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Abstract: In this paper, the problem of a Lotka—Volterra competition-diffusion—advection system
between two competing biological organisms in a spatially heterogeneous environments is investi-
gated. When two biological organisms are competing for different fundamental resources, and their
advection and diffusion strategies follow different positive diffusion distributions, the functions of
specific competition ability are variable. By virtue of the Lyapunov functional method, we discuss
the global stability of a non-homogeneous steady-state. Furthermore, the global stability result is also
obtained when one of the two organisms has no diffusion ability and is not affected by advection.
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1. Introduction

For researchers from the fields of biology and mathematics, advancing the exploration
of dynamic systems is a long-term challenge (see [1-3]). The competitive system of two
diffusive organisms is often used to simulate population dynamics in biomathematics; for
an example, see [1,2,4]. The key to spatial heterogeneity has been discussed in a lot of
work, such as [2,5] and its references. In 2020, by proposing a new Lyapunov functional,
Ni et al. [6] first studied and proved the global stability of a diffusive, competitive two-
organism system, and then extended it to multiple organisms.

Since various methods in the reaction—diffusion—convection system cannot continue
to work well, the global dynamics is far from being fully understood. In competitive
diffusion advection systems, some progress has been made in [7-11]. Li et al. introduced
the weighted Lyapunov functional related to the advection term to study global stability
results in 2020 (see [12]), and studied the stability and bifurcation analysis of the model
with the time delay term in 2021 (see [11]). Similarly, in 2021, Ma et al. described the
overlapping characteristics of bifurcation solutions and studied the influence of advection
on the stability of bifurcation solutions. Their results showed that the advection term may
change its stability (see [13]). In 2021, Zhou et al. studied the global dynamics of a parabolic
system using the competition coefficient (see [14]).

Motivated by the efforts of the aforementioned papers, we will investigate the global
stability of a non-homogeneous steady-state solution of a Lotka—Volterra model between
two organisms in heterogeneous environments, where two competing organisms have
different intrinsic growth rates, advection and diffusion strategies, and follow different
positive diffusion distributions.

Hence, we discuss the following advection system:
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Ur=V [ (x)V (55) = Ri(x) 5,15 VB ()] +U[A1 (x) — @ (1)U —@12(x)V],
inQ x RT,
— o7 VB2(x) |+ V[Aa(x) — @21 (x)U —@22(x) V],
in Q) x RT, €))

3B
Vl(x)%(p%)—Rl(x),% §,§x) =0, on 0Q) x R,
1a(%) 2 (L) = Ry(x) L2 — g, on 90 x R,
U(x,0) = Up(x) >,#0,V(x,0) = Vo(x) >,#0, in Q,

Here, U(x,t) and V (x, t) are the population densities of biological organisms, location
x € O, time t > 0, which are supposed to be nonnegative. pj(x), u2(x) > 0 correspond
to the dispersal rates of two competing biological organisms, respectively. Ry (x), Ra(x) > 0
correspond to the advection rates of two competing biological organisms, and By (x), Bx(x) €
C2(Q)) are the nonconstant functions and represent the advective directions. Two bounded
functions A1 (x) and Ap(x) are the intrinsic growth rates of competing organisms , p1(x),
p2(x) € C*(Q) are two positive diffusion distributions, respectively. @;;(x) > 0,
i=1,2,j = 1,2 show the strength of competition ability. The spatial habitat QO C RN is a
bounded smooth domain, 1 < N € Z; n denotes the outward unit normal vector on the
boundary 00). No one can enter or leave the habitat boundary.

The following are our basic assumptions:

Hypothesis 1. 0 < j;(x), Ri(x) € C1¢(Q), 0 < A;(x), @;i(x) € C2(Q2), 0 € (0,1).

Hypothesis 2. ((

\_/

=:c1 >0, RZ((?) =10y >0, x € Q, where cq and cy are constants.

V

To simplify the calculation, by letting u = e~ 1B1(¥) _U_ ¢ — p=2B2(*) _V_ the system
p1(x) pa(x)
(1) converts into the following coupled system

= ﬂ c1B1(x) — c1B1(x)

Uy ) Vipi(x)e Vu] + ulA(x) — @11 (x)ue p1(x)

—@15(x)ve2B2(¥) gy (x)], inQ xR,

e~ 2B2() c2Ba (%) c1 By (x)
v = WV[yz(x)e 2220V 0] + v[Ag(x) — @p1(x)uer®1%) pq (x) @)

— gy (x)ve2B2(%) oy (x)], inQ xRT,
%_33—0 on 9Q) x RT,

u(x,0) = e B ZI](;: ,# 0,0(x,0) = e~ 2B2(x) o ;‘ >,#0, inQ,

when ¢; = ¢ = 0,p1(x) = pa2(x) = 1, the model (2) has been studied in Ni et al. [6].
c1 = ¢3,B1(x) = Ba(x), p1(x) = p2(x) = 1, the model (2) has been studied in Li et al. [12].

The rest of this article is arranged as follows. In Section 2, we carry out some prepara-
tory work and give four lemmas, where some related properties of the system (1) are
deduced from the properties of a single organism model (4). Using the Lyapunov func-
tional method, we will provide and prove our main results in Section 3. In Section 4,
one example is given to explain our conclusions.
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2. Preliminaries

In order to describe our main results, we present the following uniform estimates for
the parabolic equation:

= @;j(x)Djjw + Bj(x)Djw + A(x)w + H(x, t,w), in QO x RY,

gz; =0, on 90 x RY, ®3)
w(x,0) = wy(x) >, #0, inQ,

where O C RN is bounded and 9Q) € C?*¢(¢ € (0,1)) is a smooth boundary. The initial
condition wp(x) € W>?(Q),p > 1+ 5.
Setting the following assumptions:

(Al) Let @ij, ‘B],/\ € C(ﬁ), X1, X2 > 0, such that

xilyl? < Y @ii(x)yiyj < xelyl? 1Bj(x)], [A(x)| < xa, forall x € Q,y € RN,
1<ij<N

(Az) Let A > 0be a constant, such that
1@ijll ce @y IBill oy 1Al co@my < A-

(A3) H € L®(Q x [0,00) X [11, 2]) for some 771 < Tp and there is A(t;,2) > 0
such that

|H(x,t,wy)—H(x, t,wy)| <A1, 12) w1 — ws|, forall (x,t) € Q x [0,00),wy, w; € [11, T,
and there exists A > 0, satisfying
|H(x1,t1,w) — H(xp, by, w)| < A(]x1 — x| + |11 — t2|§) forall(xy,t1), (x2,t2) € Qx
[d,d+3],u € [n,n],d>0.

The following lemma (see [15,16]) is the boundedness result of the solution w(x, t)
in (3).

Lemma 1. Let w(x,t) bea solution of (3) with Ty < w < T, 71, T2 € R. Suppose that f, @jj, Bj, A
satisfy the assumptions (A1) — (As), then for any x > 1, there is a constant A(x) > 0 such that

r;\ggllwt(x,-)l\ 3 (o400 ))+r§§xx||wt(-,t)|\c(5)+rgaxx||w( Dl czre@y < Al).

In the proof of global stability, the following calculus theory and integral inequality
are very important. For details, see [6,17].

Lemma 2 ([17]). Let B, A > 0 be constants, ¢(t) > 0 in [B, ). Assume that ¢ € C([B,0))
has lower bound, ¢' (t) < —A¢(t) in [B, 00). If one of the following alternatives holds:

e ¢ cClY([B,))and ¢'(t) < Pin[B, ) for P >0,
e 9 €CY[B,))and ||@llce(peo)) < Pfor0<m <1land P >0,

where P and m are constants, then tlim p(t) =0.
— 00

Lemma 3 ([6]). Let a,a* € C?(Q) with a,a* > 0and m € C(Q), b € C*(Q) withm,b > 0,
«, o*, m, b are functions. If the following conditions holds:

e g > lisaconstant, the function h € C%1(9Q) x [0,0)), x € 9Q), ( X) s a non- increasing
function for K € [0, 00),

. W = h(x,a), W = h(x,a*) on 9Q),
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then
©b(x)at [al — o N
[ P () Vb)) — SV () Vb(x)a]}) dx
Ja af o 4)
< —/ qmbzmz(a—)q_l|V06—|2 dx <0.
o) b a
Next, we consider the following scalar evolution eqution
e—cB(x)
up = o) Vp(x)eBOVu] + uA(x) — @(x)ueB®p(x)], in Q x RY,
g—z =0, on 9Q) x RT, ®)
— Up(x) ;
u(x,0) = e~ B() po(x’; >,#0, in Q,
where p(x), ¢, @(x), A(x) satisty
0 < u(x),R(x) € Ce(Q),0 < A(x), @(x) € C2(O),0 € (0,1), 1};83 = c,wherecisa ©)
constant.
Now we see the following useful lemma.
Lemma 4 ([1]). Assume that 0 < u(x), A(x), o(x),@(x) on Q, then the elliptic problem:
e P B B
Viu(x)e®®IIVul + ulA(x) — @ (x)ue®®o(x)] =0, inQ,
o) [4(x) |+ ufA(x) - @(x) p(x)] @
?TZ -0, on 0Q),

has a unique positive solution, denoted by 1.

3. Main Results

In this section, firstly, by utilizing the Lyapunov function method, the global stability
of the model (5) is obtained, and we can see that the non-constant steady-state for (5) is
equivalent to the solution ug of (7).

Theorem 1. Assume that uy(x) = 0. If u, p, ¢, A, @ satisfy (6), then Equation (5) has a unique
solution u(x,t) > 0 with tlim u(x,t) = ug in C2(Q).
— 00

Proof. According to the upper-lower solutions method [1,18], we obtain (5) with a unique
solution u(x,t) > 0. Let M be a upper solution of (5), we have 0 < u(x,t) < M,
(x,t) € Q x (0,00).

By applying Lemma 1, we can obtain that there exists a constant A > 0 such that

t>

max f[u (- 1) o) +max [ul Hllczro@) < A- (®)
Then, define a function @ : [0,0) — R by

O(t) = / puge® (1 —ug — ugIn l) dx. )
Q Ug
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Then, ®(t) > 0, t > 0. By (2) and (4), we have
'(t) :/ pugeB(1 — @)utdx
0 u

—cB
= [ a1 = S (1Y) + (A - onect)

:/ pugeB(1 — @)[gV(‘ueCBVu) - ue*CBV(yeCBVug)]dx (10)
0 u’top Ugp
—|—/ pugeB(1 — @)[u()x — oueBp) — iug(/\ — @ugeBp)] dx
o) u ug
<_ B2tz g _/ 2,0 02B o (1 — ua)? dx.
< [ neBd VI R dx— [ pPuge (- up)? dx

We get

d'(t) < — /()p2M982CBCD(M —ug)?dx =: —g(t) <0. (11)

By virtue of (8), we get |¢/(t)] < A in [1,00) for some A > 0. From Lemma 2,
it follows that
. _ 2cB 5 2 —
tlggo o(t) tlgglo/ p?uge*Bo(u — ug)?dx = 0. (12)
Applying (8) again, {u(-,t) : t > 1} is relatively compact in C?(Q)). It can be found
that there exists some function u«(x) € C?(Q) such that
[ (-, ts) —uoo||cz(5) — 0asts — . (13)

Combining with (12), we get uq (x) = ug(x) where x € Q). Hence, we deduce

lim u(x, t) = ug(x) in C3(Q).

t—o0
O

In addition, taking advantage of Lyapunov function method, the global stability
results of (2) are obtained.

Theorem 2. Suppose that ug(x),vo(x ) >,# 0, (Hy) and (Hy) hold, the system (2) admits a
non-homogeneous steady-state (iig(x), vg(x)) > O and there exists

71 > 0,172 > 0 such that n; < uzg; <, x € Q. (14)
Suppose that
12 i 20192 (15)

m O @@
Then, the system (2) admits a solution (u(x, t),v(x, t)) that satisfies

lim u(x, t) = 1y (x), lim o(x, t) = F(x) in C*(QQ).

Proof. Assume that the inequality (15) holds, let @ : [0, +-00) — R defined by

@ t):/ pl@eﬁBl(u—@—@mi)dH/ E0y09e?P2 (v — 5y — Gy In =) dx,  (16)
Q Ug Q Ug

where 0 < ¢(x) ©12yinT 171;7 . Clearly, ®(t) > 0. By (2) and (4), we have



Axioms 2021, 10, 166 6 of 12

(1) = [ Jorioe™ (1 20y + Gorte® (1 — L)) dr

e*C

" 1B1
= /QplﬁeeclBl (1- %)[ ; V(4181 Vu) + u(Ay — @11ueB1p; — @1p0e2P20,)] dx
1

e—2b2 B B B
V (12272V0) + v( Ay — @21 ue™ " 1 — 20272 p5)] dx

e Csz _ @
+/Qgp2v9e (1=

—c1By —c1By
V(e Prvu) - 2 o Ve Vi) dx
01

_ 7 oC1B1 1_@
/Qpluet’ (1= o

_ g, e~ 2B B ve 252 By~
+/ Gget2B2(1 - 2 V (15e22V0) — — V (12e2°2V0y)] dx
Q§P2 0 ( p i 0 (2 ) Fop (2 0)]
. g
+ /QP1M9€CIB] (1- ;9)’4()\1 — @1uePp; — @1pvePpy) dx 17)
- /Q p1itgeP1 (1 — %)%fa()\l — @111 P p1 — @109 0;)] dx

+ /Q épZUNGECZBZ (1- %)U()‘Z — @21 u30131pl - (DzzveQszz) dx
- /Q Cpate2(1 - %)U%%(AZ — @y 1tge1 P o1 — @Tpe2 ;) dix
<- /Q 141e5131u2\V%|2 dx — /Q yzeCszUZ‘v%’F dx — /Q PP B o (u — i) dx
_ /Q 01026181282 (@1511p + E1 ) (u — 1) (v — Tp) dx
- /Q E035pe%2P2 5 (v — G)? dx.

Note that (14) and (15) give rise to

2\/P%MgezclBlé@nCP%UeeZQBZ@zz — 1026117252 (@119 + E021Tp)

=20102e 1817252 SET Ga 01109 — 1026151282 (@111 + Ep1Tp)

:P1P2361B1+62B2 (ZMW — \/m(a)u \/g + @y \/gv{f))
:p1p2e6181+csz m@m — (w12 \/? + @9 \/E))

> 01026181122 | [Ei0 59 (20 /11000 — 2 @12021 4 / %)
1
>0.

Choosing 0 < ¢ < 1, we have

2\/P%”~932”Bl (@11 — €)E0309e22B2 (gp — €) — P12 B1T2B2 (@191 + E@1Tp) > 0.
Combining with (17), we can deduce
(1) < - [ [phmoe Pre(u — @) + o35pe*2 e(v — 5] dx = (1) < 0.
From (13), it follows that
lim u(x, t) = ip(x), lim v(x,t) = g(x) in C*(QQ).
t—o0 t—o0

O

Finally, we consider that if one of the two organisms has no diffusion ability and is
not affected by advection, the Lyapunov function method can also deduce the following
global stability results in (2).
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Theorem 3. If up,vg € C(Q) satisfy ug(x) >,% 0 and vo(x) > 0 on Q. Let zig)) =:
c1, M2(x) = Ro(x) = 0 for x € Q, and
@12(xX)@21 (%) < @11(x)@2(x),x € Q. (18)
(i) If _
@22(x)A1(x) — @12(x)A2(x) > 0,Vx € O, (19)
and
, Az (x) @22 (x)A1(x) — @12(x)A2(x) 20
"B 1 ()01 ()1 B0 - 01(x)e1B1(*) (@11 (x) @2 (x) — @12 (x) @21 (x)) 20

then there is a unique non-homogeneous steady-state (iig(x), 0g(x)) > 0 for the model (2) such that

lim (u(x, 1), 0(x, ) = (ilg (x), 5p(x)) in C1(QQ) x L*(€).

(i1) If
Aa(x)

= e 21
p1(x)@a1 (x)ec1Br1(x) tg(x),x € o

then there exists a semi-trivial steady-state (ilg(x),0) for the model (2) such that

lim (u(x,t),0(x, 1)) = (iig(x),0) in CL(Q) x L2(QQ).

t—o0

(iii) Let

>

@2 (x 2(x) A
@12(x) = M(x) " € @

then the model (2) has a semi-trivial steady-state (0, 0g(x)),

lim (u(x,t),0(x, 1)) = (0,75(x)) in C1(Q) x L*(Q),

t—o0

Az (x)

here Ug = .
where 00 (x) = e ma ()

Proof. (i) When us(x) = Rp(x) =0, x € O, (1ip(x), 9g(x)) of the model (2) satisfies

e By (x) @12(x) Bi(x)
o VATVl () — B2 Aa(x) — pr(x)uet P
23
(o (x) — 2] =0, req, @
%Z - x € 0Q),
— 7,181
and 7p = A2 ‘921P1Mg€ ‘
c’Ozzpzecz 2
If (18) and (19) hold, we see p1, A1 — %A2IP167C1B1(&711 B (916277221) ~ 0, then by

Lemma 4, the problem (23) has a unique solution #s(x) > 0. By using the maximum
principle in elliptic equation, we infer

~ @Al — @12A2
Ug < max B .
a p1e81(@11@2 — @12@1)

Ay — @1 p11igec1B1

@ppppe2B2

According to (20), we can get vy = > 0, hence there exists a unique

steady-state for (2), (ig(x), vp(x)) > 0.
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Let us define a function @ : [0,00) — R,

D(t / 01119 B (u — i1y — i ln )dx + / E02e2B2 (v — G5 — Gy In Ug) dx,
[)
where ¢(x) = %{E’)m > 0. Clearly, ®(t) > 0. From (2) and (4), we get
(1) = [ [pripe®1 (1~ 504y 1 Gae?™2 (1~ W0 dx
_ i —c1By
:/QplugeclBl(l — 79)[ V(yleC131Vu)
+ u(A — @11ue P o) — @150e2B2py)] dx
—i—/ c:pzvgecsz(l Z; VMo(ry — wzmeclBlm - a)zzvecszpz)] dx
- g e~ 1B B ue—1B Biw ~
= gec1Br(1 — = V(111°1Vu) — — V(11 1°1 Vi) dx
e (1= S (et ) — M (e B )
+/ plifgeClBl(l — %)u()\l — wnueclBlpl - wlzve"zBsz) dx
- (24)
/ p11ipe1P1(1 1/!9) ue lig (A1 — @n1itge Pl oy — @120p¢2P2p,)] dx
+ /Q szecsz — %) v(Ay — w21ueC131p1 — wzzveCZBsz) dx
- /Q EppeP2(1 - %)%279(/\2 — @1ige 1P p1 — @ Tpe2P2py) dix

_ c1By, 2 @Zd _/ 2520810 (14— )2 d
/lee us|Vv ul x — | Pitiee 11 (1 — i)~ dx
— [ prpaet BB @ity + Gom) (u — i) (0 — ) dlx

— /Qép%ezcszwzz(v — ZTQ)zdx.

We can choose 0 < ¢ < 1 and use (18), such that

2\/P%”~9€2C131 (@011 — €)E05e22B2 (py — €) — 1026 P H2P2 (@151 + E01) > 0.

Combining this with (24), we can deduce
/(1) < [ [phioe P — @) + Epae e e(o — )] dx = —q(t) <0.
Q

Applying the Lemma 1 and Sobolev embedding theorem, we deduce that u and v are
bounded in Q) x [0, 00) and there is a constant A > 0 such that

r?>alx||u( )HCHQ < A forsome0 < ¢ < 1.

Combining with (2) and |¢/(t)| < A in [1,00) for some A; > 0, and making use of

Lemma 2, we get tlim ¢(t) = 0 and we deduce that
—00

lim u(x,t) = ip(x), im v(x,t) = 0g(x) in L2(Q)).

t—o00 t—00

Applying Theorem 2, we get lim u(x,t) = ip(x) in C1(Q).

t—o0
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(ii) Let’s define a function @ : [0,c0) — R,

d(t) = / 01159 B (u — il — 1 In i) dx —i—/ Fpoe2B2p dx,
Q Ug Q

where &(x) = %@(ﬂ > 0. From (4) and (21), we have

il e c1B1 B ue—c1B1 Bi ~
— V(u1e1°1Vu) — — V (11€1°1Viig)] dx
” i o (11 ) o (11 o)l

/(1) = [ pritpet® (1 -

+ /QplﬂeeclBl(l - %)u(/\l — @11ueBp; — @ipve?P2p,) dx

— /Qpﬂ:lvgeclBl (1 — @)4%()\1 — COllbflVgeclBlpl)] dx

u - upg
+ /Q szecszv()\z — a)ﬂueclBlpl — (DzzveCZszz) dx
Uug 2

< - e1B1y2| v =22 dx
<— [ mert v

- /Q p1itpe Pt (u — i) (—@117 P py (u — 1Tp) — @12062P2p5) dx

+ /Q Z0262P20[(Ay — @p11ige 1 P1p1) — @115 o1 (1 — 1) — ppve2P2p5] dx
< — /Q p2iige*2B2011 (u — 1g)? dx — /Q Fp3e22B20000? dx

_ c1B1+c2By v —)od

, P1p2e (@111 + §@p1) (1 — 1ig)v dx.
The following discussion will refer to the part (i), then we will not repeat it.
g P p

Ag(x)
p2(x) @2 (x)e2B2(%)

(iii) Clearly, (2) has a semi-trivial steady-state (0, ). Let us define

a function @ : [0,00) — R,

: SO
D(t) = /Q o1 By dx + /Q E02¢252 (v — G5 — GgIn %) dx,
where ¢(x) = @2(%) 5 0 and vg(x) = Aa() . From (22), we have
@21 () pz(x)wzz(x)gcsz(x)

P (t) = /QpleclBlu(/\l — @yueBlp; — @1,0e2B20,) dx
+ /Q épzecszv(/\z — (Dpque Blpl — wzzvecszpz) dx
- /Q épzecszv%?Te()\z — @p0pe?P2py)] dx
= /Q 016 P1u[(Ay — @120962P2p3) — @11ue P p1 — @1262P2p5 (v — 7)) dx
- /Q &026°2%2 (0 — Tg) [~ @ ue P py — @262 0y (v — Tp)] dx
<-— /Q p3e*2B201 1% dx — /Q E03e%2B20p; (v — g)? dx
- /Q 01026 P172P2 (1 + E0ny ) (v — Tp)u dx.
The following discussion is similar to the part (i), so we omitit. []

4. Example

See the following parabolic problem:
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g_CB(x) -
ur = = VeI V] +ullip(x)e P p(x) +erga(x)

—@119(x)ueBE p(x) — D129 (x)veB®p(x)], in Q x RY,

—cB(x) _

o = ep(ix)v[ﬂz(x)em(")w] +0[A9(x)e B (x) + 292 () (25)

— @1 ¢(x)ueBF)p(x) — Dp(x)ve B p(x)], in Q) x R,
3—223—220, on o) x RT,
u(x,0) = e~BK) io(%) >,#0,0(x,0) = e~ B() ‘;0((;)) >,#0, inQ,

where A;, @;j, ¢; are all positive constants, B,p € C*(Q)), u; € C'2(Q), ¢, g € C?(Q) and
@(x), pi(x) > 0on Q.
L _ @p ©udn

—= > 1, then there exists 177 > 0,17 >

Proposition 1. If0 < ¢; < 1and g—ﬁ <% <%n 5.5
120021

0 such that o
@W11W22 s 12
@121 m

and the system (25) admits a positive non-homogeneous steady-state (iig(x), vg(x)), which satisfies

m < 2 <

(26)

Proof. The steady-state of (25) satisfies the following elliptic problem

e—cB(x) B
WV[Vl(X)eCB(")Vu] +ulA1g(x)eBDp(x) + 181 (x)
—@119(x)ueB™p(x) — @1p¢(x)0eBEp(x)] = 0, in Q,
e B < (27)
S VI (X)ePOIV0]+ 0lh2p(x)e P Mo (x) + e282(x)
—@Dnp(x ueCB(")p(x) — cf)zzgo(x)ve"B(x)p(x)] =0, in Q,
g% — 8% =0, on 0Q).
Set k; = max w,ki = min B GICON fori =1,2. Applying0 < ¢; < 1
0 g(x)eB®p(x) o p(x)eB®p(x)
and g—ﬂ < j\\—? < %, we have the linear system
M+ g1k — @pu — @129 =0,
Ay + e2ky — @p1u — @30 =0,
A+ e1ky — @116 — D10 = 0,
Ay + e2ky — Do111 — @ppv = 0.
Then
. @22 (M +e1k1) — D12 (A2 + e2ky) "y @ (M +e1ky) — D1a(Aa + e2kr)
@W11@02 — @121 = 01100 — @12021 ’
5 @11(Az + e2ky) — Dp1 (A1 + £1ky) _— @11(Ap + €2ky) — D21 (A1 + €1k1)

D110 — D12021 ’ D110 — @120

Hence, the system (25) has a positive non-homogeneous steady-state (g (x), 7 (x))
and 0 < u < ug(x) < and 0 < v < Tg(x) < 0. Let

(28)

;71: /772:

Q=
Q| =
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\_/

ug(

we have 771 < o) = 2 Applying (28), we get 1lgrl> 0 Z—z =1. Hence, for0 < ¢; < 1,

min 210()P00(5) _ @ [T
a @pe(x)dne(x)  Dpdxn Uit

The proof is completed. [

Examplel In the above (25), let ¢ = 2,B(x) = x,p(x) = e %, u1(x) = pa(x) = e %, Ry(x) =
Ry(x) = 37, 9(x) = e %, 81(x) = ga(x) = 1+C05( X), A =1A =2,011 = @pp =
@Dy = 1,00 =3,and eq = &5 = %,x € O = [0,10]. Then the problem (25) becomes the
following model

wp = e *V[eXVu] +ull + (1 +cos(x)) —u — 0], in QO x RT,

v = e *V[e¥Vo] +v[2 + (1 +cos(Fx)) —u —30], in Q) x RT, (29)
3—5:%:0, on 9Q) x RT,
u(x,0) = e *(2+cos(mtx)) >, # 0,0(x,0) = e *(2+cos(mtx)) >,#0, inQ,

where ugy(x), vo(x ) >,# 0. It is not difficult to verify that (Hy) and (Hp) hold. We can find
m=1>0,=15%>0, such that j; < ”GE g <ipand ([ < mﬁin UG According to

Theorem 2, the model (29) admits a solution (u(x,t),v(x,t)) that satisfies

lim u(x,t) = @(x),}irgo o(x,t) = Tp(x) in C2(Q).

t—o00

Indeed, the steady-state of (29) satisfies the following elliptic problem

e *V[e*Vu] +u[l + (1 +cos($x)) —u—v] =0, inQ,
e *V[e"Vo] + v[2+ $(1 4 cos(Fx)) —u—30] =0, inQ, (30)
% = a—z =0, on 0Q).

It is not difficult to see that ki =k, =2,ky =k, =0. By calculation, we can obtain

1—-u—9=0,
2428 —u—30=0,
1—|—2€1—IZ—QZO,

2—1—3v=0.
Then 1468 3 1-2e, 1
_ i _ —82_7
= > —2>O,g > 6>0,
. 1+2e 5 12 1
0= > —8>0,g— 5 —6>O

Hence, 0 < u < tig(x) < iand 0 < v < Ug(x) < 0, which yield that there exists a positive
non-homogeneous steady-state (iig(x), vg(x)) of (29).

5. Discussion

In this paper, by using the Lyapunov functional method, we mainly analyzed the
global stability of non-homogeneous steady-state for the Lotka—Volterra competition—
diffusion—advection system between two competing biological organisms in heterogeneous
environments, where two biological organisms are competing for different fundamental
resources, their advection and diffusion strategies follow different positive diffusion distri-
butions, and the functions of specific competition ability are variable. Moreover, we also
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obtained the global stability result when one of the two organisms has no diffusion ability
and is not affected by advection.

At the end of this section, we propose an interesting research problem. To the best of
our knowledge, for the Lotka—Volterra competition-diffusion-advection system between
two competing biological organisms in heterogeneous environments, we did not obtain
any results under the condition of cross-diffusion, such as the existence and stability of
nontrivial positive steady state. We leave this challenge to future investigations.
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