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Abstract: In this paper, we use the averaging method to find an approximate solution in the opti-
mal control problem of a parabolic system with non-linearity of the form f(t/¢,y) on an infinite
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1. Introduction

Many results in the theory of asymptotic approximations have been obtained from
1930 onwards. Indeed, there were a lot of results on integral manifolds, equations with
retarded argument, quasi- or almost-periodic equations etc. Earlier work on this theory has
been presented in the famous book [1].

Averaging is a valuable method to understand the long-term evolution of dynamical
systems characterized by slow dynamics and fast periodic or quasi-periodic dynamics. In [2],
a transparent proof of the validity of averaging in the periodic case is presented. Different
proofs for both the periodic and the general case are provided by [3,4]. In the last paper,
moreover, the relation between averaging and the multiple time-scales method is established.

The averaging method for constructing approximate solutions in the theory of ODEs is
presented in [5,6]. In [7], the asymptotic analysis of nonlinear dynamical systems is developed.

The work [8] is devoted to using an asymptotic method for studying the Cauchy prob-
lem for a 1D Euler-Poisson system, which represents a physically relevant hydrodynamic
model but also a challenging case for a bipolar semiconductor device by considering two
different pressure functions. In [9], the averaging results for ordinary differential equations
perturbed by a small parameter are proved. Here, authors assume only that the right-hand
sides of the equations are bounded by some locally Lebesgue integrable functions with the
property that their indefinite integrals satisfy a Lipschitz-type condition.

In [10], the authors prove that averaging can be applied to the extremal flow of
optimal control problems with two fast variables, that is considerably more complex
because of resonances.

The averaging method is one of the most effective tools for constructing approximate
solutions, including optimal control problems for ODEs [11] and PDEs [12], where the
autors consider the optimal control problem in coefficients in the so-called class of H-
admissible solutions.

The Krasnoselski-Krein theorem and its various modifications [13-15] play an essential
role in all such considerations, since it guarantees the limit transition in perturbed problem

with fast-oscillating coefficients of the form a (%) as e — 0.
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The typical averaging problem may be defined as follows: one considers an unper-
turbed problem in which the slow variables remain fixed. Upon perturbation, a slow drift
appears in these variables which one would like to approximate independently of the
fast variables.

In the present paper we use this approach to nonlinear parabolic system with fast-
oscillating (w.r.t. time variable) coefficients f(£,) on an infinite time interval. We prove
that the optimal control of the problem with averaging coefficients can be considered to be

"approximately” optimal for the initial perturbed system.

2. Statement of the Problem

Let QO C R? be a bounded domain. In cylinders Q = (0, +00) x Q we consider an
initial boundary-value problem for a parabolic system [16,17]

Y= ANy + f(Ly) +8y) - u(tx), (tx) €Q,
y|aQ =0, 1
Yli—o = yo(x).

Here ¢ > 0 is a small parameter, A is a real N x N matrix, f is a given vector-
valued mapping, g is a given matrix-valued mapping, v = (y1,...,yn) is an unknown
state function, u = (uq,...,up) is an unknown control function, which are determined
by requirements

uelc (L2(Q)M, )

J(y,u) = /e TEog(x,y(t, x)) dtdx—l—/szl (t,x)dtdx — inf, 3)
Q
where v, a1, ...,ap are posmve constants.
Under the natural assumptions on A, f, g, U, q we prove, that the optimal control
problem (1)—(3) has a solution {7, 7}, i.e., for every u € U and for any solution y* of (1)
with control u we have

J(@,a%) < J(y' u)

In what follows we consider the problem of finding an approximate solution of (1)—(3)
by transition to averaged coefficients. For this purpose we assume that uniformly w.r.t.

S RN there exists
T
/ 5, )d (4)
0

We consider the following optimal control problem

fly

'ﬂ\'—‘

W — ANy + F(y) +g(y) - u(t,x), (%) € Q,

Yloa =0, ®)
Yli=o = Yo(x),
uelC(L2(Q)Y, (©)
J(y,u) = /e Tog(x,y(t, x)) dtdx—l—/thl (t,x)dtdx — inf. (7)
Q

It should be noted that the transition to the averaging parameters can essentially
simplify the problem. In particular, if f does not depend on y then in some cases exact
solution of (1)—(3) can be found [18,19]. Another approaches for finding exact solutions of
optimal control problems and approximate procedures can be found in [20,21].
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Assume that {7, i} is a solution of (5)—(7). The main goal of the paper is to prove the
limit equality
J(7, 1) — J (7, @) — 0, — 0. ®)

As a consequence of (8) we will prove that the control 1 is approximately optimal for
the problem (1)—(3) in the following sense:

J(7,w) = J(y",a) = 0,e = 0,
where y* is a solution of (1) with control 7.

3. Assumptions, Notations and Basic Results

We assume the following conditions hold.
Assumption 1. %(A + A*) > v - I, where v > 0and I is a unit matrix;
Assumption 2. f: Ry x RN s RN is continuous and bounded:
3C; >0 VE>0 Yy eRN |f(ty)|lgy < Cu

RNXM

Assumption 3. g: RN is continuous and bounded:

3G >0 Yy e RN |g(y)|lgnem < Co;
Assumption 4. U C (LZ(Q))M is closed and convex, 0 € U;

Assumption 5. g : Q x RN — R is a Carathéodory function, 3Ky, K, € L1(Q), 3C3 > 0 such
that Vx € Q, V& € RN

|7(x,6)| < Callglfn +Ka(x),  4(x,8) = Ki(x).

Here, ||&||gn denotes the Euclidean norm of & € RN.

Foru e Uand yp € (LZ(Q))N we understand solution of (1) in weak (or generalized)
sense on every finite time interval, i.e., y is a solution of (1) if

v € Lo (000, (Y @)V ) (VLize (0, 00, (L2(0))Y)

such that VT > 0, Vg € (H}(Q))N, v € C5°(0, T) the following equality holds:

T T
. ’dt—i—/(AVy,ch)H;ydt—/(f(z, ), ) 17dt—|—/ U, @) yndt. 9)
0 0

Here and after we denote by || - |5 and (-, )y the classical norm and scalar prod-
uct in H := (L2(Q))N, by | - ||y and (-,-)y the classical norm and scalar product in
V= (H}{(Q))N, by || - |lu the norm in L2(Q))M, and by V* the dual space to V.

Due to the Assumptions 1-3, every solution of (1) satisfies

9 ,
az € L2 (0, +00, V¥).

It means that VT > 0 every solution of (1) is an absolutely continuous function from
[0, T] to H, and equality (9) is equivalent to the following one [16]:

%(yr Q)+ (AVY, Vo) = (f(i,y)rqv) LT W) welu (10)
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for almost all (a.a.) t > 0.
It is known [16,17] that, under Assumptions 1-3, for every yo € H, u € U there exists
at least one solution of (1), and for a.a. t > 0

1d
5Vl + oy < Cully®)lm + Cally@) - e (®) 120y (11)

Remark 1. Uniqueness of solution of (1) is not guaranteed. This can be done under some additional
assumptions, e.g., [16] Vs > 0, Vy € RN Vw € RN

(Frsmw @) = —=Cawllgy

In the sequel, we denote by F*¢ (or F) a set of all pairs {y, u}, where y is a solution of
(1) (or (5)) with control u.

The following Lemma gives us a result about the solvability of the optimal control
problem (1)—(3) and it also provides some useful inequalities.

Lemma 1. Under the Assumptions 1-5 for every € > 0 the problem (1)~(3) has a solution {i*, i},
that is,

J(7, a¢) < J(y,u) V{y,u} e F-.

Proof of Lemma 1. Fix ¢ > 0 and suppress index ¢ throughout the proof. The idea of the
proof is to derive a priori estimates for the minimizing sequence. Obtained estimates allow
us to pass to the limit in problem (1)—(3).

From (11), Poincare inequality ||y||2, > Ally||%,, ¥ € V, and Young inequality we derive
that for some 6 > 0, Cs > 0 (not depending on ¢) for every {y,u} € F¢ fora.a. t >0

d
IO+ élly O < Cs (14 1u(®) Bz ).

Therefore using Gronwall inequality we get for all t > 0

t
|ww&sw“{wumﬁ+@/(rwwwﬁmmwy“w} (12)
0
5 C
Iy () < e yolld + =2 +Cs - lulf (13)

From the inequality (13) and the first inequality from the Assumption 5 we have that
for some Cg > 0

() < Co 1+ Ilyolls + lully). (14)

Now let {y,, u, } be a minimizing sequence, that is,

im J(yn,un) = inf J(y,u) =:J". (15)

n—00 {yuteFe

Note that due to the Assumption 5 V{y,u} € F*¢

Kl > IKallp o

J(y,u) > p p

From (15) for sufficiently large n

J(Yn,un) < T+ 1. (16)
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On the other hand, for « := min «; > 0
1<i<M

K
s i) > ”;”L ol a7

Inequalities (16) and (17) imply that {u, } is bounded in (L?(Q))™, so for subsequence
uy — u weakly in (L*(Q))M. (18)

Due to convexity of U we have inclusion u € U. From (11) over (0, T) and using (13)
we we obtain from (5) that {y, } is bounded in

L%(0,T; V) (L*(0, T; H),
{ay” } is bounded in L?(0, T; V*). Using Compactness Lemma [22] we conclude that
up to subsequence VT > 0
yn — y weakly in L*(0, T; V),
yn — yin L*(0, T; H), (19)
YVt >0 yu(t) — y(t) weakly in H,
Ya(t,x) = y(t,x) aa. in Q.

From (19) and Lebesgue’s Dominated Convergence Theorem we can pass to the limit in
the equality (9) applied to {yy, 1, }, and obtain that {y, u} € F*. Due to pointwise convergence

e g(x,ya(t,x)) = e q(xy(tx) aa. inQ,

Fatou’s lemma and weak convergence (18) we have

§

JE = 1211 J(Yn, tin) > liim/equ(x,yn(t x))dtdx + lim /Z "(t,x))dtdx > J(y,u).
n—oo
b i=
Therefore {y, u} is a solution of (1)-(3). O
4. Main Results
We assume that Vi > 035 > 0Vt >0,Vy,z € RN
Iy —zllgy <0 = |If(ty) = f(t,2)[lgn <7 (20)

Assumption (20) implies that the averaged function f : RN — RN from (4) is a
continuous function and the Assumption 2 holds. It means that under conditions (4), (20)
the optimal control problem (5)—(7) has a solution {7, }.

The main result of the paper is the following

Theorem 1. Suppose that the Assumptions 1-5 and (4), (20) hold and, moreover, the problem (5)
has a unique solution for every u € U. Let {if°, i} be a solution of (1)—(3). Then

J(7F,a) — J(g,1),e = 0O, (21)

and up to subsequence
7 — §in L},.(0,+00; H),

i€ — ain (L*(Q))M, (22)
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where {1, 1} is a solution of (5)—(7).

Proof. Let e, — 0, {§", 1"} be a solution of (1)-(3) for ¢ = ¢,. Due to the optimality of
{y", 1"} we have

J(@",@") <] (yn,0),

where y,, is a solution of (1) with ¢ = ¢, and u = 0. Then from (14)
1 _
;IlKlHLl +alaf < Co- (1+llyollf)-

Repeating arguments used in the prof of Lemma 1 conclude that on subsequence for
some 7, il
" — 1 weakly in (L2(Q))M,n — o,

7" — 7 in the sense of (19), n — oo, (23)

Let us prove that {§),1} € F, i.e., 7 is a solution of the averaged problem (5) with
control #I. For this purpose it is sufficient to make a limit transition in the equality

7" @) — (o, @ H+/ AVY, V) y /T< ( ) >H+/T )", 9)) . (24)
0 0

for arbitrary ¢ € Vand T > 0.
Limit transition in the left part of (24) is a direct consequence of (23). From the
Dominated Convergence Theorem we see that

g(7") — g(9) in L*(0, T; H),n — oo.

Then (23) implies convergence in the last term of (24).
Let us prove that VT > 0, Vp € V

/Zfl< "(t ) )<Pz dfdx—>/2fl @i(x)dtdx,n — oo, (25)

where Qr = (0, T) x Q. Due to the Dominated Convergence Theorem V0 < a < b, Vip € H

//Z(f:( () = F9(e) ) gila)ddt - 0,1 o 26)

Due to Egorov’s theorem V6 > 0 3Q¢ C Qr such that u(Q¢) < J and

7" — 7 uniformly on Qr \ Q‘{ asn — oo. (27)

Here y is Lebesgue’s measure on R2. On the other hand there exists a sequence of
step functions

B

y"(tx) = ) v (0) - xap (D) {yi'} C H,

k
{A = (a!,b]")} is a covering of (0, T) such that

1

y™ — 7in L?(0,T; H) and a.e. in Q.
Moreover V6 > 0 3Q5 C Qr such that #(Q3) < é and

y™ — ¢ uniformly on Qr \ Q3 as m — co.
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Let us denote

Then due to (27)

I < /
0

QT Q1

(Een) =f(£awn)| - lotlavdnts +261- ol ot @)

Due to (20) foragivené > 03dAVn > 1,Vt >0

|y—z||RN<A:»]

Therefore, choosing n; such that Vn > n,

sup  [|7"(t,x) = (£, x)[|py < A
(t/x)EQT\Q({

we get from (28) that Vi > n4
(n) 11 i 5t 1
LY <62 pu2(Qr)- ||¢||H +2Cq - gl - 67 < Cp(T)o2. (29)

On the other hand, for every step function y™ (¢, x) we have due to (26): Vm > 1

/ L (A 0,0) = 0 00 oo

m (30)
ZAé ! lzl( A L)) = R ) ) giadtdx = 0n = oo
SoVm >1,3ny = ny(m),Vn > ny
L/ﬁl (A(&vmwm) =m0 ) piteiduds| < o @1

Furthermore, 3Img, Vm > mgy, Vn > 1

/

QM

1

F(£a0) =1 (Lvmen )| letlarar < ot @) ol 62

En

. - 11 3
/ £t x)) = fFy™ (t x)) gy - lo(x) [|pndtdx < 6% - p2(Qr) - [l (33)
Qr\Q3
Combining (30)—(33), we obtain Vm > mg, Vn > ny(m)

1
I <265 uk(Qr) gl +6 < Co(T) -6, Sg)

Inequalities (29), (34) imply (25). So we can pass to the limit in (24) and obtain that
{9,2} € F. Now let us prove that {§), 7} is an optimal process in (5)—(7).



Axioms 2022, 11,175 8 of 10

Fatou’s lemma implies
Lim](y",a") > J(§,1).
On the other hand, for every u € U and any y,-solution of (1) with control u and
e =gy we get

J(@", a") < J(Fn,u).

Using the same arguments as in proof of the Lemma 1 for {y, } we derive that
yn — yin the sense of (19),

where y is a unique solution of (5) with control u.
Let us prove that

[t yalt x)atdx > [ &g y(e, vt )
0 Q

Indeed due to the Assumption 5 and (13) we have
|e_7'tq(x,yn(t, x))‘ < Cze T lya(t, x)||]12w +e T Ky (x). (36)

Asy, — yin LZ(O, T;H) and a.e. in Q, we deduce from Lebesgue’s Dominated
Convergence theorem:

VT >0 /e_“"tq(x, Yn(t, x))dtdx — /e_“"tq(x,y(t,x))dtdx,n — o0, (37)
Qr Qr

On the other hand, from (12) and (36)

+o00 +0o0
/ Je 7 a(x, yn(t, x))|dtdx < /e—v-t [Ca - [lyn(E) 1 + 1Kl 1] dt
T O T

T t St 2, GG 2 %)
< /m' {c3e- AyoOlf + =5 +Cs- Cs - [[ullgy + 1Kzl x|t
T

< Cg-e 7T,

where Cg does not depend on T and n. The last inequality together with with (37) leads
to (35).
From (35) we conclude the following inequality: V{y,u} € F

J(@,0) < lim] (7", a") < Gm](yn,u) = J(y,u). (39)

This means that {7, 1} is a solution of (5)—(7).
Now we substitute u = i in previous arguments. Then y = # due to uniqueness. So
from (39), we obtain

J(g, ) <lim] (7", a") < J(§,1).

These inequalities mean that up to subsequence
J(i", ") — J(g,14),n — . (40)

Since J(§,1) = inf yuyer] (y,u), then convergence in (40) holds for the whole se-
quence. Therefore (21) is proved.

Moreover, up to subsequence 7" tends to i in Ll20 (0, +00; H). So, repeating arguments (37)
and (38) for 7", and using boundness of {ii" }, we have
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[ e a7t x)dtdx — [ e a9t x) b,
Q Q

Then from (40) and weak convergence we deduce (22) O

Corollary 1. An optimal control it € U of the averaged problem (5)~(7) can serve as an "approxi-
mate” optimal control in the initial problem (1), that is:

J(@°,a%) = J(y*, i) = 0,e = 0, (41)
where y* is a solution of (1) with control u = 1.

Indeed, for y*, £, — 0, we can repeat arguments of the proof of the Theorem, and due
to the uniqueness of the solution of (5) for u = i1 we have up to subsequence

yen — 7in the sense of (19)

Then (35) holds and taking into account strong convergence (22), we obtain (41).

5. Conclusions and Future Research

We sought to obtain a theoretical result that demonstrates the effectiveness of the
averaging method of finding an approximate solution of the optimal control problem
for a non-linear parabolic system with fast-oscillating coefficients with respect to a time
variable. We proved that the optimal control of the problem with averaging coefficients
can be considered as an “approximately” optimal for the initial perturbed system. To
demonstrate effectiveness of the method we plan to continue research focusing on the
practical applications and simulation results using in particular genetic algorithms.
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