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1. Introduction

In the literature, the quantities

S+t 25t
Als,t) = > G(s,t) = V/st, H(s,t) = =
— 2(s? 2 2., 42
Cls,t) = 2548t E) g o8
3(s+1) s+t

P+ P\ /P
My (s, £) = ( ) PEO
p(s t) = 2

2 2
S(s,t) = 1/ ;t ,
Vst,

are called in [1-3], for example, the arithmetic mean, geometric mean, harmonic mean,
centroidal mean, contra-harmonic mean, root-square mean, and the power mean of order p
of two positive numbers s and ¢, respectively.

For s, t > 0 with s # ¢, the first Seiffert means P(s, t), the second Seiffert means T'(s, t),
and Neuman-Sandor mean M(s, t) are, respectively, defined [4-6] by

p=0

s—t s—t

4arctan(\/§) i

where arsinhv = In(v + Vo2 + 1) is the inverse hyperbolic sine function.
The first Seiffert mean P(s, t) can be rewritten [6] (Equation (2.4]) as

P(s,t) =

T(s,t)

s—t
s—t7’

" Saeaner MO g
arctan SFf arst SEf

s—t
s—t"

2 arcsin e

P(s,t) =

A chain of inequalities

G(s,t) < L_1(s,t) < P(s,t) < A(s,t) < M(s,t) < T(s,t) < Q(s, t)
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were given in [6], where

g1 gp1 7 1/p
[<p+1><t—s>}  P#ELD
£\ 1/(t=s)
Lp(st) = 1(f) , p=0;
t—s
Int —Ins’ p=-1

is the p-th generalized logarithmic mean of s and t with s # .
In [6,7], three double inequalities

A(s,t) < M(s,t) < T(s,t), P(s,t) < M(s,t) < T?(s,t),

and
A2(s,t) + T?(s,t)

A(s, H)T(s, t) < M%(s, 1) < 5

were established for s, t > 0 with s # .
For0 <s,t < % with s # ¢, the inequalities

G(s, 1) < L_41(s,t) < P(s,t)
GA-s1-1) “Lid-s1-1) ~PA_s51_10
A(s, t) M(s, t) T(s,t)
SAA 511 “MA-s51-1 ~TA—s51—1

of Ky Fan type were presented in [6] (Proposition 2.2).
In [8], Li and their two coauthors showed that the double inequality

Ly, (s,t) < M(s,t) < La(s, t)

holds for all s, t > 0 with s # t and for pg = 1.843. .., where py is the unique solution of
the equation (p +1)1/7 = 2In(1+ v2).
In [9], Neuman proved that the double inequalities

aQ(s, t) + (1 —a)A(s,t) < M(s,t) < BQ(s,t) + (1 — B)A(s, t)
and
AC(s,t) + (1 —A)A(s,t) < M(s, t) < uC(s,t) + (1 — u)A(s, t)
hold for all 5,¢ > 0 with s # t if and only if
Lo l-I(1+ V2)
T (V2 -1)In(1+v2)

=03249..., B>

Q| =

and

_1-In(1+V2)
In(1+v2)

In [10], (Theorems 1.1 to 1.3), it was found that the double inequalities

—01345..., u>

N =

a1H(s, ) + (1 a)Q(s, 1) < M(s, ) < B1H(s,t) + (1 - B1)Q(s ),

ayG(s, 1) + (1 —ap)Q(s, t) < M(s, t) < BaG(s, t) + (1 — B2)Q(s, t),

and
azH(s, t) 4+ (1 —a3)C(s, t) < M(s,t) < BsH(s,t) + (1 — B3)C(s, 1)
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hold for all 5,¢ > 0 with s # t if and only if

2 1
M > E=02222..., B<l———— =01977...,

'=9 i V2In(1+2)

1 1

B> - =03333..., Pp<l—— — =01977...,

273 P2 V2In(1+v2)

and , 5
> 1—— = 04327..., P3< = =04166...

T 2m(1+2) Prs g

In 2017, Chen and their two coauthors [11] established bounds for Neuman-Sandor
mean M(s, t) in terms of the convex combination of the logarithmic mean and the second
Seiffert mean T(s, f). In 2022, Wang and Yin [12] obtained bounds for the reciprocals of the
Neuman-Sandor mean M(s, t).

In [13], it was showed that the double inequality

b 1—« 1 B 1-p8

AGH Tt S TDEH S AGD e )

holds for all s,t > O with s # tifand onlyifa < 7w —3and > %, where TD(s,t) is the
Toader mean introduced in [14] by

/2
TD(s, t) = %/ \/52 cos? ¢ + t2sin® ¢ d ¢.
0

In this paper, motivated by the double inequality (1), we will aim to find out the largest
values a1, wp, and a3 and the smallest values 1, B2, and B3 such that the double inequalities

el 1-— o1 1 ﬁl 1-— ,Bl
Cs,0 T AGH ~ M) S CGh A @
1%} 1-— 1%)] 1 ﬁZ 1-— ,32
08 T A S MG (s T A ®)
and
w3C2(s,t) + (1 — a3) A2%(s, t) < M?(s,t) < B3C2(s,t) + (1 — B3) A%(s, t) (4)

hold for all positive real numbers s and t with s # f.

2. Lemmas

To attain our main purposes, we need the following lemmas.

Lemma 1 ([15] (Theorem 1.25)). For —oco < s < t < oo, let f,g : [s,t] — R be continuous on
[s, t], differentiable on (s, t), and §'(v) # 0 on (s,t). If
decreasing, respectively) on (s, t), so are the functions

£(0) — £(s) f(o) — £
0 -5 "™ S st

Jg( :EZ; is (strictly) increasing (or (strictly)

Lemma 2 ([16] (Lemma 1.1)). Suppose that the power series f(v) = Y72 upv’ and g(v) =
Yo ZU(UZ have the convergent radius v > 0 and wy > 0 forall ¢ € N = {0,1,2,...}. Let

h(v) = é%. Then the following statements are true.

1. If the sequence {Z)—i }72 s (strictly) increasing (or decreasing, respectively), then h(v) is also
(strictly) increasing (or decreasing, respectively) on (0,r).
2. If the sequence {%}Z":O is (strictly) increasing (or decreasing resepctively) for 0 < £ < £y

and (strictly) decreasing (or increasing resepctively) for £ > £y, then there exists xg € (0, 1)
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such that h(v) is (strictly) increasing (decreasing) on (0, xq) and (strictly) decreasing (or
increasing resepctively) on (xo,r).

Lemma 3. Let
_ 2vsinhv +coshv —1
3sinh?v

Then hy(v) is strictly decreasing on (0, 00) with lim,, g+ hy(v) = % and limy_, h1(v) = 0.

hy(v)

Proof. Let
fi(v) =2vsinhv+cosho —1 and fo(v) = 3sinh?0 = %[cosh(2v) —1].
Using the power series
. 0o 2041 o 20
sinhv = [go W and coshv = p;o @, (5)

we can express the functions f1(v) and f»(v) as

= 220 +2)1+ 20+ 1! 5y

fi(o) = ;0 20+ 1120 1 2)!

3 [} 22€+202f+2

and fo(v) == ) i

2 =0

Hence, we have
220:0 u 402”2

h === 6
1() Y5 w2 (6)
_2(2042)14-(20+1)! g2+l
Where u[ — W and ZU[ = m
Letc, = ;‘]—i Then
220 +2)+ (20 4+ 1)! 4 4)(2¢0 4 2)! 2 !
¢ = (20+2)!1 4 (204+1) and Crq— = — (30+4)(20+2)! +3(20 +3) <0,

3(20 + 1)1220+1 3(20 4 3)1220+3

As a result, by Lemma 2, it follows that the function /;(v) is strictly decreasing on
(0,00). From (6), it is easy to see that lim,_,y+ /11 (v) = ;U‘—% =2.

Using the L'Hospital rule leads to limy—e h11(v) = 0 immediately. The proof of
Lemma 3 is complete. [

Lemma 4. Let
(sinh2 v —v?) cosh*v

(cosh2 v+1) sinh*v

hy(v) =

Then hy(v) is strictly increasing on v € (0,00) and has the limit lim, o+ hy(v) = & and
limy_ye0 B (v) = 1.

Proof. Let
f3(0v) = (sinh?v — v?) cosh*v and f4(v) = (cosh? v + 1) sinh* v.
Since
f4(v) = 2(sinh v + 3sinh® v — v cosh v — 20% sinh v) cosh® v
and

fi(v) = 2(3cosh? v + 1) sinh® v cosh v,
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we obtain
fé(v) B (sinh v+ 3sinh® v — v coshv — 202 sinh v) cosh? v
fi(o) (3 cosh® v + 1) sinh® v
_ cosh’v  sinhv + 3sinh® v — vcoshv — 202 sinh v
3cosh?v +1 sinh® v
1 sinhv — vcoshv — 202 sinh v
=——F(3+ —
+ P sinh’ v
1
= B+,
cosh? v
where

sinhv — v cosh v — 202 s1r1hv
g(v) - 3
sinh” v

By using the identity that sinh(3v) = 3sinhv + 4 sinh® v, we arrive at

sinh v — v coshv — 20 sinh v a 21(v)
=4 4
8(v) = sinh(3v) — 3sinhv 22(v)’

where g1 (v) = sinh v — v coshv — 2v? sinh v and ¢»(v) = sinh(3v) — 3sinh v.

Straightforward computation gives

¢1(v) = —(5vsinh v + 20? cosh v), ¢5(v) = 3[cosh(3v) — coshv],

¢! (v) = — (5sinhv +9vcoshv + 2v?sinhv), g5 (v) = 3[3sinh(3v) — sinh ],

and

81(0%) = g2(07) = ¢1(0%) = g5(0™) = ¢7(0%) = g5 (07) = 0.

Consequently, we obtain

g1 (v) 5sinhv + 9vcoshv +20?sinhv ,  1g5(0)

) 3[3sinh(3v) — sinh v] A

Using the power series of sinh v and cosh v, we deduce

0 2£+1 0 2€+1 0 Uz£+3

gs( _52 20+1)! +9EEO 0(2£+1)!

_ 5 9 2 2041
= Mo+ Z[ FESREHI (25—1)!}”

e 4£+7(2£)'+9(ze+1)! /
2[ T T e

[<9) (3,0)25-"-1 =) vZ(-‘rl B [eS) |:32(+2_1
(=0

g1(v) = 3;0 Q+1)! A i+1) (20 +1)!

and

} 241

Therefore, we find
g3(v) TP u*

84(0) L w2t
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where
14, L=0; 8 >0, ¢=0;
Up = ! ! and w, = ¢ 32042 _
¢ (4£+7)(2£).+9(2€+1)., r>1 ¢ 3 1, 051,
(20)1(2¢ +1)! (20+1)!

Let ¢, = ZTZ Then

{=0;

7
Z’

= (404+7)(20!+9(20 +1)! Vo1

(2 -1)20)t " T

When ¢ = 0, we have ¢ — ¢y = —% < 0. When ¢ > 1, it follows that

(A1) (20+2)1 4920 +3)! (A+7)(20)!1+9(20 4+ 1)!
= (3204 —1) (2 4 2)! (32042 — 1) (20)!
1
1) ) a2
+9(20+3)1] (3% F2 —1) — [(40+7)(20)!1 +9(2¢ + 1)1 (20 +2) (3T — 1)}
1
) ) a2
+9(20 +3)1)3242 — [(40 4 7)(20)! +9(20 + 1)1] (20 4 2)3%+4
+ (204 2)[(40+7)(20)! +9(20 4+ 1)1] — [(4€ +11)(2¢ +2)! +9(2¢ + 3)!]}
1
T (@) (3 1) (20 +2)! e
+9(16¢ +15)(2¢ +1)!]3272 4920 + 1)1 + 4(20 +2)!}
<0.

40+ 11) (20 +2)!

40 +11)(20 + 2)!

80 +13)(2( +2)!

By Lemma 2, it follows that the function gi EZ; is strictly decreasing on (0,0), so
the function giﬁgz; is strictly increasing on (0, 0). Applying Lemma 1, it follows that the
2

function g(v) is strictly increasing on (0, o). By the L'Hospital rule, we have

lim g(v) = —g and lim g(v) =0.

v—0+ v—00

It is common knowledge that the function cosh v is strictly increasing on (0, o). Hence,
the function o L is strictly increasing on (0, c0). Therefore, the function h () is strictly

cosh?v
increasing on (0, o0) with the limits

lim hy (v) = é and lim hy(v) = 1.

v—0 V—00

The proof of Lemma 3 is complete. [

Lemma 5. Let
20 cosh? v

sinh v

h3(v)

Then h3(v) is strictly increasing on (0, 00) and has the limit lim,_,o+ h3(v) = 2.
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Proof. Let ki(v) = 2vcosh?v = vcosh(20) 4 v and k(v) = sinho. By Equation (5), we

have
o 2l - 4k 0 2041
Hence, ,
2 0 2041
ha(0) = 20 B %
22020 w[v2€+l
where
2, {=0; 1
up =4 92t and wy=-———.
> 20+ 1)!
a0 0>1 ( )
Letc, = ZJ—‘[ Then
2, {=0; 10, {=0;
cp = 122¢ and ¢y 1 —cp= 1220+1
¢ (20+1)12 1 +1— €t (30+5)(2¢+1)12 S0, £>1.
(2¢0)! - (2¢ +2)! -

Thus, by Lemma 2, it follows that the function h3(v) is strictly increasing on (0, c0).

From (7), it is easy to see that lim,,_,q+ h3(v) = ;U‘—([’) = 2. The proof of Lemma 5 is complete. [J

3. Bounds for Neuman-Sandor Mean
Now we are in a position to state and prove our main results.

Theorem 1. Fors,t > 0 with s # t, the double inequality (2) holds if and only if
a; >2[1—In(1++v2)] =0.237253... and p; < %.

Proof. Without loss of generality, we assume thats > ¢ > 0. Let g = z—jri Then g € (0,1) and

1 1 arsinhg 1
M(st)  Ast) q

T _ 1~ 1 _q°
C(st)  A(st) 1+¢?

Let g = sinh¢. Then ¢ € (0,In(1++/2)) and

M(ls,t) - A(i*,t) sin4l)1¢ -1 _ (sinh¢p — @) cosh? ¢ 5 p(g) = k1(¢>).

1 1 1 - c 1.3
s,t) - Alst) cosh2¢ -1 sinh (P

Let
ki(¢) = (sinh¢ — ) cosh®¢ and ky(¢) = sinh® .

Then elaborated computations lead to k1 (07) =k, (0") = 0 and

Ki(¢)  2(sinh¢ — ¢)sinh¢ + (cosh¢ —1)cosh¢p 1— 2¢sinh ¢ + cosh¢ — 1
K(p) 3sinh? ¢ - 3sinh’ ¢ '

Combining this with Lemmas 1 and 3 reveals that the function F(¢) is strictly increas-
ing on (0,In(1 + v/2)). Moreover, it is easy to compute the limits

lim F(gb):1 and lim  F(¢) =2—-2In(1+Vv2).

$—0+ 6 p—In(1+v2)~
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The proof of Theorem 1 is thus complete. [

Corollary 1. Forall ¢ € (0,In(1+ v/2)), the double inequality

o) <mwp < (0 )
1- 1- < — <l—-wag|1- 8
ﬁl( coshch) sinh ¢ ! cosh? ¢ ®)
holds if and only if
rxlgé and B1 >2[1—In(1++v2)] =0.237253....

Theorem 2. Fors,t > 0 with s # t, the double inequality (3) holds if and only if

[1—In*(14v2)] =0.297574... and B, < !

0(22 76'

W W~

Proof. Without loss of generality, we assume thats > t > 0. Letg = i—jri Then g € (0,1) and

1 o 1 arsinh? q 1
M2(st)  AZ(st) q2

1T _ 1 1 _q°
C2(s,t) A2(s,t) (1+4%)2

Let g = sinh¢. Then ¢ € (0,In(1++/2)) and

1 1 ¥
W)~ A6 slp L (sinh®¢ — ¢*) cosht ¢ , -
1 1 - 1 - 2 ; 1 = .
Cx(st)  AZ(st) coshfg 1 (cosh” ¢ + 1) sinh™ ¢

By Lemma 4, it is easy to show that H(¢) is strictly increasing on (0,In(1+ v/2)).
Moreover, the limits

Q| W~

lim H(q‘)):% and lim H(¢) = [1—1n2(1+\f2)]

¢—07F p—In(1+v2)~

can be computed readily. The double inequality (3) is thus proved. [

Corollary 2. Forall ¢ € (0,In(1+ v/2)), the double inequality

1—52<1— ! )<( ¢ )2<1—a2<1— ! ) ©)
cosh* ¢ sinh ¢ cosh* ¢

holds if and only if

and By > %[1 —In*(1+Vv2)] =0.297574.... .

=

ay <
Theorem 3. Fors,t > 0 with s # t, the double inequality (4) holds if and only if

1-In*(1++v2) 1

ag < = 0.095767... and >
P B (1+V2) Pa=g

Proof. Without loss of generality, we assume thats >t > 0. Let g = z—jri Theng € (0,1) and

P
M2(S, t) — Az(S, t) . arsinth 1
C2(s,t) — A2(s,t)  (1+4¢2)2-1"
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Let g = sinh¢. Then ¢ € (0,In(1++/2)) and
inh2
Mt - A Tl L k)
C2(s,t) — A%(s,t)  cosh*¢p —1 ka(¢)’
where )
sinh
ki(p) = po ¢ _ 1 and ky(¢) = cosh*¢ —1.
Then k1 (07) = kp(0") = 0 and
Ki(¢)  ¢cosh¢ —sinh¢
ks () 23 cosh®¢p
Denote
k3(¢) = pcosh¢p —sinhg and k() = 2¢° cosh® ¢,
it is easy to obtain k3(0") = k4 (07) = 0 and
K 2
4(¢) = 6 cosh” ¢ + 64)2 cosh? ¢. (10)

k3(¢) sinh ¢

Since the function o2 cosh? v is strictly increasing on (0, %), by Lemma 5, we see that

k() . .. :
ki(z) is strictly decreasing on (0,In(1+ v/2)).

Consequently, from Lemma 1, it follows that G(¢) is strictly decreasing on (0,In(1 + V2 )

the ratio in (10) is strictly increasing and

The limits
1—In%(1+ 2
lim G(¢) = E and lim G(¢p) = I; (1+v2)
¢p—0* 6 p—In(1+v2)~ 3In*(1+v2)

can be computed easily. The proof of Theorem 3 is thus complete. [

Corollary 3. Forall ¢ € (0,In(1+ v/2)), the double inequality

: 2
1+as(cosh*p — 1) < <51r$4)> <1+ B3(cosh* ¢ — 1) (11)
holds if and only if

1-In*(1++2) 1

= 0.095767... and B3> .
3In%(1+v/2) Pazg

a3 =

4. A Double Inequality

From Lemma 5, we can deduce

sinh v

inho _ tanh?
< cosh’v and S o > anh X (12)

02

for v € (0, c0). The inequality

sinho°
( 5 ) > coshv (13)
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for v € (0, c0) can be found and has been applied in [17] (p. 65), [18] (p. 300), [19] (pp. 279,
3.6.9), and [20] (p. 260). In [21], (Lemma 3), Zhu recovered the fact stated in [19] (pp. 279,
3.6.9) that the exponent 3 in the inequality (13) is the least possible, that is, the inequality

(sn‘; v) > coshv

for x > 0 holds if and only if p < 3.
Inspired by (12) and (14), we find out the following double inequality.
Theorem 4. The inequality

sinh v
cosh* v < < cosh? v

or v # 0 holds if and only if & < X and B > 1.
Y 3

Proof. Let
Insinho —Inv , f1(v)

h(v) = Incoshv fo(v)

Direct calculation yields

fi(v) vcosh’v —sinhvcoshv  vcosh(20) + v —sinh(20) o f3(0)

fr(@) vsinh? v B vcosh(20) — v fa(v)

Using the power series of sinh v and cosh v, we obtain

0 27) 20+1 o 22f 22£+1

2041
= — [y
2 ; 20+ 1) Z) 20+ 1)
i (2¢ 2—;1?}2”2 2043 A iWUng
=0 =0
and
>, (20)* 22 2 22 A a3
JAOEE) sE L MR e e i)
= o = (20)! = (20+2)! =
h
where o (2€+1)22€+2 N 220+2
£ T 20+ 3)! T r+2)r

When setting ¢, = 7, we obtain

LAkl 2
T 2y3 T T 2+3

) .

(14)

(15)

is increasing on ¢ € N. Therefore, by Lemma 2, the ratio 7,(0) Is increasing on (0, 00). Using

Lemma 1, we obtain that

is increasing on (0, o).

Moreover, the limits lim,,_,o+ h; = % and limy,_ i1 = 1 are obvious. The proof of

Lemma 4 is thus complete. [
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5. A Remark

Forv,r € R, we have

sinho" |2 (—p) & (K T2m +7,7) | (20)2"
14 () Tt SN
< v ) mgl k; k! j:1( ) j (ijﬂ) (2m)!
where the rising factorial () is defined by
=l rir+1)---(r+k—1), k>1
_ + g — 7 -
=TI +0 {1, o
and T(2m + j, j) is called central factorial numbers of the second kind and can be com-
puted by
4 n
O\ (L
100 =5 L) (57)
4 = i) \2
forn > /¢ > 0.

The series expansion (16) was recently derived in [22] (Corollary 4.1).
Can one find bounds of the function ($1h2)" for v,7 € R\ {0}?

6. Conclusions

In this paper, we found out the largest values a1, ay, @3 and the smallest values 1, 82,
B3 such that the double inequalities (2), (3), and (4) hold for all positive real numbers, t > 0
with s # t. Moreover, we presented some new sharp inequalities (8), (9), (11), and (15)
involving the hyperbolic sine function sinh ¢ and the hyperbolic cosine function cosh ¢.
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