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Abstract: In the paper, by virtue of the Faa di Bruno formula, with the aid of some properties of the
Bell polynomials of the second kind, and by means of a general formula for derivatives of the ratio
between two differentiable functions, the authors establish explicit, determinantal, and recurrent
formulas for generalized Eulerian polynomials.
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1. Introduction
Eulerian polynomials A, (t) for n > 0 can be generated ([1], p. 2) by

and higher-order Eulerian polynomials AP (t) can be generated ([2], p. 206) by

1—t 'X_ o (a) U
[Eu(tl)—t:| _n;()An (t)m'

F£1,

where « > 0. In [3], among other things, Eulerian polynomials A, (f) and higher-order
Eulerian polynomials AW (t) were expressed by

An(t) = kf k!S(n, k) (t —1)"* (1)
=0
and
AW () = r(lm)kzor(a RS k)t — 1)k, o)

where S(n, k) for n > k > 0 denotes the Stirling numbers of the second kind

S(n,k) = i(—l)H <Iz)€n

(=1
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and can be generated by
(ex - 1

- i : 3)

See [2] (p. 202, Theorem A; p. 206, Theorem A) and [4].
In [5], among other things, it was proven that Eulerian polynomials A, (t) and higher-

order Eulerian polynomials A,((M (t) satisfy

s S(Tl,k) . n!
k;o (f—l)"Ak(t) T (t—1)n @)
and - » o
" s(n, @, T(n+a
Lo =T w-n )

where s(n, k), which can be generated (see [6,7]) by

—, x| <1,

[ln(l + x) i

stands for the Stirling numbers of the first kind. Formulas (1) and (4) are inversions of each
other, while Formulas (2) and (5) are also inversions of each other.
In ([8], pp. 328-329), a determinantal expression

1 &4 o0 0 0 0 0
o 1 & o0 0 0 0
0 1 (i) % 0 0 0
0 1 0 0 0
An(t) = WG , nz0
0 1 ("Ij) ("3 G2 0
n— n— n— n—
01 () () (3) (o) T3
O 1 (]) (2) (,173) (nfz) (nfl)

and two recurrence relations
A — n 1 )
n(t) Z() 1) neN,

n—1 n
o 2(_1)k<k> (:lf(i))k

An(t) = ()" (= 1)"

were derived.
In [9], Eulerian polynomials Ay (t) were generalized as T}, (t,a,d), which can be gener-
ated ([9], Lemma 12) by

(f 1)eau(t 1)
t— edu(t=1)

Z Tu(t,a, d ) (6)
The first four expressions of Ty (t,a,d) are

To(t,a,d) =1, Ty(ta,d)=d+a(t-1),
To(t,a,d) = a®(t —1)* +2ad(t — 1) + d*(t + 1),

and
Ts(t,a,d) = a®(t — 1)% + 3a2d(t — 1)* + 3ad* (* — 1) + d° (1> + 4t + 1).
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In this paper, as in the papers [10-12], by virtue of the Faa di Bruno formula (see
Lemma 1 below), with the help of two properties of the Bell polynomials of the second
kind (see Lemmas 2 and 3 below), and by means of a general formula for derivatives of
the ratio between two differentiable functions (see Lemma 4 below), we establish explicit,
determinantal, and recurrent formulas for generalized Eulerian polynomials T, (t,a,d) (see
Theorems 1-3 below).

2. Lemmas

To prove our main results, we need the following lemmas.

Lemma 1 ([2] (pp. 134 and 139) and [13]). The Bell polynomials of the second kind, or say,
partial Bell polynomials, denoted by By, i (x1, X2, ..., Xy_k11) for n > k > 0, are defined by

) o (bl /g 4
1<i<n ;€ {0}UN i=1
Z?:l ifi:ﬂ,Z?zl Z,‘ k

The Faa di Bruno formula can be described in terms of the Bell polynomials of the second kind
Bn,k by

d" L (k) / " (n—k+1)

i f o) = Y fU () B (W (), W7 (), 1 (1)) @)

k=0

Lemma 2 ([2] (p. 135) and [13]). For n > k > 0, we have

V" oy 1) = @0 B (1, %2, X ky1), (8)

B, (abxy, ab*x,,...,a
where a and b are complex numbers.
Lemma 3 ([2], p. 135). For n > k > 0, we have
B,k(1,1,...,1) = S(n,k). )

Lemma 4 ([14], p. 40, Entry 5). For k > 0 and two differentiable functions p(x) and g(x) # 0,
we have

p q 0 0 0
P’ q q 0 0
1" " 2y 1
- o] _ Gt om0 10)
dxk q(x) - qk+1 . . B . . . . .
pk-2) g(-2) (i 1f)q("’3) o 0
p(kil) q(kil) i )q(k 2) e (kk: )q/ kq
p  g® (gD (K (S

In other words, Formula (10) can be represented as

dk -1 k
d xk {ZE;?] - qgc+1()x) |W(k+1)x(k+1)(x)|,

where |W(11)x (k1) (x) | denotes the determinant of the matrix

Wity x k1) (0) = [Ugegyx1 (6) - Viggay sk (%)]
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such that Uy 1)1 (x) has elements w1 (x) = pV(x) for1 <0 <k+1and Viks1)xk(x) has

entries of the form
i—1\
. =D(x), i-j>0
03(x) = (ioa)a e i

0, i—j<0
for1<i<k+4+1landl <j<k
3. Explicit, Determinantal, and Recurrent Formulas
In this section, we establish explicit, determinantal, and recurrent formulas for gener-

alized Eulerian polynomials Ty (t,a,d).

Theorem 1. For n > 0, the generalized Eulerian polynomials T, (t,a,d) can be explicitly com-
puted by

) = -1 3 ()

k=0

(11)

Proof. This is the first proof. Applying the functions f(v) = 1 and v = g(u) = t — e#(*=1)
to the Faa di Bruno Formula (7) and using the identities (8) and (9) yield that

d7k 1 B k 1 (Z)B ) —d(t—l) du(t—1) —dz(t—l)z du(t—1)

, _gk—itl (t _ 1)k—i+1edu(t—1))

- (1) i gk k jidu(t—1)
=) (CVd(E=1)e Bii(1,1,...,1)

4 idu(tfl)s k).
1=0 edut 1)]l+1€ (/1)

Hence, we obtain that

| dk 1 K1 k il S(k.i
uli%duk[t—edu(t 1)] (t=D)f lzo(t—l)zﬂ (k).

On the other hand, it is easy to see that

; au(t—1) (k): ; ke qykpau(t=1)1 _ k(p
ngr})[e ] Llllg(l)[a (t—1)%e | =a"(t-1)~

Using Leibnitz’s formula for the nth derivative of the product of two functions gives
n _ au(t—1) n k _
d" [(t—1)e —(t—1) Z n\ d* 1 [eﬂu(t,l)](n k)
dun b — edu(t—1) = k) duk |t — edu(t-1)

= "Jrl Z < > Z il i Eidu(til)S(k, Z) [anfkeau(tfl)]'

[t — pdu(t— 1)]1+1

Accordingly, it follows that

4" (t _ 1)eau(t71) " " k i .
lelaodu”[ f_ pdu(t—1) ]:Z<k)d (t=1) Z at T (t—=1)""

k=0

- (t—1)”k§(2)
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Considering the generating function (6) leads to (11). The proof of Theorem 1 is
complete. O

Proof. This is the second proof. Lemma 11 in [9] reads that

n

To(ta,d) =Y (’;) dA;(t) (at —a)" ).

j=0

Substituting Formula (1) in ([3],Theorem 1) into the above formula results in the
explicit Formula (11). O

Proof. This is the third proof. By virtue of the generating function (3), it is easy to see that

t—1 t—1 1

_pdu(t=1) T p _ 1 _ [pdu(t-1) _1] du(t—1) _1
t—e t—1 [e 1] 1_¢ -

o, T dult=1) © i & [du(t— 1)
e s

i=0 1*0 k=i

Then, it is not difficult to see that

i (t a, d) u" (t_l) au(t—1)

=0 Wl f_ D¢
L (- i. i
[0(;051] f?'1>> a ]Z N ]
“ElevEC)

Equating coefficients of ‘7‘1—',1 leads to the explicit Formula (11). O

Mg

Il
o

Mg

Remark 1. The second and third proofs of Theorem 1 are observed by two anonymous referees for
avoiding direct and explicit differentiations.

Theorem 2. For n > 0, the generalized Eulerian polynomials T, (t,a,d) can be determinantally
represented as

Tu(t,a,d) =

1 -1 0 0 0
a(t—1) d -1 0 0
a(t—1)2 d>(t—1) (3)d 0 0

: . : (12)

e e ) A Gl T A (e U (h=2)d -1

a(t—1)" ar(t—1)mt (arte=10rr e (J)dA(t—1) (,")d

Proof. Using Lemma 4 for p(u) = (t —1)e®™(=1 and q(u) = t — (=1 gives
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(t _ 1)eau(t71)
a(t _ 1)2€au(t71)
d" [(t—1)em(t=D) (—1)" a?(t = 1)%em Y
dun |: t— edu(t—l) :| - [t _ edu(tfl)] (n+1) :
anfl(t _ 1)neau(t71)
Cln(t _ 1)n+1eau(t71)
— edu(tfl) 0
—d(t _ 1)edu(t—1) F— edu(t=1)
—dz(t _ 1)2edu(t—1) —(%)d(t _ 1)edu(t—1)
_dnfl(t_l.)nfledu(tfl) _(n;l)dn 2( 1)11 2pdu(t-1)
—d”(t— 1)nedu(t—1) —(T)d”_l( 1)n 1pdu(t-1)
0 0
0 0
0 0
_(Z:é)d(t _ 1)edu(t71) f— ed.u(tfl)
_(nﬁz)dz(t _ 1)26du(t—1) _(nﬁl)d(t _ 1)edu(t—1)
Therefore, we acquire
d" [ (t—1)em(t-1)
N { F— odu(i—1) }
t—1 t—1 0
a(t —1)? —d(t—1) t—1
(-1 | @(t=1)° —d*(t—1) ~(Dd(t 1)
TR G 5 s
anfl(t o 1)71 _dnfl(t _ 1);171 —(n;l)dn72(t _ 1)7172
an(t_l)n+1 —d”(t—l)" _(l;)dnfl(t_l)nfl
0 0
0 0
0
~(o)d(t—1) t-1
—(l)d?(t=1)7 —(,pd(t—1)
1 -1 0 0 0
a(t—1) d -1 0 0
a(t—1)2 d2(t—1) (3)d 0 0
a1 (t _ 1)71—1 dn_l(t _ 1)71—2 (ﬂ;l)dn—Z(t _ 1)71—3 (Z:%)d 1
a'(t—1)" A=t (Hari(E-1)n? (1)@ (t—=1) (,"pd

Considering the generating function (6) of Ty (¢, 4, d), we finish the proof of Theorem

2. O

Theorem 3. For n > 0, the generalized Eulerian polynomials T, (t,a,d) possess the recurrence

formula

T(t,a,d) =a"(t—1)" + 2 ( )d” Kt —1)"* 1T (t,a,d),

(13)
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where an empty sum is understood to be 0.

Proof. This is the first proof. Since

[t — edu(t—l)] {(t — 1)emt-1)

| = (-, a9
— ¢ u(t—

by differentiating n times with respect to u on both sides, we obtain
(1) 2 (g [
k=0 k au”*k auk = edu(tfl)
= [ et {0—1)6“”}

Ju™ t — edu(t=1)

(S EAg n—kdu(t-1) O [ (¢ t—1)emD)
L (e |
_ an(t _ 1)n+1eau(t71).

Letting # — 0 and taking into account the generating function (6) of generalized
Eulerian polynomials Ty(t,a,d) yield
n—1 n
(=0Tt o) = X (1 )d 4= 1" Tt d) = (1= 1)
k=0
which can be rewritten as (13). The proof of Theorem 3 is complete.
Proof. This is the second proof. Substituting the power series expansions
du(t—1) - [du(t — 1)}]{ - uk
t—e =t— Yy ——— =t—1-Y [dt—1)F o

|
k=0 k! k=1

and (6) into the left-hand side of (14) yields

k=1

(i (t_l)eau(tfl) ) u
[t — eult 1)}{t_edu(tl) = |t—1-=) [d(t—1)] ZTntad—'

(t—1) ZTntad) n[Z[d(tl)kH k“+1 ZTn tad—

n=0

::‘:

© ' S| & (-] Ti(ta,d) |,
= (t—l)ETn(t,a,d)m—rg)_k_o[ ((nk)]+1)! k(k! )]u 1
u" o [ n n+1 o |

(t-1) ,;OT“”%;O_EO( o) - P |

o0 u" oo [n-1 n u"

= (t— 1)7;)Tn(t,a,d)m — 7; P> (k) ld(t — 1)]”ka(t,a,d)1 ol
= (t=1)To(t,a,d) + i (t=1)Tu(t,a,d) ff (Z) [d(t — 1)]"—’(Tk(t,a,d)] “i:
n=1 k=0 n:

On the other hand, the right-hand side of (14) can be expanded as

0
(t— au (t—1) n n+lu

T
=0 n:
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Therefore, we obtain

[e.9)

(t=1)To(ta,d) + Z

n

n—1
(t—1)Tu(t,a,d) — ¥ (’;) [d(t — 1)]" Ty (t,a,d) | L

uht
an(t _ 1>n+1a'

e

n=0

Equating the coefficients of 7y arrives at (t —1)To(f,a,d) =t —1and

(t—1)Ty(t,a,d) — f (’Z) [A(t — 1)) *Te(t,a,d) = a"(t — 1)"+.

k=0

The recursive Formula (13) is thus proven. O

Remark 2. The second proof of Theorem 3 is observed by an anonymous referee for avoiding direct
and explicit differentiations.

4. Conclusions

The theory of polynomials is important in mathematics and mathematical sciences.
Series expansions can be regarded as polynomials of infinite terms. Special polynomials
such as the Bernoulli polynomials, the Euler polynomials, and the Stirling polynomials are
particularly important and interesting. For studying a special sequence of polynomials, one
aspect should be to discover its closed-form expressions or recurrent relations. Explicit and
determinantal expressions are possibly two forms of closed-form expressions. Especially,
finding determinantal expressions of special polynomials are generally difficult and inter-
esting in mathematics. In recent years, the fourth author of this paper gave and applied a
general, comparatively effective, comparatively easy, comparatively simple method to set
up determinantal expressions and recursive relations of some special polynomials, includ-
ing the above-mentioned famous Bernoulli numbers and polynomials [15], Euler numbers
and polynomials [16,17], and Stirling numbers and polynomials [18], by considering their
generating functions. In this paper, after the papers [1,3,7,8] in which Eulerian polynomials

Ay (x) and higher order Eulerian polynomials A,(f‘) (t) were investigated, the authors of
this paper further considered the generalization T}, (,a,d) in [9] of the sequence of Eulerian
polynomials A, (x) and established explicit, determinantal, and recursive formulas of the
generalized Eulerian polynomials T, (t,a,d). Concretely speaking, in this paper, by virtue
of the Faa di Bruno formula (7), with the aid of the identities (8) and (9), and by means
of a general formula (10) for derivatives of the ratio between two differentiable functions,
we established an explicit formula (11), a determinantal formula (12), and a recurrent
formula (13) for generalized Eulerian polynomials T} (t,a,d) generated in (6).
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