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1. Introduction

The theory of quantum calculus or g-calculus has a wide range of applications in sev-
eral fields of mathematics, engineering, physics, partition theory, number theory, Lie theory,
combinatorial analysis, integral transforms, fractional calculus, and quantum theory, etc.
Several authors have contributed works on this subject: (see for example, [1-15]). Sahai
and Verma [16,17], Guo and Schlosser [18], Verma and Sahai [19], Verma and Yadav [20],
Wei and Gong [21] studied and investigated some properties for various families of the
g-hypergeometric, g-Appell and g-Lauricella series by applying operators of quantum calcu-
lus. In [22], Ernst obtained the g-analogues of Srivastava’s triple hypergeometric functions.
Araci et al. [23-25] studied some properties of g-Bernoulli, g-Euler, and g-Frobenius—-Euler
polynomials based on g-exponential functions. Duran et al. [26,27] investigated g-Bernoulli,
g-Genocchi, and g-Euler polynomials and introduced the g-analogues of familiar earlier
formulas. In [28], Pathan et al. derived the certain new formulas for the classical Horn’s hy-
pergeometric functions Hy, Hy, ... Hy1. In[29,30], the author introduced the (p, q)-Humbert,
(p, q)-Bessel functions. In [31], Shehata has earlier investigated the results for basic Horn
hypergeometric functions Hz and Hy. The reason of interest for this family of basic Horn’s
hypergeometric functions is due to their intrinsic mathematical physics importance.

Throughout this work, we assume that the expression 0 < |g| < 1, g € C, we use the
following abbreviated notations: let C, N, and Ny = NU {0} = {0,1,2,...} be the sets of
complex, natural and non-negative numbers.

The g-shifted factorial (g-Pochhammer symbol) (#; q) is defined by (see [32]):

oy ) a=p@-ng)... (=g "), meNnyeC\{Lg g2 .. 4" "}
(13 4)m = { 1, m=0,q€C, @
for negative subscripts,
(1:9)—m = 1 _ 1 _ (_Uflq)mq(,g)
g™ q@)m  1—nq ) (1—ng=2)...(1—ng—™) 17'q;q)m )

n # qil,qﬂ,qﬂ,qﬂ,...,qim,m =1,2,3,....
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For 17 € C, the g-number or g-bracket [r7], is defined as (see [32])

1-q" C:
_ ) g 16 3
(g { 1 y = 0. 3)

Let m be a non-negative integer number, the g-number [}, and g-factorial [m],! are
defined by (see [13,27])

1-g" .
_ T—q meN; 4
[m]q { 1 S 4)
and
gt = { "l = mlglm = 1]y 2lg[1)g = 2, meN; -
1, m = 0.
We recall the notations for m, k € N, y € C, which are used in the sequel (see [32])
(7:9)m = (1= 1) (14;4)m1 ©
=(1=1g"") (1 9)m-1,
), =L
(1; 9)m === v (1 @) m )
=(1=19") (19 )m-1,
gy temgt
(15 @) =3, =t 13 @) ®
=(1=nq ) (1;9)m—1
and
1 @) mik = O )m (19" 9)x ©)
= (1:0)k(19")m-
The g-difference operator D, 4 of a function f at z # 0 € C is defined as (see [33]).
_ () — f(g2)
DZ,l]f(Z) - (1 — q)z 2 7é 0/ (10)

and D, ,4f(0) = dj;(zz) l.—0 = f/(0), provided that f is differentiable at z = 0, and defined
differential operator 0,4 = zD. 4.
For0 < |g| < 1, g € C and (1), we give the definition of the basic Horn functions Hg,

H7, Hg and Hy as follows
- (‘X;q)ZH-S TS -1 -2
H¢(w; B;9,x,vy) = x'°, 1, , P 11
oo Fa. %) ,,SZZO B s @) @ D)5 0 P#LA A (a
[ a; B 3
Hy(0; B, 7:9,%,y) = Y, (8 )+ Xy By #ELg g7, (12)

r=o B (rq)s(@:9)r(3:9)s

He (g% af;q, x,y) = - (9% 9)2r+s Xy aP £ 1,970,972, 13
o) r,sZ:O @ D@, T 7T (19
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and

e

Hy(q%qP,q7;q,x,y) = (4% 0)2r+5 Xy, qP, g7 #£1,97 972, ... (14
g ) r,sZ:() @ asas@or@s T T (9

Note that for § — 17, the basic Horn functions Hg(«; 8; 9, x, ) and Hy (; B,v; 9, %, y)
reduces to Horn functions Hg and Hy [34].

So as to simplify the following notations, we are writing H for the function He (; B; g, x, ),
Hg(ag ™) for the function Hg(ag™; B; 9, x,y), He(Bg™1) for the function Hg(a; Bg71; 4, x, ),
H; for the function Hy(«; B,7; 9, x,y), H7(yg™") stands for the function Hy(«; B, v4%1; 4, x, ),
M for the function Hg (g%; 4f; g, x, ), He(4**1) for the function Hg (7°*1; gP; g, x, v), He (gP+1)
for the function Hg (g% gP*'; g, x, ), and H for the function H7(¢%; 4,479, x,y), . . . etc.

Our present study is primarily motivated by the former works in quantum calculus.
We express a family of extended forms for the functions Hs and Hy. In Section 2, the g-
contiguous relations, g-differential relations, and g-differential equations for the functions
H, Hg, H; and Hy under conditions on the numerator and denominator parameters
are derived. Finally, some concluding remarks for the functions Hg, Hg, H7 and Hy are
determined in Section 3.

2. Main Result

Here we establish various properties as well as the g-contiguous function relations
and g-differential equations for the functions Hg with B # 1,47 1,472,..., H; with a,
B#1, q’l, q’z, ..., Hg with qﬁ #1, q’l, q’z, ...,and H> with qﬁ,zﬂ #1, q’l,q’z, ... which
will be useful in the sequel.

Theorem 1. The relations of the functions He and Hy with the numerator parameter «

ax(l—a
H(aq) = He + (1_ﬁq)H6(aq2; Ba;q,%y)

(15)
axg(l —wa &
+ql(_ﬁq)H6(aqz; Ba; 4, xq,y) + ﬁHé(txq; Ba; x>, y), B # 1,
X axg(l—a
He(aq) = He + ﬁm(w Ba;q,x,y) + wHe(wz; Pa:4,%q,y9)
(16)
ax(l—aw
g_ﬁq)H6(Déq2; ,35], q/ erQ)r 5 # 1’
ax(l—a 4
(e - Hy - (1ﬁq) Hy (ac?; Ba, 74, %) + %Hﬂaq; B, v4:9,x4°,y)
17)
1 _
+MH7(M2;M :4:%9,Y), By # 1
and
N axg(l—uo
Hy(aq) = Hy + &Hﬂaq; b, 749, %,y) + WHNWZ; Pa.v:q,xq,yq)
(18)

+chx(l —uq)

T (g pa, via % ya) By # 1
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Proof. To prove (15). Replacing a by aq in (11) and using (6)—(7), we get
d 1

He(ag) —He = )

20 (B 0)rs(@:0)r(4:9)s
-

a(1— g% ) (ag; @)ars—1 s s

(
= w(ag; q)arvs—1 aq (&q;9)2res-1  y s
RNy IR VN s Y

(2q;q)2r4s — (@:9)2r4s | X'Y°

0

B @) (@a)s Y
B (B () +s(@0)r—1(3:9)s

r=

= q (0“1/‘ q)27+sfl r. s
+ X
Zs:1 B D)r+s(@:0)r(0:9)s1

Mns(aq B9, %, y) + WHdqu;ﬁq;q,xq,y)

r=0

+ ﬁﬂé(w;ﬁq;wq ), B # 1.

Similarly, by using the relation
1= =1-g+q0—q) +q7 01 -7),
we get (16). Equations (17) and (18) can be proven on as same lines as the Equation (15). O

Theorem 2. The functions Hy and Hg satisfy the q-derivative equations

T I (1) - 2. gt o _9
DuaH7 = (5, gy 7 (8a i Pg 10, %, 9) D = 57, (19)
D' H (Dé' . _ %H r. r. D,  — i 20
ya7 ,,B,'y,q,x,y) - (,)/,q)r(l_q)r 7(06"] /ﬁ/')’q /q,x/y)/ yq — ay/ ( )
Dy Hy = D2y (0 g ) e1)
’ (B;9)r(1—9q)"
and
0" T s
Dy,He = %qu B9 q,x,y). (22)

(B;9)r(1—q)"

Proof. From (12) and (10), we get g-derivatives of Hy with respect to x and y as follows

&g (& 9)ar+s =1y
Dz qHy —MX:;O [ 1—¢q } B D@D 7
e 1 (@ 9)ar+s 1y
N rle,S::O [1 - q} B 0s@D @ Y (23)

. > 1 (“;q>2m+n+2 r.s
—MZ:;O [1 - q} B D1 (0 D@00 (@ 9)s” Y

—mHﬂ“qz? B9, 4, %, y)



Axioms 2021, 10, 336

50f19

and
o [1 _qs] (0 q)2r+s ros—1
D, ,H; = x
A r§0{1_q B ()@ @Y

e 1 (a;7)2r+s rys1
_r:0Z,s::l {1 - q] B @ Y (24)

_ - 1 (“;q)27+s+l s
77,5220 {1 - q] B D (G D @D @5
=(1_(17)_(f>_q)ﬂ7(aq; Bva;a,x,y).

Iterating this technique r times on Hy, we obtain (19) and (20). In the same way, the
Equations (21) and (22) can be proven. O

Theorem 3. The functions He and Hy satisfy the g-derivative formulas:

1—«a 1—«
[uch,q + 1—(1] Hg + a0, Hg(xq) + ucQWHG(qu) =31 p He(ag), (25)
where 0y, = xDy,q and 0y, = yD,, 4 are differential operators,
11—« 1—a
[tx@w + T ] Hg + a6, He (yq) + a0y gHe(xq,yq) = mHﬁ(txq), (26)
~1g 1-aq! He(ag-! I
g Oxg+ —— 6(aq ") +aq " byeHe(aq ", xq,yq)
1—ag! @7
+aq 0y He(ag ™!, xq) = ﬁH&
~1g 1-aq! He (xa— 19, H.(aa—!
49 Oyq + =~ [Helaq ") +aq™"6xgHs(aq ", xq,yq)
(28)
-1 -1 1-ag”!
+ aq GquH6(aq /VQ) = ﬁH6/
1—ua 2 1—«a
wbyq + m Hy + afyHy(xq) + a6y H7 (xq”) = ﬂHy(acq), (29)
1—« 1—«
{“GWI + “7] H7 + a0y qH7 (yq) + abygH7 (xq,yq) = EH%M% (30)
~1 1—ag™! -1 -1 -1
ag Org + = Hy(ag ") +aq 0y ,Hy(ag ", xq)
7 (31)

_ _ 11—«
+aq "0y Hy (aq ", xq,yq) = %H7
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and

1—ag!

zxq*19y,q + Hy(oafl) + aqflexquy(ocqfl,yq)

- (32)
+aq 0y Hy(aq ", xq,yq) = ﬁH%

Proof. Using (23) and (24) for Hg, we get the results (25)-(28). Equations (29)-(32) would
run a parallel to Equations (25)-(28). O

Theorem 4. The relations of Hy and He with denominator parameters B and -y hold true

Hy(Bg~ ') =H; + P sz; ﬁ”;)((ll 5 )H7(«xq2; Ba a0, %y);B.Bg " # 1, (33)
Hy(vq ') = Hy + mm(wq; BAGa, Xy vg " #1, (34)
He(Bg ') = He + P (;1 ;;((1 _;;q)Hé(chz;ﬁq;q,x,y)
B —a)y %)
+ W}%(‘W' Ba;q,xq,y )rﬁrﬁqfl #1
and
H6(ﬁq_ ) = Hg + (qﬁy(ﬁ)(l)‘B)Hd“q’ﬁqu/x Y)
(36)
+B JE( )>((11 5 ") B B0, 3,y9), 8,63 # 1,

Proof. Using the identities (6), (8) and replacing B by Bg~ ! in (12), we get

o)

o (@ @)orss  Ba)r— (B L) s
Hy(pa ™) H7_,SZO( @G @Ds B L By

— :B (“/‘1)2%&-5 ros
rszo q— ﬁ (M)r(%q)s(q;q)r(q;fﬂsxy

px(1—a)(1 —ag) 2 -1
= H;(ag9%; B9;9,x,v), B, # 1
w—p_p WeTipraxy) b P
The proof (34) is a very similar to those of Equation (33). Similarly, by using the

. 1— r+s 1 1— 1— r+s 1
relation qﬂw q —I—qr q and qzy = q —|—q = 7,weget(35)and (36). O

Theorem 5. The g-contiguous relations hold true for the denominator parameters 3 and v of the
functions He and Hy

He(Bg1) = 525 He(w; B;q, x40, yq) — 5 Ho(w; B0, %,y), B # p, (37)

p

Hy(Bg ') = [

Hy(a; B,7:9,%q,y) — ﬁHM; B.viaxy),B#p (38)
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and
Hy(vg™') = %_qHW‘; B vid,x,yq) — %_,71{7(06; Braxy), g #1, (39)
Proof. Using the definition of Hg in (11) with the relation ( ﬁq*ll;q)m = 1)”5 ﬂﬁ qq”s
ﬁ , we have
H -1y _ .- p s 19 (‘X;Q)ZrJrs 1
P70 Z:o p—q B—a) Bires(@:a)giq)s 7

— P owis T Ho(w s .
—ﬁ_qHs(w,ﬂ,q,myq) ﬁ_qu(a,ﬁ,q,x,y)fﬁ#q.

The proof of the Equations (38) and (39) are on the same lines as of Equation (37). O

Theorem 6. The g-derivative formulas for He and Hy are satisfied:

! 1-pg”"

{ﬁq‘lf)m .1 Iqu ]Hé +Bg 6y, 4He(xq) = =g He(Bg 1), (40)
{ﬁq v ]H +Bg 0. Hs (yq) = S ”’ Ha(ﬁq’l) (41)
1 1-pBq! 1-pq!
{ﬁﬂl Oxq + 1(1] H; = T—g — T H;(Bg ") (42)
and
_ 1—g7! N
[w 19yq+17‘HH7 = L H ), (43)

Proof. By using Equations (23)—(24), we obtain Equations (40)—(43). O
Theorem 7. For B, Bq # 1, the relations for Hg hold true

He (ag; Bg; 9, X, y) = H6+(( _ﬁﬁ))x((l _ﬁu;q)) He (aq%; Bg% 9, %, Y)

mHe(w; Ba*iq,xq,y) + WHMQZ; B4, xq,yq),

(44)
+

Hg(ag; Bg;q,%,y) = He + %Ha(w; Ba*:4,%,y)

axq(1 — aq) g2, ax(1 — aq) .y
g He (aq®; Ba%; 9, x4, yq) + AP py s (aq® Ba%q,x,y9)  (45)

__Bx(—ag) 2. p2. - By e
AR pg) P05 = gy gy T X0y,
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ax(1—aq)
WH6(“Q ﬁq q,%,Y)

+ mm (g Ba%; 9, x4, ) + WHG (aq?; Bq%; 9, xq,y4) (46)

_ (1—[3)ﬁ(y1—ﬁq)H6(aq; /3172; q, x,y) - mHé(wz; ,qu; q, x,yq)

He(ag; Bg;q9,x,y) = He +

and

8o _ (a =By B2
He(aq; Bg;9,x,y) = He + mflé(‘w, Ba*; 9,%Y)

(47)

Proof. To prove (44). In (11), replacing « by aq and B by g, and by using relation (7),
we have

_ i 1 (“q;q)ZVJrs (“;Q)ZrJrs

He(aq; q;q,x,y) — He =
ol b xy) —He= L ooy oy
1

s L (BT q)r+s (B @) r+s

xrys

)
O (g @arrs— [a(1—g*F) = B(1—g""%) —apg(1—¢")] ,
= L @0 (1= B) (BT D)res }"y
B SCUL LTS 1{ —q) (@ p)f (1—q)+a(1—ﬁ)q”s(1—q’)}xrys
20 @) (1= B)(BT @)r+s
_(“_5) - (2q; 9) 274541 s 4 (a —B) & q"(ag;9)2r+s 75+l
RCET IR R T R e R oy e s B DI oo W ey 7 o e
& g g 9)ar s s
L G s Bt
(@ —p)x(1—aq) a2, (= By
W He (a0, Ba%; 9, %,y) + WHWM Ba%9,x9,Y)
axq(l—aq)

H¢(x 2; 2; ,Xq, .
1= pq) elaqspasa,xq,y9)
Using the relations

a(l=q) +aq’(1—q") +a(l=p)g"(1—q") - p(1—q") — g (1 - 7°),

a(1—q")+aq (1—¢°) +a(l—p)g"*(1—q") - p(1—q°) — pr°(1—q")
and
(@=B)1 =)+ (a=B)g°(1—q") +a(1—p)g" (1 —7q"),
we prove in a similar way that of Equations (45)—(47) would run a parallel to Equation (44). O

Theorem 8. The following results of Hy are valid:

R _ (« — B)x(1 —aq) , ,
Hy (aq; p,v:0,%,y) = M7 + = 5o Hy (aq?; 4%, 7v:4,%,Y)

oy . . axq(1— aq) , -
WHM% Ba,v9;q,xq,y) + WHM&F, B, ; 4, X4, y4) (48)

_aBxg(l —aq) 2.0.2 . B af ) ) 2
A-Ba =B ﬁq)H7(w B9, 7:9,%9,Y) A=pa-r Hy(aq; Bg,v9:9, %97, y), B, Ba, v # 1,

+
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(o — B)x(1—agq) ' _
= By (1~ pg) 0P8 0, %,)

Hy(aq; Bq,7:9,x,y) = Hy +
(49)

ay axq(1 —aq) 2. 5.2
+ Hy(aq; Bq, vq:9,x9,y) + Hy(aq”; Bq”, v 9,x9,9), B, Ba, v # 1,
= ) 0B agia x0,y) + =3 —p = Hr(aq 17, 7,0, x9,ya), B Bq

n©
Hy(aq; B9, v;q,%,y) = Hy + M%Hﬂaq; Ba,vq:9,%,y)

_ox(l—ag) 2. 802 _axq(l—ag) 2.52 .
B)(1— )H7(’X‘7 Ba 4, %, yq) + 1-p) _ﬁq)H7(lxq ;Ba°, v 9,Xq,y9)
« apra(l—aq) o

ax )

(1- Ba

_ px(—aq) 20  aprq(l—aq) o, oo

0= B pg) 7T BT 03 y) = = gy gy Mo (8a BT 10,20, 9)

By . .
- mm(w, B4, v, x9%, ), B, Ba, v # 1,

+
(50)

n
Hy (aq; Bq,v;q,%,y) = Hy + ﬂ_ﬁ)ﬁm(w; B4, 49, %,y)

+ Mw(wz;ﬁqz, V:9,%,yq) + MHNMZ;MZ, V3 9,%9,Yq) (51)
(1-pB)(1—pBq) (1-8q)

__Bx(l-ag) 2.2 .. . apy . '
A=) = pg) a5 BT, 0 xY) = gy =y (@ P19, x0.9), B, B,y # 1,
Hy(aq; B9,7:9,x,y) = Hy + (1*5#

7)
1 M;;) a “q; T E7 (% B, 730, %,y4) + mHy(aqz; B, ¥4, %4, yq)
mm(qu; BT, 0, %,y) — mH7(M2; BT, 7:9,%0,Y)

L %BY e Ba s, xa?
A= p)1= ) s P340 y), b, b1y # 1,

Hy(aq; B9, 7q:9,%,Y)

(52)

ax(1—agq) 5
H “ ; 7 ; I'x/ :H +7H a ; 7 ; Ix/
7(aq; B,vq;9,%,y) = Hy A-pa-") 7(aq%; Ba, 199, x,y)

oy ) ) axq(1l—aq) ) )
A (1 =) VT, %4, y) + “Ga-p) Hy (aq?; B4, 79; 9, %4, 44) (53)
B By . 2. ~ayx(l—agq) 2. .

(1 — 7)(1 — ,)/q) H7(“q/ﬁ/7q ,q,x,y) (1 — ‘B)(l — ,Y) H7(“q /ﬁq/'ﬂir‘lrx/W)/ﬁ/’Y/'W #1

and

ax(l—a axq(l —a
+ wHﬂaqz; Ba, 14:0,%,yq) + HHM%W 3:4,%9,y7), B,7,79 # 1.

Hy (aq; B, v9%: 4, %, y)
(54)

Proof. To prove (48). In Equation (12), replacing &« and B by ag and g, respectively,
we have
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Hy(aq; Bg,v;q,%,y) —
_ i 0 q) 25— 1([361 q) {(1 —ag” ) (1-p) — (1—a)(1-Bq)

rs2o @a)r (@ a)s(7;q)s (1—B9")(Ba:9)r—1(B; ) }xrys

BRI o e i
(B RN R i R R e BV e N i
T L e Y ) PR R
- 02H L s, Y
N Eplé = ![3 io (q:q)(“(q q))zr(+ﬁq+ 1qq)++s1+(17 q)s Ty (1 f p) io <q;q>r<q(;02q>l?/)s?quil (W)erﬂy s
T i p) io (q;q)r(qul)t ?/;Zﬁfw;q)m Xy - (1a—ﬁﬁ) io (q;q)r((g;?;qq)?r[;;zl)tzr:(%q)s Y
ap i (aq; 9)2r+57° Ay

C(1=8), = @) (@ 9)s(Bra)r (v 9)s

_(a—p)x(1—aq) _ : ay : .
== BT ) T B DA Gy e B 030

mHﬂaqz;ﬁqzmq,mw) (Z%Z)) 7(aq?; B, 7:4, %4, )
- (1_/;)(’?1_7)H7(o<q; Ba, 49, X7, y).-

Using the relations

(a=B)1—q")+a(1-B)g (1—q)+a(l—p)g (1 —1q"),
a(1—g)+ag’(1—q)+agd (1 —q") =Bl —q") —apqg (1—q") —apg® (1 —¢°),
a(1—=¢°)+ag’(1—q") +a(1-B)g (1 —q") - B(1—¢") —apg (1-7°),

2(1-q") +aq (1-q) +a(l=7)g™" (1 =q") = 7(1 = ¢°) —arg’(1 - q")
and
(=)0 =¢g) +a(l=7)g(1=q") +a(l=7)g (1 -¢")
and simplifying, we obtain (49)—(54). O
Theorem 9. The g-contiguous relations for Hg and Hy hold true

He(pq) = He + 7 f g Ho (% B3;0,x0,y9) — 7 fﬁHa(w;ﬁq;q, xy),p#1 (55)

H7(q) = H7 + fﬁH7(w;ﬁq,v;q,xq,y) ~1 f ﬁH7(w;/3q,m,x,y),ﬁ #1 (56)
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and
H7(vq) = H7 + %Hﬂa; B, vq;9,%,qy) — %Hﬂa; B.yq:a.x,y),y # 1. (57)

Proof. By using the definition of Hg, we get

— — o ()25 (BE @)rts1 (1—-B8)—(1—pBg"") s
B O ) M (T [ et oz A
P B

=13 ﬁH6(zx;ﬁq;q,xq,yq) -1 'Bﬂé(a;ﬁq;q,x,y).
We prove in a similar way of (56) and (57). O

Theorem 10. For « # 1, the basic Horn hypergeometric functions Hg and Hy with respect to
parameters satisfy the difference equations

1
Dy4Hg = — T—2 {GWH6 + q6x,,Hg (qx) + Oy,qH6(q2x)] , (58)
1
Dac,qH6 = *m |:9y,qH6 + Qx,qH6 (‘l]/) + qex,qHé(QX, qy):| ’ (59)
1 2
DD(,qH7 = — m 9x,qH7 + qexqu7(qx) + 9y/qH7(q x) (60)
and
1
DD(,qH7 = _m |:9y,qH7 + Qx,qH7(qy) + qex,qHé(QX, qy):| . (61)

Proof. Applying the g-difference operator D, 4 and using (7), (23) and (24), we have

(&;q)2r4s — (&q;9)2r 45 R

DuaHs = Y. = aif dras @7 !
o > _ 1 —Wiz”s (0( q)27+5 r.s
-k R e [y st el

1 - 1_qr r _qr 2r —4q :| (‘X;q)Zr—&-s 7.
. + + X
1—%,52_0{1# T T 1= Bsan@ns

1

By using the relation 1 — ¢* 5 =1 —¢° +¢°(1 — ¢") + ¢"*"(1 — ¢") and after simpli-
fication of the resulting equation, we arrive at the Equation (59). Similarly, by the same
technique we obtain (60) and (61). O

Theorem 11. The functions He and Hy with respect to parameters satisfy the difference equations

DpqHe =1iﬁ {Gx,qHé(ﬁq) +0y,9Hs (B, QX)],ﬁ 71, (62)

DpqHe =7 - B [%Ha(ﬁq) +0xqHs (Bg, qy)},ﬁ #1 (63)
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1
DgqH7 :m%Hﬂﬁq),ﬁ #1 (64)
and

1
D, H7 :ﬁewHﬂ'yq),y #1. (65)

Proof. From the g-difference operator (10), we have

_ ~ _ 1- ﬁ (D‘; q)27+s TS
Dpatls = r,szzo [1 1- ﬁq’“] A= )BB s @)@ a)s ~
_ - 1-— ‘7”3 (“?‘7)27-4-5 ros
- Zo [1 = ﬁq”s} =B DG G a)s 7
1
:ﬂ [Gx,qH6(ﬁLI) + gy,qH6(.BQr qx)} .

By use of the relation 1 — ¢"*° = 1 — ¢° 4+ ¢°(1 — ¢") and after simplifying and rearrang-
ing the terms, we obtain (63). The proofs (64) and (65) are similar technique for parameters
B and 1 to the proof (62). O

Theorem 12. For the functions Hg and Hy, we have the relations

1—g%)(1— a+1
Ocqlg = a . q)ﬁ()(l - 7 ) B3 0P 0, ), (66)
1— g .
[gy,q]qHé —u_(qﬁ)é)_q)yHe(q “;qﬁ“;q, x,Y), (67)
1—ag%)(1— a+1 .
[6x,9)qH7 = ( 1 ,q q)ﬁ()(l ﬁ ) )xH7(‘7 T T LT Y (68)
and
1—g" .
[6y.919H7 :ﬂ_(w)éll)_way(q Lafa g xy). (69)

Proof. Applying the operator 6 ; to both sides of (13) with respect to x, we have

- [1— q" (‘7“?‘7)2r+s
0rq],He = [ :| Xy
el Z:o 1—q ] (4P9)r+s(4:9)r1(4:9)s

_ i [ 1 } (4% Dar+s oy

o L1 =) (aP;q)rss(@:0)r 1 (0:9)s

1—g%)(1 = got1 .
gy el ),

By the same way, the proof of Equations (67)—(69) are similar lines to the proof of
Equation (66). O

Theorem 13. The functions He(g%; qP;q, x,y) and H;(q%; 4P, q"; q, x, y) satisfies the q-differential
relations

264, + 0y,0 + o] He = [a]He (g ), (70)
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[0x, + 0yq + B —1]5He = [B — 1]qH6(‘7ﬁ71)r (71)
[264,q + 0y,0 + o] Hy = [a]Hy (g ), (72)
[0xq +B—1]gH; = [B — 1]qH7(‘7ﬁ71) (73)
and
[6y,q + 7 — UgHy = [y — 1;Hz (g7 ). (74)

Proof. For proving the theorem, we start from the definitions of (13) and (14), using
the relation

1 — gotarts [w+2r+sl;, ,

i9)2r+s = W(‘i“z"i)zws = T(q $0)2r+s

a+1

(q

and applying to the g-derivatives operators (10) and (4) to get

0 [a—|—2r+s]q(q“}Q)2r+s
26,9 + 0y, + a]gHs = i
x.q Lz 776 r,SZ:O (qﬁ;q)r+s(q;q)r(q?‘7)s

_ (qa+l;q)2r+5 ros _ a+1
_[“]qr,sZ:O e elgias Y~ Witeld)

Using the relation

1 — ghtr+s—1 B+r+s—1]; 5
(q‘B;Q)rJrs:lzﬁ(qﬁ 1;‘1)r+s:ﬁ[ﬁ_1]qq(qﬁ 1}‘7)r+s/

we obtain

o0 [‘B+r+s—1]q(q“}Q)2r+s
(61 + 0yq + B — 1]Hs = o
x.q v.q p g6 7,52:0 (qﬁ;q)r+s(QFQ)r(q;q)5

— g — o [B+71+s5—1]4(4%q)2r+s
Pl r,szzo [B47+s—1g(aP 1 0)r+s(0:9) (4:9)s

X'y = [p—1gHe(4P).

This is the proof of Equation (70), and using the same procedure leads to the re-
sults (71)—(74). We omit the details. [

Theorem 14. For the functions Hg and Hy, we have

Hy (¢, q7;9,%,y) = Hy + —L {q“[ﬂy,q]qlﬁb

1—¢
(75)
+ 4" [0x,q)aH7 (7% 9P, 475 9, %, qy) + 4% [0x,4]4H7 (3% 4P, 475 9, 9x, qy)} ,
1 _
Hy (14508, 4750,%,y) = Hy + +— [q“[Gx,q]qH7
1 (76)

0 [0x,0)gH7 (9% 0P, 07 9, 9%, y) + " [0y,4)aH7 (7% 9P 4739, q2x,y)} ,
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® ® 1-— o o
He(q" 5 aP5q,%,y) = He(q%:9P;q,%,y) + 1 — ;( [q (6,414 H6 (" 4%; 9, %, )

(77)
+ 4" [0x,q]H6 (7% 9P 9, %, qy) + 4% [0x,4]4He (" 9P; 9, g, qy)}

and

He (3 4P; 9, x,y) = He(q% qP;q,x,y) + ﬁ {q“[9x,q]qH6(q“;ﬂlﬁ;q/x/y)
(78)
+0"[0x,q)Ho (9% 9P; 9, 9%, 9) + 4" [0y,414He (g% 4% 9, q2x,y)} :
Proof. Using (14) and the relation

1_ quc+2r+s —1_ qu + q“(l —q 5) 4 qﬂé+5(1 —q 4 quc+s+r(1 — qr)/

we have

Hy (9" 4P,q7;9,%,y) =

- {1 - q“*zr“] (9" 9)2r+s o
L—g* | (@%0)r(a7;q0)s(0:9)r(0:9)s

a+s+r1 qr] (qa;q)ZrJrs xry
L=q*| (4%;0)r (a7 0)s(0:9)r(0:9)s

yalaH7 (g% 9P, 4754, %, y)

r,5=0
[e9)

1-¢° 1-—
o a+s
_VSZZO 1+q1_q“+q =

,
T 1

S

q
q
=Hy(q%4F,97;q9,%,y) + :a {q

+ 4 [0x,q]aH7 (9% 9P, 479, %, qy) + 4" [0x,4)4H7 (3% 9P, 475 9, 9x, qy)]

Using the relation

1— qa+2r+s =1 qa 4 qa(l _ qr) + th+r(1 _ qr) +qa+2r(1 _ l]s)‘

The proof of Equations (76)—(78) are similar lines to the proof of Equation (75). O

Theorem 15. The following identity holds true for the functions Hg and Hy

[+ 1]gH7 (9" %) = Hy(9**") + qx[alglalgHy + 24" x[a)q[8y,4]4Hy

Jrunﬁtl I ] [qu] Hy (4" qﬁ q7;9,%,qy) +2q”‘+1 [a q[exq] Hy(g* qﬁ q7:49,9x,qy)

+ 207 x [Ox,0)4[0y,4)0H7 (7% 9P, 475 9, x, qy) + 247 x[6, q]q[t‘)yq] Hy7(q%4F,q7;9,9x,qy) (79)
+ 207 (63 )1 Hy (9% 4P, 475 9, 9%, 47y) + 7T x (67 11 H7 (g% )
N,

9%aP,q%q, %y
Jrqzlx+1 [x,q]qH7(q’qﬁ,q ;4,%,9 y)+q2a+1 [ ]H( qﬁq q,qqu)

[ + 1]4Hy (4" "2) = Hy (q* ") + gl [a]Hy + 29" x[ay[6x,9
+ 24" x[a]g [0x,q)gH7 (9% 4P, 975, 9%, y) + 24*F x[a] [0
+ 2071 x[63 ) 1gHy (% aP 475 9, %, y) + 297 x[6x,414[6,
+ 207 x (02,914 (0y,19H7 (9% 0P, 4734, 4%, y) + 47T x[63
+ (0% 1 H7 (0% 0P, 475 9,47 x, y) + 7 x(6)

JqH
q]qH7(q“ A7349.9°%,Y)
aeH7(9%:9P,47;9,4°x,y)  (80)
a7 (9% 4P, 97, %,y)
a7 (6%4P,47;q,4% %, y),
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a+1
_ 9

T 1-—

<‘1771 [6y,410y.41g — 4" By,qlq + [clq[6y.q)q —

a1

9y
1-—-

q

Z[qu] Hy (g% qP,47;9,x,qy) +

[Ox.414H7(9"; 4,759, 9%, y) + 5 1

[+ 1]gHe (7°1?) = Ho (4" ™) + qx[a] g [a] g Hls + 29*F x[a][6y,4]4HL

+ 2" Lx [l [OxglgHs (9% P, x, qy) + 20" x[ag 02,916 (3" 4P 9, 9%, )

+2q2a+l [62,]4[6y.4)4 Hé(q qﬁ q,%,qy) +2q2a+l (62,014 qu] He (g% qﬁ q,9x,qy)  (81)
+ 207 x[03 1gHs (% 9P; 9, 9%, 47y) + 7 x[67 414 He (4% 4P 4, %, y)
+ Py [Gi,q]qu(q ;0P50,%,4%y) + % x(02 1, He (9% 9P . 4%x, 4%y)
and

[ + 1]4He (9" %) = He (") + guc[a[a]4He + 29" x[ay[6x,4]4Ho
+ 20" x [y [x,41gH6 (4% P30, 9%, y) + 29" x[a]g[6y,414He (4% 45 4, 4%, y)
+ 207 x[63 1 1gHe (4% 0P34, 4%, y) + 207 x (02,414 [6y,41gHe (4% P 9, 4%, y) (82)
+ZqZ“Hx[Gx,q]q[Hy,q]qH7(q ;P07 0, 0%, y) + T x (63 )1 He (4% 4P 9, %, )
+ (03 16 (9% 0P 9, 7%, y) + 47 (0], ) Hle (% 0P 9, 0", )
Proof. From (14), we have

1— qu+2r+s

o+ 1]qH7(qu+2) — Hy(g**1) = i — - qaiZHSH 1 : (qbf}q)zw.s —
rs=0 q 1—¢ (@P;9)r (a7 9)s(0:0)r(9:9)s
) 1— a+2r+s 1— a+2r+s a; s s
N —qq“ r,sZ:O o 1)—(q : )} (qﬁ;q)r(t(iz;qq)ZZ(qtq)r(q;q)sx Y
and using
(1 _ qochZrJrls)_(lq_ th+2r+5) _ [D‘]q {1 N qa "‘an(l _ qS) +ZE]“+S(1 _ qr) + thx+s+r(1 _ qr)

1
+ q |:2q2a+5(1 o qr)(l o qS) +2q2a+s+r(l o qr)<1 o qS) + 2q2a+25+r(1 o qr)Z

+ thX(l _ qS)Z + q2a+25(1 _ qr)2 + q2zx+25+2r(1 _ qr)2 ,

after simplification we obtain (79). The proof of Equations (80)—(82) are similar to the proof
of Equation (79). O

Theorem 16. The functions Hg and Hy satisfies the partial g-differential equations

a+1
(’777 (6,410 06y.4)g — 47 By.qlq + [V]q[6yqlg — %[equ]q = ¥q"[20x,9 + Oyq]q — ]/["4;)]}]17

1_
(83)
qa+1y P
_q[(?xq] oH7(q%:97,97;9,9x,qy),

a+l

v (84

5[ a7 (%P, 079, 4%x,y),

« (]
y[ ]q_y‘l [zex,q"'ey,q}q -7 q>H7
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(qﬁ_l [0x,]4[0x,qlq — qﬁ_l[ex,q}q + [Blql0y.qlq — qzaﬂx[eiq]q - zqaﬂx[“}q[eyﬂ]@

—xq" [zex,q + Gy,q]q - qx[“]q["‘]q - x[“]q>H7 = 2‘1“+1x["‘]q[9x,q}qH7(qa}qﬁr‘77?‘1/ x,qY)

(85)
+ querlx[ ] [Gx q] H7<q q/3 q'Y q, qx qy) -+ 2q2a+1 [ xq] [equ]qH7(qa; q'B/ 117} q/ X, qy)
+2q2a+1 [9 ] [eyq] H7(q qﬁ q’Y q,q9x, qy) +2q2a+1 [ }qH7(q“; qﬁ,qW; q, qx,qzy)
(qﬂ_l[f?x,q]qwx,q]q - qﬁ_l[gx,ﬂq + [ﬁ}q[gy,q]q - ‘izaﬂxwiq}q =24 x g [Bxglq — 29" (2059 + Oy gl
— x[a], — Qx[a]q[“]‘i>H7 = 20" x[a]g[6x,0)gH7 (7" 9P, 47: 4, 9%, )
(86)
+2q" x[alg 6y, 1gH7 (4% P, 475 q, %, y) + 247 %067 1oy (4% 0P, 975.9,9%, y)
+ 2q21x+1x[9x’q}q [9y/q]qH7(q’X’- qﬁ, q'}’/‘ q, qzx, y) —+ 2q2a+1X[6xrq]q [ey,q]qH7(qa; qlg/ q’y} q, qu/ y)
+ > x([03 )47 (0% P, 475 0,47 x, ) + 7 x(07 )10 H7 (4% 4P, 975 9, 9% x, ),
a+1
) B yla]
<q5 H8y,qq[6x.q + 05,0l — 4P [By,qlg + [Blq10y.alq — %[Gw]ﬁ — Y200+ Oyqlg — T Z)H(’
06+1y Dé-‘rly (87)
= T [OualyHe(a"; 9%:q,%,qy) + T— q [Ox.q1¢He (9" 4% 9, 9, 9y),
a+1
) B yla]
<””5 "0y,414[6x,q + 6y.qlg — 4 [6yq)g — H[(’x,ﬂq + [Blg[0y.qlq — y4" (263, + 6y,9]4 — 1-— Z)Hé
oy oy 2 (88)
= T PealeBe(3%9% 0,95, 9) &+ T {0yalgHe (05070, 4°x,y) |
<qﬁ “MBxglglBrq + Oylg — 20" xlalg 8y,0lq — 3P [Brq) + [BlglByqly — 47 x[6] 1)g — xq% (2010 + 6y9]g
— x[a]; — qx[ﬂc]q[“]‘?) He = 24" x[a]q (01,0146 (9% 4 9, %, qy)
(89)
+24° x[a]g [0x,9)gHe (9% 475 9, 9%, qy) + 207 x[02,414[6y,414Ho (4 47 9, x, qy)
T[] ilal6y.0l0 Hé(q“'qﬁ'ﬁl, qx,qy) +2q2”‘+1x[6%/q]qH6(q“; qﬁ;‘i/ q9%,9%y)
_'_q2a+1 [ ] H6(q q ;4,%,q y) +q2a+l [ }qH6(th;qﬁ;q,q2x,q2y)
and
(qﬁl[ﬂx,q]qwx,q +0yqlg — 4P [Bglg + [Blg[By.q)g — 20 x [l [Bxg]y — x4%[260x g + 0yq)g — 4% x[63 ]
— x[a]y — ‘JX[vz]q[lx]‘i> He = 24" x[aly[6x,414Hs (4 4%; 9, 9%, y)
(90)

+ 20" x4 (0,414 Ho (g% 975 0, 4%, y) + 247 x[63 1 1sHe (4" 475 9, 4%, )
+ 207 x[0x,0]4 (0,10 Ho (7% 9P 9, 7%, ) + 207 x (05,414 (0,414 H7 (4% 9P, 47; 9, 4°x, y)
+ X031 He (0% 070, %2, y) + 47 (07, g He (0% 07 9,0, )

Proof. From (68) and (70), we obtain
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<[9y,q]q[9y,q +9 =15 —y[20xq +0yq + “L})H7 =[r— uq[gy,q}qHﬂqWA) - y[“]qH7(qlx+1)
1— gt
=[r- 1]»;%11417(07““;17%%% x,y) — ylalgHy (* )
(I=gH(1—4q) 91)
(1—-q")y > wtl. p
= 1], ——L  —y[a], |H ;9%,97:9,x,
<[7 g TSI ylalg JH7(3°54P,97;9,%,y)
= (ﬂqwq —W]q)H7(q““;qﬁ,q”;mx,y) = <%> [l 7 (4° 5 4P, 9739, %,y).
By using the relation
=Ky = a7 [nly— 8y,
[n+klg = [n]q + q°[Klq
and we write the g-differential operator
= ([ey,q}q (qV[GM —1];+ ['Y]q) - y(qa [26x3 + 0y4]q + [“]q))
= <[9y,q}q (qvl[ey,q}q - qyil[l]q + ['Y]q) - ]/<’1'X [29x,q + Gy,q]q + Mq))
= (‘77_1 [0y,919(0y.qlg — g ! [0y,4lq + [V]q10y.qlg — yq" [20x,q + Oy qlg — y[“]q)-
From the above relation and using (91), (71), we get
179,111 7-1]g 0 " %[20y . + 6 ylels \ gy
a7 " [Oy,qlqBy.qlq — a7 " [Byqlq + [7]q[Oyqlq — 17_{1[ yala — yq"[20x,q + Oyqlg — 1—q 7
qa+1 th+1y (92)
=1y (63,4147 (% P, 4759, x,9y) + ﬂ[Gx,q]qH7(q”‘;qﬁ,q”;q, q9x,qy).

The proof Equations (84)—(90) are on the same lines as of Equation (83). We omit the
proof of the given theorem. [

3. Concluding Remarks

This study is a continuation of the recent paper [31], we have investigated the g-
analogues of hypergeometric Horn functions H3 and Hy and their various properties.
In our present study, we have established several results, such as g-contiguous relations,
g-differential relations and g-differential equations of the basic Horn functions Hg and
H;7 under conditions on the numerator and denominator parameters. In addition, we
have deeply discussed new properties of these extended basic Horn functions Hg and Hy
such as the ig-contiguous relations, g-differential relations, and g-differential equations.
Note that, by setting § — 17, we obtain various known or unknown results for the
Horn hypergeometric functions Hg and Hy established earlier in [28]. Therefore, other
special types of these extensions are recommended for a parallel work of this study. More
investigations will be carried out in the coming future results in other different fields of
interest for quantum calculus on time scales and applications in the mathematical and
physical sciences.
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