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Abstract: In this paper, we generalize the study of finite sequences of orthogonal polynomials from
one to two variables. In doing so, twenty three new classes of bivariate finite orthogonal polynomials
are presented, obtained from the product of a finite and an infinite family of univariate orthogonal
polynomials. For these new classes of bivariate finite orthogonal polynomials, we present a bivariate
weight function, the domain of orthogonality, the orthogonality relation, the recurrence relations,
the second-order partial differential equations, the generating functions, as well as the parameter
derivatives. The limit relations among these families are also presented in Labelle’s flavor.
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1. Introduction

Let us consider a second-order linear differential equation of the form:
(axz +bx + c)yg + (dx+e)y, =n(d+ (n—1)a)yy,, (1)

where a, b, ¢, d, and e are all real parameters and 7 is a nonnegative integer. The problem
of finding all linear second-order differential equations of the Sturm-Liouville type with
polynomial coefficients having orthogonal polynomial solutions goes back to Bochner [1]
in 1929. Under some assumptions about the parameters 4, b, ¢, d, and e, for each #, the
differential equation can have orthogonal polynomial solutions [2,3]. If we also impose that
the weight function for the orthogonality is positive, then we obtain the three very classical
orthogonal polynomial sequences of Jacobi, orthogonal with respect to the beta weight
function, Laguerre, orthogonal with respect to the gamma weight function, and Hermite,
orthogonal with respect to the normal weight function. These three families are infinite
sequences in the sense that, for each nonnegative integer #, there exists one element of
the family that is a polynomial of degree n. Recently, Masjed-Jamei [4] studied three
other finite classes of hypergeometric orthogonal polynomials, which are special solutions
to (1). These three families, denoted by M,S)W)(x), Ny(l)‘)(x), and I,SA) (x), are finitely or-
thogonal with respect to the F sampling distribution, inverse Gamma distribution, and T
sampling distribution.

Very classical families of univariate orthogonal polynomials have been enlarged to
classical univariate orthogonal polynomials [2,3]. Following [5] (p. 189), we recall the
following definition of univariate classical orthogonal polynomials [6]: “An orthogonal
polynomial sequence is classical if it is a special case or limiting case of the 4¢3 polynomials
given by the g-Racah or the Askey-Wilson polynomials”. We refer to [2] for the required
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notations, as well as the definitions of g-Racah and Askey—Wilson polynomials. The limit
transitions among all univariate families known as the “Askey scheme”—or Tableau
d’Askey—was nicely designed by J. Labelle [7], and it appears, e.g., in [2].

In [8], Giildogan et al. introduced some new finite classes of two-variable orthogonal
polynomials derived from two finite orthogonal polynomials in one variable by means
of Koornwinder’s method [9], giving some properties of these families. In [10], Fourier
transforms of the finite sets defined in [8] were studied, and some new orthogonal functions
were obtained via Parseval’s identity, presenting some limit relationships between finite
and infinite sequences of orthogonal polynomials in two variables.

In this paper, we constructed some new classes of two-variable finite orthogonal
polynomials obtained from the product of a finite and an infinite family of univariate
orthogonal polynomials. Furthermore, some transitions are given, and some new families
are defined by taking the limit of the bivariate orthogonal polynomials. For the 23 new
families introduced, recurrence relations, generating functions, and second-order partial
differential equations are presented. Since we obtained a large number of finite families
of bivariate orthogonal polynomials, we shall just give the details of the proofs for the
first family in Section 3.1. The other results can be obtained mutatis mutandis, and they
deserve also to be presented in Sections 3.2-3.23. The results were checked with the help of
Mathematica [11].

The main aims of this study were to increase and extend the number of families
of finite orthogonal polynomials and to provide tools that can serve as inspiration for
future studies.

The work is organized as follows. In Section 2, we recall the basic properties of
univariate orthogonal polynomials, both infinite and finite situations. In Section 3, we
introduce 23 new families of finite bivariate orthogonal polynomials. For each family,
we present the polynomials as the product of a finite and an infinite family of univariate
orthogonal polynomials described in Section 2. The orthogonality weight function, as well
as the domain and orthogonality relation are explicitly given. Next, recurrence relations,
second-order partial differential equations, and generating functions are derived. Further-
more, parameter derivatives are also investigated. Finally, the limit relations in Labelle’s
flavor [7] are given. As already mentioned, the sketch of the proofs will just be given for
the first family.

2. Infinite and Finite Univariate Families of Orthogonal Polynomials
Let us recall the general properties of the infinite sequences of the Jacobi, Laguerre,

and Hermite polynomials and the sets of finite orthogonal polynomials M,(IA’AY) (x), N,(,/\) (x),
and I,SA) (x).

2.1. The Jacobi Polynomials
The Jacobi polynomial P,(I/W) (x) is defined by the explicit series [2] (p. 216):

(A7) v In+A+DI(n+y+1)
P =2
() k;r(kﬂ)r(n—k+1)r(n+)\—k+1)r(7+k+1)

X+ -0 @
where I'(z) denotes the Gamma function. These polynomials are orthogonal on the in-

terval [—1,1] with respect to the (beta) weight function w(x) = (1 — x)*(1 4 x)”. Jacobi
polynomials satisfy the orthogonality relation:

1
A+y+1
Y ¥ pAT) (2 pA) _2 FA+n+DI(y+n+1)0un
/1(1 X)) P ) P (x)dx = e e T Aty 1)
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n+At+y+1

2

where min{#(A), R(y)} > —1, m,n € Ny := NU{0}, and J;, », is the Kronecker delta [12].
The set of polynomials has the generating functions (see, e.g., [13] (p. 82, Equations (1) and (3)),
as well as [14] for the use of generating functions in discrete mathematics):

=] 2A+’y
Y P () = . -, ®)
n=0 R(1—t+R)*(1+t+R)
where R = (1 —2xt + tz)l/2 and
) A+1 y+1
Zpyg/\—ﬁ"ﬁ—en) (x)tn _ (1 + g) _(1 ";77)_ , (4)
=0 1+pC+0n—(1—-p—0)n

where

=+ DHA+E)"PA+) Y, p=Sx -0+ P+

N —
N —

Jacobi polynomials P,E/W) (x) satisfy the following four recurrence relations [15,16]:

2n(n+A+9)2n+ A+ — z)pyw) (x)
= ((2” FA+y—2) x4+ 2n+A+y— 1)(A2 - %))p“f}”(x)

n—

2+ A-D(n+y-1)2n+A+7)PM(x), 6)

@n+ A+ + )P () = (n+ A+ + )P () + (n+ NPT (x),  (6)

(x = DPMTT Y () = 2( P () - P (), )

n—1

(= 1) P () = @y + 4 nx) PO (x) = 20y + )PV (1), 8)

where (1), stands for the Pochhammer symbol defined by (), = u(p+1)--- (u+n—1)
forn=1,2,... and (), = 1.

Furthermore, we have the following limit relations between the Jacobi and Laguerre
polynomials introduced in the next section (see, e.g., [2] (Equation (9.8.16)) or [16,17]):

A (22X gy ()
tim P (2 1) = (12 o)

and 2
1m1#“(y—x)_Lw . 9
i p (x) ©)

Furthermore, for A,y > —1, we can compute the parameter derivatives of Jacobi
polynomials with respect to A or 7, giving rise to (see [18] (p. 9, Equation (4.7)) or [19])

Py (x) 1 P

oA Entk+A+y+1" ()

(r+1D, N CkEA+ DA+ 0
M+7+Dnhﬂn—bw+k+A+7+UW+Dkk

(%)
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and

P (x) 1 (A7)

dy  Entk+Ato+1” ()

A+1), "ZL(=D"FUhk+A+y+ DA +7+1)
A+7r+1), = (m=ky(n+k+A+y+1)(A+1),

EpiM(x). (10)

2.2. The Generalized Laguerre Polynomials
(A)

The generalized Laguerre polynomials L, ' (x) can be introduced by the series repre-
sentation [2] (p. 241):

Wy = S g TaEA+D)
L, (x)—kg(—l) T(n—k+1)T(A+k+1) k! (an

and the corresponding orthogonality relation with respect to the gamma weight function is
explicitly given as [12]

/x/\e*xL,({\) (x)L,(,;\) (x)dx =
0

T(A+n+1)
T(smm,

where R(A) > —1, m,n € Ny. These polynomials have the generating functions (see,
e.g., [12] (p. 202, Equation (4)), [13] (p. 84, Equation (16)) or [20]):

1 —tx
(-t (7). -

YL (e =
n=0

and
=)y (L) e fo= 114 0)P
”ZZOL” ()¢ = 1—Bo "1 v(0)=0. (13)

Furthermore, for A > —1, we have the following derivative with respect to the unique
parameter A (see [19] or [21] (p. 80)):

oLy (x) _ ”2*1 1
oA yn—k

A
LM (x).
2.3. The Hermite Polynomials
The Hermite polynomials H, (x) defined by [12] (p. 187, Equation (2)):

[n/2] k n—2k
_ (=1)"n!(2x)
Hulx) = Ki(n—26)0

(14)
k=0

have the orthogonality relation in the form [13] (p. 73, Equation (13)):

[e9)

/e*szn(x)Hm(x)dx = 2"n!\/ 76 -

—00

The set of the polynomials is generated by [2] (Equation (9.15.10))

- t 2xt—t2
Y Hn(x)ﬁ =e : (15)
n=0 '



Axioms 2023, 12,932 5 of 35

2.4. First Class of Finite Classical Orthogonal Polynomials M,&A’w (x)

The polynomials MM (x), which are defined by the Rodrigues formula:

L1+ x))H"Y dn (x”+7(1 + x)"f)‘ﬂ)

M (@) = (1) =

, n=0,1,..., (16)
are polynomial solutions of the equation:
x(x4+ Dy, (x)+ (2=A)x+v+ 1)y, (x) —n(n+1—A)y,(x) =0.

N
The finite set { M,(f‘m(x)} 0 is orthogonal with respect to the weight function
e

Wi (x, A, ) = x7(1+x) ") on [0,00) if and only if A > 2N + 1,y > —1. That s,

/ x7 M(A'W)(X)M,(,:\"Y)(x)dx _ F(n+1)I(A—n)T(y+n+1)

L (A=2n-DI(A+7—n) "

formn =10,1,2,..., N < ¥, v > —1, N = max{m,n}. The polynomials Mﬁl)\’ry)(x)

satisfy the following recurrence relations:
A,
(A —n—1)(A —2m)MND (x) = [(A — 21 — 2)3x
+(A=2n—-1)2n(n+1) — Ay +2n+ 1))]M,(1A'7)(x)
(A =2n = 2) Ay =)y +m)M (),

n—1

MY (x) = (A= 2)x = (7 + DM T () = n(d = = 3)x(x + ML (),

n+1
as well as p
(MM (@) =0 —n = )M ().
forn=1,2,....

Furthermore, the set of the polynomials has a generating function of the form:

Aty
p 2-A <1 —t+4/(1 +t)2+4xt)
7' pu—

n.

(o] A
Y- M (x) .
n=0 (1+t)% + 4xt (1 b4/ (1+1) +4xt>

Formally, the polynomials M,({\’W) (x) are related to the Jacobi polynomials defined

in Equation (2) by

n
M (x) = (=1)"nP T (2x 4 1) & P (x) = (‘nl,) M,SAW("; 1). (17)

Furthermore [22],

: A (XY (i ()
lim Mj (A)_( 1)L (x).

2.5. Second Class of Finite Classical Orthogonal Polynomials N,(l)‘) (x)

The polynomials N (x) are also defined through a Rodrigues formula:

an (x—A+2ne—1/x>

dx"

N (x) = (=1)"xtel/* , n=0,1,... (18)
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and they satisfy the second-order differential equation:

2y (x) + (2= M)+ Dy (x) = n(n+1 = A)ya(x) = 0.

N
The finite set {N,W(x)} o is orthogonal with respect to the weight function

n=

Wa(x,A) = x~*¢~1/% on [0, 0) if and only if A > 2N + 1, and

[e9)

/x_Ae_l/xN,(z)‘)(x)N,(nA) (x)dx =
0

[(n+ )T —n)
(A—=2n-1) ™

is satisfied for m,n = 0,1,2,...,N < 251, N = max{m,n}. The polynomials N,SA)(x)

satisfy the following recurrence relations:

(A =2n—2)3x — A(A =21 —1))NV (x) — n(A — 20 —2)NY, (x)
= (A—n—-1)(A —2m)NY, (v),

(Ax = DN () = (A — = DN () = NI (), (19)
and P
—(NV@) =na—n-DNEP () (20)
forn =1,2,.... Moreover, the set of the polynomials is generated by:
,i N2 (x),% = (1—tx) " exp ( - _ttx> .
The relationship:

n
NM(x) = nianp 2 (i) & LM (x) = NG (i) (21)

between the polynomials N (x) and the Laguerre polynomials Ly (x) holds true.

2.6. Third Class of Finite Classical Orthogonal Polynomials I,(IA) (x)

The polynomials I,SA) (x) are defined as follows:

A—1/2 d" ((1 + x2)n7()\71/2))

dx"

I(A)(x)—m(ljuxz) , n=01,.... (22

T 2A—2n—1)

n

These polynomials are solutions to the equation:
(1 + xz)y;{(x) + (3 —=2MA)xy, (x) —n(n+2—2A)yu(x) =0,

and are orthogonal with respect to the weight function Ws(x,A) = (1 + x?) ~2) 0 the

interval (—oo, c0) if and only if A > N + 1. The orthogonality relation corresponding to
these polynomials is given by
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7 (1+2) I 1D ()

B 220=1 /7l (n + 1)T2(A)T(2A — 2n) 5
T A-n—-1DTA-n)T(A—n+1/2)TRA—n—1) """

form,n=0,12,..., N<A—1, N =max{m,n}.
For n > 1, the following recurrence relations hold:
(x) = 2(A —n — DxIM (x) = n(2A — n — 1)1V, (),
anA(A—1) (1 + x2) 127 (x) = 2020 — 1)xlY (x) = (n+1—20) 1N (x)
as well as P
a (1) — _ 137?10
(V@) =202 -V ).
Furthermore, the set of polynomials has a generating function of the form:
XA m A-1
Zl,g)(x)ﬁz (1+2tx—t2) ,
n=0 ’
and the relation:

g1 ~(1=A) /. 1 a- .
I,(Z/\)(x) =nli C,(l1 /\)(zx) & C,(f)(x) = i Iy(l1 /\)(—zx) (23)

holds true between the polynomials I,SA) (x) and the ultraspherical polynomials C,(f) (x)
defined in terms of Jacobi polynomials by [2] (p. 222):

(2A)
(A4 3

A—ba-)

M (x) = P, (x).

Furthermore, we have the relation [13] (p. 125, Equation (6)):

M (x) = (2" (Va2 —1) A <\/x:71> (24)
(M)

between the ultraspherical polynomials C,;"’ (x) and the Jacobi polynomials. In [22], the fol-

lowing limit relation:
. _n (A X
fi (17417 (75)) = i)

Now, we recall Koornwinder’s method to derive orthogonal polynomials in two
variables from two orthogonal polynomials in one variable [9,23].

is given.

Theorem 1 ([9]). Assume that v(x) and w(y) are positive weight functions on the interval
(c1,d1) and (cp,dp), respectively. Let T(x) be a positive function on (cq,dq) and satisfy one of the
following assumptions:

Case 1: T(x) is a polynomial of degree < 1.

Case 2: T2(x) is a polynomial of degree < 2; (cp,dy) is a symmetric interval; w(y) is an
even function.

For each integer s > 0, let xy,(x;s), (m = 0,1,...) denote a sequence of orthogonal polyno-
mials in one variable with respect to the weight function T+ (x)v(x). Let nm(y) be a sequence

of orthogonal polynomials with respect to w(y). Then, polynomials ¢y, ;. in two variables can be
defined by
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Pm,s(X,Y) = Kim—s(x;8)T°(x)77s (Tgx)), 0<s<m.

These polynomials are orthogonal with respect to the weight function:

p(x,y) = v(x)w(y/t(x)),
over the domain Q) = {(x,y) : c1 < x < dq, ca7(x) <y < dy7t(x)}.

In the present paper, we define 23 sets of finite orthogonal polynomials in two variables

in terms of the finite univariate orthogonal polynomials MM (x), N (x), M (x) and
very classical orthogonal polynomials P,S)W) (x), L,(f) (x) and Hy, (x) by using Koornwinder’s
method. We present a number of properties for each family such as the orthogonality
relation, the recurrence relations, the partial differential equation, the generating function,

as well as the parameter derivatives of these polynomials.
3. The Finite Sets of the Bivariate Orthogonal Polynomials Obtained by the Product of
a Finite and an Infinite Univariate Orthogonal Polynomials

By means of the polynomials given by (2), (11), (14), (16), (18), and (22), we define the
following 23 sets of bivariate finite orthogonal polynomials in the next subsections.

3.1. The Set of Polynomials 1E,(1);€’7) (x,y)
Definition 1. Let us define

EX (2, y) = PO () (1 - x)F NV (1 J x>, k=01,...,n. (25

(A7) N . . .
The set { 1E, (7 (xy) }k o 18 orthogonal with respect to the weight function:

M=

over the domain () = {(x,y): -1 <x<1,0<y <o} forA >2N+1and y > —1.
Indeed, the following relation holds:

1 o
[ =+ xmy P exp(—(1 = x)/y) 1 ESY (o) 1B (x,y)ddy
—-10

__ PEMTRN (kA 2T (n—k+ 9+ DIA k) o
T A—E- ) (Rt Aty Tk A+ +2)

A—1
forn,r,=0,1,...,N < T,’y > —1, N = max{n, r}.

Theorem 2. The polynomials 1E1(1Ak’7) (x,y) satisfy the recurrence relations:
@n+A+7+2) 1B (y) = (n+k+ A+ +2)1E (2 y)
(Ar+1)

+(”+k+/\+l)1En—1,k (x,y) , n>1, (26)

(n+k+A+7+2)(1+x) EN7TV (xy)

= (2n+A+7+2)(1+2)+29) 1 EN (xy) =200 —k+9)1EL Dy) @)
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and the three-term recurrence relation of the form:
An,kEn+1,k(x/ ]/) = (Bn,kx + Cn,k)En,k(x/ ]/) - Dn,kEn—l,k(x/y) , n=1 (28)

x,y) and the coefficients are

_ A
where E, 1 (x,y) = 1E;(1,k7)(

App=2n—k+1)(n+k+A+7+2)2n+A+y+1),
By = (2n+A+v+1),,
Cop=2n4+A+9+2)(A+2k+1—9)(A+2k+1+7),
Dyy=2n+k+A+1)(n—k+9)2n+A+7y+3).

Proof. To obtain (26)—(28), we substitute n - n —k, A - A +2k+1, v — < and, then,
Y x> in (6) and in the equality of (7) and (8) in (5),

multiply the equality by (1 — x)k NIE/\) (1 J

respectively. [

Theorem 3. The polynomials (25) satisfy the partial differential equation:

Y*Eyy — (A —2)y — (1 —x))Ey + k(A —k—1)E=0. (29)
Proof. Let us consider n — k—1, A = A —2, and x = 1 in (19) and multiply the
equation by Py(lA_JlgzkH’ﬂ (x)(1— x)k. Let us use the first partial derivative with respect to
the y variable:
d

B (x,) = KL~ k= )P -0 N (1)

!
and the second partial derivative with respect to the y variable:

82
2!

B (5,0) = (k= D0 — k= 2,25 ()1 - 020 (1),

The partial differential Equation (29) is obtained by using (20). [

Theorem 4. The set of polynomials 1E1(1E(2kk’7) (x,y) is generated by
oo AT+ (1 4 v) ex (_M>
(A—2k7) gtk p y
Z 1B ik (x,y) K

w0 (1+40)R(1—t+ R (1414 R)"
where R = V1 —2xt+t2andv =ty/(1+ 0)° with v(0) = 0.
Proof. The result follows from Relations (3), (13), and (21). O

Theorem 5. The polynomials (25) have the following parameter derivative:

d () ! 1 (A7) e

gy 1Eni " (RrY) = ,g ey pny e S0 A l;) I+1)
y Cr-—D+A+7r)(n+k+A—-1+1), A (x,v)
@n—T+A+y+ 1) (n+k+A+y—I+1),,  nitkdr

formn>k+1,k>0,and aa,y 1E£li\;lv)(xly) =0.
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Proof. From (10), we have

d d
B ) = o (B ) - (L)

1—x

—k— ( )
:n k—1 7(x y) y —x)kN(/\)< y > ()L+2k+2)n_k
= n+k—|—/\—|—’y—|—l+2 F\1-x)(A+74+2k+2),
xnil( 1)z+1(2( n=0+A+7)A+r+2k+2), 4 (A+2k+1'y)(x)
(I+1)2n—1+A+y+1)(A+2k+2), 41 Pucie

=0

ot 1E;(1,1£ )(x,y) ”—Z’f—l (D)™ Eem - +A+7)

= ntktAty+i+2 " & (+D)@n—1+A+7+1)

(o AAntkoll) (Adkndktl)  pom
Aty+ntk—I+1)- - (A+y+nt+k+1)’

n—k—1 1 n—k— l 1)l+1

- gAY
EO P wpy R (xy) + EO (I+1)

(2 (n—l)+)»+’y)(n+k+/\ l+1)l+1 E(A 7) (x )
T A+ Dkt AFy =+ 1), Lk

()

O

Lemma 1. Ifwe substitutex — 1 — =X andy — % and take the limit as v — oo in Definition (25),

from Relation (9), we obtain:

. N cam (7 2% 2y | _ . (A+2k+19) (4 2%\ kp(A) (Y
fylglc}o{(Z) 1E”rk (1 vy _'ylgro}o Puk 1 y ¥ N (x)

_ L(A+2k+1)( )kalg/\)(%> _ 2E£l)}()(x )

“r

which is a new bivariate orthogonal polynomial set expressed as the product of a finite set and an
infinite sequence of univariate orthogonal polynomials.

3.2. The Set of Polynomials ZE;S),;c) (x,y)
Definition 2. Let us define

zEr(zk)(x y) = Lyfkﬂ)( )ka;EA)(%), k=0,1,...,n (30)

N
The set { 51 k) (x,y) }n 0 is orthogonal with respect to the weight function:

k,n=
ws(x,y) = 2y e ()

over the domain ) = {(x,y) : 0 < x,y < oo} for A > 2N + 1. In fact, the corresponding
orthogonality relation is

T E® KT(n+k+ A +2)T(A—k)
O/O/W 73 2B (o) 2Er) (o yedy = =0y s

forn,r=0,1,...,N < %,N:max{n,r}.

Theorem 6. The polynomials defined in (30) satisfy the recurrence relation (28) for En,k(x, y) =

JENV (), Ayx = n+k+1,Byg=—1,Cop =20+ A+2,and Dy = n+k+A+1.
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Theorem 7. The polynomials ZE,(&) (x,y) satisfy the partial differential equations:

X*Exy +2xyExy + y*Eyy + x(A +2 — x)Ex + y(A +2 — x)Ey + (nx — k(A + k+1))E =0

and
Y*Eyy — (A —2)y — x)Ey + k(A —k —1)E = 0.

Theorem 8. The set of the polynomials (30) has the generating function:

> (A—2k) gtk (1+0)* < tx Ux)
E 7 - ex — -,
Z 2 n—+kk ( y) k! (1 + 40)(1 o t))\JrZ p 1—t¢ y

n,k=0
with the conditions v = ty(1+v)~3 and v(0) = 0.

3.3. The Set of Polynomials 3E1(1);(’7) (x,y)
Definition 3. Let us define

()\7+2k+1) kar(7) Y _
(xy) P, (x)(1+x)" N, (1—I—x>' k=0,1,...,n (31)

N
The set { 3E( ) (x,y) }: 0 is orthogonal with respect to the weight function:
n=

w3(x,y) = (1—x)* (1+x)*"y 7V exp(—(1+x)/y)

over the domain O3 = {(x,y): —1 <x < 1,0 <y < oo} for A > —1,7 > 2N + 1. Indeed,
the orthogonality relation corresponding to these polynomials is:

»—n\._\

/1—x (1+x)*"y~ 7exp<1;;x) 3E(A7)(x y) sEXY) (x, y)dxdy
0

_ PHMTRN(n -k A+ DI+ k+y +2)T(v—k) o
TRy — 2k 1) (2n 4 A+ g+ 2)T(n K+ Aty +2) ke

forn,r=0,1,...,N < WT_l,)\ > —1,and N = max{n, r}.

Theorem 9. The polynomials given by (31) satisfy the recurrence relations:

(1—2)@n+A+7+3)sES T (x,y)
=2(n—k+A+1)3E (v, y) —2(n — k+1) sEN 7, ().

and the relation (28) for A, = 2(n—k+1)(n+k+A+7y+2)2n+A+7y+1), B,y =
@n+A+7+1)5 Cop=(2n+A+7+2) (AZ - (fy+2k+1)2),1§n,k(x,y) = 5EN (xy),
and Dy =2(n —k+A)(n+k+y+1)2n+ A+ +3).

(A

Theorem 10. The polynomials 3E,’/ ) (x,y) satisfy the partial differential equation:

Y Ey — (v —2)y — (14 x))E, + k(y —k—1)E =0.

Theorem 11. The set of the polynomials (31) is generated by:
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- n+k A+l v —=(r+1)
§ LEOT R P 20 (Lt R exp(_v(1+x)>
k=0 / k! (1+40)R(1—t+R) y

where R = /1 —2xt + 2 and v = ty(1+v) ">, v(0) = 0.

Lemma 2. Ifwe substitute x — 27" —landy — 2% and take the limit as A — oo in Definition (31),
we obtain:

NS Do (2 2y | [k (2 ) (Y
3520[(2) 3Enk (f%) —JEE‘O[PM (A_l)xNk (x)]

_ (_1)n_kL£{\£—;2k+1) (x)kalE'Y) (%) _ (_1)1’1—]( ZESI’;{) (X,]/),

where 2E;(17k) (x,y) is defined in (30).

Theorem 12. The parameter derivative of the polynomials 3ET(ZAk"Y) (x,y) is given by:

0 A
3B (xy)

o (A y+2k+1)
- (1+x)kN(7)< y ) NPT (x) L (r+2k+2),
o \1+x = ntktAty+HI+2 (At +2k+2),

. "*ijl QU +1) + A+ 7 +2) (A + 9 + 2k +2), PN ()
= (m—k—-0Dn+k+A+y+1+2)(y+2k+2),
N 1 (A7)

B ,;0 7”l+k—|-/\—|—'y—|-l_|_23En,k (x,y)

+n—2k—1 Q=D +A+7)(n+k+y—1+1), EOD ()
= (+1)2n =14+ A+ 7+ D) (n+k+A+y—14+1), 3En—i1 kY
forn>k+1,k>0and % 3E,(1f‘,;7)(x,y) =0.
3.4. The Set of Polynomials 4E1(1{‘k’7) (x,y)
Definition 4. Let us define
A, A—2k— A,
S (xy) = NSV @M (D), k=01, n. (32)
A7) nN . . .
The set { 4E 0 (%) }k )18 orthogonal with respect to the weight function:
’ =

wy(x,y) = (x =) (2 + )" P exp(~1/x)

over the domain Oy = {(x,y) : 0 < x < 00, —x <y < x} for A > 2N +2, ¢ > —1. The or-
thogonality relation corresponding to these polynomials is given by:

o0 X

[ [a @me i — ) e )T 4ESY (o) 4B (5, y)dyd

0 —x
_ 2 (R —n k= DIk A+ DIk +y+1)
KA -2n—-2)(2k+A+y+)I(k+A+y+1) ks
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A—2
forn,r=0,1,...,N < T,’y > —1, N = max{n,r}.

Theorem 13. The polynomials 4E£lAk”) (x,y) satisfy the recurrence relation (28), where
Apg=A=2n-1)A—n—-k—=2),Byp=(A=2n—-3);,Cyp = 2n —A+2)(A =2k - 1),
Dy = (n—k)(A—2n—3),as well as E, 1 (x,y) = 4E51Ak’7) (x,y).

Theorem 14. The polynomials 4Er(l)‘k’7) (x,y) satisfy the second-order partial differential equation:

X2 Exx + 262y Exy + xy2Eyy — x((A — 3)x — 1)Ex
—y((A=3)x —1)Ey + (n(A —n—2)x —k)E = 0.

(A+2k,y)

wikk | (X,y), we have the generating function:

Theorem 15. For the polynomials 4E

k(o) le (1 M )

E()\+2k,'y) ) _
n,kZ:O e () 1+20 1—2¢ — 38y
where we denoted v = %, with v(0) = 0, { = t(y;—x)(l +7)(14&)°, as well as
tHy —x
=" e

Lemma 3. If we substitute y — x — 27y and take the limit as v — oo in Definition (32), then

lim {415,(3,;” (x,x - 2y>} = lim {N}ik%l)(x)xkp]g/\”) <1 _ zl/ﬂ

y—ro0 v y—r00 vx
A—2k—1 A A
= N;g—k )(x)kaIE )(%) = 5E,(1’k) (x,y).
3.5. The Set of Polynomials 5E,(1/\k) (x,v)
Definition 5. Lef us define
A A—2k— A
SED (ey) = NYF V@ (L), k=01, m. (33)

n,N
The set { 5E7(3k) (x,y) }k o is orthogonal with respect to the weight function:

ws(x,y) = x Pyt exp(—(1+y)/x)

over the domain Q5 = {(x,y) : 0 < x,y < oo} for A > 2N + 2. The orthogonality relation
reads as

A 3 1+
//x ZAy)\exp(_xy> SEyp (x,y) sEfs (x,y)dydx
00

_ (= RITA k- DT(k+A+D) o
B KI(A —2n—2) ks

forn,r=0,1,..., N < %, N = max{n,r}.

Theorem 16. For the polynomials 5E7(1/\k) (x,y) defined by (33), the recurrence relation (28) holds

true for E, i (x,y) = 5E;(1f\k) (x,y), with the coefficients:
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Apg=A=2n-1)(A—=n—k—-2), Byp=(A—2n-23),,
Cok=02n—A+2)(A=2k—=1), Dyjp=(n—k)(A—2n-3).

Theorem 17. The polynomials 5157(1 k) (x,y) satisfy the second-order partial differential equations:

P Eyy 4+ 2x*YExy + xy*Eyy — x((A — 3)x — 1)Ex — y((A — 3)x — 1)Ey
+(n(A—n—-2)x—k)E=0

and

Theorem 18. For the polynomials L:,EfZ J{zkk) (x,y), the generating function:
L tn+k 1+ 0)M (1 + w)M! exp(—%)
nkzzo sEuiir (V)3 (1+20)(1 — 2w)

holds where v = xt/(1+v), v(0) = 0, and w = ty(1 + w)?, w(0) =0.

3.6. The Set of Polynomials 6E£l);<’7) (x,y)
Definition 6. Let us define

oEy” (x,y) = MY 2D (x)kak(%), k=0,1,...,n. (34)

n,N
The set { 6E( 7)( X, Y) }k is orthogonal with respect to the weight function:

we(x,y) = x"(1+ x)_(/\+7) exp(—yZ/xz)

over the domain Qs = {(x,y):0<x<oo,—0<y<oo} forA > 2N+2, v > —2.
The corresponding orthogonality relation takes the form:

[celNee) 2
/ / X7 (14 x) ) exp(_zz) oEny” (x,) E (x, y)dxdy
0 —oco

_ 2K(n — k) k!/AT(A — n — —1)F(’y+n+k+2)5 5
(A=2n—2)T(A+7y—n+k) mrhiss

A—2
forn,r=0,1,..., N < T,'y> —2, N = max{n,r}.

Theorem 19. The polynomials 6E7(1Ak'v

relations:

)(x,y) defined in (34) satisfy the following recurrence

oEny” () = (A =2k =3)x — (74 2k +2)) 6By 11" ()
—(n—k=1(A—n—k=3)x(x+1)EV Py, n>2

Ay 2 A—d,y+4
GEV () = 29 6E P () — 20k~ 102 6BV (v ),
forn > 2,0 <k <n— 2, the differential relation:
o/ (Ay

a7 Eni (o) =P BTy, o<k
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as well as the relation (28) by substituting E,, (x,y) = 6Enr (A7) (x,y), and the coefficients are given
byAyy=A—-n—-k—=2)(A—=2n—-1),B, ;= (A — 2n = 3)3/Cn,k =(A=2n-2)(2(n—k),
—(A=2k—-1)(y+2n+2)),adD, = (n—k)(A=2n—=3)(A+y—n+k)(n+k+y+1).

(A 7)(

Theorem 20. The polynomials ¢E, /" (x,y) satisfy the partial differential equations:

x?(x 4 1) Exy + 22y (x + 1)Exy + 2 (x + 1)Eyy — x[(A —3)x — (v +2)]Ex
—y[(A=3)x = (v +2)]E, + [n(A —n—2)x —k(y +k+1)]JE=0,

and
x*Eyy — 2yE, + 2kE = 0.

Theorem 21. The polynomials 6E£l1+kz,(k’7_2k) (x,y) are generated by

Aty
etk 21_)‘<1—t+ (1+t)2+4xt> et (xt)
/y) 1 -
n'k!

ad A2k, y—2k
Z 6E,(1+k,k 7 )(x r+1
nk=0 (14 ) + 4xt (1 T+ (A48 + 4xt)

Lemma 4. If we substitute x — % and y — % and take the limit as A — oo in Definition (34),

we obtain

i 117 (5 2)] = o 2 () ()

A—s00 A A—o0
=(—1)”*k<n—k>'L,Sﬁ*”unkm(%):<—1> =K1z (x,)

(’Y)(

where we used the notation Z "/ (x,y) introduced in [22].

Remark 1. The bivariate orthogonal polynomials Zﬁx()(

of univariate orthogonal polynomials.

x,y) are the product of two infinite families

3.7. The Set of Polynomials 7E£l/\k’7) (x,v)
Definition 7. Let us define

7B (x,y) = M H (x )(1+x)ka<1zx>, k=0,1,...,n. (35)

n,N
The set { 7E x\k’w (x,y) }k o is orthogonal with respect to the weight function:

wy(x,y) =x7(1+ x)f()“”) exp(—yz/(l + x)2>

over the domain Qy = {(x,y):0 < x <00, —co <y < oo} forA >2N+2, 9 > —1. It
follows from the orthogonality relation:

oo o B y2
/ / KT (14 x)" M e e BN (x,y) B (v, ) dydx
0 —oco
2K (n — k)kI /AT (A — n —k — )T (7 +n— k+1)
(A—2n—2T(A+7—n—k—1)

5n,75k,5

forn,r=0,1,... N< 2 ,'y>—1 N = max{n,r}.
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Theorem 22. The polynomials 7E7(1Ak’7) (x,y) satisfy the following recurrence relations:

A=2, A
ES () = 20 7B () — 2k = 1) (1 +2)2 2B E ) (), n>2,

BT () = (A =2k =3)x = (74 1) 7B ()
—(n—k=1)(A—n—k=3)x(x+1) 7EL 51 (x,y),

forn >2,0 <k <n— 2, the differential relation:

57 7Eni (& ) =2(k—j+1); 7B P (xy) , 0<j<k<n

as well as the relation (28) by substituting E, x(x,y) = ( 7)(x y), and the coefficients
are explicitly given by Apx = (A —n—k—2)(A —2n— 1) Bn,k = (A=2n-3);, Cyi =
A=2n-2)2(n—k)y —(A=2k—=1)2(n —k) +v+1)),and D, = (n —k)(A —2n —3)
X(A+y—n—k—=1)(y+n—k).

Theorem 23. The polynomials 7E,(1);('7) (x,y) satisfy the partial differential equations:

X(1+ %)% Exy + 2xy(1 + x) Exy + xy?Eyy — (1 +x)((A = 3)x — (7 +1))Ex
—y(A=3)x = (y+1)Ey+ (n(A—n—-2)(1+x) —k(A+7—-k—1))E=0

and
(1+ x)*Eyy — 2yE, + 2kE = 0.
Theorem 24. The set 7E ( :];2,( ) (x,y) is generated by

A+y—1
ik ety (14x)? (1 —t+ /(1) + 4xt>

/\+2k'y o
2 7E ik y)nuku -
o k!

5
2414 /(1 + £)% + 4t (1 i1+ 4xt)
Lemma 5. If we substitute x — 5 and take the limit as A — oo in Definition (35), we obtain

tim [ 7EL" (39)] = (<1 =R (1) Hi()

A—00

which gives the product of the Laguerre and Hermite polynomials [23-25].

3.8. The Set of Polynomials 8E( 7)( X, Y)
Definition 8. Let us define

sELY () = PO () (1 — 1Y (1 J x), k=0,1,...,n. (36)

The set { 8E£¢/,\k’7)( x,Y) } 0 is orthogonal with respect to the weight function:

ws(x,y) = (1—x) 11+ x)'y((l — )2 +y2) ~(A-1/2)

over the domain Qg = {(x,y) : -1 <x < 1,—0 <y < oo} forA >N—+1,vy > —1. The or-
thogonality relation corresponding to these polynomials is given by
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x)3)‘71(1 +x)7

A,
((1 )+ 2)(/\—1/2) SE(M)( x,Y) Eﬁ,sw(x,y)dydx
—x)2+y

B DHIFIAVITZ(MT(n + k+ A+ 2)T(n —k + 7 + 1)8y,0k 5
S (n=K)!2n+ A+ +2)A—k—1TQA—k—1DT(n+k+A+7+2)

forn,yr=0,1,..., N<A—=1,v> -1, N = max{n,r}.

Theorem 25. The polynomials 8E$é7) (x,y) defined in (36) satisfy the recurrence relation (28) for
E x(x,y) = gEr(lAk"Y) (x,y), and the coefficients defined by

App=2m—k+1)(n+k+A+7+2)2n+A+7y+1),
Bux=(2n+A+7+1); Cup= (2n+)\+7+2)((/\+2k+1)2—72),
Dyy=2n+k+A+1)(n—k+7y)2n+A+v+3).

Theorem 26. The polynomials 8551);;7) (x,y) satisfy the partial differential equation:
(% + (1= %)) By — (24 = B)yEy — k(k+2 = 2A)E = 0.

Theorem 27. For the polynomials given by (36), we have the generating function:

5 GE B 2 (14 ) 1+ )"
8 ’ -
namo TRk k' R —t+R)MY(1+t+R)7(1+3Z + 31+ 5¢1)

(rfrao?)  ifae i)

(1+8)*(1+7)* (1+¢)*(1+7)°

where R = /1 —2xt + 2, & = and n =

Theorem 28. The parameter derivative of the polynomials (36) is given by

d [ () - 1 £OW)
ary<8E (v)) = lg) nrRT ATy 2l sk ()

ﬁ <1>l“<z< noDFAENREATL D o
= Dn+A+y+1-Dn+k+A+y+1-1),,° "7

forn>k+1,k>0,and % 8E,(1f‘,;7)(x,y) =

Lemma 6. If we substitute x — = — 1 and y — \/X L (1 — %) and take the limit as A — oo in
Definition (36), we obtain

tim [2702 4 e (31, 2 (12 2 ) | = ol )

where ij_)k(x)Hk (y) defined in [23-25] is the product of two infinite sequences of univariate

orthogonal polynomials.

From a different viewpoint, we give the following limit case.

Lemma 7. If we substitutex — 1 — 7 = and y — y and take the limit as v — oo in Definition (36),
we obtain
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im | () EO) (122 2N | 2k o k) (VY )
715130[(2) L o | s S L (2) = o (xy).
3.9. The Set of Polynomials 9E£l/\k)(x,y)
Definition 9. Let us introduce
k A
oEL) (x,y) = L V@ M (L), k=01, (37)

,N
The set { 9E£3k) (x,y) }: o is orthogonal with respect to the weight function:

(A-1/2)
wo(x,y) = xe” (1+y /x )

over the domain Qg = {(x,y) : 0 < x < 00, —00 < y < o0} for A > N + 1. That is, the cor-
responding orthogonality relation:

iyt —(A-1/2)
/ g 1—|—]/ /x ) 9E;(1,Ak)(x,y) 9E£g) (x,y)dydx
0

\8

3

22222 (M) (n 4 k4 A+ 2) 60 10y s
T m—k)!A—k-—1)T2A—k—1)

is satisfied forn,r =0,1,...,N < A —1, N = max{n,r}.

Theorem 29. For the polynomials (37), we have the recurrence relation (28) for

Evi(xy) = oEQ)(xy), Ayx = n—k+1, Byy = ~1, Cop = 20+2+ A, and
Dyp=n+k+A+1

Theorem 30. The polynomials 9]57(1 k) (x,y) satisfy the partial differential equations:

x?Exy + 2xyExy + y*Eyy + x(A +2 — X)Ex + y(A +2 — x)Ey + [nx — k(A + k+ 1)]E =0
and

(x+9?) By — (24 — 3)yE, — k(k+2~2A)E =

Theorem 31. The set of the polynomials 9E7(1 iy kk) (x,y) is generated by

o n ex A
5 G, )tkfk: p(E) A+ +7)

oo TR (1—)M2(1+ 3¢ + 3y + 5¢n)

I e D
where & = gar? M = praet

3.10. The Set of Polynomials 10E1(1/\k’7) (x,y)
Definition 10. Let us define

WESY (x,y) = POV (x )(1+x)k1£7)(1zx>, k=01,...,n (38)

(A7) nN . . .
The set { 10E, 1" () }k o8 orthogonal with respect to the weight function:
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woxy) = (1= 0 (1407 (2 492)

over the domain Q9 = {(x,y): -1 <x<1,—co<y<oo}forA > —1, v > N+1.
That is,

(x,y) 10EN" (x, y)dydx

T ="+ oy
/ 5 1—1/2 10En,k
S (427 +92)

B 2KAAEIVT2 ()T (n —k + A+ )T (n 4k + 7 + 2)8n,r 0k s
C n=R'2n+ A+ +2)(y k-1 (n+k+A+y+2) T2y —k—1)

forn,yr=0,1,..., N<y—1,A> -1, N = max{n,r}.

Theorem 32. The polynomials defined by (38) satisfy the recurrence relation:

(2n+A+7+3)(1—x) 10ES 7 (x,y)

=2(n—k+A+1) 10ESy (6,y) = 200 — k+1) 10EVy T} (2, )

and the relation (28) if we consider En,k(xr]/) = 10E,(1);('7) (x,y) and the coefficients
App=2n—k+1)(n+k+A+7+2)2n+A+7+1),
By =(2n+A+y+1);,
Cok = 20+ A+7+2)(A =7 =2k —=1)(A +79+2k+1),
Dyy=2(n—k+A)(n+k+vy+1)2n+A+v+3).

Theorem 33. The polynomials 1oE

fi};w (x,y) satisfy the partial differential equation:

(1) +y?) Eyy — (27 = 3)yEy — k(k+2 —27)E = 0.

()‘/V_Zk)

Theorem 34. The polynomials 10E, [

(x,y) have the generating function:

(Ay—2K) tn+k 2/\+'y+1 (1 +§)’Y(1 _|_;7)7

10E (x,y) = ,
,1;20 ntkk P R(1—t+R)*(1+t+ R) ™ (1 + 32 4 357 + 5¢1)

t(y+\/y2+(1+x)2) t(y—\/yz—&-(l—&-x)z)

arelen? 1T T arerarn?

where R = /1 —2xt +t2and & =

Lemma 8. Ifwe substitute x — 27" —landy — ny and take the limit as A — oo in Definition (38),
we obtain

) A k A, 2x 2y
(8 w23

_ (_1)n—kL7(,l’y_-‘yI;2k+1) (x)kuIE'Y) (%) — (_1)n—k 9E£l?;<) (X,y).

From a different viewpoint, we give the following limit case.

Lemma 9. If we substitute x — 1 — 2 and y — % (1 - %) and take the limit as v — oo in

v
Definition (38), we obtain
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)12 2y (0 X\ »
71520{2 R ( 7’ﬂ<1 v)ﬂ_L”"(x)Hk(y)'

Theorem 35. The parameter derivative of the polynomials 10E1(1Ak’7) (x,y) is given by

(A e 1

9 ) _ (A7)
ax (10" (xw) = l;) Rk Aty T2l Ok (Y)

Zk; un—=D4+A+y)(n+k+y+1-1),
(I+1)2n+A+y+1-D(n+k+A+y+1-1),

A,
10E,(17¥)71,k(x,y)

forn>k+1,k>0and % 10E§l/l\ﬂ) (x,y) =

3.11. The Set of Polynomials 11E, () (x,y)
Definition 11. Let us define

nEVY (xy) = PMT (2 )(1+x)"1,§”(lj{x>, k=0,1,...,n. (39)

nN
The set { ( )(x y)} ko is orthogonal with respect to the weight function:

_ —(A=1/2)
win(xy) = (1= 1+ (1427 +92)

over thedomain g7 = {(x,y) : =1 <x<1,—00 <y < oo} forA > N+1,v> —2. Infact,

Lo 2A+9-1
/ / (1-x) (1 + x) — HEr(:\k/V) (x,y) llEggr’Y)(xly)dydx
—1—00 1 =+ x) + ]/2> ’

B DHFIAFNITZ(MT (1 — k+ A+ 1)T(y + 1 + k + 2) 85,0
S (n=R'2n+ A+ +2)A k-1 (n+k+A+y+2)T2A—k—1)

forn,yr=0,1,..., N<A—=1,v> =2, N =max{n,r}.

Theorem 36. The polynomials (39) satisfy the following recurrence relations:

nENY () =20 = Ky nELTZ (x0y)
+h-1DA-K)(1+x? nEM (y) =0, n>k>2

@n+A+7+2) uE (y) = (n+k+ A+ +2) nELT T ()

+(n—k+A) Efl/\ Aﬁl) (x,y), n>1,

(nk+A+r+2)(1+0) nES V y) 200+ k4 +1) nES Y (x0y)

—((@n+ A+ 7 +2)x+2n+4k+ A +3y +4) nEY (x,y) =

and the relation (28) for the coefficients A,y =2(n —k+1)(n+k+A+7v+2)2n+ A +v+1),
By = 21+ A +7+1)3Cu = 20+ A+7+2)(A2 = (7 +2k+1)°) Dyi = 2(n —k + )

~ /\,
x(n+k+vy+1)2n+A+vy+3)and E, i (x,y) = 11E1(Lk7)(x,y).
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Theorem 37. The polynomials 11E ,(1)}(’7) (x,y) are solutions to the partial differential equation:

((1+2)7 +y?) Eyy — (22 = 3)yEy — k(k+2 — 2A)E = 0.

(A, y—2k)

Theorem 38. The polynomials 11E, [

(x,y) have the generating function:

A-=1

o (hy—28) gtk M (1 + 2ty — (1 + x)z)
nk,; X, =

n,kZ:O n+k,k ( y) k! R(l it R)A(l 4 R)fy+1

where the function R = /1 — 2xt + 2.

Theorem 39. The parameter derivative of the polynomials (39) is given by

n—k—1 1

9 O (A7)

EVY Ly) = E"
ay i () ,g) nE kAt yFl+2 Tk
n—k—1 (f1)1+1(2(n7l)+/\+'y)(/\+nfkfl)l+1 HE(’W)

+ z;o I+ 0)@n—I+A+y+D)(ntk+A+y—1+1), n-1-1k(F ),

(x,y)

forn>k+1,k>0,and ;Y 11151(3;%7)(7"3/) =0.

2y
AVA

2
Lemma 10. If we substitute x — % —landy — and take the limit as A — oo in

Definition (39), we obtain

k
(YA g (2 2y
mkz e (31 50k)
_1) —ky (v

=(-1)" Ln_J];zkH)(x)kak(%) = (-1)"* Z,(Zc) (x,y),

)

where Z}(fyk (x,vy) is defined in [22], and moreover,

. _ A, 2x x A A A
2w (=T 2(1-5))| = B0 ) — )
3.12. The Set of Polynomials 12Er(lAk) (x,y)
Definition 12. Let us define

REN ) =Y 01V (), k=01,...,n. (40)

A)
n,

n,N
The set { 12 E;(f}) (x,y) }k o is orthogonal with respect to the weight function:

. ~(A-1/2)
wip(x,y) = xte (1 +y2)

over the domain O, = {(x,¥) : 0 < x < 00, —c0 < y < oo} for A > N + 1. The orthogonal-
ity relation corresponding to these polynomials is
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—(r=1
xMe (1 +y2) (=2) 12E,(1),}3(x,y) 12E£2)(x,y)dydx

[

é\g

22T (AMT(A+n—k+1)
C (n—k)!A—k-1)T(2A —k—1)

5n,r5k,s
forn,r=0,1,...,N <A —1, N =max{n,r}.
Theorem 40. The polynomials defined in (40) can also be computed by the Rodrigues representation:

1 —xyn—k+A (1 4 2)k—)\+%
(20—t Ay 4P (R

Ny oy —
2B y) = A — =), axn—koyk

Theorem 41. For the polynomials defined by (40), the recurrence relation:

A A A
REN () =200 =0y 2EWY () — (k=120 — k) 12ED, o (xy)

holds true, as well as Relation (28), where E, x(x,y) = 12E£lAk)(x,y) and coefficients

Apg=n—k+1,B,=-1,Cpr=2n—k)+A+1,and D, =n—k+ A

Theorem 42. The polynomials 12E1(1/\k) (x,y) defined in (40) satisfy the partial differential equations:

XExx + (A+1—x)Ex+(n—k)E=0
and
(1492 Ewy — y(2A = 3)E, — k(k+2 —2A)E = 0.

Theorem 43. The polynomials 12E;(1)-l+)k (X, y) have the generating function:

prek (14 2ty — 2)

d (A) B fx
)3 2B, (% y) o eXP<—1_t>-

k=0 : (1- )M

3.13. The Set of Polynomials 13E7(1Ak’7) (x,y)
Definition 13. Let us define

k
13E1(£\k/7)(x,y) _ Pr(l):Jl;k+l/2,'r+k+l/2)(x)( I xz) 1™ (le—iﬂ) (1)

fork=0,1,...,n

n,N
The set { 13E7(l/\k’7) (x,y) }k S is orthogonal with respect to the weight function:

1 1 —(A=1/2)
wis(x,y) = (1= )2 (14077 (1= 22 4 42)

over the domain Q13 = {(x,y): -1 <x<1,—c0o<y<oo}forA > N+1, 4> —3/2.
That is,
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1

— a2 4 y2)"
_ HEBAVIT2 (AT (1 + A+ 3/2)T (1 + v + 3/2) 0,0 s
C (n—K)2n+ A+ +2)A—k—DT(n+k+A+9+2)T(2A —k—1)

1 o 2/\ 2 Aty—3
/ / 0+ 13E(M)(x y) 3EY (x,y)dydx
—1 —o0

holds true forn,r =0,1,..., N <A —1,v > —3/2, N = max{n,r}.

Theorem 44. The polynomials 13E,(1Ak’7> (x,y) defined in (41) satisfy the relation (28), where in
this case, the coefficients are given by

A =2n—k+1)(n+k+A+7+2)2n+A+7+1),
Bup=(2n+A+74+1);, Cup=2n+A+9+2)A—9)A+y+2k+1),
Dyy=2n+A+1/2)(n+v+1/2)2n+ A+ +3).

Theorem 45. The polynomials (41) satisfy the partial differential equation:
(1= 22 +y?) By — (2A = 3)yEy —k(k+2 —21)E =
Theorem 46. The polynomials 13E1(1)‘k’7) (x,y) have the generating function:

§ GEAETR ) ok M1+ M4 ) (1428 + 27 4+ 38) !
BEn+kk ) x R(1 —t+R))‘+1/2(1+t+R)7+1/2

7

1n,k=0

B CHy+ VPR +1—22) My~ VA +1-22)
where R = VT= 23+, § =~ 00 5 and y = =L b,

Theorem 47. The parameter derivative of the polynomials 13E1(1/\k’7) (x,y) is given by

p) (A7) _n—k—l 1
n+k+A+y+1+2

=0
3 (D)™ m D+ A+ m+A—1+1/2),,
= I+ —T+A+y+ D) (n+k+A+y—1+1),

135,(1);< )(x y)

13E,(1 1) lk(x Y)
forn>k+1,k>0,and % 13E,(1f‘,;7)(x,y) =

Lemma 11. If we substitute x — 1 — <X and y — \2/% and take the limit as -y — oo in Defini-

'Y
tion (41), we obtain

o | (Y0 g0 (12 2
A}g{}ol(z sh\ T 5

k
2
— lim (A;k+1/2,’y+k+1/2) (1_ZX> ( x—x> Ilg)»)( Y )
Yoo Y Y x — K2
v

k k
_ L;Ajk H/Z)(x)(\/}) I,EA)<
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3.14. The Set of Polynomials 14E7(1Ak) (x,y)
Definition 14. Let us define
Atk k(A
1E} (xy) = wz*””wxwmfé(l’) k=0,1,...,n (42)
Vx
(A N . . .
The set { 14E, [ (x,y) }k .1 orthogonal with respect to the weight function:
’ =
—(A-1/2
wig(x,y) = e A2 (x + 3/2) | )
over the domain Q14 = {(x,y) : 0 < x < 00, —00 <y < o0} for A > N +1, and
7T o ~(A-1/2) A
/ / XA 207 (x —|—]/2) 14E£lk)(x v) 14E,(,S)(x,y)dydx
0 —o0
22222 (AN)T(n+ A +3/2)
= 5n,r5k,s

(n—=k)!(A—k—=1)T2A -k —-1)
forn,ry=0,1,...,N< A —=1,N = max{n,r}.
Theorem 48. For the polynomials 14E;(1f\k) (x,y) given by (42), the recurrence relation (28) holds

true, where En,k(x,y) = 14E,(1A,3(x,y) and the coefficients A, = n—k+1, B,y = —1,
Choxg=2n—k+A+3/2,and Dy =n+A+1/2.

Theorem 49. The polynomials 14E,(1A,3 (x,y) are solutions of the partial differential equations:

4x?Eqyy + 4xyEyy + yzEyy +4x(A+3/2 = x)Ex +2y(A +1—x)E,
+ (2(2n —k)x —k(k+1+2A))E =

and
(x+92) By — (2 = 3)yEy — k(k+2 - 2A)E =

Theorem 50. The set of the polynomials (42) is generated by

i 145( )( )tn+k = (1+€)A(1+77)Aexp(txt1)
k!

o T A -0M 2428 42+ 38)]

(o +/57) H(y=v/77)

where & = <rraymryy 41 = g

3.15. The Set of Polynomials 15E,(1/\k’7) (x,y)
Definition 15. Let us define

A, A—2k—1,9+2k+1
5By () = MU I () 1k (7 (%) k=0,1,...,n (43)
(A7) miN - : . '
The set { 15E, (%) }k )8 orthogonal with respect to the weight function:
, o

wis(x%,y) = y? (1 +x) "M exp(—y/x)

over the domain (15 = {(x,y) : 0 < x,y < oo} for A > 2N 42,y > —1, and
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//ylye_%(l +x)” (A7) 15E;(1€\k’7)<x/y) 15Ee™ (x, y)dydx
00

_ (=R —n kDT (n+k+y+2T(kty+1)
B K(A—2n—2)T(A+v—n+k) 1,70k s

forn,r=0,1,..., N < %,’y> —1.

Theorem 51. The polynomials 15E,(3k’7) (x,y) satisfy the relation (28) for E,, x(x,y) = 15E7(1f‘k’7)
(x,y), with coefficients Ap = (A—n—k—2) (A—=2n—1), By = (A—=2n—-3);, Cp =
(A=2n—-2)x(2(n—k), = (A =2k —=1)(y+2n+2)),aswellas D, = (n — k)(A —2n —3)
A+y—n+k)x(n+k+y+1).

Theorem 52. The set of the polynomials 15E7(1)‘k’7) (x,y) satisfies the partial differential equations:

X (x + 1)Exx +2xy(x +1)Eyy +y2(x +1)Eyy —x((A =3)x — (v +2))Ex
—y((A=3)x = (v+2))Ey+ (n(A —n—2)x —k(k+7+1))E=0

and
xyEy, + ((y+1)x —y)E, + kE = 0.

(A+2k,y—2k)

Theorem 53. The polynomials 15E, '

(x,y) are generated by

i [sEATZRT20) 0 y)t"“f:zH(Hv)W“e—%a—t+A(x,t))Aﬂ
= T (1+20)(1+t+ A(x, )" A(x 1)

where A(x,t) = \/(1+t)* + 4xt and v = v(0) = 0.

1+v’

Lemma 12. If we substitute x — ¥ and y — ¥ and take the limit as A — oo in Definition (43),
we obtain

im (V1B (3 20)) = fim M5 ()2 ()]
n"

)\%
+2k+ n— ’
( ( ‘C)!L,(]_k l)(x)kal(j) (Z) - ( 1) k(il — k)!Rg,Yk'y) (x,y)

where Rfl?]ﬁ) (x,y) are actually the Laguerre-Laguerre—Koornwinder polynomials [26].

3.16. The Set of Polynomials 16E£Ak’7) (x,y)
Definition 16. Let us define

6B (x,y) = M2 (x )(1+X)kL,(Q’)(1LC>, k=0,1,...,n. (44)

n,N
The set { 16E,(1/\k'7) (x,v) }k . is orthogonal with respect to the weight function:
. =

wig(x,y) = xTy7 (1 + x)~ A2/ (143)

over the domain (6 = {(x,y) : 0 < x,y < 0} for A > 2N +2, v > 0. The corresponding
orthogonality relation is
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[ [ e v () 00 B (5, ) 16 ER (2, )y
00

 (n=KTA-—n—k—-1I(k+y+1)I(n _k+7_|_1)(5 5
B K(A—2n—2)T(A+y—n—k—1) nrOks

forn,r=0,1,...,N < %,’y >0, N = max{n,r}.

Theorem 54. The polynomials given by (44) satisfy the recurrence relation:

ki6ESYY () — ((2k+9 = 1)(1+x) — ) 16EL 57 ()
+k+y =11+ 16EM S (v y) =

as well as the relation (28) for E, x(x,y) = 1615}(1 kﬂ (x,y), with

Apg=A—-n—k—-2)(A=2n-1), Byr=(A—-2n-3),,
Cop=A=2n-2)2(n—k)y — (A—2k—1)(y+2(n—k) +1)),
Dyy=m—-k)(A=2n-3)A+y—n—k—-1)(n—k+7).

Theorem 55. The polynomials 1655?1('7) (x,vy) satisfy the partial differential equations:

x(1+x)?Exx + 2xy(1 + %) Exy + xy*Eyy — (1 +x)((A = 3)x — (7 +1))Ex
—y(A=3)x—(y+1))E, +(n(A —n—-2)(1+x) —k(A+y—-k—1))E=0

and
y(I+x)Ey + ((v+1)(1+x) —y)E, + kE = 0.

Theorem 56. The set of polynomials 14E 1(1 +k2kk 2 (x,y) has the generating function:
1-A Afy-1 yt
w0 I T A, (1 -t 2) T £ Al )T

where A(x,t) = \/(1+ )% + 4xt.

Lemma 13. If we substitute x — 3 and take the limit as A — oo in Definition (44), we obtain

fm e (o)) = i () 030 ()

= (~1)" Fn =L (LT () = (~1)" K= kLY (3, )

where the polynomials ijﬂ) (x,y) are defined in [23-25].

3.17. The Set of Polynomials 17E r(l)‘k’w (x,y)
Definition 17. Let us define

EY (v y) = LY (0)x kMzEM)(%)’ k=0,1,...,n. (45)

A7) nN . . .
The set { 17E, ¢ (x,y) }k is orthogonal with respect to the weight function:
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wiz(x,y) = T (x4 y) " exp(—)
over the domain 017 = {(x,¥) : 0 < x,y < co} for A > 2N +1, v > —1. The corresponding
orthogonality relation takes the form:
/ / YT e ()M Y (xy) pEST (3, y)ddy
00

_kT(n+k+94+2)T(A - (y+k+1)
=k A=2k—1DT(A+v—k)

5n,r(5k,s

forn,r=0,1,... N <2 ,'y>—1 N = max{n,r}.

Theorem 57. The polynomials defined in (45) satisfy the three-term recurrence relation (28)

for En,k(x,y) = 17E;(1,Ak’7)(x,y), Ay = n—k+1, B,y = =1, Cyp = 2n+y+2, and
Dyy=n+k+y+1

Theorem 58. The polynomials 17E£lAk’7) (x,y) satisfy the partial differential equations:

X*Exx +2xyExy + V?Eyy +x(y +2 — x)Ex +y(y +2 — x)E, + (nx —k(y +k+1))E=0

and
y(x +y)Eyy + (v +1)x — (A = 2)y)Ey + k(A —k — 1)E = 0.

(A 2)(

Theorem 59. The polynomials 17E, 7/ = (x, y) are generated by

= (Ayy—2k) gtk eXP( DA +ETT A ) A
Z 17En+k,k (X, y) | y+2
k! (1—6)7""2 (1428 -2y — &n)

n,k=0
— 3 — 3
where § = Hx +1y—2(§1 1) and 1 = tyl(l—k—z’ﬂ) :

Lemma 14. If we substitute y — % and take the limit as A — oo in Definition (45), we obtain

i 857 (5 3)] = o 172 Vi ()]

A—ro0 A—ro0 Ax

k ,
— (= 1)MIL D () kL (7 )(%) = (~1) KR (x,y),
where R,(Xk’w (x,vy) is defined in [26].

3.18. The Set of Polynomials 185,(1)\;('7) (x,y)
Definition 18. Let us define

SENT () = MO (2 )(1+x)kP§A'”>(1_{x>, k=0,1,...,n.  (46)

n,N
The set { 18E51Ak’7) (x,y) }k . is orthogonal with respect to the weight function:
’ =

wis(x,y) = x7(1+2) 2 (14 x —y) A+ x+y)"

over the domain (13 = {(x,¥):0<x<oo,—(14+x)<y<1l+x} for A > 2N +2,
v > —1. The corresponding orthogonality relation is
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(14 x)2A+7)

(n fk)!l“()\fnfkfl)l“(nfk+'y+1) T(k+A+DT(k+vy+1) s
T2 O R —2n —2) 2k + A+ + ) T(A+y—n—k—DT(k+ A+ +1) ks

T o= x0T o (A7)
/ / 18E v (x,y) 18Ers"" (x,y)dydx
0 —(1+x

forn,r=0,1,... N< 2 ,'y>—1 N = max{n,r}.

Theorem 60. The polynomials defined by (46) satisfy the recurrence relation (28), where
(A

E x(x,y) = lSEn,km (x,y), and the coefficients:
Apg=A—-n—k—=2)(A=2n-1), Byp=(A—-2n-3),,
Cop=A—-2n-2)2n—k)(n—k+1)—(y+2(n—k)+1)(A —2k—1)),
Dyy=n—k)(A=2n-3)A+y—n—k—-1)(n—k+7).

Theorem 61. The polynomials 185%'7) (x,y) satisfy the partial differential equation:

xX(1+ x)?Exy + 2xy(1 + X)Exy + xyzEW
= (14 x)((A=3)x = (v +1))Ex —y((A =3)x = (v + 1))y
+(nmA—n—-2)(1+x)—k(A+vy—k—1))E=0.

(A+2k,)

Theorem 62. The set of the polynomials 1gE, ", |,

(x,y) has the generating function:

2 E()‘JFZkr'Y)(x y) gtk _ 21—/\(1 +€)A+1(1 +17)’Y+1(1 —t+A(x, t)))\-i-’y—l
pi Bk A, ) (1+t+ A(x, 1)7(1 —2¢ —3&)
where we denoted { = t(yHH)(;M)(Hg)?', n = t(yflfx)(?”)(l%)i as well as A(x,t) =

(1+t)% + 4xt.

Lemma 15. If we substitute x — 3 and y — (ZTy - 1) (14 %) and take the limit as A — oo in
Definition (46), we obtain

~ A (x (2y _ X
Alflo[lgE"rk (A’ ( A 1) (1+ A)ﬂ
= (~1)"(n — I (LY (y) = (~1)"(n — L (2, y)
where ngk’w (x,v) is defined in [23-25].

3.19. The Set of Polynomials 19E7(1Ak’7) (x,y)
Definition 19. Let us define

WELT (x,y) = MU H T )xkp,fw(%), k=0,1,...,n (47)

n,N
The set { 19 Efl/\k’w (x,y) }k . is orthogonal with respect to the weight function:
/ =

wio(x,y) = x M1+ 2) "M (x — )M (x +1)”

over the domain Q9 = {(x,y) : 0 < x < 0o, —x <y < x} for A > 2N + 2,y > —1. That s,
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o X
//x (1+20) " M =) ) 0EL (0, y) 10Ess™ (x,y)dydx
0 —x

= k)TA=—n—k-1)T(n+k+v+2)I(k+A+1)T(k+y+1)5,0s
22D —2n = 2) 2k + A+ Y+ D)T(A+y—n+k)T(k+A+7+1)

forn,r=0,1,..., N < 2 ,’y>—1 N = max{n,r}.

Theorem 63. The polynomials (47) satisfy the relation (28) for E, x(x,y) = 19E1(1 ky)(x,y),
and coefficients:

App=A—n—k—2)(A—2n—1), Byx=(A—2n—3),,
Cox=A—-2n—=2)2(n—k); — (A =2k—-1)(y+2n+2)),
Dyy=m—-k)(A=2n=3)A+y—n+k)(n+k+v+1).

Theorem 64. The polynomials 19E7(1)‘k’7) (x,y) satisfy the partial differential equation:

K21+ 3)Exe + 209(1+ ) By + 1(1+ )Eyy — 2(A — 3)x — (7 +2) ) Ex
—y((A=3)x—(y+2))Ey+(n(A —n—2)x —k(y +k+1))E=0.

(A+2k,y—2k)

Theorem 65. The polynomials 19E, " (x,y) have the generating function

5 GEG kR T 2T A )T (At A )

aico R nt A (1t A, )T (- 26+ 25 — &)
3
where A(x,t) = \/(1+t)* + 4xtand = +(xl)f’;)r§) = t(ygé)fnté) .
Lemma 16. If we substitute x — 5 and y — % — 3 and take the limit as A — oo in Defini-

tion (47), we obtain

. A [ x 2 X " 2kt1
Jlim {A" 10EVyY) (A, A—% — A)] — (=1)"(n = k)ILT D () K (1) (%)
= (—~1)"(n — IR (x,)
where RS;Y,;'Y) (x,y) is defined in [26].

3.20. The Set of Polynomials zoE,SAk'W) (x,y)
Definition 20. Let us define

WE () = B -0 MM (L), k=01 n 6

n,N
The set { 20 Effk’w (x,y) }k . is orthogonal with respect to the weight function:
. =

woo(x,y) =y (1+x)7(1— x)m(l —x y)*(?wrv)

over the domain Oy = {(x,¥) : =1 <x < 1,0 <y < oo} for A > 2N + 1,y > —1. The cor-
responding orthogonality relation takes the form:
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1 oo
Y 1 + x 1 —x 2A
/ y —x+y) /\+7) 20E1(1,Akm(xf]/) 20E§,)§'7)(x,y)dydx

_ 22k+)‘+7+2k!1“(n+k+/\+2)1“(n —k+y+1) T(A—K)T(k+v+1)
N (n—k)!2n+A+y+2)(A—-2k—1) T(n+k+A+9+2)[(A+7y—k)

5n,r5k,s

forn,r=0,1,... N< 2 ,')/>—1 N = max{n,r}.

Theorem 66. The polynomials given by (48) satisfy (28), where

Appg=2n—k+1)(n+k+A+7y+2)2n+A+7+1),
Byx=(2n+A+7+1),,

Cp = (2n+/\+’y+2)(()\+2k—|—1)2 —72),
Dpx =2(n+k+A+1)(n—k+79)(2n+A+7+3)
and E, k(x,y) = 2015,(1/,\127) (x, ).
Theorem 67. The polynomials ZOE,(&W) (x,y) satisfy the partial differential equation:
y(1 = x+y)Ey — (A= 2)y — (7 +1)(1 — x))Ey + k(A —k— 1)E = 0.

Theorem 68. The set of the polynomials ZOE,%;Z,{I{'W) (x,y) has the generating function:
(A—2k,y) gtk _ ML @1 — 4 Ry~ (M)

20E, (%, — ,
kZ,o wek () (1 -2y —3&7) (1 + )" 'R+t +R)"

where R =1 —2xt + 12,8 =t(x —y — 1) (1 + &)1 + )%, and y = —ty(1 + &) (1 + y)°.

Lemma 17. If we substitute x — 2—" —landy — =3 1nd take the limit as A — oo in

A2(1-x)
Definition (48), we obtain

~ ke (20 2y(A —x)
)}1—r>r010|:2 20k </\ b2y

= (=)L ()L (1{3() = (~1)"KL <x, Y )

where ngk’w (x, 1£;) are defined in [23-25] by replacing y — 1%

3.21. The Set of Polynomials 2, Effk’w (x,y)
Definition 21. Let us define

) (M+Zk+1) kagAm (Y _
2aE, 7 (xy) = () (1 +x)"My (1+x), k=0,1,...,n.  (49)

n,N
The set { 21 E}SAk"Y) (x,y) }k . is orthogonal with respect to the weight function:
y e

wo(x,y) = (1 - x)A(l + x)”"y”(l +x+ y)*(Aﬂ)

over the domain Oy = {(x,y) : =1 <x < 1,0 <y < oo} for A > 2N +1, 9y > —1. Indeed,
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1 o
// (1= M1+ 0™y (1 + x +y)" MY 215,(3;?)(9@]/) nE% 7)(x y)dydx
10

KA (n—k+ A+ DT (n+ k49 4+ 2)T(A — k)T (k + 7 + 1)8,, 0% 5
(m—K)'2n+A+9+2)(A—2k—DT(n+k+A+5+2)T(A+v—k)
forn,r=0,1,..., N < 2

ALy > —1,N = max{n,r}.

Theorem 69. The polynomials given by (49) satisfy the relation (28) for E,, x(x,y) = n EEIA,(’W) (x,y),
with coefficients:

Apg=2n—k+1)(n+k+A+7+2)2n+A+v+1)

Dyr=2n—k+A)(n+k+y+1)2n+A+v+3).

Theorem 70. The polynomials »1 Er(l)‘k”) (x,y) satisfy the partial differential equation

yA+x+y)Ey — (A =2)y = (r + (A +x))Ey + k(A =k —=1)E = 0.

Theorem 71. The polynomials » E Ay +k k )(x, y) are generated by

) ()\,’Y*Zk) t”+k
Z nE, e (x

g P 2 ) YT R
. TR T
n,k=0

R(1+4t+R)"™ (1428 -2y — &)

3
_ _w,mﬂ: VI—2xf+ 2.

3
where & = _t(l—i—x;k—}:)g(l—}-;y) N

Lemma 18. If we substitute x — 27" —landy — % and take the limit as A — oo in Defini-
tion (49), we obtain

NS a2 2| o [k (280 e ) (Y
E&Kz) 21k (A‘Uz) = am [Pnk (A_l)ka (m)]
=(-1) "Ll +2k+1)(x)ka(7)

( (L) = (CD)"RRY (),
where R\ (x,y) is defined in [26].

3.22. The Set of Polynomials 22E,(1Ak) (x,y)
Definition 22. Let us define

)

nE, (v y) = N,Eﬁz"*l)(X)kak (K), k=0,1,...,n. (50)

n,N
The set { 2 E;(1Al<) (x,y) }k o1 orthogonal with respect to the weight function
, =
x—A

A0

over the domain Oy = {(x,y) : 0 < x < 00, —00 < y < co} for A > 2N + 2. The orthogo-
nality relation is given by

wy(x,y) =
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T o n (n— k)kty/AT(A —n —k —1)
/ 7 2Bk (oy) 2Ers (x,y)dydx = 2 k(A —21—2) On,rOr,ss

A—=2
forn,r=0,1,..., N < T,N:max{n,r}.

Theorem 72. The polynomials zinAk) (x,y) defined in (50) satisfy the recurrence relations:

22E7(1/’\k)(x,y) =2y zzE,g):_sz)fl(x,y) —2(k—1)x2 22E7(1’\:2f1k)72(x,y), n>2,

A )
2Ey) (xy) = (A =2 =3)x = 1) nE D (x,y)
+(n—k—1)(/\—n—k—3)x222E1(£_2j’<)(x,y) =0, n>2 0<k<n-2,
the differential relations:

o |
oy 20 (0) = 2=+ 1), 2B ey), 0k

as well as Relation (28) for E, i (x, y) = zinAk)(x y), with coefficients explicitly given by

Apg=A—n—k—=2)(A=2n—-1),Br =(A—2n—-3)3,Cpp = (2n —A +2)(A -2k - 1),
and Dy = (n —k)(A —2n = 3).

Theorem 73. The polynomials 22E,(1 k) (x,vy) defined in (50) satisfy the partial differential equations:

X3 Exx + 2x2yExy + xy2Eyy — x((A — 3)x — 1)Ex
—y((A=3)x—=1)Ey+ (n(A —n—-2)x—k)E=0,

and
x*Eyy — 2yE, + 2kE = 0.

Theorem 74. For the polynomials »E (A+ ko 26) (x,y), we have the generating function:

(A+2K) k(14 )" exp(2yt — 222

E , =
H;O 2By (%) n'k! (14 20v) exp(v/x)

where v = 25, v(0) = 0.

3.23. The Set of Polynomials 23E7(1/\k) (x,y)
Definition 23. Let us define

() (/\ k—1/2) 2\k/2 y B
»E,  (xvy)=1" ()(H—x) Hk(m), k=0,1,...,n. (51)

n,N
The set { 23 E}(j;() (x,y) }k o is orthogonal with respect to the weight function:

e,yz/(sz)

w3 (x,y) = W

over the domain 3 = {(x,y) : —o0 < x,y < 0o} for A > N + 3/2. The orthogonality
relation corresponding to these polynomials is:
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—(A=1/2) 2
(1 + xz) exp (— 1 j/_ xz) 2355313 (x,y) EX (x, ) dydx

/

é\g

|22 k3 (g )tk /AT2 (A — k —1/2)
T (A-n-3/2)T2A—n—k—2)

571,7‘5](,51

forn,r:O,l,...,N</\f%,N:max{n,r}.

Theorem 75. The polynomials defined in (51) satisfy the recurrence relations:
M) (A-1

A=2
2EL (x,y) =2y pELS ) (y) =2k = 1) (14 2) mE5) (%),
4(n—k—=1)(A —k=5/2); (1+x2) nE 50 (v,y)

— 4~k =3/2)(A —k—2)x nEL Y (ny) = (n+ k43 -20) 5EW (x,1),

forn > 2,0 <k <n— 2, the differential properties:

2 »EY)

5 Ry =2k—j+1),nE} (),  0<j<k<n

n—jk=j
and the relation (28) for E, 1 (x,y) = 23E1(1/\k) (x,y), Ay =1,By =21 —2n—3,Cp =0, and
Dyy=(n—-k)(2\A—n—-k—-2).

Theorem 76. The polynomials »3 Efl/\k) (x,y) defined in (51) satisfy the partial differential equations:

(1 + xz)zExx +2xy(1 1 x2) Exy+ x22Eyy +2(2 — /\)x(l 4 x2) E, +y(1 —2(A - 2)x2) E,
- (n+(n—k)(n+k+2—2)\)+n(n+3—2)t)x2>E =0,

and
(1+ ) Eyy — 2yEy +2KE =0,

Theorem 77. For the polynomials 23E£fj{’2 (x,y), we have the following generating function:

;f:o 23E1(1/}J<f2 (x,y)% = (1 + 2tx — t2)/\_3/2 exp <2yt — 2 (1 + xz)).
k=

Lemma 19. If we substitute x — —= and take the limit as A — co in Definition (51), we obtain

VA
[k oy X
fim o e ()|

— lim [A~"2 [AKE1/2) (x) <1+xz>k/2Hk L
frd n-k NG ) m
= Hy_y(x)H(y) = Hyx(x, )

where H, (x,y) are the Hermite-Hermite polynomials defined in [23-25].

4. Conclusions

Classical univariate orthogonal polynomials with respect to a positive weight func-
tion have been deeply analyzed since the works of Laplace in 1810. They include the
Jacobi, Laguerre, and Hermite polynomials. As for the latter family, they were studied by
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Chebyshev in 1959 and by Hermite in 1964. Hermite introduced in 1865 for the first time a
sequence of multidimensional orthogonal polynomials. Later, a number of properties and
characterizations have been considered, which enlarged the univariate families to the Bessel
polynomials if we consider definite weights. Very recently, new families emerged under the
name of exceptional families, which provide a vast extension of the first mentioned families
in many areas of mathematics, in particular the “time-and-band limiting” commutative
property found and exploited by D. Slepian, H. Landau, and H. Pollak at Bell Labs in the
1960s [27]. On the other hand, finite families of orthogonal polynomials in the univariate
case have been considered since the works of Romanovski connected with the analysis of
probability distribution functions in statistics [28].

As for the finite bivariate case, up to now, there were only 15 classes defined by Giil-
dogan et al., and these were obtained from the product of two finite univariate polynomials.
In this paper, 23 finite bivariate orthogonal polynomials were obtained from the product of
a finite and an infinite univariate orthogonal polynomials. Therefore, the study fills a gap
in the literature, providing a way to generalize to other dimensions. Once we have these
new finite families, Fourier transforms can be calculated or g-analogues can be studied,
which shall be considered in future works.
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