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Abstract: In this paper, we consider a quite general class of advection reaction diffusion
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1. Introduction

In this paper, we focus our attention on the following family of 2 x 2 nonlinear advection reaction
diffusion systems in (1 + 1) independent variables:

ue = (f(w)z)e + g(u, v, uz),
)

U = h’(ua U)7

with f(u), g(u,v,u,), h(u,v) analytic functions. These systems, apart from their own mathematical

interest, offer the possibility to be analyzed as possible biomathematical models for two interacting
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species u and v, where one of them, the species v, does not suffer diffusion. The dependence of the
function g on the gradient u, shows advection effects; in fact, the individuals of the species u could be
influenced by external stimuli as wind velocity or water currents. Of course, the absence of the advective

phenomena brings to the following system:

w = (f(Wus)e + g(u,v),
(2)
vy = h(u,v),
that can describe the evolution of the Aedes aegypti mosquito population in a region where wind
effects are negligible or the evolution of a Proteus mirabilis bacterial colony when the diffusion
coefficient depends only on the species u, that is when the system (2) is a subclass of the following
wider class:
up = (f (U, 0)ug ) + g(u, v),
3)
vy = h(u,v),
considered in [1-4].

One of the most important problems in modeling the phenomena of life sciences and natural sciences
is to select “good” forms of arbitrary functions (constitutive equations) that fit well with the experimental
data and possess mathematical properties that allow scientists to get some solutions or much news
about them.

A powerful tool of investigation in this field is given from transformation groups, in particular from
equivalence transformations and symmetries.

In the framework of the group analysis, the literature concerning the systems of the type (1) is scarce.
There are no papers devoted to a complete Lie symmetry analysis of PDE systems with advection
(convection) terms of the form (1). In [5], it is possible to find a complete solution of this problem for
a class of diffusion systems with convection terms in both equations. Moreover, the paper [6] contains
some description of Lie symmetries for a class of systems, which includes cases having a structure
similar to system (3). However, it is possible to find some papers devoted to the complete Lie symmetry
analysis of a single advection (convection) reaction diffusion equation (see, e.g., [7-9]).

Following, e.g., [10], an equivalence transformation for the system (1) is a non-degenerate change of
the independent and dependent variables ¢, z, u, v into ¢, &, @, 0

r=xz(z,t,4,0),
t=t :Etu D), @
u=u(z,t,a,0),
v =v(&,t,1,0),

that transforms a system of the class (1) in another one of the same class. That is, an equivalence
transformation brings the system of the form (1) in a system preserving the differential structure, but, in
general, with:

fla) # fu),  §la,0,9:) # glu,v,ug),  h(a,9) £ h(u,v). (5)

It maps a solution of a system in a solution of the equivalent system.
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It could occur that the transformed equations show still the same structure, but the arbitrary functions
are depending on additional variables. In this case, the equivalence is said weak.

Of course, in the case:

~ ~

fa) = flw), g4, 0,4:) = g(u,v,uz),  h(@,0) = h(u,v), (6)

an equivalence transformation becomes a symmetry (a transformation of variables that leaves invariant
the transformed system).

A symmetry allows one to reduce the number of independent variables of an equation so that, for
instance, a PDE in 1 + 1 independent variables can become an ODE. Once solved this last one, going
back to the original variables, we get a solution that is invariant with respect to the symmetries used
for the reduction. It is worthwhile to note that a symmetry transforms invariant solutions into invariant
solutions that are not essentially different (see Ovsiannikov [11]), but, having a different form, they could
satisfy different suitable initial/boundary conditions.

The aim of this paper is an improvement of the results that we have shown in [12], bearing in mind
some generalization of the special form assumed from the constitutive functions f, g and h already used
in some previous papers about [4,12—14]. In this paper, we use the infinitesimal generator of equivalence
transformations derived in [12] for the class (1) in order to obtain some extensions of the principal Lie
algebra for the following subclass:

up = (f(w)ug)e + v uy + I'i(u) + Ta(v),

vy = h(u,v).

(7)

Here, we assumed:
91,0, 4) = Wty + Ty () + Ta(v) (8)

that is a generalization of that ones used in [12,13].

In the next section, after recalling, for the sake of completeness, some elements about equivalence
transformations (for additional mathematical and methodical details, the interested reader can
see [12,15,16]), we write the equivalence generator derived in [12]. In Section 3, the principal Lie algebra
and its extensions are discussed; moreover, a simple example that could be related to the biomathematical

model of Aedes aegypti is considered. The conclusions are given in the last section.

2. On Equivalence Transformations and Their Calculation for the Class (1)

It is easy to ascertain that, often, in papers on differential equations, it is possible to find several
examples of equivalence transformations and their applications. In general, in the past and now, the direct
search for the most general equivalence transformations through the finite form of the transformation has
been used. Quite often, this search is connected to considerable computational difficulties and does not
always lead to the complete solution of the problem (e.g., [17,18]).
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2.1. Elements on Equivalence Transformations

Following [11,15,16,19,20] (see also, e.g., [10,21-23]), we look for the infinitesimal generator of the
equivalence transformations of the system (1) of the form:

Y =€'0, + 20, +1'0y + 0°0, + ' 0f + 120, + 10, 9)

where the infinitesimal components &', €2, n!, n? are sought depending on z, ¢, u, v, while the
infinitesimal components ;¢ (i = 1,2,3) can also depend on u,, u,, Vs, U, f, g and h. Here, we are
interested in obtaining the infinitesimal coordinates &, ' and ¢/ (: = 1,2 and j = 1,2, 3), by applying
the Lie—Ovsiannikov infinitesimal criterion [11] by requiring the invariance, with respect to a suitable
prolongations Y (1) and Y'(?) of generator (9), of the following equations:

Uy

h=0, (11)

V¢ —
without requiring the invariance of the so-called auxiliary conditions [15,16,24,25]:

ft:fx:fvzfux:fut:fvx:fvt:gt:g:c:gut:gvt:gvxzoa (12)
he = hy = hu, = hy, = e, = hy, =0, (13)

that characterize the functional dependence of f, g and h.

In this way, we obtain the weak equivalence transformations [15,16].

The main difference with respect to the classical one is that the infinitesimal operators of weak
equivalence transformations can generate transformations that do not preserve the functional dependence
of the arbitrary elements.

With respect to the application in biomathematical models, equivalence and weak equivalence
transformations were applied not only to study tumor models [26,27], but also the population dynamics
in [1,3,4].

2.2. Calculation of Weak Equivalence Transformations

We need the following prolongations Y (") and Y (?):

Y@ = yW o, (15)

xx )

with (see [12] for more details),

¢ = Dun' —up Dyt — u D%, (16)
G = Dt — uy D&t — up DyE?, (17)
(¢ = Do — v, D6 — 0D, &, (18)
G = Dm?* — v, D' — v, D&%, (19)
(it = Do) — Uy Do — gy Do €%, (20)

wi = Dyp* — fuDun’, 1)
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where D, and D, are, respectively, the total derivatives with respect to x and ¢, while in our case, the
operator D, is defined as:

The invariant conditions read:

(o — 201Uy fu — wlwy — et — fC — i =0, (23)
G—p=0, (24)

both under the constraints (10) and (11).
Following the usual techniques, we derive the following infinitesimal components for the weak

equivalence generators:

g =alx), €=p5t), n'=0itmu), n* = N, t,v), (25)
pt=(2a" =B f, 1 =06+ (0u— B9 + (@up = 6uuid) f, 1’ = (A — B)h+ A, (26)
where o(x), 8(t),d(t,u), \(z,t,v) are arbitrary real functions of their arguments. The corresponding
infinitesimal generator is:
Y = a(x)0, + B(t)0; + 0(t, )0y + Az, t,v)0, + (20 — ') fOy

27
+ (6t + (5u - Bl)g + (O//Uac - 5uuu§)f) ag + ((/\v - Bl)h + )‘t> ah- ( )

3. Symmetries for a Subclass of Advection Reaction Diffusion Systems

In this section, we apply the projection theorem, introduced in [28] and successively generalized
in [15,16,24], in order to carry out a symmetry classification for the following subclass of system (1):

up = (f(u)ue)e +u"uy + Ty (u) + Da(v),

28
v = hu,v). e

with r 7& 0, Fll 7§ 0 and FQ, 7é 0.
For the system (28), we can affirm the following:

Theorem 1. The projection of the infinitesimal weak equivalence generator Y for the system (1) on the
space (z,t,u,v):

X = o(x)0y + ()0 + 6(t,u)0y + Az, t,v)0, (29)

is an infinitesimal symmetry generator of a system of the class (28) if and only if the constitutive

equations, specifying the forms of f, g and h, are invariant with respectto Y.

Applying the previous theorem, in order to obtain the determining system for the subclass (28), we

request the invariance with respect to Y of the following constitutive equations:
f=[f(u),
g = urux + Fl(u) + FQ(U)7 (30)
h = h(u,v),
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that is
Y(f = f(u) =0,
Y(g—u"u, —T'1(u) — T2 (v)) =0, (31)
Y (h — h(u,v)) =0,

under the constraints (30). Then, taking into account the form (27) of generator Y, we have the following

determining equations:

(20" = B')f = dfu=0, (32)
0+ (0w = B) (W ug + Ty 4 Ta) = (Buutiy — "ug) f — (64 — @ Yupu” —

S(ru"tu, + 1) — Ay =0, (33)
(A — B+ M\ — 6hy — Ay = 0. (34)

We recall here that the principal Lie algebra Lp [10,19] is the Lie algebra that leaves invariant the
system (28) for any form of the functions f(u), I'; (u), I's(v) and h(u, v). Then, the principal Lie algebra
is the generator (29) where the functions «, 3,  and A are solutions of the system (32)—(34) for arbitrary

functions f(u), I';(u), I'y(v) and h(u, v). Consequently, it is a simple matter to ascertain the following:

Corollary 2. The projection (29) of infinitesimal weak equivalence generator Y for the system (1) on
the space (x,t,u,v) is the infinitesimal symmetry generator corresponding to the principal Lie algebra
of the class (28) ifand only if ' =0, i/ =0,i=1,2,j =1, 2, 3.

Then, the principal Lie algebra L is spanned by the following generators corresponding respectively

to translations in time and in the space:

X, =0, Xo=0,. (35)

3.1. On the Extensions of the Lp

Here, we analyze some particular cases of the extension of the principal algebra for the class (28).
That is, we look for a family of particular functions f(u), I'1(u), I'y(v) and h(u, v), such that the solution
of system (32)—(34) is different from 0 = A = 0 and « and [ constants, which corresponds to the
generators (35).

From Equation (32), deriving with respect to x, we get:
2a"f =0, (36)
that is
a(x) = a1z + ay, (37)
with a( and a, arbitrary constants. Consequently, from Equation (33), deriving with respect to =, we get:

2Ty =0, (38)
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and taking into account that Iy’ # 0, we obtain:
A= A(t,v).

Equation (33) becomes:

8+ (6 — B +Ty) — 6Ty — Ay +up((ay — B)u" — oru” 1) + w2 (—dyuf) = 0.

As any function does not depend on u,, from Equation (40), we derive:

5uuf =0,
(ay — Bu" — oru"~' =0,
8 + (6, — B') (1 + Ty) — 0Ty — A = 0.

Then, from Equation (41):

5(t,u) = uAy(t) + As(t),

1935

(39)

(40)

(41)
(42)
(43)

(44)

with A;(t) and Ay(t) arbitrary functions of ¢. After these partial results, for the sake of clarity, we rewrite

the determining system:
(2a1 = B)f = (uAy + Az) fu = 0,
wlay — B —rA)) —rdy =0,
(udi + A") + (Ar = B)(T1 + T2) — (uA; + Ag)Ty = Al = 0,
(Ao = BV + X — (uAs + Ag)hy, — Ahy, = 0.

From Equation (46), taking into account that any function does not depend on u, we get:

_ /
Al = @ 5 ) A2 - 07
r
then the other equations become:
a1 — /
oy~ ) —u " f =0,
" -1 / ot
_B_U + M(pl +Ty) — W p T, — ATy =0,
r r r
_ /
O = B+ M — a2 h, — =0,
T

(45)
(46)
(47)
(48)

(49)

(50)

(5D

(52)

We observe that from Equation (50), if f is arbitrary, it follows 3 = by, a; = 0, from Equation (51)

A = 0, while the Equation (52) is satisfied. Therefore, for f arbitrary, we do not obtain the extension of

the principal Lie algebra. Then, in order to look for extensions of the principal algebra, we observe that

from Equation (50), the form of function f must have the following structure:

1. f = four.
2. f= fou®and s # r.

We study these cases separately.
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L. f = fou"

In this case, from Equation (50), we have a; = 0. Moreover, by differentiating Equation (51) with

respect to u, we have:
B"+ B'(rIy —uly") = 0. (53)

We observe that if I'; is arbitrary, we have § = by, while from Equation (51), we have
A = 0, and Equation (52) is satisfied; however, we do not obtain the extension of the principal
Lie algebra. Then, in order to have extensions of the principal algebra, the following conditions

must be satisfied:

uly" — 1Ty = 7, (54)
8" =vp. (55)
We distinguish two cases: 7 # —1 and r = —1.

(a) If r # —1, from Equation (54), we get:

- — +co. (56)

Consequently, from Equation (51), we obtain:

(co+To)(r+1)5
T’Fgl ’

At,v) = —

(57)

while Equation (52) becomes:

/
%QIQJI =0 (58)
with:

Ji=h(1+7)(cg +T)Ty" — (h(1+2r) — uhy )T 4 (1 +7)(hy — 70)(ca 4+ T2)Ty'. (59)

We observe that if 5’ = 0, then A = 0, and we do not obtain the extension of the principal
Lie algebra. Consequently, in order to have extensions of the principal algebra, the functions
I'; and h must satisfy the equation JJ; = 0. In this case, we have two possible generators
depending on 7.

i. If vy # 0, as from Equation (55), we have:

B(t) = bo + bre™, (60)
the additional generator is:

o€t (co +To)(r+ 1)706Wa

t
X3 = e 8t — T 7 -
2

w0, —

(61)
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. If 79 = 0, as from Equation (55), we have:
B(t) = by + bit,

the additional generator is:

(ca+To)(r+1)
TFQ/

X3 = t@t - Eau - av-
r
(b) If r = —1, from Equation (54), we get:
[y (u) = ¢ In(u) + you + co.

Consequently, from Equation (51), we obtain:

c1ff
/\(t, U) = —F—2,,
while Equation (52) becomes:
6/
T

with:

JQ = hClrgﬂ — (h -+ Uhu)FQIQ + C1<hv — 70)112/-

1937

(62)

(63)

(64)

(65)

(66)

(67)

We observe that if 5/ = 0, then A = 0, and we do not obtain extension of the principal Lie

algebra. Consequently, in order to have extensions of the principal algebra, the functions

['s and h must satisfy the equation J, = 0. In this case, we have two possible generators

depending on .
i. If vy # 0, as from Equation (55), we have:

B(t) = by + by,

the additional generator is:

c1y0€™"

X3 = 9, + ype™'ud, — T Oy.
2

ii. If 79 = 0, as from Equation (55), we have:
ﬁ(t) = bO + b1t7
the additional generator is:

u (6]
X3 =10, — =0y — =—0,.
3 ¢ T FQI

(68)

(69)

(70)

(71)
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2. f=fou*and s #r

In this case, from Equation (50), we have:

o —
B(t) = @ 2r —s) S>t+bo, (72)
r—s
and Equation (51) becomes:
ajuly’ — a1 (14 2r — s)(Ty + Ta) — (r — s)AIL' = 0. (73)

Moreover, by differentiating with respect to u, we get:
ar(uly" + (s —2r)Iy") = 0. (74)

We observe that if I'; is arbitrary, then we have a; = 0, while from Equation (51) A = 0 and
Equation (52) is satisfied, but we do not obtain the extension of the principal Lie algebra. Then, in
order to have extensions of the principal algebra, the following condition must be satisfied:

ul'y" + (s — 2r)Ty' = 0. (75)

We distinguish the following two cases.

(a) If s # 2r + 1, from Equation (75), we get:

[y (u) = 1 + cou! P25, (76)
From Equation (51):
ai(s —2r —1)(c; + I'y)
At,v) = 77
while Equation (52) becomes:
aj
J3 =0 78
(r — s)I'y? s (78)
with:
Js = (14 2r — 8)(cy + Do) (hTy" + hoI'y') + (uhy, — h(1 4 4r — 25))[y"2. (79)

We observe that if the functions I's and h do not satisfy the equation J;5 = 0, we do not
obtain the extension of the principal Lie algebra. Then, in order to have extensions of the
principal algebra, the functions I's and /& must satisfy the equation J; = 0. In this case, we
obtain the following additional generator:

2r — 1 —2r—1 r
TS g, + B2 D@+ 1Y)
s—r (r—s)I'y

Xy = 20, + d.. (80)

r—s
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(b) If s = 2r + 1, from Equation (75), we get:

I'1(u) = ¢1 In(u) + co, (81)
and from Equation (72):
a
t) = t+by. 82
B(t) T (82)
Consequently, from Equation (51), we obtain:
ci1aq
ANt v) = ———7 83
while Equation (52) becomes:
3]
——Jy =0 84
(T -+ 1)F2l2 ! ( )
with:
Ji = heilY" — (b +uh )Ty + c1h, Ty (85)

We observe that if the functions I's and h do not satisfy the equation J;, = 0, we do not
obtain the extension of the principal Lie algebra. Then, in order to have extensions of the
principal algebra, the functions I's and h must satisfy the equation J; = 0. In this case, we
obtain the following additional generator:

1 1 C1
X3 =20, + ——t0 + ——udy — ————0,. 86
3 = @0p + 210+ T ud (r+1)r2’a (86)

Summarizing, we obtained six subclasses of class (28), which admit a three-dimensional Lie algebra.
147

1. f= fou" withr # —1,T(u) = A== 1% + ¢y with g # 0, the functions % and I'y linked from

the following relation:
R(1+7)(co +T2)T" — (h(1 +2r) — uhy )T 4+ (1 +7)(hy — 70)(c2 + T2)Ty = 0. (87)

2. f = fou" with r # —1, I'i(u) = % -+ ¢9 and the functions ~ and T'y linked from the

following relation:
h(1+7)(cy +To)Ty” — (h(1 4 2r) — uhy )T + (1 +7)(hy)(ca + To)Ty = 0. (88)
3. f = %, ['y(u) = ¢ In(u) + you + ¢ with 7y # 0 and the functions h and I'; linked from the

following relation:
heiDy” — (h 4 uhy,)To? + ¢ (hy — 7o)l = 0. (89)
4. f = %, ['y(u) = ¢; In(u) + co and the functions h and I'y linked from the following relation:
heiTy” — (B + uhy )Ty + ¢ (hy )Ty = 0. (90)

5. f = fou® withs # r, 2r +1,T1(u) = ¢; + cou'™ =% and the functions h and Iy linked from the

following relation:
(1+2r — s)(c1 + D) (A" + hyTy') + (uhy, — (1 + 4r — 25))0y"% = 0. 91)
6. f = fou !, T1(u) = ¢; In(u) + ¢» and the functions h and T'; linked from the following relation:

hClrgﬁ — (h + Uhu)F2/2 + Clhvrgl = 0. (92)
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3.2. A Special Case

In agreement with some news about the biological compatibility of the form of g derived from some
previous papers (see, e.2., [29,30] and references insides), in this subsection, we show an example of the
application of the previous results.

By selecting the case 1a from the obtained cases and assuming r = 1 and ¢, = 0 in (56), we consider

f, I'1, of the following form:
f=fou, Ti(u) =mu? —u, (93)
with fo, 70, 71, arbitrary constants. Moreover, we assume:

[o(v) = yov + 73, (94)

with 79, 3, arbitrary constants.
In this case, in order to have an extension on the principal algebra, the function h(u, v) must satisfy
the equation J; = 0, that is:

(uhy — 3h)73 + 2(hy —70) (20 +73)73 = 0. (95)

Solutions of this equation are functions h(u, v) of the form:

h(u,v) = w*H(o) — 2%(721] + ), (96)

where H is an arbitrary function of o = % By assuming H (o) = o in agreement with [13,29,30],

we get:

hunv) = B - 2). ©7)

The system (28) becomes:

g = fouZ + foullee + Uty + Y1u? — You + Y2v + 73,

(98)
Uy = WL;%(U — 27)-
While the third generator is obtained by specializing generator (61) and has the form:
— oot ~ot 2’70 Yot
X3 = "9, — v ud, — 7(720 + 73)€7°°0,. (99)
2
By considering the generator £ X, + X3, we get:
Vv —2v0t _
u(t,z) = U(2)e ™ v(t,z) = (2)e 5 73, (100)
g
with z = 2% + 77!, while the functions U(z), V() are solutions of the reduced system:
U"U fovg + U forys + k(U + k) U + KV + %1 k*U? = 0, (101)

V' + UV = 0. (102)
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This reduced system, as well as other cases of biological specializations, will be studied in
later research.

Of course, the systems studied here cannot be considered, strictu sensu, as mathematical models.
In fact, their constitutive parameters need to be characterized carefully from the biological point view.
However, having in mind some previous models concerned with Aedes aegypti [13,14,29-31], we try to
stress some structural features of the system (98). To this aim, we rewrite system (98) as:

up = (founy)s + uuy +1u (u - E) NEPHS (U + E)
n 72

(103)
w= (=) (v+ 2)

V2
It is easy to ascertain a weak interaction of the equation for the aquatic population on the equation for
the winged population. Moreover, in this last one appears a growth for population v having a logistic
structure. By identifying ~y; as a positive rate of maturation of the aquatic forms in winged female
mosquitoes and 7y, as the positive winged population mortality, it is possible to find a threshold value

Upps = T Finally, the aquatic population evolution equation shows a growth rate u© — 2, ruled by the
v

1
density of mosquitoes and their mortality.

Remark 1. It is a simple matter to ascertain that the system (103) admits as the special solution:

u=10 ,=_0 (104)
g 72
Moreover, it is possible to get other solutions by assuming v = —E, while w is obtained as a solution
V2
of equation:

"o
up = (fouuy ), + uuy +nu (U - 7—) . (105)

1

For the interested reader, it could be worthwhile noticing that Equation (105) is a particular case
of equation considered in [8,9]. Moreover, we can get the results obtained in [8,9] (see Table 1,

Case 8 of both papers) by projection. Indeed, the Lie symmetry generator (99) projected in the space

(t, T, U, v= —E> becomes the Lie symmetry 7} of [8,9].
Y2

4. Conclusions

In this paper, we have considered a class of advection reaction diffusion systems of interest in
biomathematics. After having recalled a weak equivalence generator, obtained in a previous work [12],
we find some particular cases of the nonlinear system (28) admitting three-dimensional Lie algebras
by using a specialization of a projection theorem [24,28]. In this subclass, the constitutive equation
characterizing g is assigned as:

g=u"u; + ' (u) +I2(v)

that generalizes [12]:
g = pu'us + Tiu® + Ty’ (106)
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where the constants p(# 0), I'1, I's, 7, s, a and b are constitutive parameters. We derive the principal
Lie algebra and the functions admitting at least an extension by one. These results are summarized at the

end of Section 3.1. A special case is considered in Section 3.2.
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