@ axioms

Article

Generalized k-Fractional Chebyshev-Type Inequalities via
Mittag-Leffler Functions

Zhiqiang Zhang ¥, Ghulam Farid >, Sajid Mehmood ¥, Chahn-Yong Jung ***{ and Tao Yan 1

check for
updates

Citation: Zhang, Z.; Farid, G.;
Mehmood, S.; Jung, C.Y,; Yan, T.
Generalized k-Fractional
Chebyshev-Type Inequalities via
Mittag-Leffler Functions. Axioms
2022, 11, 82. https://doi.org/
10.3390/axioms11020082

Academic Editors: Hans J. Haubold

and Serkan Araci

Received: 6 January 2022
Accepted: 18 February 2022
Published: 21 February 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Computer Science, Chengdu University, Chengdu 610106, China; zqzhang@cdu.edu.cn (Z.Z.);
yantao@cdu.edu.cn (T.Y.)

2 Department of Mathematics, COMSATS University Islamabad, Attock Campus, Attock 43600, Pakistan;
faridphdsms@hotmail.com or ghlmfarid@cuiatk.edu.pk

Govt Boys Primary School Sherani, Hazro Attock 43440, Pakistan; smjg227@gmail.com

Department of Business Administration, Gyeongsang National University, Jinju 52828, Korea

*  Correspondence: bb5734@gnu.ac kr

1t These authors contributed equally to this work.

Abstract: Mathematical inequalities have gained importance and popularity due to the application of
integral operators of different types. The present paper aims to give Chebyshev-type inequalities for
generalized k-integral operators involving the Mittag-Leffler function in kernels. Several new results
can be deduced for different integral operators, along with Riemann-Liouville fractional integrals
by substituting convenient parameters. Moreover, the presented results generalize several already
published inequalities.
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1. Introduction

Integral operators play a very important role in the field of mathematical inequalities.
A large number of integral inequalities exist in the literature for different types of integral
operators [1-9]. Due to the extensions and generalizations of integral operators, it becomes
possible to obtain extensions and generalizations of classical inequalities. From classical
inequalities, the Chebyshev inequality is studied extensively by using such extensions and
generalizations (for details, see [3,5,10-16]).

Inspired by this latest research, the aim of the present paper is to establish Chebyshev-
type inequalities for generalized k-integral operators containing the Mittag-Leffler function
in their kernels, which produce many well-known integral operators. The results in this
paper provide generalizations of various inequalities published in the literature of fractional
integral inequalities. Next, we give the definition of Riemann-Liouville integral operators,
the classical Chebyshev inequality, Chebyshev inequalities for Riemann-Liouville integral
operators, and definitions of generalized integral operators containing the Mittag-Leffler
function.

The Riemann-Liouville integral operators are defined as follows:

Definition 1. Let { € Ly[oy,02]. Then, Riemann—Liouville integral operators of order y €
C, R(u) > 0 are defined by:

(60) @ = s [ =0 e, x>0 0
(552C> = r(lm / (t—x) Mg ()dr, x <oy, @

where T(.) is the gamma function defined as: T(u) = [;° " e~ TdT.
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For more details and results related to the fractional integrals (1) and (2), we refer the
readers to [11,12,17-19]. The Chebyshev inequality [20] is given as follows:

/ G1(7)2(7)dT > (0’210'1/ Gi(t)d )(Qi(ﬁ/ Ca(T)d ) 3)

where {7 and {, are two integrable and synchronous functions over the interval [o7, 03].
Two functions are called synchronous on [0, 03] if the following inequality holds:

(C1(¥) = C1(9))(Ca() — C2(¢)) 20, V¢, € [, 72].

Many researchers have introduced various generalizations and extensions of inequal-
ity (3) for different integral operators. In [11], Belarbi and Dahmani proved the following
Chebyshev-type inequalities for Riemann-Liouville integral operators.

1
0 —0

Theorem 1. Let (1,05 : [0,00) — R be two integrable functions of same monotonicity. Then, for
Riemann—Liouville integral operators, we have

(§0+C1§2>( ) > (V + D) (Co+€1> (x) (§g+§2> (x).
Theorem 2. Assume that the conditions given in Theorem 1 are valid. Then
xv .
(65 022) () + g (60 682) ()
> (&h.21) (1) (88+22) (x) + (&5:21) () (0.2 ) ().

(pt+1

Theorem 3. Let ({;)i—1,... n be n positive increasing functions on [0, 00). Then

.......

(%1‘[@) > (@) " TI(E2) .

i=1

Theorem 4. Let {7 and {, be two functions defined on [0,00), such that {y is increasing, {p is
differentiable and m := infy (0 00) 05 (x). Then

(h.0122) () > ((cgalxx))’l(cm)(x) (h.22) ()

,’l/l T n1 (€0+€1) (X) +m (§g+x§1) (x)

Several integral operators containing the Mittag-Leffler function have been defined
by various authors (for details, see [21-24]). Recently, Chebyshev-type inequalities for
operators involving Mittag-Leffler functions and other operators have been established
in [25-30]. Next, we give the generalized fractional integral operators defined by Andri¢ et
al. [31], as follows:

Definition 2. Let { : [01,00] — R, 0 < 01 < 0y be an integrable function. Furthermore,
let A,w,pu,é,a,m1 € C, R(w),R(u),RN(5) > 0, R(y) > R(a) > 0withq > 0, ¢ > 0and
0 < p < g+ R(w). Then, for x € [0q,07], the generalized integral operators are defined by:

(éi‘f,,%’& o 5) () = [ (o= ELEE A = 1)) (i, @
(g 0) ) = [P0 B G- )
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(

k =%,G,0,
(76 0.1

(

k
Y

k
v

glxlgrp/”

g

w#ﬁﬂﬁf

ooy é) (w0) = [ (30 = 1) FELEL A (1)~ 7()

w07

®,G,0,1]
wﬂjﬂﬂg

where Eic]gﬂp (;'7 (T;q) is the generalized Mittag-Leffler function defined by:

) o By(atnon—n) () T
EYA (1. 0) = 1 £ ,
s (T:4) n;) B(a,n —a) T(wn+p) (6)n

By(x,y) = fol 11— 1)yl T dt and ()np = Lrtnp)

Recently, Zhang et al. introduced the generalized k-integral operators involving the
Mittag-Leffler function in ([32] Definition 4). It is noted that in ([32] Definition 4) some
conditions of convergence of the Mittag-Leffler function were misprinted, we state it with
correct conditions as follows:

Definition 3. Let {,7y : [07,02] — R, 0 < 01 < 0y be the functions such that { be a positive
and integrable and y be a differentiable and strictly increasing. Furthermore, let A, u, 6,0, 1 € C,
R(u),R(5) >0, R(y) > R(w) > 0withq > 0,w,c > 0,0 < p < ¢+ wandk > 0. Then for
X € [0q,02] the integral operators are defined by:

é) (x;q9) = /;(v(x)—7(7))%’1152’3?};%7;(@(7(96)—W(T)) ;)E()d(y(T)), 6)

1

w
k

;0)C(T)d(v(7)), 7)

where Ezgyp gk(r; q) is the modified Mittag-Leffler function defined by:

® By(a+npn—a) () (.
EYSP (1) = q £ )
w,y,é,k( 5]) n;() B([x, n— 06) ka(wn + ,‘lfl) (5)ng

Remark 1. Many new integral operators containing the Mittag-Leffler function can be deduced
from (6) and (7) (for details, see [32] Remark 1). Furthermore, the integral operators (6) and (7),
reproduce various well-known integral operators (for details, see [32] Remark 2).

In [32], Zhang et al. proved the following formulas for constant function, which we
will use in our results:

w
k

1) (359) = K1) = o) B, (A0 (6) = o)) Fig) = 2t () ®

1) (x:9) = k(y(o2) = 7 () FEGSIL s (A(r(02) = 7(0) E39) 1= x!_(x:0)- )

In the upcoming section, we give Chebyshev-type inequalities for generalized k-integral
operators containing the Mittag-Leffler function in kernels. Furthermore, we give gen-
eralizations of Chebyshev-type inequalities for well-known integral operators proved
in [11,13-16], and some new fractional versions of Chebyshev inequalities can be deduced
for integral operators given in [32] (Remark 1).

2. Main Results

In first theorem, we prove the Chebyshev-type inequality by using the k-integral
operator and the same monotonicity of functions.

Theorem 5. Let (1,5 : [0,00) — R be two integrable functions of same monotonicity. Then, for
k-integral operator (6), we have
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(5

(i

_|_

f‘d%ﬂﬁéléz)( q) = (xZ;(x;q)>1(62%&&1)( )<Cf‘fyp5’7w+§2>( q), (10)

provided )(fr} (x;q) #0.

Proof. As we know the functions {; and (; are increasing or decreasing simultaneously,
then for all ,¢ > 0, we have

(C1(y) — C1(9)) (G2 () — G2(¢)) > 0. (11)
This gives the following inequality:
G (W)0(¥) + C1(9)Ga(@) = C1(¥)02(P) + C1(d)02(9). (12)

Multiplying (12) with (7(x) — () F T ESS2 (A(7(x) = 7($))*;9)7' (¢) and integrating
with respect to ¢ over [0, x|, we have

[ 0@ 1) B MG 1)y @awawdy a3

01

+a@)20) [ 0 w<w>>%‘1E;z'F;;{zZ<<A<v<x> — ()07 (9)dy

01

X

+Cl(¢)/ (r(x) — v ()* 1EZ§4P5'7,((A(7(X) = v(®)“;9)7 () L2 (¢)dy.

1

By using (6) and (8), we obtain
(Seerr, . ita) (i) + @O (330 i~
> 02(¢) (’f,cf;j;ﬂ;?w@ %q) + 09 ( e g ) % q)-

o . B_ _
Now, multiplying (14) with (7(x) — 7(¢))F " E“S2 (A(1(x) — 7(¢))9)7/(¢) and inte-
grating with respect to ¢ over [0y, x|, we have

Coron, U+C1C2> (x;9) / “(v(x) - Y($)E T ESSE A (r(x) = (9)) )7 (9)dgp (15)

e
X

01

L (x; q)/ (v (x)—7(45))"1155,2‘)5";(@(7(96)—7(47))“’;q)v’(¢)C1(¢)Cz(4>)d4>

oo, U+€1> D) [ () =7 (@) FESEL A () = 1) %507 ()20

01
X
Gl U+Cz> )/U (v(x) = ¥ (@) E LA (A (v(x) — 1 (9))39)7 (9)21 (9)dp.
1
Again, by using k-integral operator (6), the required inequality (10) is obtained. [
g y g g p q q y

Remark 2. Several new Chebyshev-type inequalities can be deduced from Theorem 5 for integral
operators given in [32] (Remark 1) with the help of the substitution of parameters. Furthermore,
Theorem 5 reproduces the Chebyshev-type inequalities for well-known integral operators. For
example, for A = q = 0 and ~(x) = 520 we obtain the first inequality of ([13] Theorem 3.1)
(it is explained in Corollary 2), for k = 1 A=4q =01 =0and y(x) = %, we obtain ([16]
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X

Theorem 5), fork =1, A = q = 04 = 0and y(x) =
A =g = oy =0, we obtain ([15] Theorem 4.1).

y “—, we obtain ([14] Theorem 2.1), for

Corollary 1. For y(x) = x, k = 1and A = q = 0, we obtain the following result for the
Riemann—Liouville fractional integral:

(et tnta) 0 = T (et ) o (22 ) o

Remark 3. It can be noted that if oy — 0, then one can obtain Theorem 1.

Corollary 2. The following result holds for a k-fractional conformable integral:

(e 00) 0= ((20)o) (ea)w(da)o a9

Proof. For y(x) = (x_zgl)z, z € R—{0} and A = g = 01in (6), we obtain the definition of

left k-fractional conformable integral (IZ‘é‘g n ) (x) given in [13]. Therefore, by using these
1

substitutions in the proof of the above theorem, the inequality (16) is obtained. [

Theorem 6. Assume that the conditions given in Theorem 5 are valid. Then

Zr(x;q)( Rl +g1€2>( q) + ”r(x;‘?)(é‘igv’iig+€1€2)( q) 17)

w,1,0,A,0

> (seeen o) (e i)+ (et a ) wo (S ) o)

Proof. Multiplying (14) with (7(x) — (9)) ¢ ' ELS%L(A(v(x) — 7(9));9)7'(¢) and inte-
grating with respect to ¢ over [0y, x|, we have

X

(’f,éﬂ"g’p’” m) () [ (1) = 7N F LI A (x) = 2(8) %)Y ($)dg (18)

WIS ;

ety o) [0 = r@)EESEL G () = 7(0) 07 (@0 9)2a(9)dg

> (Aot oo ) i) [ () = () ESSELAG) = v(@) )7 (92 (0)de

+ (3 ) ) [0 = oD FEELAO ) —1(0) 0 (9)ia o).
By using k-integral operator (6), the required inequality (17) is obtained. [J

Remark 4. Several new Chebyshev-type inequalities can be deduced from Theorem 6 for integral
operators given in [32] (Remark 1) with the help of the substitution of parameters. Furthermore,
Theorem 6 reproduces the Chebyshev-type inequalities for well-known integral operators. For
example, for A = q = 0and y(x) = = )* ‘71) , we obtain the second mequulzty of ([13, Theorem 3.1])
(explained in Corollary 2), fork =1, A = q =01 = 0and y(x) = X, we obtain ([16] Theorem 6),
fork=1A=g=0; =0and y(x) = we obtain ([14] Theorem 2.2),forA=g=01 =0,

we obtain ([15] Theorem 4.5).

y+z ’
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Corollary 3. For y(x) = x, k = 1and A = q = 0, we obtain the following result for the
Riemann—Liouville fractional integral:

xH

T+ (C(V,1+51Cz) (x) + 1"(1/x—1;-1) (C§1+§1§2> (x)
> (et )@ (e )@+ () 08 w.

Remark 5. If can be noted that if o1 — 0, then one can obtain Theorem 2. Furthermore, from
Theorem 6 for y = v, one can obtain Theorem 5.

Corollary 4. The following result holds for a k-fractional conformable integral:
(a0 (b 1) 0+ (e ) 0 (el ) 0 (19)
> (0 )@ () 0+ (e a) @ (ke a) @,

Proof. For y(x) = (X’Z‘Tl)zl z € R— {0} and A = g = 01in (6), we obtain the definition of

the left k-fractional conformable integral (’;gf; N
1

) (x) given in [13]. Therefore, by using

these substitutions in the proof of the above theorem, the inequality (19) is obtained. [J
Remark 6. It can be noted that for y = v in (19), one can obtain Corollary 2.

Theorem 7. Let ({;)i—1,... n be n positive increasing functions on [0, 00). Then

.......

(j;i;‘;”wl’[a> (xf;r(x;q))lﬁ("gﬁ;";wxl)( D Qo)

1=
provided ng (x;q9) #0

Proof. Clearly, for n = 1, we have an equality. For n > 2 we use mathematical induction.
For n = 2, (20) holds true by using Theorem 5, as follows:

(ateon ) on = (e om) (2 0) o (3222, ) .

Suppose that (20) holds true for n — 1

( u;‘;;%mﬁl‘[a) (xf;;(x;q))z"ﬁ(kgﬁpfway ARC)

i=

......

an increasing function. Hence, by applying Theorem 5 to the functions H?Zl Ci = § 1 and
{n = 5, we obtain

0G0
( wytS)\(f Hgl)

(hemern .cicz) (xia) 22)

Y

(Xf;r (x; q)) -1 (k S &) (xq) (@Cﬁ,’g}fg&ﬁ @;) (x;9)

-1
= (% (xi) ( 13,@%1‘[@) xi) (50500 G ) (xi):
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Using supposition (21) in (22), we obtain
ﬂgpﬂ
( ot H§z> 23)

-1 2—n n—1
> (ut ) (0 o) TEGetit ) 0 ) (82580 0) )
1=
Hence (20) holds true for n. O

Remark 7. Several new Chebyshev-type inequalities can be deduced from Theorem 7 for integral
operators given in [32] (Remark 1) with the help of the substitution of parameters. Furthermore,
Theorem 7 reproduces the Chebyshev-type inequalities for well-known integral operators. For
example fork=1A=¢q= (71 = 0and v(x) = £, we obtain ([16] Theorem 7), for k = 1,

=qg=01 =0and y(x) = we obtain ([14] Theorem 2.3), for A = q = 09 = 0, we obtain

([15] Theorem 4.9).

y+z ’

Corollary 5. For y(x) = x, k = 1and A = q = 0, we obtain the following result for the
Riemann—Liouville fractional integral:

1-—n n
( +ng> > ( +1)(x)> H(C;}&) (x).
i=1
Remark 8. It can be noted that if o1 — 0, then one can obtain Theorem 3.

Corollary 6. The following result holds for a k-fractional conformable integral:

( Ha) > (Get v ))Hfl(ﬁﬁﬁ,‘r@i)(x). (04)

i=1

Proof. For y(x) = (xfzgl)z, z € R— {0} and A = g = 01in (6), we obtain the definition of
the left k-fractional conformable integral ’;ég +.> (x) given in [13]. Therefore, by using
1

these substitutions in the proof of the above theorem, the inequality (24) is obtained. O

Theorem 8. Let {y and {, be two functions defined on [0, c0), such that {y is increasing, {p is
differentiable and m := inf (0 00) 0o (x). Then

) () > (xfﬁﬂx;q))_l(¢4§;P5A0+§1)< ) (55 o2 ) ) 5)

-1
—m ()c;} (x; L])) ( gw'gyrp(; ot Cl) (x:9) (gg‘;i{%’?}\g{r Id) (x;q)
(St 1dd ) (o),
provided )(Z +(x;q) # 0, where 1d is the identity function.
1

Proof. We consider a function as follows:

h(x) := {a(x) — mld(x),

where Id(x) = x. Since (3 is a differentiable and increasing function, it is clear that & is
differentiable and it is increasing on [0, c0). Then, using Theorem 5, we can write
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-1
(Sezeen otah) i) = (i) (56 o) o) (52507 o) () 26)
-1
—(xtetwn) (et ) on | (3o i) in)
(e 1) o))

Since

1

(Secenr am)om) = (3, e ) o) = m (30t a2
Now, by using (27) in (26), the required inequality (25) is obtained. [

Remark 9. Several new Chebyshev-type inequalities can be deduced from Theorem § for integral
operators given in [32] (Remark 1) with the help of the substitution of parameters. Furthermore,
Theorem 5 reproduces the Chebyshev-type inequalities for well-known integral operators. For
example, fork =1, A = q = 09 = O0and y(x) = "72, we obtain ([16] Theorem 8), for k = 1,

= 2 e obtain ([14] Theorem 2.4), for A = g = 01 = 0, we obtain

A:q:(rl:Oand'y(x)—W,

([15] Theorem 4.13).

Corollary 7. For y(x) = x, k = 1and A = q = 0, we obtain the following result for the
Riemann—Liouville fractional integral:

(et )0 = (@) h (e e ) (et ) 0

~ ynfl <€Zfél) (x) +m <€f,‘1+x€1) (x)-

Remark 10. If can be noted that if oy — 0, then one can obtain Theorem 4.

Corollary 8. The following result holds for a k-fractional conformable integral:

(502 ) 0 = (et D) B (ftr) o0 (telte) () 8)
- (et ) (el ) 0

(x=01)*
z

Proof. For y(x) =

,z € R—{0}and A = g = 0 in (6), we obtain the definition of
the left k-fractional conformable integral (’ng +.> (x) given in [13]. Therefore, by using
1

these substitutions in the proof of the above theorem, the inequality (28) is obtained. O

3. Conclusions

In this paper, we obtained Chebyshev-type inequalities for generalized k-integral
operators via the same monotonicity of functions. The outcomes of this paper provide
generalizations of Chebyshev-type inequalities for various well-known integral operators.
Several new Chebyshev-type inequalities can be deduced from the established results with
the help of the substitution of the parameters given in [32] (Remark 1). We leave this for
interested readers.
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