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Abstract: In this paper, we consider systems of singularly perturbed integro-differential equations
with a rapidly oscillating right-hand side, including an integral operator with a slowly varying
kernel. Differential equations of this type and integro-differential equations with slowly varying
inhomogeneity and with a rapidly oscillating coefficient at an unknown function are studied. The
main goal of this work is to generalize the Lomov’s regularization method and to reveal the influence
of the rapidly oscillating right-hand side on the asymptotics of the solution to the original problem.
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1. Introduction

When studying various applied problems related to the properties of media with a
period structure, it is necessary to study differential equations with rapidly oscillating
irregularities. Equations of this type are often found, for example, in electrical tric systems
under the influence of high-frequency external forces. The presence of such forces creates
serious problems for the numerical integration of the corresponding differential equations.
Therefore, asymptotic methods are usually applied to such equations, the most famous
of which are the Feshchenko-Shkil-Nikolenko splitting method [1,2] and the Lomov’s
regularization method [3-14]. The splitting method is especially effective when applied to
equations with a rapidly oscillating inhomogeneity, and in the case of an inhomogeneity
containing both rapidly and slow components, the Lomov’s regularization method turned
out to be the most effective. However, both of these methods were developed mainly for
singularly perturbed equations that do not contain an integral operator. The transition from
differential equations to integro-differential equations requires a significant restructuring
of the algorithm of the regularization method. The integral term generates new types of
singularities in solutions that differ from the previously known ones, which complicates
the development of the algorithm for the regularization method. As far as we know, the
splitting method has not been applied to integro-differential equations.

In the present study, the Lomov’s regularization method is generalized to previously
not studied classes of problems such as

20
Ley(te) = sdd—-l;' —A(t)y — ft'; K(t,8)y(s,e)ds = hy(t) + ha(t)e =, y(to,e) =y°, t€[t, T] (1)

where y = {y1(t,€),...,yn(t, €)} is an unknown vector function, A(t)is (n x n)-matrix,
hj(t) = (h1j(t), ..., hyj(t)) are known vector functions, f/(t) > 0is the frequency of a rapidly
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oscillating inhomogeneity, e > 0 is a small parameter. Problem (1) will be considered under
the following conditions:

1) A(t) e C°°<[t0, T],(C”2>,h1(t),h2(t) € C®([ty, T],C"),K(t,5) € Cw({to <s<t< T},(C”2>;

(2) The spectrum {Aq(t), ..., Au(t)} of the matrix A(t) and the frequency g’ (t) satisfy for
all € [to, T] the requirements:

@ B >0, A(t) A0, i £, () £0, (1) £ B (1), inj =T n;
()  ReAj(t) <0, j=T,n.

Thus, problem (1) is considered (in the terminology of [3]) in the nonresonant case
Aj(t) # ip'(t),i,j = 1,n, Vt € [ty, T]. The resonant case Ai(t) = iB'(t),i,j = 1,n, Vt €
[to, T] it is supposed to be considered in our subsequent work.

Note that in [15], the scalar case of a singularly perturbed integro-differential equation
with a rapidly oscillating factor for an unknown function was considered. In this paper,
in contrast to [15], we investigate a more general case of a system of integro-differential
equations, and the rapidly oscillating factor is a coefficient on the right-hand side, for one
of its inhomogeneities.

2. Regularization of the Problem (1)

We denote A, 1(t) = ip'(t) and introduce the regularizing variables

1t O
5= [ 400 ==, j=Tn+1

0

and instead of problem (1) consider the problem
. g " 3 .
Lei(t, T,€) = €5 + ;1 )\j(t)a—y — A(Hj—

— /tt K(t,s)i (s, 1/1?)/3) ds = hy(t) + ha(t)e™ 1o, (2)

0
g(tr T, €)|t:t0,’[:0 = ]/O/t € [tOI T]

for the function § = §(¢t,7,¢), which is denoted T = (7, ..., Tu41), ¥ = (Y1, Puy1),
g = e%/g(t[))'
It is clear that, if 7 = (¢, 7,¢) is the solution of the problem (2), then the vector
p(t)

functiony = § (t, = £> is an exact solution of the problem (1); therefore, the problem (2)

is extended with respect to the problem (1). However, it cannot be considered completely
regularized, since the integral term

€

t
172 (70,70 lsrmyiond) = [ K5t s

has not been regularized in it. To regularize it, we introduce a class M, that is asymptotically
invariant with respect to the operator J7j (see [3]; p. 62).
Let us first consider the space U of vector functions y(t, T, o), represented by the sums

n+1
y(t,T,0) =yo(t,o) + Y yi(t,0)el, y(t,a) € C¥([ty, T],C"),j=0,n+1.  (3)
j=1

Note that in (3) elements of the space U depend on bounded in ¢ > 0 the constant
o = o(¢), which does not affect the development of the algorithm described below; there-
fore, henceforth, in the record of the element (3) of this space, for the sake of brevity, we
omit the dependence on .
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Let us show that the class Me = U|_yy)/, is asymptotically invariant with respect to
the operator J. The image of the operator | on the element (3) of the space U has the form:

n+1 s
fto j

e, = [ Kt sls ds+2/ (t,5)y;(5)

deds.
Integrating by parts, we will have
t Ls
Jitte) = [ Kitsyyy(s)et Fo O
to

t

= £ —
Jtg - Aj(s Aj(s) —t,
/ 0 K(t,s)y;(s) Sl | K(t,t)y]-(t)e% Ji renae _ K(t to)y;(to) |
9s A](S) /\](l‘) )\]’(to)
K(t, 1055 _
_S/ <a (t,5)y;(s ))eg T MO0+ T
o\ 05 Aj(s
Continuing this process further, we obtain the expansion
]‘(t 5) _ n+1 i (_1)”5V+1[(IV(K(t S)y'(s))) e% f}tf))\j((?)de . (IV( (t S)y ( ))) ]
" j=1v=0 J ' ! s=t : s=to
where the operators are introduced
1 1 0
0 _— .= Rl ol R g >
I] /\j(s)'lf )asI] Jj=1Ln+1,(v>1).

Hence, the image of the operator | on an element (3) of the space U can be represented
as a series

Jy(te) = [ K(ts)yo(s)ds

to
_I_ii io(_l)vsv-i-l |:(I]V (K(t,S)yj(S)))s 1 fto (0)do ([]V (K(t,s)yj(s)))s_to] .
J=1v=

It is easy to show (see, for example, [16], pp. 291-294) that this series converges
asymptotically for ¢ — 40 (uniformly in t € [to, T]). This means that the class M; is
asymptotically invariant (for ¢ — +-0) with respect to the operator J.

Let us introduce operators R, : U — U, acting on each element y(t,7) € U of the
form (3) according to the law:

Roy(t,7) = /t:K(t,s)yo(s)ds, (4a)
Riy(t,7) = ’i[(r (K(t,s)y;(s))) _e" = (I (K, s)yﬂs)))g_m], (4b)
e

(DI (K 9)yi(s))) e = (1 (Kes)yy(s))) _ hv=1 (40)

S:i’o
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Now let §(t, 7, ) be an arbitrary continuous for (£, ) € [to, T]x {7 : Ret; < 0,j =1,n+1}
function, having an asymptotic expansion

i(t, T ¢€) Zsyktr w(t,T)el (5)

converging when ¢ — +0 (uniformly in (t,7) € [to, T] X {7 : Ret; <0,j = 1,n+1}). Then
the image J7j(t, T, €) of this function expands into an asymptotic series

Ji(t,T,e) = Zs Jyi(t, T) Z ZRV sYs (£, T) le—ye

k=0

This equality is the basis for introducing an extension of the operator | on series of the
form (5):

o] & r
Jittte) =] (z Eyelt, r)) YUY e Y Reys(t,7).
k=0 r=0 s=0

Although the operator J is defined formally, its usefulness is obvious, since in practice
the N-th approximation of the asymptotic solution of problem (2) is usually constructed, in
which only N-th partial sums of the series (5) will participate, which have not formal but
true meaning. Now we can write down the problem that is completely regularized with
respect to the original problem (1):

Lej(t,T,6) = § + S A0 57 — A7~ 7 = D)+

(6)
+hy(t)e 1o, §(t,T,€)|imtyr=0 = ¥°, t € [to, T].

3. Iterative Problems and Their Solvability in the Space U

Substituting the series (5) into (6) and equating the coefficients at the same degrees of
g, we obtain the following iterative problems:

n+1

Lyo(t, T) Z A — A(t)yo — Royo = hi(t) + ha(t)e™ o, yo(tp,0) = yo; (7a)
_ o
Lyi(t,T) = o T Rivo, y1(to,0) = 0; (7b)
__9n .
Lyz(t, ’l’) = 5 + Riy1 + Rayo, yz(tg, ) =0 (7C)
Ik~
Lyt 7) = - 21 yelto,0) = 0, k > 1. (7d)
Each of the iterative problems (7d) can be written as
n+1 ay
Ly(t,T) = ) Aj(t) 5= — A()y — Roy = H(t,7), y(t,0) = y- (8)
j=1 j

where H(t,7) = Hy(t) + Z”H Hj(t)e" is the known function of the space U, and the
operator Ry has the form (see (4a))

n+1 t
Roy =R (yo(t) +) yj(f)erf) = / K(t,s)yo(s)ds
j=1 fo
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We introduce the scalar (for each t € [tg, T]) product in the space U :

n+1 n+1 def
<zw>=<zo(t)+ Y zj(t)e,wo(t) + ) wi(t)e > =
=1 =1

de n+1

L (2o (8), wo () + Z% (zj(£), w;(t))
=

where (%, %) denotes the usual scalar product in a complex space C". We prove the following
statement.

Theorem 1. Let conditions (1), (2a) hold and the right-hand side H(t, T) = Hy(t) + Z]’.‘:l] Hj(t)e"
of the system (8) belongs to the space U. Then, for the solvability of system (8) in U it is necessary and
sufficient that the identities

< H(t, 1), xx(t)e™ >=0,k=1,n,Vt € [ty, T] 9)

are carried out (here xy(t) are the eigenvectors of the conjugate matrix A*(t), corresponding to the
eigenvalues Ai(t),j =1,n.)

Proof. We will define the solution of the system (8) as an element (3) of the space U:

n+1
y(t,T) = yo(t) + }:1%('?)6”- (10)
j=

Substituting (10) into the system (8), we will have

n+1 t n+1
2 (D1 = AWy (e — Alt)yo(t) ~ /t K(ts)yols)ds = Ho(t) + 1, Hi(t)e".
j= 0 j=

Equating here separately the free term and coefficients at the same exponents, we
obtain the following equations:

~AWw(0) ~ [ K(t)u0(e)ds = Ho(t), (11a)
A= A(t)]yj(t) = Hj(t), j=1,n+ 1. (11b)

Due to the smoothness of the kernel —A~1(#)K(t,s) and heterogeneity —A~!(t)Hy(t),
the integral Equation (11a) has a unique solution yy(t) € C*®([ty, T], C"). As A, 41(t) =
ip/(t) is not a point in the spectrum of the matrix A(t) (see condition 2a)), then the
Equation (11b) has a unique solution y,, 11 (f) = [A,41(£) — A(t)]lenH(t) in the space
Coo([t(), T], Cn)

Systems (11b) for j = 1,2,...,n, are solvable in the space C*([tp, T], C") if and only
if the identities (H;(t), x;(t)) = 0,j = 1,1n,Vt € [to, T] hold. It is easy to see that these
identities coincide with the identities (9). Thus, the conditions (9) are necessary and
sufficient for the solvability of the system (8) in the space U. The theorem is proved. [

Remark 1. If the identities (9) hold, then under the conditions (1) and (2a) the system (8) has the
following solution in the space U :

Hi(t),xs(t .
(1, 7) = yo(t) + Tt (1 ()g5(0) + 1y T2 o 1) 4
(12)

+()\l’l+l (t)l - A(t)>_1Hn+1 (t)eTn+1
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where @i (t) are eigenvectors of the matrix A(t), corresponding to the eigenvalues Aj(t),j =
1n, (gk(t), xj(t)) = 6, aj(t) € C¥([to, T], C") are arbitrary scalar functions j = 1,n, yo(t
is the solution of the integral system (11a).

~—

4. Unique Solvability of the General Iterative Problem in the Space U
Remainder Theorem

As seen from (12), the solution of the system (8) is determined ambiguously. However,
if its solution satisfies to the additional conditions

y(to,0) =y,
(13a)

—g—{ + Ry + Q(t, 1), xk(F)e™ >= 0,k =1,n,Vt € [ty, T]

where Q(t,T) = Qo(t) + Z”H Qi (t)e" is a known function of the space U, . is a constant
number of the complex space C", then system (8) will be uniquely solvable in the space U.
More precisely, the following result holds.

Theorem 2. Let conditions (1), (2a) be satisfied, the right-hand side H(t,T) of the system (8)
belongs to the space U and satisfies the orthogonality condition (9). Then system (8) under
additional conditions (13a) is uniquely solvable in U.

Proof. Under condition (9), system (8) has a solution (12) in the space U, where the
functions a;(t) € C*([to, T], C"),j = 1,n, are still arbitrary. Subordinating (12) to the first
condition (13a) i.e., y(tp,0) = y«, we obtain the equation

n

Y ai(to);(to) =y (13b)
=
where
* i L ( 7 Xs tO ) -1
y* =y + A7 (to) Ho(to) — Z, 72 W(Ps(fo) = (Ans1(to)I = A(to)) ™ Hp1(t0)-

Multiplying scalarly the equality (13b) by x;(o) and taking into account the biorthog-
onality of the systems {¢;(t) } and {x;(t) }, we find the values

wj(to) = (v xj(to)), j=T,n. (14)

Let us now subordinate solution (12) to the second condition (13a). The right-hand
side of this equation has the form

—%wlyom(t,r):—yso(n—zy1[< i (Dgy(1)" + T 1#](%’3’}(% ) |- )

—(Awsa (D1 = A0) Hyea (1)) e+ D [ KGR0 0 XG0 4 o, 7).

Now multiplying (15) scalarly by x;(t)e",j = 1,1, we obtain equations

K(tt

(1) + <¢j<t> - Mﬁwj(t),xj(t))aj(tw

s m<¢S(t)’xf(t))+(Qj(t)r?(j(t))—O,j—l,n.

s=1,s#j ")
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Adding the initial conditions (14) to them, we can uniquely find the functions «;(t),
j=1n:

ot ,.x_K(xrx)sv]-(X) (o) ax
oty = o L0 0 g
¢ o K@xeio
+ ejro K(P](x) A ,X](x)ﬂdxlj(s)ds],j—l,n
fo

" Hi()xs(t)) :
where ;(t) = —(Q;(t), x;(t)) — Li_1 o %(go&t),m(t)),and hence, we define the

solution (12) of the system (8) in the space in a unique way. The theorem is proved.
Applying Theorems 1 and 2 to iterative problems (7d), we uniquely find their solutions
o(t)

in the space U and construct series (5). Let yen(t) = E,I(V:O ekyk (t, T) is the restriction of

the N-th partial sum of series (5) for T = @ The same as in [3], it is easy to prove the
following statement. [

Lemma 1. Let conditions (1) and (2) be satisfied. Then the partial sum yen (t) satisfies problem (1)
up to O(eN*1) (e — +0), ie.,

Lyen(t) _ A(B)yen(t) +/tt1<(t,s)yeN(s)ds+h1(t)+hz(t)eiﬁit)a+eN+1RN(t,g), (16)

dt
yen(to) = y°, vt € [to, T]
where ||Rn(t,€)||cpy 1) < Ry forall t € [ty, T| and for all € € (0, en].

Consider now the following problem:

sdzgltt’g) = A(t)z(t,e) + ftg K(t,8)z(s,€)ds + @(t,¢€),z(tg, ) = 0,t € [ty, T). (17)

Let us show that this problem is solvable in the space C!(][t, T],C") (i.e., it has a
solution for any right-hand side ®(t,¢) € C([tp, T], C")) and that in this case there is an
estimate

14
12(t,)lcp ) < 112 lcprm) - (18)

Theorem 3. Let conditions (1) and (2) be satisfied. Then, for sufficiently small e€ (0, e], prob-
lem (17) for any right-hand side ®(t,e) € C[to, T| has a unique solution z(t,¢) in the space
CY([to, T), C") and estimate (18) holds, where vy is a constant independent of e > 0.

Proof. Introduce an additional unknown function

t

u(te) = / K(t,s)z(s, €)ds.
fo

Differentiating it with respect to t, we will have

du(te) tOK(t,s)
i = K(t,t)z(t, &) + ot

z(s, €)ds.

From this and (17) it follows that the vector function w = {z, u} satisfies the following
system:

0
gdw;:,s) _ < A(t) I, )w(t,€)+£ N

K(t,t)z + ftg %z(s,e)ds (19a)
+< q’%’s) ),w(to,s) —0.
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Denote by Y(t,s,¢) the normal fundamental matrix of the homogeneous system

s%’ = ( OA(t) (I)" >w, i.e., the matrix satisfying the equation
day(t,s,
e% = ( (1)4(15) (I)” )Y(t,s,s), Y(s,8,6) =1, tg<s<t<T.
. (A L\ . . . .
Since the matrix 0 0 ) 1sa matrix of simple structure and its spectrum

{A1(¢),..., Au(t),0} lies in the half-plane Re A(t) < 0, then the Cauchy matrix Y(t,s, €) is
uniformly bounded, i.e.,

1Y(t,s,€)| <coV¥(tse):tg<s<t<T,e>0

where the constant ¢g > 0 does not depend on ¢ > 0 (see, for example, [3], pp. 119-120).
We now write down an integral system equivalent to system (19a):

, 0
wite) = | Y0.80 (K(é, O(C.e) + [ X5, s>d5> o
(19b)

1 rt D((,¢)
+E " Y(t,g,ﬁ)( 0 >dC

Since for each € > 0 there exists the solution w(t, ) of the system (19a) in the space
C!([to, T],C™), then substituting it into (19b), we obtain the identity. Let us move on to the
norms:

t t
lw(t,e)l] < /to (1Y (& 8l - [1KE DI - IIZ(Qﬁ)lldéJr/tO 1Y (£, €)%

dK(,s
[
Jt

1 rt
1 lets, elldsdg + [ IY(1 @)l -119(E l1ag <
t torg
< coko [ (@, e)ldg +coks [ [ [fo(s,e)]dsag+

To t
+-2eoll () ey < coko | (s, ) lds-+
0

coTo

2t €)] 1) <

t t
+cok1/ / I|w(s, €)||dsd +

t0~t0

t T t
gcoko/t ||w(s,e)Hds+cok1/t /t||w(s,e)||dsd5+

0 0 0

coTo t
+= 12 )l ) = (CokoJrColeo)/t [lw(s, e)||ds+
0

C()T()
+T | |<D(t/ 8) | |C[t0,T0]

where To = T — to, |[K(t,5)|lc(ty, 11 [to,77) = Ko, [|0K(t,5)/0t|[c(1ty, )% [t,,77) = Kk1- We get
the inequality

coTo t
[|w(t, e)| < — [ D(t, )l city, ) + (coko +Cok1T0)/t [lw(s, €)||ds.
0
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Applying the Gronwall-Bellman lemma to this inequality, we have

t
CO 0 (CokOJrCOkl To)tf ds.
[w(t )] < =—1P(t e)llcps,,me 0

CoTo
= 00 (t,€) | ¢y, gy oM T —10) < 0 2t 2)llcp ) =

= [lz(t &) llcpry, 1) < ||<1>(t &)llcieg,

where vy = ¢oTp - n[1ax] elcokotcokiTo)(t=t0)  The theorem is proved. 0O
te[ty, T

Theorem 4. Let conditions (1) and (2) be satisfied. Then for any € € (0, &o], where g9 > 0 is small
enough, the problem (1) has a unique solution y(t,e) € C'([to, T], C"); in this case, the estimate

ly(t,€) = yen (B)llcpey ) < Cve™ 1 (N=10,1,2...)
holds true, where the constant Cr; > 0 does not depend on € € (0, go].

Proof. By the lemma, the partial sum y.n(t) satisfies the problem (16), so the remainder
rn(t€) = y(t,€) — yen(t) satisfies the following problem:

t
Sméitt,e) = A(t)rn(te) +/ K(t,s)rn(s,€)ds+eN TRy (t,€), rn(to, €) =0
to
where ®(t,e) = —eN+H1 ftt) Ry (s, €)ds. By Theorem 3, we have the estimate

lrn (&)l gy 7y < ¥ Riv

forall N = 0,1,2,... and all € € (0,ey], which means that the partial sum y, y+1(t) =
= yen(t) + N lynia(t, @) satisfies the inequality

(lP()

N+1

ly(t &) = yent1(D)llcp,r = 11(y(te) —y(t)) — eNtlyniq Negom < Cniie

Using the inequality ||a — b|| > |||a|| — ||b]||, valid for any numbers a and b, we will

have
) SN +1
Clto.T)

1y(t,€) = yen ()] lcpr 1) < (CN i HyN“(t'lpit))

whence we derive the estimate
1y (t,€) = yen (D)l iy, < e
where the constant Cy > 0 does not depend on ¢ € (0,ey]. O

5. Construction of the Solution of the First Iteration Problem in the Space U

Using Theorem 1, we will try to find a solution to the first iterative problem (7d). Since
the right-hand side hy(t) + hy(t)e™+1 of the system (7a), satisfies the condition (9), this
system has (according to (12)) a solution in the space U in the form

yo(t, ) = yo (1) + kil 2 (5 gr(£)e™ + (Ayr (D1 — A1) Mo (F)e™ 10 (20)



Axioms 2021, 10, 40 10 of 14

where oc,(co)( t) € C*®([to, ] C”) are arbitrary functions, k=1,n, yéo) (t) is the solution of

the integral system —A (¢ ft (t,9)yo(s)ds = hy(t).

Subordinating (20) to the 1n1t1a1 condltlon Yyo(to,0) = y°, we will have

)+ Zﬂé (to) @k (to) + (Aup1(to)] — A(to)) 'halto)r =y°

n

& Y al(t)pilto) = v° + A (1) (to) — (A1 (to) ] — Alte)) "ha(to) e
k=1

Now, scalarly multiplying this equality by x;(to),j = 1,1, we obtain values

”‘l(co)(to) = (0 + A7 (to)(to) — (Anpa(to)] — A(to)) 'ha(to)o, xx(to)), k =Tm.  (21)

For a complete calculation of the function algo) (t), we pass to the next iterative problem
(7b). Substituting the solution (20) of the system (7a) into it, we arrive at the following

equation:

d " d
Lya(t0) =~ (0 = 1 2 (" (Oei()) e~
k=1

I (M (1 = AW) o)) o1+ (22a)
S (k0" gi(0) - (Kitto)a” ()gi(0))
j=1 /\j(t) /\](tO) .

Subordinating the right-hand side of this system to the solvability conditions (9), we
obtain the system of ordinary differential equations

RO
o d kdt(t) n (K(f;\i)(z’)l((f) B cpk(t),xk(t)>vc,§°)(t) _0k—T7

Adding the initial condition (21) to them, we find
t (K(0,60 0 )
o) =y exp] [ (KEDEE g 0),000) ) o} = 1
to /\k(9>

and, therefore, the solution (15) of the problem will be found uniquely in the space U. In
this case, the leading term of the asymptotics has the following form:

(0

veo(®) = 0 (6) + kzl ) (to)eto R

. 1t
9(0),(0) ) do-+L [ A(0)do (1) +

t (22b)
1
+ (A1 ()] — A1) " ha(t)e Jig s (010

(0)

where y,, " (t) is the solution of the integral system

~ AWl ~ [ Ks)(e)ds = (1)
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Example 1. Let us consider the following problem:
i(t+3
Z}::—y+z+/ts yse)ds+2t+te(s , y(0,e) =17,
&
dz z(t+t3
SE:—Z—I—/ (t—s)-z(s,e)ds + t + t?e , z(0,e) =2% t € [0, T]
dw _ t M 0 (23)
& e = Aw+ [y K(t,s)w(s,e)ds+H;(t) + Hy(t)e =, w(0,e) = w

where

(3 o520 o= (%)
Hy(t) = ( ttz >/w— ( ZE:’E; ) w = ( ‘Zg ),te [0, 7).

Let’s try to construct its main term of the asymptotic solution. In this system, the
matrix is constant and has the following spectrum: {A;(t),A2(t)} = {—1,-2}, and a
rapidly oscillating multiplier with the inhomogeneity H;(t) corresponds to the spectral
value A3(t) = i(1+ 3t2). In this case, the eigenvectors of constant matrices A and A* will

have the form
(1 [ -1 (1 (0
(Pl_ 0 /(PZ_ 1 /Xl_ 1 /XZ_ 1 .

Regularizing problem (23) using the functions

‘—1f0 0)db,j=13en=-1 n=-%
=)ol (1 +360%))d0 = £ (¢ + 2
we get the following extended problem:
( ) =¢ Bw + )\1 81’1 + )\2 + A3 ( )g;‘; (24)
A — ] ( ) + Ha(t)e®, w(t, T,€)]i—0,0—(0,00) = ©@°

where T = (71, T, 13), fis extension of the integral operator | on series of the form
w(t,T,¢) Z e wy(t, 7) (25)

with coefficients wy (t, T) from the space U of vector functions

w(t, T) = wolt +Zw] )el, wy )GC“([O,T],CZ),I{:O,S.

This extension has the form J@(t, T,¢) = Yoo o€ Yr_oRr—sys(t,T), where the opera-
tors R, : U — U are calculated by the formulas:
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(operators Ry at v > 2 we do not write out, because we do not need them when constructing
the leading term of the asymptotics). Defining the solution of the problem (24) in the form
of series (25), we obtain the following iterative problems:

Lwy = M\ aTO + /\2 awo + As(t )8w30 Awyg — Rwg =

(26)
= Hi(t) + HZ( Je T3/ wo(f, T)|i=0,0=0 = w";
awo
Lw, = “or + Riwp, wq (0, 0) =0; (27)
The solution of the first iterative problem (26) will be as follows:
wo(t, T) = wo(t) + 2 i (t) gre™ + (As(t)] — A) "' Hp(t)e™ (28)

where ay(t) € C([to, T], C?) are arbitrary functions, k = 1,2, y(()o) (t) is the solution of the

integral system
—Awy(t) fo s)ds 1(t) &

I L

Subordinate (28) to the initial condition wy(t, T)|=0,r=0 = w". Taking into account
the form of vector functions (29) and H;(t), we obtain the equation Zi':l wr(0) g = wP.
Multiplying this equality scalarly by x;(0) and x»(0), we find the values a1(0) = y° +
2%, a3(0) = z°. For a complete calculation of the functions ay (t), we pass to the next iterative
problem (27). Taking into account that, under the conditions of solvability (9) of problem
(27) only exponentials e™ and e™ are involved, we keep in its right-hand side only terms

depending on these exponentials:

~

(29)

NI—=NIG1
~

= Ktk
Z ap(tge™ + ) — - a(t)e’
and subordinate the resulting sum to the orthogonality conditions (9). We will have

da () (K(t,B)p
~ +< ol

or (in more detail, taking into account the eigenvectors ¢;, x; and the kernel K(¢, t)):

; 20 1 1 B
::E: : §<<(0t2 00)><<0 _)1’ (> 1<)0>;1)(':2m0' O o iy (F) = —LRay(b), d(t) = 0.
0o o)l 1 )11

Adding to these equations the initial conditions a1(0) = y° + 2%, a5(0) = 2%, found

/Xk) ():O,k:1,2

3
earlier, we uniquely find the functions a4 () = e s (y° +2°),a2(t) = z°, and hence, we
will uniquely construct solution (28) of the first iterative problem (26). Making a narrowing
initaty = —f, » = -2, 13 = L(t+13), we obtain the leading term of the asymptotic

solution of the problem (23)

s 1 t 1 " t(Bit24+2-+i+t) o
weo(t) = wo(t) +e~ 3 (yo + ZO) ( 0 )es +ZO( 1 >es + | G140 (3i+2+i) ot () (30)

N
3it24+2+i
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where wy(t) is the solution of the integral system (29). It is seen from (30) that, at the
exact solution w(t, ) of the problem (23) does not tend to the solution wy(t) of the integral
system (29) at ¢ — +0, but performs quick oscillations near it.

6. Conclusions

From the expression (22b) for y.(f), it can be seen that the construction of the leading
term of the asymptotics of the solution to problem (1) is significantly influenced by both
the rapidly oscillating inhomogeneity and the kernel of the integral operator.

Note that the application of other asymptotic methods (for example, the method
of boundary functions [17-19]) to problems of type (1) with rapidly oscillating inhomo-
geneities is problematic, since many of them rely heavily on the fact that all points of the
spectrum (including the spectral value of the inhomogeneity) lie in the open half-plane
Re A < 0.
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