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Abstract: In this work, we propose a random mixed graph model G, (p(n), g(n)) that incorporates
both the classical Erd6s-Rényi’s random graph model and the random oriented graph model. We
show that the empirical spectral distribution of G, (p(n), (1)) converges to the standard semicircle
law under some mild condition, and the Monte Carlo simulation highly agrees with our result.
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1. Introduction

A mixed graph G = (V,E) is a graph with vertex set V = {v,vy,...,v,} and edge
set E = {el, €,...,8m }, in which some edges may be undirected and some may be directed.
In this paper, the Hermitian adjacency matrix is defined in such a way that the digons (i.e.,
a pair of arcs with the same end vertices but in opposite directions) may be thought of as
undirected edges. From this point of view, digraphs are equivalent to the class of mixed
graphs we consider here. The underlying graph of a mixed graph G, denoted by I'(G), is
the undirected graph that keeps all vertices and edges of G and change every arc of G to an
undirected edge.

The notion of a mixed graph generalizes the classical approach of orienting either all
edges or none. Undirected graphs, oriented graphs and digraphs are special cases of mixed
graphs. We denote an edge (no matter it is directed or not) joining two vertices # and v in
G by uv. A subgraph of a mixed graph is called mixed walk, mixed path or mixed cycle if its
underlying graph is a walk, path or cycle, respectively. However, by the terms of order, size,
number of components, degree of a vertex, and distance, we mean that they are the same
as in their underlying graphs. Let W be a mixed walk of a mixed graph G, its underlying
graph I'(W) (the undirected graph spanned by W in G) may contain parallel edges since W
may go through an edge or arcs (no matter in which direction) several of times and thus not
necessarily simple. If we take the edge set of I'(W) without multiplicities, this edge set can
span a simple undirected graph which we denote it by I'(W). For undefined terminology
and notation, we refer the reader to [1].

Let Gu(p,q) = Gu(p(n),q(n)) be a random mixed graph on the set of vertices
{v1,v2,...,v,} in which independently for each pair of vertices vy, vy (with k # ¢), there is
an undirected edge v, v, with probability p; there is an arc vxv, from v; to v, (and the reverse
arc v,vx does not occur) with probability g; there is an arc v,vy from v, to vy (and the reverse
directed edge does not occur) with probability ¢; and finally there is no any undirected edge
or arc between vy and v, with probability 1 — p — 2q (with p,q, p +2q € [0,1]). It is immedi-
ately to see that G, (p, q) is a mixed graph. Note that if we set g = 0, then the model G, (p,0)
is the classical Erd6s and Rényi’s random graph model, see [2]; if we set p = 0, then the
model G,(0,4/2) is the random oriented graph model, see [3]; if we set g = VP — p, then
Gu(p, /P — p) is the random mixed graph model in [4]. Since the parameter ¢ = ,/p — p,
it is easy to see that the random mixed graph model in [4] is not a generalization of the
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classical Erdés and Rényi’s random graph model. Thus, it is natural for us to build a rather
generalized random mixed graph model G, (p, q), which incorporates both classical Erdés
and Rényi’s random graph model and the random oriented graph model.

Note that our model is different with the Luczak and Cohen’s three-parameter random
digraphs model [5], as their parameters are absolute constants, but the parameters in our
model are functions on n, i.e., p = p(n) and g = g(n). What is more, they use their model
for the study of phase transition of a giant strongly connected component. We will use our
model for the study of empirical spectral distribution.

For a digraph G, its classical adjacency matrix is a 0 — 1 matrix A(G) with rows and
columns indexed by the vertices of G, such that the uv-entry of A(G) is equal to 1 if there is
an arc from u to v and 0 otherwise. Thus, the classical adjacency matrix of a digraph is not
necessary to be symmetric or Hermitian, and thus we cannot guarantee all its eigenvalues
to be real. This fact makes the study of the spectrum of digraphs or mixed graphs more
difficult than that of undirected graphs. Therefore, Liu and Li [6] and Guo and Mohar [7]
independently introduced the Hermitian adjacency matrices of mixed graphs or digraphs.
In this work, we will make use of this concept to study the spectral distribution of random
mixed graphs.

For brevity, asymptotic notation is used under the assumption that n — oco. For
functions f and g of parameter 1, we use the notation: f = w(g) if [f|/|g| — coasn — co.

The Hermitian adjacency matrix of G, (p, q), denoted by H(G,(p,q)) = (hge)nxn (Or
H,, for brevity), satisfies that:

e H, is a Hermitian matrix with y; = hy for 1 < k,¢ < n and all diagonal entries
hge =0, 1 <k <n;

*  The upper-triangular entries Iy (1 < k < ¢ < n) are independently identically
distributed (i.i.d.) copies of a random variable ¢, which takes value 1 with probability
p, i with probability g, —i with probability g, and 0 with probability 1 — p — 24,

where i is the imaginary unit with i = y/—1. Note that E(¢) = 1-p+i-g+ (—i)g+0-

(1-p—2g9)=p,and

0% : = Var(§) = E[(§ — E(&))( —E(&))] = E(Ig]*) — [E(®)[?
=1-[p+29/+0-(1—-p—29) —p°
=p+29—p*

Let {M,}?> ; be a sequence of n x n random Hermitian matrices. Suppose that

AM(My), A2(My), ..., An(M,) are the eigenvalues of M,,. The empirical spectral distribution
(ESD) of M, is defined by

1
FMn(x) = E#{/\k(Mn)Mk(Mn) <x,k=1,2---,n},

where #{-} is the cardinality of the set.
The distribution to which the ESD of M, converges as n — oo is called the limiting
spectral distribution (LSD) of { M} ;.
Wigner matrix, denoted by Xj,, is an n X n random Hermitian matrix satisfying:
e The upper-triangular entries xy; (1 < k < ¢ < n) are i.i.d. complex random variables
with zero mean and unit variance;
e The diagonal entries xy (1 < k < n) are i.i.d. real random variables, independent of
the upper-triangular entries, with zero mean;
e For each positive integer r, max{E(|x11|"), E(|x12]") } < 0.
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Let {X,,}52_; be a sequence of Wigner matrices. Then, Wigner’s Semicircle Law [§]
says that, with probability 1, the ESD of n~1/2X,, converges to the standard semicircle
distribution whose density is given by

1 2
=v4—x2, for|x| <2
= 27 ’ -7
p(x) { 0, for |x| > 2.

Before we give our main results and their proofs, we need the following results.

Lemma 1 (See [9] Lemma 2.4). The number of closed mixed walks of length 2s, which went
through each of its edge viv, from vertex vy to vertex vy once and its reverse from vertex v, to vertex
1

ok once and the underlying graph of the closed mixed walk of a tree is 1 (2:)

Lemma 2 (See [9] Lemma 2.1). For a non-negative integer r, we have

2 =
/ ¥ o(x)dx = { 0, for r=2s+1,
2

SAF%(ZSS), for r=2s.

Lemma 3 (See [9] Theorem A.43). Let A and B be two n X n Hermitian matrices, then

|EA — PB|| < %rank(A _B),
where | f|| := sup,|f(x)| for a function f(x), and F* means the ESD of A.

Lemma 4 (Dini’s theorem, see [10] p. 64). Suppose that the sequence of continuous functions
{sn(x)} converges to continuous function s(x) on [a,b] pointwisely. If, for any x € [a,b], the
sequence {s,(x)} is monotone, then {s,(x)} converges to s(x) uniformly.

The following result is from [11] p. 264, and we give a proof of it in Appendix A.

Lemma 5. For any distribution function H, if [|x|*dH < oo, then

lim (n<k—5>/2/ |x|sdH) =0, Vs> k+1.
n—»00 |x|<y/n

Lemma 6 (Bernstein’s inequality, see [9] p. 21). If X1, X>, - - - , X, are independent random
variables with mean zero and uniformly bounded by b, then for any e > 0,

2

B(|Su| > €) < 2exp(~ 5,

(B2 + be)
where S, = X1 + Xy + - - - + X, and B2 = E(S2).

Lemma 7 (Borel-Cantelli lemma, see [12] Theorem 3.18). Let Eq, Ep, - - - be a sequence of events
in some probability space. If the sum of the probabilities of the E,, is finite, that is Y ;> P(E,) < oo,
then the probability that infinitely many of them occur is 0, that is,

P(limsup E,) = 0.

n—oo

Remark 1. As a result of Lemma 7, for any € > 0 and any sequence { X, } of random variables,
we have
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1. Ify 1 P(|X,]| >€) <oo, then X, — 0 as.
Yo E|X, — X|F < o0,k >0, then X, — X as.

Define

1
M, = E[Hn - p(]n - In)] = (Uké)/

where p := p(n) is the parameter from G,(p,q), o = \/p(1 — p) +24, ], is the all-ones
matrix of order n and I, is the identity matrix of order n. Itis easy to check that

. M,, is Hermitian matrix;
e The diagonal entries 7y = 0 and the upper-triangular entries 1;(1 < k < ¢ < n) are

iid. copies of random variable 17 which takes value 1;’0 with probability p, % with
probability g, —

Note that E(;y) = E(QTP) = W = 0, Var(y) = Var(gf,p) = Vaar(g) 1 and the
expectation

and —F with probab1hty 1-p—2g.

s\ __ é_ps _E(|‘§_p‘s)
E(lnf) =E(>—— ) = — 5
=pPpt+li-pf-gq+|-i—pf-q+0—p]° - (1-p—29)
- (P +2¢7 _ pZ)s/Z (1)

_p(A=pP+29(1+p?)*2 + (1—p—29)p°
(p(1—p) +2q)/2

On one hand, since 0 < p := p(n),q := q(n),1 — p —2q <1, it can easily see from (1)
thatif 02 = p(1 — p) +29 » 0 as n — oo, then E(|y|*) < oo for every positive integer s as
n — oo. Then {M, }$ ; is a sequence of Wigner matrices and hence LSD of {M,}$ is
immediate by the Wigner’s Semicircle Law. On the other hands, if 0> — 0 as n — oo, then
E(|77|°) — oo for every positive integer s > 3 as n — co. Then, { M, }_; is not a sequence
of Wigner matrices. Thus, if 02 — 0 as n — oo, the LSD of M,, cannot be directly derived
by the Wigner’s Semicircle Law. In fact, if 0> — 0 as n — o, then either p — 0,4 — 0 or
p—1,q—0.

For the case p — 0,4 — 0, we have

E(|17|S) > p(l_p)s > p(l_p)s _ (1_P)S/2

S -p) 292 = pAA—pp2 i
For the case p — 1,4 — 0, we have
—p— s _ S s/2
EB(gf) > _L=p=20p o (=ppr ___p L oo

T (p(1—p)+29)72 T p2(1—p)/2 - (1—p)e/2d

From the discussion above, we have:
Lemma 8. The sequence of matrices { M, }°_, are Wigner’s matrices if and only if o> - 0.

Now, we arrive at the main results in the following, which say that even when o2 =0,
we still can get the semicircle distribution of LCD of the corresponding sequences of
matrices if no% — oo holds.

Theorem 1. Let {H, };> ; be a sequence of Hermitian adjacency matrices of random mixed graphs

{Gn(p, ) Yoy with p := p(n), g := g(n) and * = p(1—p) +2q (0 < p,q,1~ (p+2q) <1).
Ifo? = w( ), then with probability 1, the ESD of Hn converges to the standard semicircle

distribution with density p(x).
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Note that the above result considers an ensemble of random Hermitian matrices, to
which the corresponding random mixed graphs are not necessarily connected. Before we
proceed to the proof, we use the Monte Carlo method to demonstrate Theorem 1, and it is
easy to see from Figure 1 that

1. Asno? changes from a small value to relatively large value, the ESD becomes more
and more close to the semicircle distribution.

2. In the first row of the Figure 1, we set p = 0,n = 1000 and changes g increasingly
from 0.001 to 0.1 (from right to left), then no? is getting larger and larger, and the ESD
is getting more and more close to the semicircle distribution.

3.  In the second row, the similar things happen as the first line except that we fix g = 0,
n = 1000 and change p increasingly from 0.001 to 0.1 (from right to left).

4. In the third row, we fix n = 1000 and increase the values of p, q (from right to left). At
this time, we find no? increases simultaneously with p, g and the ESD is getting more
and more close to the semicircle distribution.

5. In the fourth row, we fix p = q = 0.01 and change n from 10, 100, 10,000 (from right
to left) and at the meantime corresponding nc? increases. Finally, we restore the
semicircle law.

6.  In the fifth row we fix g = 0.01, 7 = 1000 and increase the value of p and we find that
no? changes from 110 to 270 (from right to left). All ESDs fit with the semicircle law
very well.

0.4 0.4 - 0.4
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Figure 1. Simulation for Theorem 1.

04 -
p=0.9,g=0.01,n=1000,n%0>=11

12
)

Remark 2. The result of the theorem means that if o> = w (L), then for any bounded continuous

function f, we have
H, (vc

/ Flo)dFma® () / F(R)dE(x) as.

Clearly,
n
Ly - / F(x)p(x)dx as.
nis

Here, A; == Ai(—~ 1 =Hy («)) is the eigenvalue of the matrix %ﬁHn(oc). The proof is exactly the
Theorem 1.15in [13] and we omit it.

Remark 3. If we set q = 0, then our model Gy (p, ) is the classical Erd6s and Rényi’s random
graph model. Since if p = w(1), then 0? = w(). Thus, we could get the result of Theorem 1.3
in [14] as a corollary. Note that the paper [14] is to deal with a much more difficult situation and
the original proof of Wigner [8] may be extended without difficulty to derive Theorem 1.3.
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Since 02 = w(1) is equivalent to p = w(L) or 1 — p = w(L). We could say more than that.

Corollary 1 ([14]). Let {H, }$,_, bea sequence of adjacency matrices of random graphs { G, ( p, 0)},
with p := p(n) and o —p(l—p) 0<pl—p<l).Ifp=wl)orl—p=w(l), then
with probability 1, the ESD of Ul—ﬁHn converges to the standard semicircle distribution with
density p(x).

Remark 4. If we set p = 0, then our model G, (0,q/2) is essentially the random oriented graph
model since the skew-adjacency matrix S(G) = iH ( ) for an oriented gmph G. Therefore, they

share the same spectral distribution. Since if § = w(), then 0 = w(1). Thus, we could get the
result of Theorem 3.1 in [3] as a corollary.

Corollary 2 ([3]). Let {Hn 1 be a sequence of Hermitian adjacency matrices of random oriented
graphs {Gn(0,q/2)}5° 4 wzth q:=qn)andc* =q (0 < g <1). Ifqg = w(z), then
with probability 1, the ESD of - ﬁHn converges to the standard semicircle distribution with

density p(x).
The proof of Theorem 1 will be given in the sequel. We shall first prove the following result.

Theorem 2. If o> = w( ), then with probability 1, the ESD of T, := n~'/?>M,, converges to the
standard semicircle distribution.

Proof. Denote T;, the r-th moment of the ESD of T,,. Since the standard semicirlular
distribution F has finite support, it is uniquely characterized by its sequences of moments.

Thus, to prove the weak convergence of F'# to F, it is equivalent to prove the convergence
of moments by the Moment Convergence Theorem (see, e.g., [9]), that is

Ty = /xrdFT”(x) — /xrp(x)dx as. n—oo, r=12,... (2)

Since

= [ XAFT () = 5 Y AU(T,)

1 1
zatrace(T,Z) = Etrace[(ﬁMn)r]
3)
thrace(M{,)
1
:W Z Mieiko Mioks = Whyky s
1§k1,...,kr§1’l

where W := vy, vy, - - - U, U, U, corresponds to a closed mixed walk of length 7 in the
complete digraph DK, of order n, and DK, is formed by replacing every undirected edge
with a pair of arcs in opposite directions in the complete undirected graph K;, of order .
For each edge vyv, € E(T(W )) let 41 be the number of times that the walk W goes from
vertex vy to vertex vy. Let mkg = qx¢ + qex- If there is no ambiguity, we will omit the upper
symbol for brevity.
Let
nW):= [T  #nim-
oxo €E(T(W))

Then we rewrite (3) as

1 Ikt ,,q
Trn = 72 2 1(W) n1+r/2 2 [T il @
W W v0,€E(T(W))
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Em,r,n -

Here, the summation is taken over all closed mixed walks W of length r. Note that
all different edges (with different pair of end vertices) of a mixed graph are mutually
independent, we have

1 1 :
E(Trn) = 1 LEOW) = 73 [ EGffngd)- ®)
" W " W o0, €E(T(W))

Define M,, = (17), where

o[ e i k] <V,
it 0, if el = v/n.
Let ,
+ [y ke
T = 7M = | —= P
n \/ﬁ n (\/ﬁ)
and Tr’,n be the r-th moment of the ESD of the matrix T,,. Similar to (3)—-(5), we have
T = _1 2 "(W) = 1 2 H 19Kk 190k 6)
= itz & = 42 ke M ko
W W op0,€E(T(W))
and 1 1
E(T;,) = ) Y E('(W)) = T2 Y, II E@H75 @)
W W v, €E(T(W))

Next, we will prove that

. PN (2 oy [0, forr =2s+1,
Fact1. lim, e E(T) ;) = [%, x"p(x)dx = { 5%1(2:)’ for r — 25, .

Fact 2. lim;, .o T}, = lim, 0 E(T} ) a.s.

Fact 3. limy, oo Ty = limy 00 Ty, a1.5.
Combining the above Facts 1-3, we show (2) and complete the proof. [

1.1. Proof of Fact 1

Proof. The second equality is just the Lemma 2. Now, we consider the remaining equality.
We decompose E(Tr’,n) into parts E;; rn,m = 1,2,...,r, containing the m-fold sums,

E(Tr,,n) = Z Eirn, (8)
m=1
where
1 1 gy 1qp
g L BOWDi= s ) [T B, ©)
W:E(T(W))|=m W:|E(T(W))|=m vgo,€E(T(W))

Here, the summation in (9) is taken over all closed mixed walks W of length r with
|[E(T(W))| = m. Additionally, |E(T(W))| = m means that the cardinality of the edge set of
T(W) is m and thus |V(T(W))| < m + 1.
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For a closed mixed walk W := v, vy, - - v, Uk, Uk,. Its underlying graph T'(W) is
connected since there exists an edge between any two vertices v; and v, =1,...,7r — 1.
Note that I'(W) is a multigraph and T (W) is a simple graph. For a closed mixed walks W
of length r with |E(T(W))| = m, if it goes through some edge only once, then E(W) = 0.
Hence, if m > | %], then there must be some edge that appears only once in W and thus
E(W) = 0. In the following, we only consider closed mixed walks W of length r with
m < | 5| and my, > 2 for all edges vivy in T(W).

If myy = 2 for an edge vxv, in T(W). Then,

2
(g nd*) < B(1n'") = E(|y[* Ly <) < E(ly*) =Tasn = oo

If my, > 3 for an edge v;v, in T(W). Then, by Lemma 5 with k = 2 and E(|5|?) <
E(|7|?) = 1, we have

/ 19, : , _
B ") < Bk iel™) = Bl ™) = o(n™/>71) " as 0 — oo
Moreover, we have
/ / —
E (g m*) < Bl ") < /21 (10)
for every edge vyv, in T(W) with my, > 2.
Therefore, if we decompose the edge set of (W) into the following set:
Ex(W) := {vgvs[myy = 2in T(W)},
E3(W) := {vvgmy = 3in (W)},

then Y my+ Y myy=rand |Ex(W)|+ |E3(W)| = m and we have
Uk’UZEEz(W) ’UkU[GEs(W)

B W)= [ E@fnd < TI Elml™)
v €T (W) o0 €L (W)

= II E(ml™) TI ECml™)

vpv€Ex (W) okvg€E3(W)

S H nmké/Z—l H 0<nmw/2—l)
W)

UkUéGEz(W) vveE€E3

Thus, if |E3(W)| = 0, we get E(5y'(W)) < 1; for otherwise

E(;y/(W)) < H nMee/2=1 1_[ O(nmu/Z—l)

vpv€E2 (W) o0 €E3(W)
L (mge/2-1) Y (mge/2-1)
— pokveSE2(W) 0 <nvkv(€‘553(w) )
— O(Wr/Z—m)

Note that |[E(T(W))| = m, |V(T'(W))| < m + 1, and then the number of such closed walks
W of length r is at most n*+1 . (m + 1)".

Now, we consider the following two cases.

Case 1. The closed walks W of length r with E3(W) # @.

We have
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1 ¢
Burn = =77 L [T E@EH)
W:E(T(W))|=m vg0,€T(W)

1
S T D [T Ed7 k™)

W:|E(T(W))|=m viv,€T(W)

[T El7wl™) TI Edlrwl™)

W:E(T(W))|=m veve€E2 (W) vvg€E3(W)

B 1
- nltr/2

1
S X I1 M) T o)
n

W:E(T(W))|=m v €ER (W) v €E3 (W)

nm+l(m+l>r
nl+r/2

=(m+1)-0(1) >0 as n— oo.

. O(nr/me)

Case 2. The closed walks W of length r with E3(W) = @.

We then have E(17'(W)) < 1 by the above discussion. We divide this case into two
subcases according to the cardinality of V(T (W)).

Subcase 2.1. The closed walks W of length r with |V(T(W))| < m.

We have that the number of such closed walks W of length  is at most n™ - m" and

T EW)

W:\E(T(W)‘)\:m,

[V(T(W))|<m
1
nl+r/2 72 1
JET(W))|=m
[V(T(W))|<m
n™ . m"
= pltr/2
mr
= nltr/2—m

r

m
<— =0 as n— oo.
n

Case 2.2. The closed walks W of length r with |V(T'(W))| = m + 1 and E3(W) = @.

We have that my, = 2 for each edge vyv, € E(T(W)). Since I'(W) is connected, T (W)
is a tree with m + 1 vertices and gi = 1,44 = 1 for every edge vxv, € T(W). Then, r = 2m
and W is a closed mixed walk of length 2m, which satisfies the condition of Lemma 1. By
Lemma 1, the number of such W is %H (272” ). The number of ways to choose m + 1 vertices
of W with the natural order of first appearance in W from n verticesis n(n — 1) - - - (n — m).

Note that E(5'(W)) < 1and E(5/(W)) — 1, as n — oo. Thus,
1

T E(17'(W))
WHE(T(W)| =,
|E(T(W))|=m+1
1 nn—1)---(n—m 1 2m
- 1+m Z 1= ( )1+m( ) 1 ( )
n WHE(T(W)|=m, n m+ m
[V(T(W))|<m
1+m -1
nttM(140(n 1)) 1 [2m 1 1 [2m
— ) —(1+0 -
pltm m+1\m (1+0(n™)) m+1\m
1 <2m)
— as 1 — oo.
m+1\m
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Therefore,

. 1 2m
nlgr(}o Epomn = m ( > .

From the above discussion, we have

m+1\m

lim E(T),) = 0 otherwise

n—oo

{ L_(®™), forr=2m.

which completes the proof. [

1.2. Proof of Fact 2
Proof. Note that T; , = ﬁ Yw 7' (W) and since T} ,, is a real random variable and so is
E(T;,), we have

4
BIITL, — E(T)l) = BT~ BT = o & B( TT00%) — B (W), )

Wi, Wy Nk=1

due to the symmetric of Wy (k =1,2,3,4), where W (k =1,...,4) corresponds to a closed
mixed walk of length # in the complete digraph of order DK,,. We aim to show the righthand
side in Equation (11) is O(n~2). Let ko € {1,2,3,4}. If [ (Wj,) has no any common edge
with T(W \ Wy, ), where W := W; U W, U W3 U Wy, then the corresponding expectation of
the summand in Equation (11) is zero. If there is an edge vy, vy, whose number of occurrence
in (W) is 1, then the corresponding expectation of the summand in Equation (11) is also
zero. Thus, we only have to consider the case when no edge vy, v, € E(I(W)) with
mlmo = 1 and each I'(W;) must share at least one edge with T[(W \ Wy) for k = 1,2,3,4
below. Thus,

/ / 1 4 ! /
8175~ B(T1) = WEME(kle (W) ~ B0 (W)
4 4
— iy X [BT0 %) ~ 4506/ )BT/ (W)
Wy, L =T =2
4
+ 6E (' (W1)y'(Wa) ) E (1 (W3) i (Wy)) — 3}—1 E(W/(Wé))}
=1
4 4
< L [T V)] + 4B W) B T (W)
A =1 =2
4
+GIEY (W' (o) E( () ()] -+ 3T TEC (09) ]
=1

_ For closed mixed walks Wy (k = 1,...,4) of length , let [E(T(W)| = x, [E(T(W1))| = x1,
|E(F(U;L2 Wi))| = x2, then x < xq +x2,%1 <7/2,x0 <3r/2,x < 2rand

Z mg =4y,
v €E(T(W))

which implies

4
|E(77’(W1))| < n7/2—x1, |E(H77/(W]))| < n3r/27x2.

j=2

Thus,
4

|E(77/(W1))E(H17/(VV]))| < n4r/2—x1—x2 < an—x'
j=2
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Similarly, we have

and
(1" (W1))E (' (W2) B’ (W3))E(y' (Wa))| < n—*

Therefore,

14

1 _ _
B(IT, BT ) < i L =0 ¥
1. Wy 1s-,¥Vy

Since W; is a closed mixed walk of length r, T(W;) (j = 1,2,3,4) is connected. Combining

the previous discussions, the connected components of I'(W) is at most 2. Then, there are at
most x + 2 vertices in T' (W), which means that the number of such W is at most n**2¢(x, r)
with c(x,r) a constant only depending on x and r. Hence,

E 14 27

Y a =0(n™).
= oy
|E(T(W)|=x

Thus, for every positive integer r
3 (1T - BTN = 3 00

By Lemma 7, we have lim;, .o T/, = lim, 0 E(T} ) a.s. This finishes the proof of
Fact2. O

1.3. Proof of Fact 3
Proof. Note that

Ty = /xrdFT"(x) = /xrdF"fl/zM"(x)

and B .
T, = /x’dFT”(x) = /xrdP’f M (x).

So we have
= - 12 1 . 1 -
[ FTr— ETr] = || M — pr M| < Srank(n1/2My — n1/2M,) = —rank(My — M,).

Notice that rank(M,, — ]\7In) < the number of nonzero entries in M, — M,,, which is
bounded by } 1< x<n ijk‘z\/ﬁ, where

! _ L il < Vn,
{Injel= v/} 0, if | > v/n.

Then

7 1
Ty _ Ty
IEf =Frl< = ) sy
1<j#k<n

Note that 77 = My, We get

7 2
Ty _ pTn
[ —Fh <= ) L=y

1<j<k<n

N
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Here, the summation occurs among " terms. We can show the convergence to zero in
the righthand side almost surely usmg Lemma 6. In fact, set B, = P(|5| > /n), and for
any € > 0, we consider

2

P(% Z Tty = €) =P Z Ly = Bn) = €n— B %)
1<j<k<n 1<jok<n
(en —Bu - 2fn)z
<2 —— 2
exp( 2[u(ﬁ”_ﬁ2)+€”—ﬁn-%])
1
=2exp(— (€—Bn-"31)° ”).

)
2(e — "7 B7)

Here, we have used E(IlﬂjkIZ\/ﬁ — Bn) =0and Var(Imjk‘Zﬁ — Bn) = Bun — B3 Note that

2 2
e "3 B3 €= "3 Bu 2

(=P _(e=Pu 251 Paln=1) _ __ npy
2

Claim. If 0? = w(1l), then B, = w(}).

If s be any integer no less than 3, then by the Markov’s inequality

_ E(|y]°)
o = nB(ly] > Vi) < L

p(1—p)* +29(1+p*)*"2 + (1—p—29)p°
n
[n(p+2q — p?)]s/2
_np(L—p)° +2nq(1+p*)*"2 + n(1— p —2q)p°
[np(1 — p) + 2nq)*/?
__ nmp(—py 2nq(1 + p?)*" n(l—p-29)p°
[np(1—p) +2nq]/2 ~ [np(1—p) +2nq]5/2 * [np(1 - p) + 2nq]*/?

(12)

By direct calculation, we get that each of the last three summands in (12) tends to zero
if 02 = w(1).

By the claim above nf, — 0if 02 = w(%), we can limit it less than € and then we have

Finally we get

which completes the proof by Lemma 7. O

2. Proof of Theorem 1
Proof. Recall that

1
Ty =n"'"2M, = m[(Hn +pln) — plul,
and set .
Then
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By Lemma 3, we have

. 1 1
|E™ — F < = - rank(—F= ) =

7

This implies that T,; and T, have the same LSD. By Theorem 2, we have

lim F% (x) = lim FT(x) = F(x) := / " p(x)dx as.

n—00 n—00 o

Set T;* = ;WH”' Note that

T; - T;* = P_ Ly =: Anly,

ve

and
P 1
lim A2 = lim —— =0 as o =w(=).
n—o0 n—o0 No- n

Since T;; = T;* + Anly, we have that A is an eigenvalue of T,;* if and only if A + A, is an
eigenvalue of T;'. By the definition of FTr, FTi", we know

FIn" (x) = #H{MT)IMT) <xi=12,...,n}

:%#{A(Tj{*)M(T;*) A< xtAni=12,...,1)
:%#{/\(T;)M(T;) <x+Ani=12,...n}
=FTn (x 4+ A).

Note that by Lemma 4 and the continuity of F(x), we have

lim FTr(x +A,) = ’}grgo[FT;(x +Ay) — F(x 4 Ay) + F(x + Ay)]

n—oo
= lim [FT (x + A;) — F(x + A,)] + lim F(x +A,)
n—oo n—o0
=F(x) a.s.

Finally we get

. TH* _ T _
lim F (x) lim F (x+Ay) = F(x) as.

This completes the proof. [

3. Conclusions

In this work, we propose a random mixed graph model G, (p(n),q(n)). The model
generalizes the classical Erd6s-Rényi’s random graph model and the random oriented
graph model. Furthermore, we give a sufficient condition, i.e., if 0% = a)(%), then with
probability 1, the ESD of %\/EH” converges to the standard semicircle distribution. The

simulation result not only supports our theorem, but also indicates that the condition may
be necessary. We would like to resolve this problem in future work.
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Appendix A
Lemma Al. For p > 0, if E|X|P < oo, then limy_,c xPP(|X| > x) = 0.

Proof.
N | X[
lim F7r (x)P(|X| > x) = o Ixi=dP < =g Txgs,dP
1
:F/Q|X\P’I‘X|>de,

and |X|?I|x|~x converges to zero almost surely, by the dominated convergence theorem,
we have [|X|PI - dP tends to zero. [J

The following result is from [15] with L(x) = 1.

Lemma A2. Suppose n't1P(|X| > n!/") — 0asn — oco. Fora > 0,0 < ¢ < 1,ifa > r(t+1),
then

x|<nv/r

Proof of Lemma 5. Suppose that H is the distribution of random variable X. Taking p =
k,x = /nby Lemma Al we have

nk2P(|X| > /) = o(1).

Taking r = 2,77 = 1,& = s, by Lemma A2, we have that n'*'P(|X| > /n) = o(1), which
yields that f‘x|<\/ﬁ|x|5dF(x) = o(n%/27t1)if s > 2(t + 1). Here we shall take t = k/2 — 1
and then 2(t +1) = k < ssinces > k+1 > k. Meanwhile,s/2 —t —1= (s —k)/2, ie,

SAF _ (s—k)/2

J o AEG) = o(n772)
Finally we get

(k—s)/2 SAE —o(1

n X X 0 .

[ xaEG) =o(1)
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