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1. Introduction

An integer 7 is called a balancing number if there exists another integer 7, called a
balancer, corresponding to 7, such that the following Diophantine equation holds

1424+ -1 =n+1)+n+2)+---+ (n+7). )

For example, 6 is a balancing number with balancer 2. We allow 1 to be the first balancing
number with the first balancer 0. Let By, be the m-th balancing number and R, be the
m-th balancer. Then we have that {B, },,>1 = {1,6,35,204,...} (OEIS: A001109) and
{Rm}m>1 ={0,2,14,84, ...} (OEIS: A053141). The problem of determining all balancing
numbers in the set of natural numbers leads to a second order linear recursive sequence or
a Pell equation. In [1], Behera and Panda prove that the square of any balancing number is
a triangular number. In fact, it is easy to derive that n is a balancing number if and only if
n? is a triangular number, and if and only if 872 + 1 is a perfect square. They also proved
that the balancing sequence { B, },>1 fulfilled the recursive relation

Bm+1 = 6B — By—1,

for all m > 2 with initials By = 1, By = 6. According to the recursive relation, it forces that
By = 0.
From (1), we have
P+ @2n+1)r—nn—1)=0,
or
o —2n—1+v8n%+1
7 .

Since r is an integer, then 872 + 1 must be an odd square, say 81> + 1 = t? with t odd. We

have
_()(3)

e

where Ty, := m(m + 1) /2 is the m-th triangular number. The m-th Lucas-balancing number
may be defined by C, := \/8B2, + 1 and {Cp } >0 = {1,3,17,99,577, ... }(OEIS: A001541).

Axioms 2021, 10, 350. https:/ /doi.org/10.3390/axioms10040350

https:/ /www.mdpi.com/journal /axioms


https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-7548-3607
https://doi.org/10.3390/axioms10040350
https://doi.org/10.3390/axioms10040350
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://oeis.org/A001109
http://oeis.org/A053141
http://oeis.org/A001541
https://doi.org/10.3390/axioms10040350
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms10040350?type=check_update&version=2

Axioms 2021, 10, 350

2 0f9

In addition, one can check that C;,, 1 = 6C,; — C;;,_1 and the relation R, = W for
anym > 1.

Similarly, one can define the cobalancing numbers with cobalancers as the solutions
in n, 7 to the Diophantine equation

142+ 4+n=mn+1)+n+2)+--+(n+r). 2)

From (2), it implies that # is a cobalancing number if and only if n(n + 1) is a triangular
number, and if and only if 81> + 8n + 1 is a perfect square. Throughout this paper, let
by, rm and ¢y, := \/8b3, + 8by, + 1 be the m-th cobalancing number, the m-th cobalancer,
and the m-th Lucas-balancing number, respectively. For example, b =1 =0and ¢y = 1.

Various possible generalizations of balancing numbers, balancers, and Lucas-balancing
numbers have been studied by several authors from many aspects. In [2], Panda defined
sequence balancing numbers with sequence balancers as follows. Let {u,},>1 be a se-
quence of real numbers. We call a pair (i, k) a sequence balancing number with sequence
balancer if

Uy iyt Uy = U U2+ U

Kovdécs, Liptai and Olajos [3] introduced the concept of sequence balancing numbers to the
sequence of arithmetic progressions. They defined the (a, b)-type balancing numbers with
the (a, b)-type balancer as solutions of the Diophantine equation

(a+b)+2a+b)+---+(an—1)+b)=(a(n+1)+b)+---+ (a(n+r)+b), 3)

where a > 0 and b > 0 are coprime integers. In [3], several effective finiteness and explicit
results about (a, b)-type balancing numbers had been given. In particular, Kovécs et al.
proved the following theorem.

Theorem 1 (Theorem 2 in [3]). If a? — 4ab — 4b* = 1, then there is no perfect power (a,b)-type
balancing number.

Thus, a question naturally arises: can we determine all (a, b)-type balancing numbers
in the set of arithmetic progressions? In this paper, we will provide an answer to this
question. In other words, we search “few” balances in the set of arithmetic progressions.
First, we must be clear about the terminology and notation. We denote the m-th (a, b)-type
balancing number, if it exists for infinitely many m, by B Note that when (a,b) = (1,0),
we get nothing but the original balancing number B;,. Instead of requesting integers a > 0
and b > 0, our definition of (a, b)-type balancing should only exclude from the cases a = 0
or gcd(a, b) # 1. For the former case a = 0, it is trivial. For the later case, we just notice for

any integer d # 0 that

pldads) _ yp(ab).

Without loss of generality, we may assume that a > 0, for otherwise, use the above identity

by putting d = —1. For our convenience, let B(ga’h) = b. We allow that 1 is the first balancing

number, i.e., By = 1, as well as B;a’b) = a+ b. The (a, b)-type balancer is defined to be the

least number r, which satisfies (3) and the m-th (a,b)-type balancer is denoted by R,gf ) if
it exists.
This paper is organized as follows. In Section 2, we present a sufficient and necessary

condition for the existence of the (g, b)-type balancing number B for infinitely many

m. Precisely, we show numbers Bﬁ,? ) exist for infinitely many m if and only if a | 2b.
Moreover, we sort and classify all (a, b)-type balancing numbers and provide explicit
formulae for them. In Section 3, we discuss the (a, b)-type cobalancing numbers, the (a, b)-
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type cobalancers, and the (4, b)-type Lucas-cobalancing numbers. We summarize the paper
in the conclusion section.

2. Main Results

The problem of determining all (4, b)-type balancing numbers in the set of arithmetic
progressions leads to the equation x? — 8y? = c. In the following, we derive the condition
a | 2b as a sufficient and necessary condition for the existence of the (4, b)-type balancing
number B,Sf ) for infinitely many m.

On one hand, from (3) we have

n(n—1)
2

r(r+1)
2

a+(n—-1)b=arn+ a+br,

or
ar® + (2an +a +2b)r — (n —1)(an + 2b) = 0. 4)

We solve the equation in r directly to get

—q— 2 2 _ _ 4h2
y g E 2bi\/8(an+212 + (a% — 4ab 4b)‘

It “forces” that the number 8(an + b)? + (a> — 4ab — 4b%) must be a perfect square. We then
define the m-th (a, b)-type Lucas-balancing number by

2
clt) .= \/8 (BW™)" + a2 — ab — 412
Note that both 2 and C,Sf b) have the same parity. Now we have, for all m > 1,
( (ab))? (@b)\2 _ 2 2
cla ) —S(Bm ) — 2% — 4ab — 4.
On the other hand, multiplying Equation (4) by 44 (note that a # 0), we get

(2(an + b) + a(2r +1))* — 8(an + b)? =a® — 4ab — 4b° )
=(4(a —2b))* — 812

Letx =2a(n+r)+a-+2band y = an + b. We may rewrite (5) as
X% — 8y2 =g, (6)

where ¢ = a? — 4ab — 4b*> = (4(a — 2b))? — 8b%. To solve Equation (6), we solve the
following Pell equation in two variables u, v:

u? — 8% =1.
The fundamental solution is (1, v) = (3,1) and, thus, all the solutions can be determined by
u+oV8=(3+v8)",

for any m > 0. Notice that (x,y) = (£(a — 2b), b) is an initial solution of the Equation (6).
Hence, all solutions of the Equation (6) takes the form

x+yV8 = (+£(a—2b) +bV8) (3 + VB)".
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Suppose that (3 +/8)" = x4, + ymV/8. It is easy to prove that both sequences
{%m }m>1, {ym }m>1 satisfy the same recurrence relation as below

X1 = 6Xm — Xim—1,

for m > 2 and with initials x; = 3,x, = 17 and y; = 1,y = 6, respectively. Therefore,
we conclude that x;, = C;; and y,; = By, the m-th Lucas-balancing number, and the m-th
balancing number.

Now, we get

x+yV8 = (+£(a—2b) +bv8) (Cp + Buv/B).
It immediately implies that
B = bC,, & (a — 2b)By,.

Whether the positive or negative sign it takes, the key to guarantee is Bﬁ,‘: b > Bga’b) =a+b.
In light of C;;, = 3By — By, (this follows easily by strong induction on 1), we may rewrite

the explicit formulae for the (a, b)-type balancing number as

BYY) = (a+b)By — bBy_1;

)
BYY) = bByiq — (@ + b)Bu.
For example, when (a,b) = (2,1), we have B,(nz'l) =Cy =3By, — B,_1 forallm > 1.

Another example, when a = b = 1, we relabel the (1, 1)-type balancing numbers according
to Equation (7). That is, for k > 1,

B — 1,
BUA) — By — 2By

Indeed, we have { B4V} m0 = {1,2,4,11,23, 64,134,373, 781, .. .} (OEIS:A006452) and that

B = 681 - B, form > 4.

Actually the number B,(,} s an integer 1, such that 8n? — 7 is a perfect square. Thus, n? — 1
is a triangular number. In [4], Subramaniam studied such an integer n, which he called the
almost square triangular number (ASTN) of type B, such that n? — 1 is triangular. See also
Theorem 2.2.2 in [2].

In addition, we see that the x-solutions of Equation (5) are given by

2B 4 a(2RY) + 1) = 8bB,, % (a — 2b)Cy,

®)
C? = 2B +a2RYY + 1)) > 0.

In light of Bﬁ,f’b) =bCy, + (a—2b)By, and Ry, = %, we can solve for Rgf’b) from (8):
2b -1 2
RWY = (¢ _1)p, -2, Sl _2p iR,
a a 2 a )
RIOD _ (1420Yp, _Cntl 265 o 4,
a 2 a
and the recursive relation Rfﬁf% = 6R,(,‘f’b) — szf% +2forall m > 2.
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Recall that 872 + 1 is an odd square if 7 is a balancing number. Thus, the number C,,
must be an odd integer for each positive integer m. Hence, we conclude that

Rﬁ,f’b) €7 < a|2b.

That is, under the restriction of ged(a,b) = 1, the positive integer a is taken either 1 or 2.
We summarize the above discussion in the following theorem.

Theorem 2. Let a, b be two coprime integers with a # 0. The sufficient and necessary condition
for the existence of the (a, b)-type balancing number B, the (a,b)-type balancer R and the
(a, b)-type Lucas-balancing number cle for allm > 1lisa | 2b.

We now give explicit formulae for the (4, b)-type balancing numbers with the (a,b)-
type balancers by distinguishing four cases, according toa = 1 ora = 2.
(Case 1: (a,b) = (1,b),b > 0.) If b = 0, we get exactly the original balancing number

and balancer, B(l’ ) = By, Rg,} 0 = = Ry,. For b > 1, in this case, the two relations in (7) make

sense, since both B, (a,b) > 1+ b for all m. Hence, we just relabel and conclude that the
explicit formula for the (1, b)-type balancing numbers is given by, for all k > 1,

Bék ) =bByy1 — (b+ 1)Bk

In light of (8) and (9), the corresponding (1, b)-type balancers Rg 2

(1b)

numbers C;;,

and Lucas-balancing

are then given by

b
{ R%;)l = 2bBi 1 + Ry, Cy”) = 8bBy+ (1-2b)Cy;
R = 2bB, — R, — 1, c§k ?) — 8bB; — (1 —2b)Cy,

forallk > 1.

(Case 2: (a,b) = (1, —c),c > 1.) In this case, we search the balances in the sequence
{n—chp1={1-c2-c,...,~1,0,1,...,c—1,¢,c +1,...}. By definition, B{"* ™ = 1 —¢.
We see that the first few elements of the sequence {n — c},>1 are negative and they must cancel
each other out with the first few positive elements. In fact, if ¢ ¢ {B —|— R( +1}>0,052

then it is easy to see that B,(11 ) = (1 “Uforallm>2.If c = ( R R( Y 11 for some

t > 0 and for some ¢ > 2, then Bél’ C) = }1 ) and B(l’ )= B;(nl 1)

this, just notice the identity

for all m > 3. To see

(_Bél,t) _ Rgl,t)) + (_Bél,t) (1 t) + 1) + (_Bél,t) . 1)
—(=BM +1) + (=B +2) -4 (£ 4+2) + (£ 1).

The above identity holds by the definition of balancing numbers with the balancer.
—c)

The corresponding (1, —c)-type balancers R,(ﬁ are given as below. By definition,

Rgl’_c) = 0. Moreover, we have
2, ifc=1;
R = RV —2c—3, ife>tand e (B 4+ R 41} gm0
Bél’t)ftfl, 1fc—Bé1t)+Ré )+1forsomet20,€22,

and for m > 3, R,(ﬂl’fc) = R,S}’Cil) ifc & {Bél't) + Rél’t) +1}4>0,0>2 and R,S}'*‘f) = RS’_C;D
for otherwise.
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In addition, we have that Cgl’fc) = |3 —2¢| and
17, ifc=1;
9= 14c—17, ife>Tandcg {BM 4 RM 41} gm0

2t 41, ifc = Bél’t) + Rél’t) +1 forsomet >0,/ > 2,

and form > 3,

c0 _ [ 2BV 2Ry w1, it e g (B + RV 41} s 0
m - (1,c-1) (Le-1) o oLy (Lt)
2B +2R, "~ ' +1, ifc=B,""+R, +1 forsome t >0,/ > 2.

m—1

(Case 3: (a,b) = (2,b),b > 1 odd.) When (a,b) = (2,1), we obtain that
B,(n2 1) 3By — By—1 by (7). Thus, it implies that B,(ﬂ2 A) = Cp. So the balancing numbers in
the sequence {3,5,7, ...} are those Lucas-balancing numbers in the sequence of positive
integers. Moreover, by (8) and (9), Rg’l) = B,—1+ Ry and C,(,lz’l) =2(By + Byu—1+ Ci)-

For b > 3 is an odd integer, we have B(()z’b) =bandforallk > 1

B, = (b+2)Bx — bBy_y;
BS") = bByiy — (b+2)By

In viewing of (8) and (9), the corresponding (2, b)-type balancers Rg,f ) and Lucas-balancing

numbers C,Sf ) are then given by

{ ROV = bBy 1+ Ry, CY) = 8bBy +2(1 - b)Cy;
REY — bB — Ry —1, C3Y) = 8bB, —2(1-b)C,,
forallk > 1.

(Case 4: (a,b) = (2,—c),c > 1 odd.) The simplest subcase c = 1 gives B2V =
By, + By—1- The sequence of integers {Bﬁnz’*l) }m>1 begins with 1,7,41,239,1393, 8119, ... .,
which are related to the square order of simple groups and these numbers are called
NSW numbers [5]. The NSW numbers have nice properties similar to Mersenne numbers
M = 2P — 1 with p prime. It is easy to see that NSW numbers verify the recurrence relation

Bfnz jr_ll) = 6B,(ﬂ2 ~1) _ Bf:’__ll). E. Barcucci et al. [6] gave a combinatorial interpretation of the
sequence of NSW numbers. Actually, they proved that the cardinality of the set of words
of £ having length m is equal to Bg j;

For all m > 1, the corresponding (2, —1)-type balancers Rg 1 and Lucas-balancing
numbers C,Sf D are given by

R =Ry — By, Cy ") = 4(Cyy — 2Bu) = 4(Buw — Bu1),

respectively.
For ¢ > 1is an odd integer, we note that Bgz’fc) = 2 — c. The identity

(_BEZ,thl) _2R22,2t71)> n (_Béz,thl) _ ZRgz,thl) +2> rox (_Bgz,th) _ 2)

=(—BP* TV +2) + -+ (2t —5) + (2t —-3)
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implies that B(2 —9) = Béz 2-1) ifc = B§2 2t-1) + 2R<2’2t71) + 2 for some t > 0 and for

some ¢ > 2. Ifc ¢ {B22t ) +2R(22t 1) (2—c) _ 352/0—2)'
For m > 3, we have

+ 2}4>0,0>2, we have that B,

{ Bg,—c) =B,(,12’C_2) ifed {B22t 1) +2Ré2,2t—1)+2}t20’£22;
(
m

Bﬁf ) — B 2’61_ 2 for otherwise.
The corresponding (2, —c)-type balancers R£,12 ) are given as below. By definition,
RgZ’_C) = 0. Moreover, we have
3 ifc=3
g2 _ ) REP =c—3 ifc>3oddandc¢ {B TV + RPFTY 42} ng 0
L B V23 22t-1 2261 o
¢ 5 , ifc:Bé’_)—i-Rg’_)+2forsomet20,€22,
(2,2t-1)

and for m > 3, R = RP*? if ¢ ¢ {B +R§2'2t*1) +2}4>0,0>2 and R =

2,c-2)

R,(n for otherwise.

Furthermore, we have that ng’fc) = |6 — 2¢| for ¢ > 1 odd and

48, if c = 3;
CP ™ = 14c—34, ifc>3o0ddandc¢ {B** V4 RP*V 4oy 0,0y
|4t — 4|, ifc= B@Z’Zt_l) + Rgz’Zt_l) +2forsomet > 0,¢>2,
and for m > 3, C2 ™ = 2B 4 4R 2if c ¢ {BP* TV 4 RPPTY 12}, 000

and C,(112’7 ) — 2B(2 c=2) + 4R(2 ¢=2) + 2 for otherwise.

3. (a,b)-Type Cobalancing Numbers

Let a,b be two coprime integers with a > 0. We say that an + b is an (a,b)-type
cobalancing number if

(a+b)+(2a+b)+---+(an+b)=(a(n+1)+b)+---+ (a(n+r)+b), (10)
with a corresponding number r > 0, which is called the cobalancer. Let b,gf ) and rﬁ,f ) be
the m-th (a, b)-type cobalancing number, the m-th (a, b)-type cobalancer, respectively.

The Equation (10) is equivalent to

(2(an + b) +a(1 —2r))* — 8(ar)? = (a +2b)?, (11)
or x> — 8y?> = cwith x = 2(an +b) +a(1 —2r),y = ar and c = (a + 2b)?. If c = 0; that is
a = —2b, the equation has no nonzero solution. For ¢ # 0, all integral solutions can be
determined by

x+yV8=(a+2b)(3+V8)" = (a+2b)(Cy + BuV8),

for any m > 0. It implies that

arif?) = = (a+2b)By,_1 = (a+2b)ry,

and
Cp_1-—1

b —pC, 1 +a )

+ (a +2b)Byy_1. (12)

That is, ri"") = (1 + %) rm and it implies that ) € 7,if and only if a | 2b.
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If we solve the Equation (11) in r directly, we obtain

—a —2b4 +/8(an +b)2 +8a(an + b) + a? — 4ab — 42

r=—n-+ o

It forces that the number 8(an + b)? + 8a(an + b) + a®> — 4ab — 4b*> must be a perfect
square number. Thus, we define the m-th (a,b)-type Lucas-cobalancing number by

2
cgff’b) = \/8 (b;,f’h)) + 8ab,§f’b) + a2 — 4ab — 4b2. In other words, for all m > 1,

2 2
(c,ﬁg"”)) - 2(2b,§§"b) + a) = (2 +2b)* — 2(a + 2b)>2. (13)
Hence, the integral solutions can be determined by

el 4 (265 1 a) V2 = (a +2b)(1 + v2)(3+2V2)" ! (14)
for any m > 1. Then, from (13) and (14), we deduce the identity (12) and also

™) = (a4 2b)(Cpy_1 + 4By_1). (15)
Notice that when (a,b) = (2, —1), in this case, we have a = —2b, then there do not
exist any (2, —1)-type cobalancing numbers (in the sequence of odd positive integers) and

c,(f - 0 for all m > 1. This result coincides with Theorem 2.1.6 given in [2].
According to the identity (12), the following theorem follows easily by induction on m.

Theorem 3. Let a, b be two coprime integers with a > 0, and a | 2b. Then we have for m > 1

bl — 6 e —p() 4 2g,

m+1 m—

(a,b) _ bga,b)

with initial values b, = b. Moreover, for m > 2, we have

@) _ golab) _ (ab)

rlab) — 6r§,f’h) — rE:_hi

, C

m+1 m+1 m m—1’
with initials 1" = 0,7 = (1 4+ 2, and &Y = o+ 2b, ¢\ = 7a + 14b.

4. Conclusions
Our Theorem 2 says that the only guarantee of having the existence of (a,b)-type

balancing numbers Bf:’b) for infinitely many m is by satisfying the condition a | 2b.
Although the equation a? — 4ab — 4b> = 1 has infinitely many solutions in integers

a > 0,b > 0, it reduces the only one (4,b) = (1,0) under the conditions 4 | 2b and
gcd(a,b) = 1. For, we assume thata > 0,b > 0 and 2b = ka for some integer k, then
a2 — 4gh — 4b? = (1-2k— kz)a2 = 1. It implies that a = 1 and k = 0 since gcd(a,b) = 1.
Thatis (a,b) = (1,0). When (a,b) = (1,0), the (a,b)-type balancing number is nothing
but the original balancing number. Thus, Theorem 1 actually says that there is no perfect
power in the sequence of balancing numbers.

From the y-solutions of the Pell equation x2 — 8y2 =1, we see that B,(,} 0 — B, is the
coefficient of the irrational part in the expansion of (3 + v/8)™. If m = 2k, for some integer
k > 0, we obtain that

By = kf ( 2k )32’<—2f—181'.
= 2j+1

If m = 2k + 1, we obtain that



Axioms 2021, 10, 350 90f9

k

2k + 1\ Lok_2ioi

sz+1—2( . )3 I8/,
=0 2j+1

Similarly, the Lucas-balancing numbers are all x-solutions of the Pell equation x> — 8% = 1.
So, we simply obtain that

k
2k .
Cor = 2 (2j>32k2]8]'

j=0

and

k
2k+1 CDit1ai
Cok1 = ) ( iy )32k 2Zj+1gl,

j=0 ]

Corollary 1. For any integer k > 0, we have

Bgyy1 = +1(mod9), Byz = —1(mod9);

Byr = —2k(mod8), Boi1 =2k + 1(mod8);

Cor = (—=1)F(mod9), Cpry1 = (—1)F13(k —1)(mod9);
Cor = 1(mod8), Coryq = 3(mod8).

Of course, some explicit formulae of cobalancing and Lucas-cobalancing numbers,
and some modular relations among them, can be obtained in a similar way. We leave it to
the interested reader.
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