFe = qoxH} — 9xGip' —i(qp’ + (4'p) 1) Gip'
—iqHj (qp’ + (q'p)I).

In particular,

F =i(q.p' — qpk) — (ap')%
Fi=i(p'ax—q'px) — (p'9)?
Hy = —pxx +2i(p'qx)p — 2(p'q)°p,
G2 = qux +2i(q'px)q +2(p'q)*q,
F, = —2(qp')’ — (qpiy + queP') + 92P}
—i(pksop)aq’so + i(q'soqx)sopp’,
Fr=—-2(p'q)’ = (q'pxx + P'qxx) + Pidr,
Hz = ipxxx + 3(pdx) P +3(p'qx) px + 3i(p'q) (pkq)p + 3i(p
Gs = iquxx — 3(Pkqx)q — 3(q'Px)qx + 3i(p'q) (qp)q + 3i(p

0 1
50 = (_1 0)

From Equation (7), in addition to the recurrent relations (9), stationary equations also
follow. Any m-phase solution for m < n and for all values of t and z satisfies these sta-
tionary equations. As in the case of scalar derivative nonlinear Schrodinger equations [20],
stationary vector equations form two groups. For n > 1, stationary vector equations have
the form

t

q9)*pxs
9)°qx,

t

where

(laxvr(zj V'r?/ ) i (lax n—k + [Vn k’ R])
+icydxR + Cn+1(iaxQ + [Q/ RD + Un/ R] =0

and

n

(#9:V_1 + V-1, R + V2, Q)
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n—2
—+ Z Cy (iaxvr?ilfk + [Vr?,lfk/ R] + [VI’?fk’ Q])
k=1

+ o1 (10xR + [V, Q)) +iad2Q + [Ja, Q] = 0.

Note that since the structure of matrices V depends on parity, the scalar stationary
equations for even and odd n have a different form. The compatibility of this overridden
system of equations imposes restrictions on the constants cy.

Other stationary equations, which are satisfied by multiphase solutions, can be ob-
tained from the equations of the spectral curve. Recall that the equation of the spectral curve
of the multiphase solution is the characteristic equation of the monodromy matrix [31]:

I': R(u,A)=det(ul —M)=0.
From Formula (8), it follows that the equation of the spectral curve I has the form
R A) =1 + AN+ B(A) =0, (10)

where

A(N) = —1/\2”4 _ ZﬂAzn+3 2"+4A A2n+4—k
(A)=—3 3 + Y A ,
k=2

2 anie 201 3005, W0 aniek
B(A) = AP0 4 T2 A L Y B Aok,
27 9 &

3. Integrable Nonlinear Equations
Let us define the second equation of the Lax pair by the equation

iYy, = VY. (11)
Then, the following integrable nonlinear evolutionary equations:

Py = in-HI 9y = iGry1 (12)

follow from the Lax pair compatibility condition.
Thus, the first equations from this hierarchy have the forms

ipr, — Pax +2i(p'ax)p —2(p'q)*p = 0,

t )2

4 N (13)
iqH + qux +2i(q'px)q +2(p'q

and
ax)p — 3i(p'ax)px +3(p'q) (Pia)p +3(p'q)’px = 0, 1)
qx)q +3i(q'px)qx +3(p'q) (q4p)q + 3(p'q)’qx = 0.

For pj(x,t1) = kjp(x,t1) and gj(x,t1) = kiq(x,t1), where k; € R, KB+k3 =1/2,
Equations (13) and (14) transform to coupled Gerdjikov-Ivanov equations

Pt, + Pxxx — 3i(p
dt, + Qxxx + 3i(P

"]ThoRT

. . 1
ip, = pre +ip%0c = 5P°0° =0,
. . 1

iqn + qux +ig°px + 5% = 0.

and to coupled complex mKdV equations

) 3
Pio + Prce = Biapxp + 5P px = 0,
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) 3
Gix + Qe + 3iP202q + 5P°0°qx = 0.

Since any solutions of the equations from the Gerdjikov-Ivanov hierarchy, after multi-
plying them by a constant vector (kq,ky)f, will satisfy Equations (13) and (14), then these
equations can be considered as vector forms of the Gerdjikov-Ivanov and mKdV equations.
These equations, as well as the Manakov [1], Kundu-Eckhaus [30], and Kulish-Sklyanin
equations, are invariant with respect to the orthogonal transformation T of solutions. The
proof can be found in [30]. Since the transformation T is simultaneously a transformation
of the similarity of the monodromy matrix M, we can assume that the matrix J, is diagonal.
Solutions with a non-diagonal matrix |, can be obtained by orthogonal transformation
of solutions corresponding to the diagonal matrix J,. Note that the equations of spectral
curves of multiphase solutions of equations from this hierarchy are also invariant with
respect to this transformation.

4. Solutions in the Form of Plane Waves

Letn =0. Then, M = U + ¢1V_1 + Jo, where ]y = diag(—Zcz, Ccy + 3,00 — C3), cr € R.
The first set of stationary equations has the form

idyp1 — (3c2+¢3)p1 =0,
i0xpa — (3ca —c3)p2 =0,
—i0xq1 — (Bc2 +¢3)q1 =0,
—i9xq2 — (Bcp — c3)g2 = 0.

Solving these equations, we have

( p
pa(x,t) = pao(t)eGe2=ca)
q1(x, 1) = gio(t)e G2 e -
02(x, 1) = qao (t)eB2~)%

It follows from Equations (1) and (15) that the functions uy(x, ) do not depend on x:

ur(x,t) = pr(x, )qi(x,t) = pro(t)qro(t) = ur(t) € R.

Substituting (15) into the second set of stationary equations, we obtain the following
equalities:

c1(3¢p + ¢34+ 2u1 +2up) =0,
c1(3c — 3+ 2u1 + 2uy) = 0.

Therefore, the system of stationary equations is compatible only if one of the two
conditions is met. Or ¢; = 0, or c; = —2u/3 and c3 = 0.
From Equation (13), the equalities 04,14 = 0 and

p(x,t) = \/ﬂeml(x’tl), q1(x, 1) = \/ﬂefml(x’tl),
pa(x,tr) = e M) gy (x, 1) = Juge 2 (h),

follow. Hence (see (2)), 0y,u = 0, 9,v = 0, and

(16)

a1(x,t1) = —(Bco +c3)x + ((3cz +¢3)% — 6cou — 2c30 — 2u2) t1,

ap(x,t1) = —(Bcp —c3)x + ((3c2 —¢3)% — 601 — 2030 — 2u2) t.
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It is not difficult to see that the solutions (16) satisfy the reduction

q; = sign(uj)p]’f.

Thus, for n = 0, the solution of Equation (13) is plane waves of constant amplitude |p|
and constant direction. But there can be two types of plane waves.

Forn =0, c3 # 0 and ¢; = 0, the coefficients of the equation of the spectral curve (10)
are equal

1
AN = —5/\4 —20pA% — 3¢5 — 3 — Bcou — c3v — u?,
2cy

2 1
B(A) = ﬁ/\6 + 7)\4 +3

+ (20 +u) (3 — 6§ + cou — c30).

(65 — 2¢3 4 Bcou + c30 + u?)A? (17)

Since the discriminant of the polynomial R (y) with coefficients (17) is a polynomial
of A of degree 8

A(N) = 43A8 + 4e3(12ch¢3 + 3cp0 + et + uv) A8 4. ..,

then the curve (10), (17) has eight branching points. Using the Riemann-Hurvitz formula,
we obtain that the genus of the spectral curve I is equal to 2. Therefore, in this case, the
coefficients pyg are functions of the constants determined by the parameters of the curve I
of genus g = 2, invariant under the involution.

T (o A) = (p,—A).

So, apparently, the solution is determined by the parameters of the curve I'/ .

Note that in this case the complex phases «; of the components p; depend on v, i.e., on
the direction of the vector p.

Forn =0,¢; # 0,and c3 = 0, c; = —2u/3, the equation of the spectral curve (10)
takes the form

1 c 2u
R(u,\) = (V - 5)\2 - 31)‘ + 3)

4C1

1 2
X (;ﬂ + gy()\z + 1A —2u) — 5)\4 — 7)\3

2 17 1
—§(C% — 4u)A% + ?clu)\ + §u(9c% + u)> =0. (18)

Therefore, in this case, the spectral curve decomposes into two components. These
components are described by the solutions of Equation (18):

1
U= g(A2 +c1A —2u),

y= —%(/\2+01A—2u)j: w A2 — 4y

Hence, in this case, the genus of both components is zero.

Note that in this situation, the complex phases a; of the components p; coincide and do
not depend on the direction of the vector p. That is, when c3 = 0, the solution to the vector
equation of Gerdjikov-Ivanov is a product of the solution to the scalar Gerdjikov-Ivanov
equation and a constant vector.

Also, these two types of plane waves differ in the dependence of the spectral curve
equation on the direction of the vector p. When c3 # 0, the equation of the spectral curve
depends on the direction of the vector p, while when c3 = 0, the equation of the spectral
curve does not depend on the direction of the vector p.
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5. Solutions forn =1

Letn =1. Then, M = V] + U+ coV_1 + J;, where [} = diag(*263, €3+ Cy4,03 — C4),
cx € R

The first set of stationary equations has the form

ic10xp1 — (Bcs +¢c4)p1 =0,
ic10xp2 — (3cs —ca)p2 =0,
—ic10xq1 — (3cz3 +c4)q1 =0,
—ic10xq2 — (3c3 — c4)q2 = 0.

Solving these equations for c¢; # 0, we obtain

p1(x,t) = pro(t)e (Gt
pa(x,t) = pao(t)e 1B, 19
q1(x, t) = qro(t)e!CBHWx, 4
2%, 1) = qoo(t)e! BB ~W*,

where ¢34 = c34/¢1.

Substituting (19) into the second set of stationary equations, we obtain the conditions:
¢4 = 0and ¢c3 = ¢p/3 (c3 = —2u/3). Since this case is analogous to the second case from
the previous paragraph, we will omit it.

For c¢; = 0, the first set of stationary equations is satisfied when c3 = ¢4 = 0, and the
second set takes the form

t

q)p =0,
q)q =0

prx +i(c2 — (p'q))px —i(q'px)p +2c2(p

Qo —i(c2 — (p'q)) qx +i(p'qx)q + 2c2(p'

or
02p1 +i(cy — 2p1g1 — P2g2)dxp1 — ip1920x P2 + 2c2(p1g1 + p2g2)p1 = 0,

(
3%2pa +i(ca — p1g1 — 2p292)9xP2 — ip2g10xp1 + 2¢2(p1g1 + p2g2)p2 = 0,
O2q1 — i(c2 — 2p1g1 — P292)0xq1 + ip2q10xq2 + 22 (p1g1 + p2q2)q1 = 0,
9392 — i(c2 — P11 — 2p2q2)9xq2 + ip1929xq1 + 2c2 (P11 + p2g2)q2 = 0.

Let us make the substitution into Equation (20):

pi= ﬁexp{—/;édx}, fexp{/ ]dx} (21)

where u; = p;q;, wj = p;dxq; — 4;9xp;-
After simplification, we obtain

(20)

wy = i(cy — uy — up)uy +ics,

22
wy = i(cg — Uy — up)up +ice, (22)
and
2u102uy — (9xu1)? + 3uf + (4cp + 61y ”:1%
+ (C% —2(c5 4 c6) +4cup + 3u3 u% = -

)

2)
217021y — (9xun)? + 3uj + (4cy + 6u )ug
+ (63 — 2(c5 + c6) + 4dcauq + 3ud)us —

where cs5, cg € R are constants of integration.
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The transformation of (23) using relations (2) gives us the following equalities:
udv + v3%u — (95u) (9xv) + (5 — 2(c5 + c6) + 4cu + 3u?)uv
+c2—c2=0,
6 5 (24)

2ud2u 4 20020 — (9xu)? — (9x0)% + (5 — 2(c5 + c6) + 4cpu + 3u?) (v? + u?)
—2(c3+cz) =0.

To obtain additional relations for the functions u and v, let us consider the coefficients
of the spectral curve Equation (10), which in this case are equal to

2
3
AA) = _1/\6_ 22/\4_ w,\z+A3,
23 2 X 2c3+3 : =
B(A) = 220 4 22,7 29 e+ c) (65 +¢6) \5 a3 4 By,
27 9 9
where 1
As = g (u+ c2) (U + cou — 2(c5 + ¢))
(2(c2 + 2) + (9xu)? + (9x0)?)u — 2(c2 — 2 + (9u)(9xv))v
+ ,
4(u? —v?2)
1 (20% +9(c5+¢6))ea
B3 = §A3 + o7 , (26)
Bie 2 4. ((c5 +c6)? + (9x1)?)0? + ((c5 — c6)? + (9x0)?)u?
R 4(u? —ov2)

(2 — 2 + (9xu) (9x0) )uv
B 2(u? —0?) '

It is easy to see that the spectral curve (10), (25) possesses a holomorphic involution:
T (U A) = (=, —A).

That is, this spectral curve has symmetry.
Usage the additional integrals (26) allows us to proceed from Equation (24) to the
following equations:

02u = —2u® — 3cu? — (3 — 2(c5 4 c6) ) + 2A3 + c2(c5 + ¢6) (27)
and
6030 — 3(9,0)% + 3(c3 — 2(c5 + ¢6) + 4cyu + 3u?)v?
— 1284 — 4cy A3 — 3(c5 —c6)> = 0. (28)
Integrating (27), we obtain
(0xu)? = —u* — 2cou® — (3 — 2(c5 4 c6))u® 4 (443 +2cx(c5 +¢6))u+¢7,  (29)

where c¢; € Ris a constant of integration.

Therefore, the function u(x) = o|p|® is an elliptic function or its degeneration. From
Equations (24), (26), and (29), it follows that

4 1 1 1
c7 = §C2A3 +4By— (cs+c6)* or By= 17t Z(CS +c6) — §C2A3'
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Let us replace the function v with ¥ = v/u in Equation (28). From relations (24),
(27)-(29), it follows that the function 9 satisfies the equation

(0:9)? = 702 +2(c2 — 2)0 — c7 — 2(c2 + c2)
X - MZ .

From this equation, it follows that the function 9 has the form

2_ 2
(R K;)((CS —6)" =) Gin(ep) + S o (30)

where 0,0 = +u~!, c; = —«2.
2

It is easy to see that if k> = (c5 + cg)? or k2 = (c5 — cg)?, the direction of the vector p
is fixed (0 = (c% — 2)/«2). In other cases, it depends on its length |p| = \/ou according to
the formula (30).

It is obvious that the coefficients in Equation (30) are real in one of the two cases.

In the first case:

k2> (cs+c6)®> and &> > (c5 — cg)>.
Then, k¥ > |2 — ¢
In the second case:

, which implies that |6| < 1 for continuous real 6.

K2 < (c5+c6)?, K2 < (c5—cq)%

and k% < ‘C% — cé’. Therefore, in this case, for continuous real 6, the inequality |9| > 1 holds.
From Equation (13), it follows that for n = 1, the dynamics of the functions u(x, t1)
and v(x, t1) is described by the following relations:

Oy U = —C0x1,
01U = —C20x0 + (U0xV — VOlU), (31)
01,0 = (u — c2)0x0.
Therefore,
u(x, t1) = f(X1),

where X7 = x — c»t1, and the function f(x) satisfies Equation (29). Substituting (30) into (31),
we obtain
0,0t = (11— c2)0x0 = 1 — c2046.

Therefore,
0(x,t1) = 0(X1) £ 11,

where §(x) is a solution to the equation 9,8 = +u~!. Thus, if & # const, then the dynamics
of the vector direction differ from the dynamics of its length.

5.1. Case of Elliptic Function u(x)

Let
u=dn(X;)—b* <0, (32)

where X1 = x — cpt1, and dn(x) is the Jacobi elliptic function [32,33], satisfying the equation
[dn’(x)]? = (1 — dn®(x))(dn?(x) — 1 +k?).
Then,

_ 12 _opd
Cy) = 2b2, C56 = # +m, c7= (1 *b4)(b4 - 1+k2), .A3 =0,
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whereb > 1,m > 0,0 < k < 1, and Equation (29) takes the form
(0xu)? = —(u? + 20%u + b* — 1) (u® + 20%u + b* — 1 + k).

In this case,

K2\/4m? — (b* —1)(b* — 1+ k2) (2b* — 2+ k*)m

0 = in(x0) — , 33
¢ T N e R G0 Bl (g (o g ) (39)
where x = /(b* — 1)(b* — 1 + k2), and 0 satisfies the equation
+1
Since k2 — (c5+ C6)2 = —k*/4 < 0, for the reality of the solution, it is necessary to set

K2 —(cs5+c6)? = (b* —1)(b* =1+ k%) —d4m? <0

or m > x/2. In this case, the solution will satisfy the reductions (3).
From Equation (34), the following equalities follow:

L dx B (b? + dn(x))dx
o= i/ b2 —dn(x) jE/—

b4 — dn?(x)
2
_ 4 / b dx2 n dn(x)tzix
b* — dn”(x) b* — dn”(x)
L I

The calculation of the integral I, yields the following result:

dn(x)dx dnd(dn)
L= [ —2/77
’ /b4 —dn’(x) /(b4 —dn?)y/(1 - dn?)(dn? ~1 + 2)
= i arctanh vt dn’ 142
VD) —1+ k) VPP —1+k2\  dn?-1
B 1 arctan b*—1 en(x)
VD) 11k Vbt — 1+ k2sn(x)

To calculate the integral I;, we will use the following identity:

12
an’(x) = 225 om), T=rtws

where p(x) is the Weierstrass elliptic function satisfying the equation

3
[0/ (0)]* = 49° (x) — g2p(x) — g3 = 4] [(p(x) —¢)).

j=1
Here,
41— K>+ k%) 4(2 — 3k? — 3k* + 2k%)
gz = 3 4 g3 = 27 7

1 1
er = =(2—k%), e2:§(2k2—1), e3=—§(1+k2).
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Continuing the calculations in terms of Weierstrass elliptic functions, we have

/ b2dx _ / b2dx
b —dn?(x) p(xX) — p(a)

J@E=0) = 5(F+a) + 20(@)dx

L=
b2
©'(a)

! 0(% —a)o(ws +a)
20/ =) (B -1+ 1) <1“ cGra)(ws—a) T 2€(a)x>.

Here,
p(a) = (2 -k —3b*)/3,
o (a) = 202\ /(0 — 1) (b4 — 1+ R2).

Since p(a) < es, then Rea = 0. Consequently, a € (0,ws), a* = —a, ({(a))* = —{(a)
and

(c(x+a)" =(c(x+w3z+a))* =0(x — w3 —a)

= —e 2B g(x + w3 —a) = —e 2BOg(F — g),

where 173 = ((w3), Renz = 0.

Since
o(F+a) = —2B0F) (0(F —a))*,
then (% a)o( )
ox—a)olws+a) . = N
lna(a?—i—a)a(wg,—a) = —2m3x +2iargo (X —a) — i,
and
b*—1 on(Xq) . T
k0 = arctan +arg(o(X14+ws—a)) —i(l(a) —n3) X7 —xt] — =,
( o1 sn(X)) 8(0(Xi+ws —a)) —i(G(a) —13) X1 — Kty —

where X; = x — 2b%H.

Since this solution is given by quite intricate expressions, we will not explicitly write
out the formulas for the components p; and g;.

The spectral curve of this solution is determined by Equation (10), where

2.9 4, 1 2 4 2145
Buy_ﬁA4_?A47§®—&;+Mb—3kM
b2
+ 55 (18 - 1862 + 16b* — 9k*) A3
1

+ — (K* +4b* (K — 2) — 4b* (k> — 3) — 4b®)A.

16

The discriminant of the polynomial R(y) is a polynomial of degree 14 in the spectral

parameter A with a double root at A = 0. Therefore, the spectral curve is a degeneration of
an algebraic curve of the genus 5.

5.2. Case of a Rational Function u(x)
Let )
, 2b

U=—a"————5<
1+ b4X3

0, (35)
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where X; = x — cpt7. Then,

b* — 242p% — 24*

C) = 2(12 + bz, C56 = 1

1
+m, c; = —(a2 —|—2b2)a6, Az = —1b6,
wherea > 0, b > 0, m > 0. With these values of constants, Equation (29) takes the form

(0xu)? = —(u + a®)3(u 4 a® + 2b%).

Since

then, for b < 2a and 2m < a3v/a2 + 2b? the condition || < 1 is satisfied. If b > 2a and
2m > a®+/a? + 202, then [7] > 1.
In this case,

b* — 2a%p> — 24* b3/ (4a% — b2) (a8 + 2a°b2 — 4m?)

o= ab(a? + 2b?) " 2a6(a? 4 2b?)
X sin <a Va2 +2h2X, — 2arctan(able>) (36)
2 VaZ+202) )’
x
where Xo = x— [ o + )t . Simplifying Equation (36), we obtain
2= (62 g ) Simpliting Equaton (00
5 b* — 2a%b* — 2a4m b3/ (4a% — b2) (a8 + 2a6b2 — 4m?)
~ ab(a? +2b2) 2a6(a% +2b2)
(a* +2b% — a?b*X3) | 5 5
X ( 2o —|—a2b4X% sm(a\/a +2b Xz)
2ab*V/a? 4 22X,
_ /a2 2
P20+ X cos (a a% +2b X2> . (37)
1 ~.
In the case of b = 2a or m = §a3 Vva? + 2b? the function 7 is constant. If b = 24, then
y— _9a2 + 16a*x2 5 27171
 1+16a%x2 7 7 344
and
2 3 4 8
C=06a", Cc56= Ea +m, cy=-9a°

Az = —16a°, B3 = %a@ By = 3248



Symmetry 2024, 16, 60 14 of 20

The relations (21), (22), and (2) imply the following equalities:

V3a4 +2m(1 — 4ia®X) (3 — 4ia*X) 26ty

pr=1

\/ga(l + 16a*X2)
b = (V3ah—2m(1 — 4ia’X)(3 — 4ia’X) i, ssintty

V6a(1 + 16a4X2) 38)
0= im (14 4ia®X) (3 + 4ia®X) ix—Giatt,

\/ga(l + 16a*X?)
5= I,m (1+4ia®X)(3 + 4ia>X) QRix—Giatt,

V6a(1 + 16a*X2)

where X = x — 6a%t;. The dependence of the solution (38) on t; was found from Equation (13).
It is easy to see that when 3a* > 2m the solution (38) satisfies the reductions q; = —p]’f.
The amplitudes of the solution components are depicted in Figure 1.

i .'/‘. 05
e
TS

s Sasas ey,
L7 4
Z ,'... 0.0

[p1(x, t1)] [p2(x, t1)|
Figure 1. The amplitudes of the solution (38) fora =1, m = 1.

The equation of the spectral curve for solution (38) takes the form

R(u,A) = (y - %AC” - 2a2A>

x (yz + <%A3 +2a2A> - ;;& - §a2)»4 —11a*A% — 16a6> =0. (39)

Note that since the solution components p; and p; are linearly dependent, the spectral
curve splits into two. The first one is rational and is defined by the equation

§= (%AZ - 2a2) A

The equation for the second component of the curve is given by

~ 1. 1
2= (A2 +4a%)3, u= i = g}\3 —a®A.
In other words, the second component of the curve (39) represents a degenerate
hyperelliptic curve of genus ¢ = 2. The presence of branch points of the third order on the
spectral curve corresponds to the existence of solutions in terms of rational functions.

If the function 7 is defined by Equation (37) and 7 # const, then

(a® +2a00% — 2a*m — 2a2b%m + b*m) (2b* + a*(1 + b*X3))
2a0(a2 +2b%) (1 + b*X3?)

U = —
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b5 V/(4a% — b2) (a8 + 2a0b% — 4m?2) X
L cos(av/a? 4 202X
zaSMu 1A X2) (v 2)
_ BP/(4a% — 12)(a® + 2a°02 — 4m?) (2b* 4 a*(1 - b*X7))
4a6(a2 +2b2)(1+ b*X3)
X sin (u\/ az + 2b2X2>,
(a® + 24007 + 2a*m + 2a2b*m — bm) (2b% + a*(1 + b*X3))
W2 == 6(22 = 212 ix2
2a%(a% 4-2b2) (1 + b*X7)
(b°+/(4a% — b2) (a8 + 2a6b2 — 4m?2) X4 Va2 22
- cos(av/a? +2b2X;
2a5v/a2 +2b%(1 + b*X2) ( a
4}m¢mﬂ—wm&MWM—MAQW+ﬁu—Mﬁ»
4a6(a2 +2b%) (1 + b*X32)
X sin (a\/ a2 4 2b2X2>,

where
Xi=x— (2&12 + bz)tl + X9, Xo=x-— (3512 + b2)t1 + Xpp.

Here, X190 = X1(0,0) and Xy = X»(0,0) are initial phases.

Equation (13) is two-phased and represents a nonlinear superposition of rational and
trigonometric functions. In other words, the solution is a traveling rational wave on a
trigonometric background. Expressions for the components p; and g; can be obtained from

Equations (21) and (22). The amplitudes of the components of this solution are shown in
Figure 2.

16 \
14 5
1.2} \00
1.0

08}

Ip1(x, t1)]

Figure 2. The amplitudes of the components of the traveling rational wave on a trigonometric
background fora =1,b=1,m =1/2, X19 = Xp0 = 0.

|p2(x,tq)]

In this case, the equation of the spectral curve has the form given in (10), where

1. 202a%+0?) 4 2a*+2a202 450 , O
AN) =—3A A < A=
2 2 4 21,2 4
BM)=E%9+ZQﬂ;b)V+JW'+ﬁ2b+7bA5 (40)
N 35b6%—48a2b4——12a4b2——8a6A§_+_7b8——4a2b6
108 48

The discriminant of the polynomial R (j) with coefficients given by (40) is equal to

1

D(A) = 256(4a2A24—b4)( 4(a% +20%)A* 4 (16a* + 40a%0% +136*)A2 4 161°).
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Therefore, the spectral curve (10), (40) is degenerate. It has two branch points of the
third order and four branch points of the first order. The presence of branch points of the
third order indicates a dependence of the solution on rational functions.

5.3. Case of the Function u(x) in the Form of a Soliton
Let
u = —b* —asech(aX;) <0, (41)

where X; = x — ¢pty. Then,

2 a* —2b* 2 14y\14
¢y = 2b°, 6516:T:|:m, 7 = (a” = b*)b*, A3 =0,
wherea > 0,b >0, m > 0.

With these values of constants, Equation (29) takes the form
(0xu)? = —(u + b*)? (v + 2b%u + b* — a?).
Since

1
K2 —(c5+¢c6)2 = —Za‘l <0,

k% — (c5 — cg)? = bH(b* — a?) — 4m?,

Then, the solution will be real when 4m? > b*(b* — a?). In other words, Function (41)
corresponds to the inequality o] > 1.
In this case, Equation (30) can be written in the following form:

/ do _1/ dx
/—a* —16m? +8(a% — 2b ) mo + 4b* (a2 — b2 2J b* +asech(ax)’

Both integrals in this equality depend on the relationship between a and b?.
Let a < b? and 2m > b?\/b* — 2. Then the solution of Equation (30) has the form

(2b* —a®)m  a®\/4m2 — b8 + a2b*

B a2 200 — a2

" <b2 + acoshEaXlg sin( /A — a2X2)

’Z/)\:

a + b2 cosh(aX;
(a® — b*) sinh(aX;) N
cos(VID*—a?2X,) |. (42
Vb* —a2(a + b%cosh(aX;) ( 2> @)

From Equations (2) and (42), it follows that

(—a?b* + b8 4 a®m — 2b*m) (b* 4 asech(aXy))

e 2042 —a)(a + b2)
a>\/a2b* — b8 + 4m?2 (b* sech(aXy) + a) sin(\/ b — a2X2>
a 4b* (02 — a)(a + 1?)
a>V/a2b* — b8 + 4m? tanh(aX;) cos(x/ bt — aZXz)
+ ,
4b*\/b* — 42
- (—a?b* + b8 — a?m + 2b*m) (b + asech(aXy))
2 26402 — a)(a + b2)
a>V/a2b* — b8 + 4m?2(b? sech(aXy) + a) sin(\/ bt — a2X2>
+

4402 —a)(a + b?)
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a>v/a2b* — b + 4m? tanh(aX;) cos (\/ bt — uzXz)
- N e ’

where X1 = x — 2b%t; + Xj9, Xo = x — 3b%t; + Xo0. The amplitudes of the components of
this solution are shown in Figure 3.

V-1.0

lp1(x,t1)] |p2(x, t1)]

Figure 3. The amplitudes of the solitonic solution fora = 3,b =2, m = 6, X19 = X9 = 0.

In this case, the equation of the spectral curve has the form (10), where

4* 4 3a* 420

A(A) = e A A2,

3 3 6

2 o 4 5, 3a®+10b* 5  b*(9a% —2b%) 5 a4t )
B(A) = oA+ A+ = A > N+ e

The discriminant of the polynomial R (u) with coefficients (43) is equal to

D(A) = ﬁ;&(%z/\z +a%)?2(16(b* — a*)A* + (64b° — 72a%b?) A% — 27a).

Therefore, the spectral curve (10), (43) is degenerate. It has three branch points of the
second order and four branch points of the first order.

5.4. Case of the Function u(x) in the Form of a Dark Soliton

Let
2ab2 (1 + bZ) 2

= —k- <0 44
tanh?(abX) + b2 “)
where X = x — cot1 + Xq9. Then,

=22 —a(143b%), c56= 41; ((1 — 267 — 36%)a? + (1+ 3b2)ak? — 2k4) +m,
¢r = (2a(1+B2) — K2)(® — 2a1%K)2,  As — —j?ﬁ(bz DB 417,

wherea > 0,b > 0, m > 0, k > 0. With these values of constants, Equation (29) takes the

form
(0xu)? = —(u + k) (u + k> — 2a(1 + %)) (u + k? — 2ab%)2.

Since
K2 — (cs+co)? = jza3(b2 12402 — 1) — a(1 — 3K2)2),
k2 — (c5 —cg)? = (K2 —2a(1 + b*)) (K> — 2ab’k)* — 4m?,
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Therefore, the inequality |7 < 1 is true under the following conditions:

, _ a(1—3b%)2
b>1, &k >—4(b2—1) ,

K >2a(1+b%), 4m® < (K —2a(1+b%)) (K — 2ab’k)%

With these parameter values, Equality (30) takes the form

a®/2(b? 4+1)/4(b2 — 1)k2 — a(1 — 3b2)2

O T2k = 2a(1 + b2)) (K2 — 2ab%k)2
x /(K2 — 2a(1 +b2)) (K — 2ab2K)? — 4m? sin(x0)
 (a2(=1+20% +3b*) — 2a(1 + 3b*)k* + 2k*)m
(k% —2a(1 4 b?)) (k3 — 2ab?k)?
where
ktanh(abX;) 5 2
k6 = 2arctan +ky/k2—2a(b? +1)( X3 — (k* —2ab")t1 ).
(b k2—2a(b2+l)> @+ (X~ ")
Using trigonometric identities, we obtain the following relation:
_ 2_ 2
sin(x0) — 2bk+\/k*> —2a(b*> +1) tanh((;le) cos(Xs)
(k2 — 2a(b? + 1))b? + k? tanh” (abX; )
(k% —2a(b* +1))b? — k2 tanh?(abX;) sin(X)
(k2 —2a(b? +1))b2 + K2 tanh2(abXy)
where

Xy = ky/k? —2a(b2 + 1) (x — (3k* — a(1 4 5b%))t1) + Xao.

In Figure 4, the amplitudes of the solution components are depicted, where the length
of the solution is equal to |p| = /—1u, and u is determined by Equation (44).

lp1(x,t1)] lp2(x,t1)]
Figure 4. The amplitudes of the dark solitonic solution fora =8,b =2,k =9, m =76, X19 = X9 = 0.

The coefficients of the equation of the spectral curve (10) in this case are

A(A) = —%/\6 + %(au + 3b) — 2k?)A*
- %(a2(5 + 6b% + 9b*) — 2a(1 + 162)k? + 2k*)A? — }La?’(b2 —1)(K*+1)?%,

B(A) = %)ﬂ - ;(a(l + 3b%) — 2k2)A7
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1
+ — (a*(7 + 18V + 27b*) — 10a(1 + 3b?)k? + 10k*)A®

18
— m(a3(35 +99b? + 45b* 4 45b°) — 48a%k* — 12a(1 + 3b?)k* + 8Kk°)A3
- 41—8113(1 +b%)%(a(7 — 100 + 15b*) — 4(—1 4 b*)K*)A.

The discriminant of the polynomial R () with these coefficients is

D(A) = 2;7 (az(l +1?)? +4(k* — 2ab2))\2)2(6a5(—1 +b2)3(1 + b7)2

+a?(—a?(1 4+ b*)?(—13 — 10b? + 131b*) + 8a(—13 — 5b> + 13b* + 56°)k?
+16(—1+ b?)?k*)A% +8(a®(1 + b?)?(—1 + 3b%) + a®(7 + 30b* + 23b*)k?
—4a(54 7b%)k* 4 8KO)A* + 16k*(—2a(1 + b?) + K*)A®).

Therefore, in this case, the spectral curve is also degenerate. It has two complex
conjugate branch points of the second order and three pairs of complex conjugate branch
points of the first order.

6. Concluding Remarks

The investigation of simple nontrivial solutions of the vector Gerdjikov-Ivanov equa-
tion has revealed the following properties:

¢  This equation is invariant under orthogonal transformations of solutions. The spectral
curves of multiphase solutions are also invariant under orthogonal transformations of
solutions. In other words, the direction of the wave vector cannot be determined from
the spectral curve.

*  The procedure for constructing simple nontrivial solutions of these equations has
shown that an equation for the length of the vector appears first. Then, from additional
relations, an equation determining the dependence of the vector’s direction on its
length follows. Thus, the solution of the equation is determined not so much by the
dynamics of its components as by the dynamics of the vector’s length and direction.

¢  Forall vector equations, there are parameter values for which the direction of the vector
is fixed. In these cases, the spectral curve breaks down into separate components, and
the evolution of the vector is determined by a curve of a lower genus than in the case
when the vector’s direction is not fixed.

Therefore, it is necessary to take into account the presence of these symmetries when
reconstructing a signal from its spectral data.

Author Contributions: Conceptualization, A.O.S.; methodology, A.O.S.; software, L.L.D.; inves-
tigation, L.L.D.; writing—original draft preparation, E.A.E.; writing—review and editing, A.O.S.;
visualization, E.A.F,; supervision, A.O.S.; project administration, A.O.S.; funding acquisition, E.A.F.
All authors have read and agreed to the published version of the manuscript.

Funding: The research was supported by the Russian Science Foundation (grant agreement No
22-11-00196).

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The author declares no conflicts of interest.

1. Smirnov, A.O,; Gerdjikov, V.S.; Matveev, V.B. From generalized Fourier transforms to spectral curves for the Manakov hierarchy.
II. Spectral curves for the Manakov hierarchy. Eur. Phys. ]. Plus 2020, 135, 561. [CrossRef]

2. Zhang, G, Ling, L,; Yan, Z. Higher-order vector Peregrine solitons and asymptotic estimates for the multi-component nonlinear
Schrodinger equations. arXiv 2020, arXiv:2012.15603.

3. Pu,J; Chen, Y. Data-driven vector localized waves and parameters discovery for Manakov system using deep learning approach.
arXiv 2021, arXiv:2109.09266.


http://doi.org/10.1140/epjp/s13360-020-00588-1

Symmetry 2024, 16, 60 20 of 20

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Sinha, D. Integrable local and non-local vector non-linear Schrodinger equation with balanced loss and gain. arXiv 2021,
arXiv:2112.11926.

Gelash, A.; Raskovalov, A. Vector breathers in the Manakov system. arXiv 2022, arXiv:2211.07014.

Zhang, G.; Huang, P; Feng, B.F.; Wu, C. Rogue waves and their patterns in the vector nonlinear Schrodinger equation. arXiv
2022, arXiv:2211.05603.

Huang, Z.; Sergeyev, S.; Wang, Q.; Kbashi, H.; Dmitrii, S.; Huang, Q.; Dai, Y.; Yan, Z.; Mou, C. Vector soliton breathing dynamics.
arXiv 2022, arXiv:2211.09550.

Ghosh, S.; Ghosh, P. Solvable limits of a class of generalized vector nonlocal nonlinear Schrédinger equation with balanced
loss-gain. arXiv 2022, arXiv:2212.02786.

Ramakrishnan, R.; Kirane, M.; Stalin, S.; Lakshmanan, M. Coupled nonlinear Schrodinger system: role of four-wave mixing effect
on nondegenerate vector solitons. arXiv 2023, arXiv:2306.00394.

Snee, D.; Ma, Y.P. Domain walls and vector solitons in the coupled nonlinear Schrodinger equation. arXiv 2023, arXiv:2308.14743.
Morris, H.C.; Dodd, R.K. The two component derivative nonlinear Schrédinger equation. Phys. Scr. 1979, 20, 505. [CrossRef]
Fordy, A. Derivative nonlinear Schrédinger equations and Hermitian symmetric spaces. J. Phys. A 1984, 17, 1235. [CrossRef]
Tsuchida, T.; Wadati, M. New integrable systems of derivative nonlinear Schrédinger equations with multiple components. Phys.
Lett. A 1999, 257, 53-64. [CrossRef]

Xu, T.; Tian, B.; Zhang, C.; Meng, X.H.; Lu, X. Alfvén solitons in the coupled derivative nonlinear Schrédinger system with
symbolic computation. . Phys. A 2009, 42, 415201. [CrossRef]

Ling, L.; Liu, Q.P. Darboux transformation for a two-component derivative nonlinear Schrodinger equation. J. Phys. A 2010,
43,434023. [CrossRef]

Guo, B.L.; Ling, L M. Riemann-Hilbert approach and N-soliton formula for coupled derivative Schrodinger equation. Phys. Lett.
A 2012, 53, 073506. [CrossRef]

Chan, H.N.; Malomed, B.A.; Chow, K.W,; Ding, E. Rogue waves for a system of coupled derivative nonlinear Schrodinger
equations. Phys. Rev. E 2016, 93, 012217. [CrossRef]

Guo, L.; Wang, L.; Cheng, Y.; He, ]. Higher-order rogue waves and modulation instability of the two-component derivative
nonlinear Schrodinger equation. Commun. Nonlinear Sci. Numer. Simulat. 2019, 79, 104915. [CrossRef]

Wau, J. Integrability aspects and multi-soliton solutions of a new coupled Gerdjikov-Ivanov derivative nonlinear Schrodinger
equation. Nonlin. Dyn. 2019, 96, 789-800. [CrossRef]

Smirnov, A.O. Spectral curves for the derivative nonlinear Schrodinger equations. Symmetry 2021, 13, 1203. [CrossRef]

Zhou, H.; Chen, Y,; Tang, X.; Li, Y. Complex excitations for the derivative nonlinear Schrodinger equation. arXiv 2021,
arXiv:2111.13843.

Albares, P. Integrability and rational soliton solutions for gauge invariant derivative nonlinear Schrodinger equations. arXiv
2021, arXiv:2102.12183.

Chen, J.; Pelinovsky, D.E. Rogue waves on the background of periodic standing waves in the derivative NLS equation. arXiv
2021, arXiv:2103.09028.

Peng, W.; Chen, Y. Double and triple poles solutions for the Gerdjikov-Ivanov type of derivative nonlinear Schrodinger equation
with zero/nonzero boundary conditions. arXiv 2021, arXiv:2104.12073.

Wen, L.; Chen, Y.; Xu, J. The long-time asymptotic of the derivative nonlinear Schrédinger equation with step-like initial value.
arXiv 2022, arXiv:2212.08337.

Goossens, ].V.; Yousefi, M.L; Jaouén, Y.; Haffermann, H. Polarization-Division Multiplexing Based on the Nonlinear Fourier
Transform. Opt. Express 2017, 25, 26437-26452. [CrossRef] [PubMed]

Gaiarin, S.; Perego, A.M.; da Silva, E.P.; Da Ros, F.; Zibar, D. Dual polarization nonlinear Fourier transform-based optical
communication system. Optica 2018, 5, 263-270. [CrossRef]

Civelli, S.; Turitsyn, S.K.; Secondini, M.; Prilepsky, ].E. Polarization-multiplexed nonlinear inverse synthesis with standard and
reduced-complexity NFT processing. Opt. Express 2018, 26, 17360-17377. [CrossRef]

Gaiarin, S.; Perego, A.M.; da Silva, E.P.; Da Ros, E; Zibar, D. Experimental demonstration of nonlinear frequency division
multiplexing transmission with neural network receiver. J. Light. Technol. 2020, 38, 6465-6473. [CrossRef]

Smirnov, A.O.; Caplieva, A.A. Vector form of Kundu-Eckhaus equation and its simplest solutions. Ufa Math. J. 2023, 15, 146-163.
Dubrovin, B.A. Matrix finite-zone operators. J. Soviet Math. 1985, 28, 20-50. [CrossRef]

Akhiezer, N.I. Elements of the Theory of Elliptic Functions; McFaden, H.H., Translator; American Mathematical Society: Providence,
RI, USA, 1990.

Abramowitz, M.; Stegun, I.A. (Eds.) Handbook of Mathematical Functions with Formulae, Graphs and Mathematical Tables; Willey-
Interscience: New York, NY, USA, 1972; p. 1045.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1088/0031-8949/20/3-4/029
http://dx.doi.org/10.1088/0305-4470/17/6/019
http://dx.doi.org/10.1016/S0375-9601(99)00272-8
http://dx.doi.org/10.1088/1751-8113/42/41/415201
http://dx.doi.org/10.1088/1751-8113/43/43/434023
http://dx.doi.org/10.1063/1.4732464
http://dx.doi.org/10.1103/PhysRevE.93.012217
http://dx.doi.org/10.1016/j.cnsns.2019.104915
http://dx.doi.org/10.1007/s11071-019-04821-0
http://dx.doi.org/10.3390/sym13071203
http://dx.doi.org/10.1364/OE.25.026437
http://www.ncbi.nlm.nih.gov/pubmed/29092134
http://dx.doi.org/10.1364/OPTICA.5.000263
http://dx.doi.org/10.1364/OE.26.017360
http://dx.doi.org/10.1109/JLT.2020.3016685
http://dx.doi.org/10.1007/BF02104895

	Introduction
	The Monodromy Matrix
	Integrable Nonlinear Equations
	Solutions in the Form of Plane Waves
	Solutions for n=1
	Case of Elliptic Function u(x)
	Case of a Rational Function u(x)
	Case of the Function u(x) in the Form of a Soliton
	Case of the Function u(x) in the Form of a Dark Soliton

	Concluding Remarks
	References

