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Abstract: In the present note, we characterize Clairaut semi-invariant Riemannian maps from cosym-
plectic manifolds to Riemannian manifolds. Moreover, we provide a nontrivial example of such a
Riemannian map.
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1. Introduction

The theory of Riemannian maps between Riemannian manifolds is widely used
to compare the geometric structures between two Riemannian manifolds, initiated by
Fischer [1]. Let (M1, g1) and (M3, ¢2) be two Riemannian manifolds of dimensions m and
n, respectively. Let a Riemannian map IT : (M3, g1) — (M3, g2) be a differentiable map
between (M1, g1) and (M3, §2) such that 0 < rankIL, < min{m, n}, where I, represents
a differential map of I1. If we denote the kernel space of I1. by kerI1, and the orthogonal
complementary space of kerIl. by (kerIl, )" in TM;, then the T M has the following
orthogonal decomposition:

TM; = ker I, @ (kerIL, )*. 1)

We denote the range of Il by rangell, and for a point ¢ € M) the orthogonal
complementary space of rangell,yy(,) by (rangeH*H(q))J- in Tpy(4) M. The tangent space
Tt1(4)M2 has the following orthogonal decomposition:

Tri(qyM2 = (rangell, ) ® (mngeH*H(q))L.

A differentiable map IT : (Mj,g1) — (M2, g2) is called a Riemannian map at

g € My if the horizontal restriction H’jq : (kerITy)t — (rangell,ry()) is a linear iso-

metric between the inner product spaces ((kerIT,,)*, (g1) @) |(ker1—[*q)L) and (rangel L, "
(gZ ) (T1(q) ) | (rangelly) ) .

Further, the notion of the Riemannian map has been studied from different perspec-
tives, such as invariant and anti-invariant Riemannian maps [2], semi-invariant Riemannian
maps [3], slant Riemannian maps [4-6], semi-slant Riemannian maps [7-9], hemi-slant
Riemannian maps [10], quasi-hemi-slant Riemannian maps [11] etc.

On the other side, in the theory of the geodesics upon a surface of revolution, the pres-
tigious Clairaut’s theorem states that for any geodesic ¢(c : I C R — M; on M;j) on
the revolution surface M; the product rsinf) is constant along ¢, where 6(s) is the angle
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between c(s) and the meridian curve through c(s), s € I;. This means that it is independent
of 5. In 1972, Bishop [12] studied Riemannian submersions which are a generalization of
Clairaut’s theorem. According to him, a submersion I1: M; — M3 is said to be a Clairaut
submersion if there is a function r : M; — R such that for every geodesic making an
angle 6§ with the horizontal subspaces, rsinf is constant. This notion has also been studied
in Lorentzian spaces, time-like and space-like spaces, by the authors [13-15]. Later, in [16],
it was shown that such submersions have their applications in static spacetimes.

Moreover, Clairaut submersions were further generalized in [17]. We recommend the
papers [18-32] and the references therein for more details about the further related studies.

In this paper, we are interested in studying the above idea in contact manifolds.
Throughout the manuscript, we denote semi-invariant Riemannian maps by SIR maps
and Clairaut semi-invariant Riemannian maps by CSIR maps. The article is organized as
follows: In Section 2, we gather some basic facts that are needed for this paper. In Section 3,
we define a CSIR map from an almost contact metric manifold to a Riemannian manifold
and study its geometry. In Section 4, we give a nontrivial example of the CSIR map from
cosymplectic manifolds to Riemannian manifolds.

2. Preliminaries

An odd-dimensional smooth manifold M; is said to have an almost contact struc-
ture [33] if there exist on M a tensor field ¢ of type (1,1), a vector field ¢, and 1-form 7
such that

PVi = —Vi+ (V1) o =0, $¢ =0, @)
7(¢) =1. 3)
If there exists a Riemannian metric g; on an almost contact manifold M satisfying:
g1(¢V1,9V2) = g1(V1,V2) —n(V1)5(V2), )
a1V, ¢V2) = —81(¢V1, V2),
81(V1, &) = n(V1), ®)

where Vi, V, are any vector fields on M, then M is called an almost contact metric mani-
fold [34] with an almost contact structure (¢, &, 7, 1) and is represented by (M1, ¢, &, 7, 81)-

An almost contact structure (¢, ¢, 7) is said to be normal if the almost complex structure
J on the product manifold M; x R is given by

d d
Vi, FZ) = (¢Vy — Vi) —
]( 1’th) ((P 1 ]:(:,1’]( 1>dt)' (6)
where J2 = —I and F is a differentiable function on M; x R that has no torsion, i.e., | is

integrable. The condition for normality in terms of ¢, {, and 7 is givenby [¢, ¢] +2dy @ & = 0
on M, where [¢, ¢] is the Nijenhuis tensor of ¢. Further, the fundamental 2-form ® is
defined by @(V], Vz) =g (Vl, (PVz)

A manifold M; with the structure (¢, ¢, 7, g1) is said to be cosymplectic [33] if

(Vi ¢)Va =0, @)

for any vector fields V;, V, on M7, where V stands for the Riemannian connection of the
metric g; on M. For a cosymplectic manifold, we have

Vi ¢=0 ®)

for any vector field V; on Mj.
O’Neill’s tensors [35] 7 and A are given by

./41:1 F = HV’HHVFZ + VVHF]/HFz, 9)
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7}:11:2 = HVVF1VF2 + VVVpl’HFQ, (10)

for any F;, F, on M. Itis easy to see that T, and Af, are skew-symmetric operators on the
tangent bundle of M reversing the vertical and the horizontal distributions. In addition,
for any vertical vector fields X; and X5, the tensor field 7 has the symmetry property, i.e.,

Tx, X2 = Tx, X1, (11)
while for horizontal vector fields Z3, Zy, the tensor field A has alternation property, i.e.,
Az, 2y = —Az,7Z;. (12)

From Equations (9) and (10), we have

VU = TU1 Up +VVy, Uy, (13)
Vuy, Wi = Tul Wi +HV Wy, (14)
le U, = AW1 u; + Vle Uy, (15)
Vi, Wa = HVy, Wa + -AW1 W» (16)

for all Uy, U, € T'(kerI1,) and Wy, W, € T'(kerI1,)+, where KV, W; = Aw, U; and W is
basic. It can be easily seen that 7 acts on the fibers as the second fundamental form, while
A acts on the horizontal distribution and measures the obstruction to the integrability of
the distribution.

It is noticed that for p € My, Z; € V), and X; € H, the linear operators

.Axl, 7-21 : Tp./\/ll — Tle
are skew-symmetric, i.e.,
s1(Ax, Fi, B2) = —g1(F1, Ax, F2) and g1(7z, Fi, F2) = —g1(F1, Tz, F2) (17)

for each Fy, F, € Tp.M;. Since Tz, is skew-symmetric, we observe that I'Thas totally geodesic
fibres if and only if 7 = 0.
The map I1 between two Riemannian manifolds is totally geodesic if

(VH*)(VL Vz) =0VV, W e F(T/\/ll).
A totally umbilical map is a Riemannian map with totally umbilical fibers [36] if
Ty, Y2 =g1(V1,Y2)H (18)

forall Y7,Y; € I'(kerIL,), where H denotes the mean curvature vector field of fibers.
The map IT, can be observed as a section of the bundle Hom(T M1, IT 1T M,) —sM;,
where IT~1T M, is the bundle which has fibers (IT"!TM,), = Tt1(x)/M2 and has a connec-

tion V induced from the Riemannian connection VM1 and the pullback connection v
then the second fundamental form of I1is given by

(VIL)(Wi, Wa) = Vi§ TL (Wy) — TL. (Vs W) (19)

for the vector fields Wy, W, € T(TM;7). We know that the second fundamental form
is symmetric.
Now, we have the following lemma [2]:

Lemma1. Let IT: (M3, 1) — (Mpy, g2) be a map between Riemannian manifolds. Then

22 ((VIL) (Y1, Y2),T1.(Y3)) = 0 VY1, Ys, Y3 € T(kerIL,)" . (20)



Axioms 2022, 11, 503

40f17

As a result of above Lemma, we obtain
(VI1.)(Z1,Z,) € (T(rangell.)") VZy,Zy € T(kerIL)" . (21)

3. CSIR Map from Cosymplectic Manifolds

Let S be a revolution surface in R3 with rotation axis L. For any q € S, we denote
the distance from q to L by r(g). Given a geodesica : I C R — Son S, let 8(t) be the
angle between «(t) and the meridian curve through «(t), t € I. A well-known Clairaut’s
theorem says that for any geodesic « on S, the product rsin 6(t) is constant along «, i.e., it
is independent of t.

Recently, Sahin [30] initiated the study of Clairaut Riemannian maps. He defined a
map IT: (M, g1) — (Mpy, g2) called a Clairaut Riemannian map if there exists a positive
function r on My, such that for any geodesic & on M, the function (r o a) sin 0 is constant,
where for any ¢, 6(t) is the angle between «(t) and the horizontal space at «(t). Moreover,
he obtained the following necessary and sufficient condition for a Riemannian map to be a
Clairaut Riemannian map:

Theorem 1 ([30]). Let IT: (M, g1) — (M, g2) be a Riemannian map with connected fibers.
Then, 11 is a Clairaut Riemannian map with r = ef if each fiber is totally umbilical and has the
mean curvature vector field H = —V f, where V f is the gradient of the function f with respect

to 1.

Definition 1 ([3]). Let Il be a Riemannian map from an almost contact metric manifold (Mq, ¢,&,1,91)
to a Riemannian manifold (Mp, g2). Then, we say that I1is an SIR map if there is a distribution
D, C kerIl, such that

kerTl, = D1 ® Dy, ¢(D1) = D1, ¢(D2) C (kerIl,)t,
where ©1 and D, are mutually orthogonal distributions in (ker Il ).

Let u denote the complementary orthogonal subbundle to ¢(D;) in (ker I1,)*. Then,
we have
(kerIT.) " = ¢(D2) @ .

Obviously, # is an invariant subbundle of (ker I, )+ with respect to the contact struc-
ture ¢. We say that an SIR map IT: M; — M, admits a vertical Reeb vector field ¢ if it is
tangent to (kerIT,) and it admits a horizontal Reeb vector field ¢ if it is normal to (kerIT,).
It is easy to see that u contains the Reeb vector field in case the Riemannian map admits
horizontal Reeb vector field.

Now, we define the notion of the CSIR map in contact manifolds as follows:

Definition 2. An SIR map from a cosymplectic manifold (M, $,E,1,81) to a Riemannian
manifold (Mo, §2) is called a CSIR map if it satisfies the condition of a Clairaut Riemannian map.

For any vector field Z; € I'(kerIL,), we input
Z1=P7Z1+Q7, (22)

where P and Q are projection morphisms [36] of ker I, onto ©; and D, respectively.
For any V; € (kerIl,), we obtain

PV1 =PV +wh, (23)
where pV; € T(D1) and wV; € T(¢D,). In addition, for V, € T'(ker IT,)*, we have

¢Vo = BV, +CVj, (24)
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where BV, € T(D;) and CV; € T(p).

Definition 3 ([14]). Let I'T be an SIR map from an almost contact metric manifold (M, $,¢,1,81)
to a Riemannian manifold (M>, o). If u = {0} or p =< & >, ie., (kerIL)+ = ¢(D,) or
(kerTL) L = ¢(D2)® < & >, respectively. Then we call ¢ a Lagrangian Riemannian map. In this
case, for any horizontal vector field V,, we have

BV1 = (PVl and CVl =0. (25)

Lemma 2. Let IT be an SIR map from a cosymplectic manifold (Ma, ¢, &, 1, g1) to a Riemannian
manifold (My, §2) admitting vertical or horizontal Reeb vector field. Then, we obtain

VVy,pYs + Ty,wYs = BTy, Y2 + 9V Vy, Y2, (26)
Tr¥Ys + HVy,wYs = CTy, Ys + wVVy, Ys, 27)
VVy, BV + Ay,CVa = BHVy, Va + Ay, Va, (28)
Ay, BV + HVy,CVy = CHVy, Vs + w Ay, Vs, (29)
VVy,BV; + Ty,CVi = Ty, Vi + BHVy, i, (30)
Ty, BV + HVy,CVi = Ty, Vi + CHVy, Wi, 31)
VYV Y1 + AywYr = BAy, Y1 + 9V Vy Y, (32)
Av, Y1 + HVywY; = CAy, Y1 +wVVy, Y, (33)

where Y1,Y, € T'(kerIL.) and V;,V, € T(kerIL.)* .
Proof. Using Equations (7), (13)-(16), (23) and (24), we obtain Lemma 2. [

Corollary 1. Let Il be a Lagrangian Riemannian map from a cosymplectic manifold (M, ¢, &,1,$1)
to a Riemannian manifold (Mo, g») admitting vertical or horizontal Reeb vector field. Then,
we obtain

Vle PYXo + 73(]WX2 = BTX] Xy + V,UVVXl Xo, TX1 PYXo + HVXleQ = wVVXl Xo,

VV7,BZy = BHV 7,25 + YAz, Zy, Az, BZy = w Az, Z,,
VVx,BZy = ¢Tx,Z1 + BHV x, Z1, Tx,BZ1 = wTx, Z1,
VV 2, 9Xq + Az,wXy = BAz X1 + $VV 7, X1, Az X4 + HV z,wXy = wVV 7, Xy,
where Xq, X, € T(kerI1,) and Z1,Z, € T (ker IT,)~*.

Lemma 3. Let IT be an SIR map from a cosymplectic manifold (M1, $,&,1,¢1) to a Riemannian
manifold (My, §2) admitting vertical or horizontal Reeb vector field. Then, we have

Tu, & =0, (34)

Ay, =0 (35)
for Uy € T(ker L)+ and Uy € T'(kerIL,)* .

Proof. Using Equations (8), (14) and (16), we obtain Lemma 3. [J

Lemma 4. Let IT be an SIR map from a cosymplectic manifold (M1, $,&,1,g1) to a Riemannian
manifold (Mp, g2). If a : I C R — My is a regular curve and Y (t) and Y (t) are the vertical
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and horizontal components of the tangent vector field &« = E of a(t), respectively, then  is a geodesic
if and only if along a the following relations hold:

VVD'(BY2 + Vvdl[JYl + (7-3{1 + AYZ)CYZ + (7-1/1 + AYZ)le =0, (36)
HdeYZ + ’Hvd(qu + (’Tyl + AY2>BY2 + (.Ayz + 7-Y1)IPY1 =0. (37)

Proof. Let a : [, — M) be a regular curve on Mj. Since Yi(t) and Y5(t) are the verti-
cal and horizontal parts of the tangent vector field a(t), i.e., a(t) = Yi(t) + Ya(t), from
Equations (2), (7), (13)—(16), (23) and (24), we obtain

PV = Vipa
= Vy 91+ VywY; + Vy, Y, + Vy,wY
+VY1BY2 + VYICYZ + VYZBYZ + VYZCYZ
= VV,BY, +VV, ¢Y] + (Tyl + AYZ)CYz + (7}1 + .Ayz)le
+HV,CY, + HV ,wYi + (Ty, + Ay,)BY2 + (Ay, + Ty, ) pY1.

Taking the vertical and horizontal components in the above equation, we have
ngvalx = VVIXBY2 + Vvale1 + (73(1 + AYZ)CYZ + (7;/1 + .Ayz)th

H(PVIXDC = HVIXCY2 + HV&CUYl + (7}1 + AYZ)BYQ_ + (AYZ + 7}1)1’[JY1

Thus, « is a geodesic on M if and only if V¢V & = 0 and HpV ,a = 0; this completes
the proof. O

Theorem 2. Let IT be an SIR map from a cosymplectic manifold (M, $, &, 1, g1) to a Riemannian
manifold (My, g2). Then, T1is a CSIR map with r = ef if and only if

s1(V£, V)|V
= s1(VV BV, Vi) + ¢1(Ty, + Ay,)CVo, V)
+81(HV,CVa,wV1) + &1((Ty, + Ay, ) BV2, wVy),

where « : Iy — My is a geodesic on My; V4 (t) and V,(t) are vertical and horizontal components
of a(t), respectively.

Proof. Leta : I, — M be a geodesic on M with V;(t) = Va(t) and V,(t) = Ha(t). We
denote the angle in [0, 7t] between &(t) and V,(t) by 8(t). Assuming v = ||&(t)||?, then
we obtain

g1(Va(t), Vi(1)) = vsin®6(t), (38)

g1(Va(t), Va(t)) = vecos® 0(t). (39)

Now, differentiating (38), we obtain

%gl(vl(t)rvl(t)) = ZUSin()(t)cosG(t)%,
g1(VWi(t), Wi(t) = vsin@(t)cos@(t)%,

Using Equations (4) and (7) in the above equation, we obtain

1 (Vo pVi (1), 9VA (1)) = vsinO(t) cos@(t)%. (40)
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Thus, we obtain

81(VpV1, ¢V1) (41)
= a(VV, oV, 9V1) + g1 (HV, ,wV,wV)
+81((Tv, + Av)pV1,wV1) + g1((Ty, + Avy))wVa, V7).

Using Equations (36) and (37) in (41), we have

81 (V, Vi, V1) (42)
= —81(VViBV, V1) — g1(Ty, + Ay, )CVa, V1)
—81(HV,;,CVa, wVh) — g1((Tv; + Ay, ) BV2, wWh).

From Equations (40) and (42), we have

vsin9(t)cos()(t)% (43)

= —g1(VV;BV2,9V1) — g1(Ty, + Ay, )CVa, V1)
—81(HV ,CVp, wVh) — g1((Ty, + Av,)BVo, wVy).

Moreover, 7t is a Clairaut semi-invariant Riemannian map with r = ¢/ if and only
if % (ef°%sinB) = 0, i.e., e/°*(cos 9% + sin 9%) = 0, which, by multiplying with nonzero
factor vsin 6, gives

—vcostinG@ = vsin%)ﬂ
dt dt
. do d
vcos@smGE = —gl(V1,V1)d*];
vcosGsinG% = —gl(Vf,li)HVlHZ
vcosesiné)% ARl (44)

Thus, from Equations (43) and (44), we have

INASINAE
= §1(VV,; BV, 9V1) + g1(Ty, + Ay, )CVa, V1)
+81(HViCVa, wV1) + g1((Tv, + Av,)BV2, wy).

Hence, Theorem 2 is proved. O

Corollary 2. Let ITbe an SIR map from a cosymplectic manifold (M, ¢, &, 1, 1) to a Riemannian
manifold (Mo, §2) admitting horizontal Reeb vector field. Then, we obtain

$1(Vf,¢) =0.

Theorem 3. Let IT be a CSIR map from a cosymplectic manifold (M, ¢, &, 1,¢1) to a Riemannian
manifold (M, g2) with r = ef, then at least one of the following statement is true:

(i) f is constant on ¢(D5);
(ii) The fibers are one-dimensional;

(lll) %¢UIH*(Zl) =—-7Z (f)H* (<pU1), forall Uy € F(@z), Z € F(y) and ¢ # Z;.

Proof. Let Il be a CSIR map from a cosymplectic manifold to a Riemannian manifold.
Then, for V3, V, € T(9D;,), using Equation (18) and Theorem 1, we obtain

TVl V2 = fgl(Vl,Vz)gmdf. (45)
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Taking the inner product of Equation (45) with ¢U;, we have

$1(Tw Vo, ¢Uy) = —g1(V1, V2)g1(gradf, Uy ) (46)

for all Uy € T'(D,).
From Equations (4), (7), (13) and (46), we obtain

81 (Vv ¢oVo, Uy) = g1(V1, V2)g1(gradf, pUy).

Since V is a metric connection, by using Equations (14) and (45) in the above equation,
we obtain

§1(V1, Ur)g1(gradf, ¢Va) = g1(V1, V2)g1(gradf, Uy ). (47)
Taking U; = V; and interchanging the role of V; and V;, we obtain
8§1(V2, V2)g1(gradf, V1) = g1(V1, V2)g1(gradf, ¢Va). (48)

From Equations (47) and (48), we obtain

V1, V»))?
g1(gradf,¢Vvi) = M&(Smdﬁfpvﬂ (49)

If gradf € T(¢(D7)), then Equation (49) and the condition of equality in the Schwarz
inequality imply that either f is constant on ¢(®D5) or the fibers are one-dimensional. This
implies the proof of (i) and (if).

Now, from Equations (13) and (45), we obtain

§1(V Ui, Z1) = —g1(Vi, Ur)g1(gradf, Zy), (50)
forall Z; € T'(u) and ¢ # Z;. Using Equations (4), (7), and (50), we have
§1(Vyply, ¢Z1) = —g1(V1, Ur)g1(gradf, Zy),
which implies
81(Vou, V1, 921) = —g1(V1, Un) g1 (gradf, Z1). (51)
Since V is a metric connection, then by using Equations (47) and (51), we have

§1(HV pu, Z1,9V1) = —g1(¢Va, pUL )81 ( gradf, Zy).

In addition, for the Riemannian map I1, we have

(I (Vi 20), TL (V1)) = —ga(TL(pV1), TL(pUh)) g1 (gradf, Za). (52)

Again, using Equations (19), (21) and (52), we obtain

82(Vu I (Z1), I ($V4)) = —ga(TL (9V4), TL (pLr))g1 (grad, Z1),
which implies.
%‘Puln*(zl) = —Z1(f)IL(¢pU1). (53)
If gradf € T(u)\{C}, then (53) implies (iii). This completes the proof. [

Corollary 3. Let ITbe a CSIR map from a cosymplectic manifold (M, ¢, &, 17,81) to a Riemannian
manifold (Mo, g) with r = ef and dim(D,) > 1. Then, the fibers of 1 are totally geodesic if and

1
only if Ve, 11.(Z1) = 0VUy € T(D2) and Zy € T(p).
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Lemma 5. Let IT be a CSIR map from a cosymplectic manifold (M, ¢, &, 1,81) to a Riemannian
11

manifold (M, g) with r = e/ and dim(Dy) > 1. Then, Vz IL.($pX1) = Z1(f)IL.($pX1)

VX1 € T(D,) and Z; € T(ker 1)1\ {¢}.

Proof. Let II be a CSIR map from a cosymplectic manifold to a Riemannian manifold.
From Theorem 1, fibers are totally umbilical with mean curvature vector field H = —gradf,
then we have

—81(Vx, 21, X2) = &1(Vx,X2,Z1)
—81(Vx, 21, X2) = —81(X1,X2)g1(gradf, Zy)

for all X1, X, € T(®,) and Z; € T(ker IT,)*+\{&}.
Using Equations (4) and (7) in the above equation, we obtain

81(Vz, X1, 9X2) = g1(9pX1, 9X2)g1(gradf, Zy). (54)

Since IT is an SIR map, by using Equation (54), we have

g2(IL (V% ¢X1), IL(9X2)) = g2(IL(¢X1), TL.(¢X2))g1(gradf, Zy). (55)

From (19) and (55), we obtain
1
£2(VzIL(¢X1), T (¢X2)) = g2(TLe(¢X1), IL (9 X2)) 81 (gradf, Z1), (56)

which implies %Zlﬂ*(chl) = Z1(f)I1.(¢X1) VX1 € T(Dy) and Z; € T(ker L)1\ {¢}. O

Corollary 4. Let ITbe a CSIR map from a cosymplectic manifold (M, ¢, &, 17,81) to a Riemannian
11

manifold (My, g2) with r = ef and dim(D5) > 1. Then, Vz IL(¢X1) =0 VXq € T(D;) and
7y = & € T(kerIT,)".

Theorem 4. Let IT be a CSIR map with r = ef from a cosymplectic manifold (M1, ¢, &, 1,81) to
a Riemannian manifold (Ma, g2). If T is not identically zero, then the invariant distribution D4
does not define a totally geodesic foliation on M.

Proof. For V;,V, € T(D;) and Z; € T'(D;), using Equations (4),(7),(13) and (18),
we obtain

s1(Vwa,Z1) = g1(Vy¢Va,¢Zy)
= 81(Tn¢Va, ¢Z1)
= —g1(V1,9Va)g1(gradf,$Z1).

Thus, the assertion can be seen from the above equation and the fact that gradf <
¢(D2). O

Theorem 5. Let IT be a CSIR map with r = ef from a cosymplectic manifold (M, ¢, &,1,81)
to a Riemannian manifold (Mo, g2). Then, the fibers of I1 are totally geodesic, or anti-invariant
distribution D, is one-dimensional.

Proof. If the fibers of IT are totally geodesic, it is obvious. For the second one, since ITis a
Clairaut proper semi-invariant Riemannian map, then either dim(®;) = 1 or dim(D;) > 1.
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If dim(D;) > 1, then we can choose Vi, V, € T'(D;) such that {Vy, V,} is orthonormal.
From Equations (14), (23) and (24), we obtain

Tv,¢Vo +HVy, Vo = Vy¢Wo
TVl(PVz + HVV1¢V2 = B'TV1 Vo + C’Tv1 Vo + l/JVVVl Vo + wVVVl 5.

Taking the inner product of the above equation with V;, we obtain
81Ty, ¢Vo, V1) = g1 (BT, Vo, V1) + §1(p V'V, Vo, V7). (57)
From Equation (7), we have
81 (T V1, ¢V2) = —g1(Tv, Vo, Vi) = g1(Tv, Vo, ¢V1). (58)
Now, using Equations (18) and (58), we obtain
81(Ty V1, 9V2) = —g1(gradf, ¢Va). (59)
From Equations (18), (58) and (59), we obtain
= g1(gradf,oV2) = g1(Ty, V1, ¢V2) = —g1(Tvi ¢V, V1) = 1(Tv, V2, V1), (60)

from which we obtain

g1(gradf,oV2) = —g1(Tv,Va,¢V1)
g1(gradf,pVa) §1(V1, Va)g1(gradf, o Vi)
Q1(gradf, Vo) = 0.

Thus, we obtain
gradf L ¢(D5).
Therefore, the dimension of ©, must be one. [

Theorem 6. Let I'T be a CSIR map from a cosymplectic manifold (M, ¢,&,4,91) to a Riemannian
manifold (My, g») with r = ef and dim(D,) > 1. Then, we obtain

3 81(Ax, Yo Ay, %) = 3 82 (VI TL (952), VR TTL (9%,)), (61)
k=1 k=1
B+/ /
Y &((VTL)(F, X2, (VIL) (X1, ) = ¥ ga((VTL) (8, X), (VIL)(X1, ), (62
i=1 =1

B p
Y g1 (Axwj, Ax,wi) = (X1(f)* Y g1 (wj, w)), (63)
j=1 j=1

V X1 € T'(ker H*)L\{C}, where {x1,x7, ..., Xw }, {w1, wy, ..., wﬁ}, {F, B, ..., FﬁH} and

{01, 9,,....8(} are orthonormal frames of D1, D2, ¢p(D)* @ u and , respectively.

Proof. LetIT: (My,¢,&1,91) — (Ma,g2) bea CSIR map, then forall X; € T'(ker IT,)*+\{¢},

we have
w

g1 (Ax, X, Ax, %) = Y g1(HV x, pxi, HV x, pxc). (64)
1

K= k=1

Since IT is a Riemannian map, in view of Equation (19), Equation (64) transforms to
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2TV ), TL (VY pxc))

1=

Z AX] xK AxlxK)

=
Il
—_

I
1=

§2(VE L (¢xc), VX TLe(9x1)).

=
Il
—_

Now, for all X; € T'(ker IT.)\{&}, we obtain

™
+

[
gZ((VH*)(FZI Xl)/ (VH*)(XLFZ))

Il
—_

$2((VIL) (pw; + 0, X1), (VIL) (X1, pw; + ).

-
I
—

I
M=
-

Since ¢w; € I'(kerIT.)* and (VII,) is linear, from the above equation, we have

B+/
Y e ((VIL)(F, X1), (VIL)(F, X1)) (65)
i=1

B
= ggZ((VH*)((ijer)r(VH*)(Xlr(ij))
i=

+
M\

-
Il

MR
Il

_

gZ((VH*) (191/ Xl)r (VH*)(XL (Pw]))

+
M\

.
Il

—
Il

—_

$2((VIL)(pwj, X1), (VIL)(X1, 61))

2((VIL)(8y, X1), (VIL) (X1, 9y)).

+
-
oqQ

N
Il
_

Thus, (61) holds.
On the other side, using (19) in the first term of the right-hand side of (65), we have

B
2 $2((VIL) (¢w;, X1), (VIL) (X1, pw;))
fm

B I M
Z%gz((vn*)(sbwj/ X1), Vx 1L (¢w;) — IL.(Vy, 'pw;)),
=

which, by using Equations (4), (7), and (65), turns into

)(¢w), X1), (VIL) (X1, pw;)) (66)
) (pw;, X1), VX1 «(pw;))-

p
Ll
p
- el

Now, by using Lemma 4 in (66), we obtain

B B
Y &2((VIL)(pwj, X1), (VIL) (X1, ¢wy)) = ) &2 ((VIL)(¢wj, X1), X1 (f)TL (¢wy)).

=1 /=1
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This implies that
B
Z% $2((VIL)(gwj, X1), (VIL) (X1, pw;)) E X1(£)82((VIL)(¢wj, X1), 1L (¢pw;)).
]:
By using Equation (20) in the above equation, it follows that
B
Y 2((VIL) (pwj, Xy ), (VIL) (Xq, pw;)) = 0. (67)
j=1
Similarly, we find
B
Y. Y  &2((VIL) (8, X1), (VIL)(X1, pwj)) =0, (68)
j=11=1
B
Y. Y & ((VIL)(gwy, X1), (VIL)(Xy, 8)) = 0. (69)

-
Il
-
—
I
—

Thus, by using Equations (67)—(69) in Equation (65), we obtain (62).
Further, for X; € T'(ker IT1,)+\{¢}, we obtain

B B
Y si(Axwj, Axwy) = ) g1(HVxw;, HVxw))
= =
B
= Zgl(HVX1¢wf’HvX1¢wj)'
=

Since ITis a Riemannian map, in view of Equation (19), the above equation becomes

B
Z g1(Ax, wj, Ax, w/)
=1

B
= ;{gZ((VH*)(Xl,wa]‘),(VH*)(Xl,gbwj))

~282((VIL) (X1, 9), Vi, T (4y)
+ga (Vi L (9, Vi, I ()
which, by using Lemma 4 and Equations (21) and (67) in (70), we obtain
B
]; g1(Ax,wj, Ax,wj) = Z §2(X1 ()L (¢w;), X1 ()L (¢w;))

= 2282 [T (¢w;)).

Since ¢pw; € I'(ker IT.)* and IT is a Riemannian map, from (71) we obtain

B B
Egl(Axle, Axwi) = (X1(f))? 281 (wj, wj).
j= 1=

Thus, from Equations (4) and (72), we obtain (63). [

(70)

(71)

(72)
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4. Example

Let M be a differentiable manifold given by M7 = {(x1,x2, X3 X4, x5, X6,x7) € R” :
x7 > 0}. We define the Riemannian metric g; on My by g1 = e*7dx? + e27dx3 + e*7dx} +
ezx7dxﬁ + 62x7dx§ + e2x7dx% + dx%, and the cosymplectic structure (¢,¢,7,41) on M; is
defined as

d d 0 d d
+x3ax +x4ax +x5ax +x6ax —i-x7a 7)

d d d d
I(X4$+X5Tx2 +x6%—xla—x47xzﬁ—xga—x6),

(i—i-xa
plx ox; | toxy

= ax7 , 1 = dxy, and g1 was earlier defined.

Let My = {(v1,v3,v3,04) € R*} be a Riemannian manifold with Riemannian metric
g2 on M, given by ¢, = ¢?7dv? + €*¥7dv3 + e*7dv} 4 dv3. Define amap IT: R” — R* by

H(xll X2,X3,X4,X5, X6, X7) = ( XZ\EXS 7 101/ X6, x7)'
Then, we have
kerIl, = D1 DDy,

where
D=<Vi=e,Vo=e4>D,=<Vz=er+e5 Vy=1¢e3>,

and
(kerH*)L =< Hy=ey—e5, Hy=¢4,H; =¢7 >,

J —x7 d —x7 0 —x7 0 —x7_0 —x7_0
7 — 7.9 — 7.9 — — 7.9 = 7.9
ox1 ,62—(3 8x2’€3*e E)x3’e4*e oxy 185 =¢€ BxB’e6*('Z dxg”

e; = a957} {e] = avl ey = %,6; = 823 e = %} are bases on Tp M, and Ty, Mo,
respectively, forall p € /\/ll. By direct computations, we can see that I'T,(Hy) = v/2e*7ej,
IL.(Hy) = e ¢35, IL(H;) = e3 and g1(H;, Hj) = ¢ (I1.H;I1.H;) for all H;,H; €
T(kerIT,)*, i,j = 1,2,3. Thus, II is a Riemannian map with (rangell,)* =< e; >.
Moreover, it is easy to see that ¢V3 = H; and ¢V = Hy. Therefore, I1is an SIR map.
Now, we will find the smooth function f on M, satisfying TVV = gl(V V)Vf
YV € I'(kerIl,). The covariant derivative for the vector fields E = E;-2 o F = F] ax; on My

is defined as

where {¢; = ¢~

VEF = EFV i—i—E-%i (73)
BT a%,ax] laxiaxj’
where the covariant derivative of basis vector fields -2 a -and 5 s defined by
] i 0
— —Tk_— 74
V% ax] ij axk/ ( )
and Christoffel symbols are defined by
1 dg1ji  dgy 981
Ik — 2 k(28 1l _ 981y 7
Y Zg ( axi ax] axl ) ( 5)

Thus, we obtain
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e 0 0 0 0 0 0]
0 ¢ 0 0 0 0 0
0 0 ¢ 0 0 0 0
S1ij 0 0 0 e 0 0 o0f, (76)
0 0 0 0 ¢ 0 0
0 0 0 0 0 ¢&v 0
L 0 0 0 0 0 0 1]
fe=27 0 0 0 0 0 0]
0 e27 0 0 0 0 0
) 0 0 e27 0 0 0 0
g = 0 0 0 e 0 0 0.
0 0 0 0 e 0 0
0 0 0 0 0 e 27 0
L 0 0 0 0 0 0 1]
By using Equations (75) and (76), we find
Ty = T =0 =T} =T}, =I% = 0,7, = =7, (77)
[ = I3h= 1"32 =T5 = rgz = ng =0,T5, = —*7,
[ = T3 =T0%=T3%=03=0%=0TI%=—¢7,
Ty = T4 =T4=Ti=T3% =04 =0T} =7,
I%s = 1%5 = I’%S = ng = I’g5 = I’§’5 =0, rgS = -7,
1"%2 = r%z = ri’z = rzllz = 1"?2 = F?z =T Zz =0,
r%l = r%l = rgl = r%l = rgl = rgl = rgl =0,
Ty = Ti=Th=Tf=0I=I%=T];=0,
[y = I§ =03 =03 =03 =T0% =05 =0,
1"%4 = I’ﬁ = 1“;’4 = F‘ﬁ = 1"?4 = F?AL = Tﬁ =Y
rzlll = ril = ril = ril = ril = 1"21 = er =0,
1"%5 = F%5 = F%S = F%s = F?S = F?s = F{S =0,
Ty = I3 =TI3 =T =02 =T% =T% =0,
1"%3 = r%a = 1"%3 = F§3 = 1"23 = rga =T 53 =0,
[ = TH=05=T3%=03=1%=T%=0,
1"%4 = F§4 = 1"34 = F§4 = 1"34 = FS4 = 1"54 =0,
F};z = Fﬁz = riz = Fiz = riz = ng = rZz =0,
1"%5 = 1%5 = 1"%5 = r%s = rgS = FE’S =T 55 =0,
Ty = T =I%=T3=03=I%=T5=0,
r%él = 1%4 = 1"34 = F§4 = 1"24 = 1"24 = 1"54 =0,
T = T =T} =T4=T=T4=T4=0,
1%5 = Iﬂ:%s = 1"25 = r%s = rgS = Fg5 =T 55 =0,
T3 = T3 =T =T =03 =0%=T5=0,
1"4115 = Fﬁs = FZ5 = Fis = FZS = FZ5 = FZS =0,
Ty = I3 =TI3 =T ="1=T%=T%=0.
Using Equations (73), (74) and (77), we calculate
d
Veger = Veer =Vee3 =V, e = 5 (78)
7
Ve e Ve e3 = Ve ey = Veer = Ve,e3 = Veey =0,
Vee1r = Veer = Veey = Ve = Veer = Vees =0.
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Thus, we find
0 0
Vi = Ve = _Tx/vVZVZ = V64 = “on (79)
0 0
vV3V3 = Ve2+35€2 +e5 = —ZE,VV4V4 = veseS = _8767-
Now, from
TVV = 77\]\/]+/\2V2+/\3V3+/\4V4)\1V1 + A2V2 + )\3V3 + A4V4/ Al/)\Z/ )\3/ /\4 € R/
we lead to
TV = )L%Tvl Vi + )\%TVZ Vo + /\%TV3 Vs + )‘ZTV4 V4 (80)
+2A1A2TV1 o+ 2/\1/\3TV1 Vi + 2/\1/\4TV1 Vi + 2/\2/\3TV2 V3
+2A2A4Tv, Vi + 2A3A4 Ty, V.
From Equations (13) and (79), we obtain
0 0 d d
Tv,i = _877’7—‘/2‘/2 = —877,7'V3V3 = —2877/7'V4V4 = "o (81)
TvyVo=0,Ty,V3=0,Ty,Va =0,T,V3 =0,Ty,Va =0, Ty, Vs = 0.
Thus, by using Equations (80) and (81), we obtain
0
TvV = (A3 + A3+ 203 + A7) =— (82)

8x7'

Since V. =AV] + A Vo 4+ A3V3 4+ Ay Vy, gl()\lvl + A Vo + A3Va + Ag Vg, MV 4+ AV +
A3Va + AgVy) = A3 + A% + 2A% + Af. For any smooth function f on R’, the gradient of f
with respect to the metric g is given by Vf = 21’7,/‘:1 gllj 5—92 a%j. Hence, Vf = 2% L

BXIE
—2x; 9f @ —2x7 9f 9 —2x7; 9f 9 —2x7 9f 9 —2x7 9f 9 of 9
¢ apan T agas T aqan T msan T agan T an oy Hence

Vf= 3877 for the function f = x7. Then, it is easy to see that Ty V = —g;(V, V) Vf; thus,
by Theorem 1, IT is a CSIR map from cosymplectic manifold onto Riemannian manifold.

5. Conclusions

In the last few years, Riemannian maps have been extensively studied between dif-
ferent kinds of the manifolds. Recently, a special type of Riemannian map, namely, the
"Clairaut Riemannian map" was introduced and studied by Sahin [30]; moreover, he,
in [37], gave an open problem to find characterizations for Clairaut Riemannian maps. As a
continuation of this study, we tried to study Clairaut semi-invariat Riemannian maps in
contact geometry. Here, we investigated the various most fundamental geometric prop-
erties on the fibers and distributions of these maps. In the future, we plan to focus on
studying Clairaut’s semi-slant Riemannian maps, Clairaut’s hemi-slant Riemannian maps,
and Clairaut’s bi-slant Riemannian maps between different kinds of the manifolds.
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