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Abstract: Recently, Ji et al. established certain fixed-point results using Mann’s iterative scheme
tailored to G,-metric spaces. Stimulated by the notion of the F-contraction introduced by Wardoski,
the contraction condition of Ji et al. was generalized in this research. Several fixed-point results with
Mann'’s iterative scheme endowed with F-contractions in G,-metric spaces were proven. One non-
trivial example was elaborated to support the main theorem. Moreover, for application purposes, the
existence of the solution to an integral equation is provided by using the axioms of the proven result.
The obtained results are generalizations of several existing results in the literature. Furthermore, the
results of Ji. et al. are the special case of theorems provided in the present research.
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1. Introduction

Fixed-point (fp) theory is a dominant branch of functional analysis, which has an
extraordinary role in non-linear analysis. Certain non-linear equations, such as non-linear
integral and differential equations, model several problems in science and engineering.
Banach [1] introduced a famous theorem known as the Banach contraction principle, in
1922, which has many applications in the Mathematical and Physical sciences. Due to
these applications, Banach’s theorem became a triggering point for researchers. Banach
established an iterative scheme to find the fixed point of a mapping, which inspired
researchers to employ this contraction principle to establish the existence of solutions of
differential equations, integral equations, and certain dynamic programming equations.
The important task of analyzing the existence of solutions to these equations can be resolved
by converting them into an equivalent fp problem. An operator equation G = 0 can be
expressed in terms of the fp equation Qf = { with self-mapping Q and a suitable domain.
For example, to find the roots of f({) = 373 — 47% + { + 3 = 0, one can reformulate the
problem into the form Qf = {, where Q7 = —373 +47% — 3, and find the fixed point
of the mapping Q. It is clear that, if the mappings Q have fp, then the solution of the
corresponding equation exists. Due to this equivalence of the existence of a solution of
a non-cooperative equilibrium and a couple fixed point, the existence problem of the
non-cooperative equilibrium of two-person games was clarified by Dechboon et al. [2],
applying some coupled fixed-point theorems in partial metric spaces. Younis et al. [3]
established some novel results concerning graph contractions in a more-generalized setting
and, to arouse more interest, provided an application for the existence of a solution to
fourth-order two-point boundary value problems describing deformations of an elastic
beam, the ascending motion of a rocket, and a class of integral equations. It is important to
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note that every Banach contraction is continuous. In 1981, Vul’pe [4] investigated the idea
of b-metric spaces (b-91S) and their topological features. It would be a real benefit if this
article is considered for further research. Czerwik [5] defined this concept formally in 1993
by introducing a condition that was weaker than the third property of MS. Czerwik and
many other researchers generalized the Banach contraction principle using these spaces
(see [6-9]). Mustafa and Sims [10] presented the idea of G-S in 2006, which was further
generalized by Aghajani et al. [11] by presenting the concept of G,-9S.

fp iterative schemes present an attractive method to compute the fps of any arbitrary

non-linear algebraic function accurately and efficiently. In 1890, Picard introduced the
+00

simplest iterative scheme where ) {,} is a Picard sequence with initial point {o. In 1953,
p=0

Mann [12] presented the iterative scheme defined as

Cpr1=(1-0p)Cp +0,90p,

+o00
where ) " {6,} denotes a sequence based on the real numbers in [0,1]. This iterative
=0
schemepturns into Picard’s scheme by replacing 6, = 1. Iterative methods are often used to
solve the different non-linear equations that can be converted into a fixed-point equation
Q( = (. Mann’s iterative method has been proven to be a powerful method for solving non-
linear operator equations involving non-expensive mapping, asymptotically non-expensive
mapping, and other kinds of non-linear mappings (see [12,13]). Ishikawa [14] generalized
the Mann iterative scheme in the following manners:

{’7p =(1—¢p)lp +PpQLp,
Cpr1=(1—0p)Cp +0,Q1p,

—+o00 —+o00
where ) {6,} and )_{¢,} denote sequences based on the real numbers in [0,1]. This
p=0 p=0
Mann iterative scheme turns into Picard’s scheme by replacing ¢, = 0. Let S be a non-
empty closed convex and bounded subset of a uniformly convex Banach space and Q :
S — S be a non-expensive mapping.

197 — Q¥ < || —¥|| foreach, ¥ € S.

Then, {* € Sis an fp of Q (see [15]). Unlike in the case of the Banach contraction mapping
principle, trivial examples show that the sequence of successive approximations {1 =
Qlp, Co € S, p > 0, for a non-expensive map Q even with a unique fp may fail to converge
to fp. It is sufficient, for example, to take, for Q, a rotation of the unit ball in the plane around
the origin of the coordinates. Krasnoselski [16] showed that, in this example, one can obtain
a convergent sequence of successive approximations if, instead of Q, one takes the auxiliary
non-expensive mapping 3 (I + Q), where I denotes the identity transformation of the plane,
i.e., if the sequence of successive approximations is defined, for arbitrary o € S, by

Gy = 5 (6 +Q5), p20. 0

It is easy to see that the mapping Q and 1 (I + Q) have the same set of fps, so that the limit of
the convergent sequence defined by (1) is necessarily an fp of Q. In 2017, Karakaya et al. [17]
presented the idea of a three-step iterative scheme for the first time as follows:
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Consider a mapping Q : S — S, where S is a convex and closed subset of a normed

—+oo
space E; the sequence ) {Z,} C S is defined by:
p=0

vp = (1= 0p)wp + 6, Quw),
Cpr1 = Qup, where {p € S

—+00
where ) " {6,} is a sequence based on [0,1] € R.
p=0
Inspired by this reality, Sharma et al. [18] presented a new three-step iteration scheme
with better characteristics. This scheme is defined as follows:

_ mip+QfLp

+00 - m+1 7

For each real number m > 0, {y € E, the sequence ) _ {{,} in E is defined by p = Qzp,
=0

4 Cpr1 = Qnp.

The above scheme is based on the scheme suggested by Kanwar et al. [19] as follows:
g _ me + Qép
P m+1 7

where m is any real number greater than zero. Notice that it transforms into the Picard
iteration when m = 0.

Some more literature on such iterative schemes can be seen in [20-27]. Ji et al. [28]
presented the idea of a convex G,-9MS employing the convex structure introduced by
Takahashi [29]. Then, they proved the existence and uniqueness theorem by generalizing
the Mann algorithm to G,-MS.

Wardowski [30] presented the concept of the F-contraction in 2012 and proved an fp
theorem using this new idea. Afterward, many generalizations have been made to produce
interesting results using the F-contraction. One of them was the generalization of the
J-contraction into the Hardy-Rogers-type F-contraction presented by Cosentino et al. [31].
After that, Asif et al. [32] introduced the F-Reich contraction by removing the third and
fourth condition of the F-contraction of Nadler’s type, defined by Cosentino.

This manuscript is organized in the following manner. In Section 2, preliminaries
and some basic definitions are given for the optimum understanding of the current article.
Section 3 examines the existence and uniqueness of fp theorems with the help of the F-
contraction. To stimulate more interest, one example is provided to support our result.
Finally, the well-posedness of an fp problem is proven. In Section 4, an application is
provided that ensures the existence of a solution to an integral equation by using the axioms
of the provided theorem. The last section is dedicated to the conclusions of the research.

2. Preliminaries

Definition 1 ([5]). Let S # ¢ andd : S xS — [0,+00) be a mapping, which fulfills the
subsequent properties for every (1,02,(3 € S:

(1): d({1,82) = 0ifand only if {1 = (o;

(2): d(1,82) = d(82,01);

(3): d(81,03) < s[d(81,82) +d(2,C3)] for every s > 1.

Then, for every s > 1, d and (S, d) represent the b-metric and b-NS, respectively.

Definition 2 ([11]). Let S # ¢pand G : S x S x S — [0, +00) be a mapping, which fulfills the
subsequent properties for all {1,(>,03 € S:

(1): G(21,82,03) =0if 1 = o = {35
(2): G(C1,61,82) > 0 for every {1, Cr € S with {1 # o
3): G(C1,01,82) < G(81,82,83) forevery L1, 2,3 € S with {o # 3
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4): G(01,02,03) = G(01,03,02) = G(85,01,82) = -5
(5): there exists a real number s > 1 such that G({1,02,3) < s(G(C1,1,1) + G(n,02,03)] for

every C1,02,03,1 € S.
Then, G and (S, G) are called the G,-metric and G,-MS, respectively.

Remark 1 ([11]). It is notable that Gy-MS and b-MS are equivalent topologically. By utilizing
this fact, we can carry many results of b-MS into G,-MS.

Proposition 1 ([11]). Consider a G,-MS defined as (S,G). Then, for every {1,02,(3,1 € S,
we have:

(1): 1fG(01,82,03) =0, then {1 = (o = {3;

(2): g(él/ €2/ €3> < 5(g(élr él/ éZ) + g(gll gl/ §3>);

3): G(C1,02,02) <25G (82,01, C1);

4): G(1,82,03) <s(G(¢1,m,83) +G(11,82,83))-

Definition 3 ([33]). Consider a G,-INS defined as (S,G). We say that {{,} € S is a G-Cauchy
sequence (cs) if, for all € > 0, there exists N € N such that, for all [, m,n > N, G({\, {m,{n) < €.

Definition 4 ([11]). Consider a G,-MS defined as (S,G). If there exists {' € S such that
klim G(Cp, Tk, ¢') =0, then a sequence {{,} C S is said to be convergent in S.
pk—+o0

Remark 2. (S, G) is called a complete G,-MS if every cs in S is convergent.

Proposition 2 ([11]). Consider a G,-MS defined as (S, G). Then, the following are equivalent:

(1) The sequence {Tp} is a cs.
(2) Forall e > 0, there exists pg € N such that G({p, (k, (k) < € for any p,k > po.

Definition 5 ([11]). A Gp-MS is called symmetric if G(Tp,Ck, Ck) = G(Ck, Cp, Cp) for every
CPI gk S S

Definition 6 ([10]). Consider two G,-MS defined as (Sy,G1) and (Sz, Go). Then, f : (S1,G1) —
(82, Ga) is G-continuous at a point {' € S if, for every {1,{2 € S and € > 0, there exists § > 0
such that G1({', 01, G2) < & implies Go(fT', fQ1, f2) < €.

Proposition 3 ([11]). Consider two G,-NS defined as (Sy,G1) and (Sy, Ga). Then, f : (S1,G1) —
(S2,G2) is G-continuous at a point {' € S if and only if f(T) is G-convergent to f(Z') whenever
{¢p} is G-convergent to (.

The convex structure (CST) in G-MMS was presented by Norouzian et al. [34].

Definition 7 ([34]). Consider a G-MS defined as (S,G). A mappingv : S x S x S x [0,1] X
0,1] x [0,1] = SisaCST on S if, for each ({1, {2, G35 1, p2, w3) € S x S x S x [0,1] x [0,1] x

[0, 1] with py + pa + ps = 1, then v({1, $a, G35 p1, o, 43) € S, where v({1, {2, §a; p1, 2, ) =
181+ Malo + uals. If visa CST on S, then (S, G, v) is a convex G-MS.

Definition 8 ([28]). Let (S, G) be a G- MS and a mapping Q : S — S. We say that {{,} isa
Mann sequence if
Cpr1=0(Cp, Qlp;0p), p € Ny,

where {p € S and 0, € [0,1].

However, iterative methods are important for finding the fps of non-expansive map-
pings. In particular, the Mann iteration is one of the numerous methods of fp to find the
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approximations of the fp problems using iterative schemes. Mann’s iterative scheme is
defined as

Cp+1 =0pCp + (1 -6,)Qp, 6, €[0,1].

Definition 9 ([28]). Let (S,G) be a G,- MS with constant s > 1 and I = [0,1]. A mapping
v:SXxSXxI—Siscalleda CST on S if, forall 1,02,03,1 € Sand 6 € I,

G(n,¢,v(81,02;0)) <0G(n,¢,¢1) + (1 =0)G(1,¢,G2)- ()
(S,G,v) is said to be a convex G,-MS.

Next, we give some examples of a convex G,-MS.

Example 1. Let S = R", and define a b-metricd : S x S — [0, +o0) forall {,'¥ € S by

k=1

a(5,¥) =) (i —¥:)?,
i=1

foreach { = (01,02,---,Cn) € Sand ¥ = (Y1, ¥2,...,Yn) € S and define the mapping
v:SxS8x%x[0,1 — Sby
o(%,Gp) = T2t
Then, (S,d) is a convex b-MS with s = 2. Define a Gy-metricG : S x S x § — [0, +c0) by
9,0 n) = max{d(¥,0),d(¥,n),d(n,0)}  forall'¥,{,n € S.
Foreach (,¥,a, B € S, we have

G(T,¥,0(x, B;0)) =max{d(Z, ¥), d(C, ola, §:0)), d(¥, (a, §;6))}
< max{d({, ), 0d(Z, x) + (1 - 0)d(Z, B), 64(¥, ) + (1 - 6)d(¥, B)}
<Omax{d({,¥), d(Z,0),d(¥,2)} + (1 - 0) max{d({,¥),d(Z, ), d(¥, B))
—0G(2,¥,0) + (1-0)G(Z, ¥, B)-

Hence, (G, S,v) is a convex G,-MS with s = 2P~ 1,

Example 2. Let S = R, and define a Gy-metric G : S x S x S — [0, +0) by

1 2
(@) = [5UC—¥I+lp—nl+lc—yl)| fraig¥yes
and also the mapping v : S x S x [0,1] — S by

0(7,¥;0) = 07+ (1—0)Y.
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Foreach (,¥,a, B € S, we have

G(,¥,0(a,8;0) = % (18— ¥1+ | — 0a — (1= 0)p] + 12 — 6u — (1))’
<5 % (01— %1+ (1= )|~ ¥] + 61% —a] + (1~ 6)% — Bl +6I¢ — o]
+-0)-pl

< 601 %1+ 1% —a +12—af) + (1 - O) (12— ¥ + ¥ — | + 1~ p)]

= O =

<5 [02(8 ¥+ ¥ —af + |0 — )2+ (1= 0)2(1C = ¥| + ¥ — Bl + | — BI)?
+20(1 - 0)(Ig —¥| + [¥ — | + | — a])?]

<5 %[00 ¥14 1% — 2 + 17— al)? + (1= 0)(g — ¥ + [ — Bl + I — B)?]

=0G(C, ¥, a) +(1-0)G(3, Y, B).
Hence, (G, S, v) is a convex G,-MS with s = 2.

Remark 3. A convex Gy- MS reduces a convex G-MNS for s = 1.

Wardowski [30] presented the idea of F-contractions in 2012, which has a crucial role
in the recent trend of research in the field of fp theory.

Definition 10 ([30]). Consider a mapping F : (0,+00) — R, which satisfies the subsequent
conditions:

(Fy): F is increasing strictly.

(F2): For every sequence {ay} ycn of positive numbers p1—1>r-£loo ap =0 ﬁpl—lgloo F(ap) = —oco.

(F3): There exists k € (0,1) such that lim a*F(a) = 0.
a—0F

Definition 11 ([30]). Consider an MS defined as (S,d). A mapping Q : S — S is said to be an
F-contraction if there exists T > 0 such that d(Qg1, Q(2) > 0 implies

T+ F(d(QZ1, Ql2)) < F(d(C1,82)) forevery (1,02 € S.

Popescu and Stan [35] proved fixed-point results by applying weaker symmetrical
conditions on the self-map of a complete metric space, Wadowski’s control function F,
and the contractions defined by Wardowski. Vujakovic et al. [36] proved Wardowski-type
results within G-9S using only the condition F;. Fabiano et al. [37] presented a beautiful
survey on J mappings and suggested some improvements on the conditions of an F
mapping involved in the contractive condition.

We now state a property [36,37] of the function F, which is the consequence of the condition
F;. This paper is the third chapter of the book (see [38]):

e Ateach pointd € (0, ), there exist its left and right limits glirgl F(C)=F(d )and
gy
glir% F () = F(d*). Moreover, for the function F, one of the following two properties
—
hold: F(0") =m € Ror F(0") = —oco.

In 2021, Huang et al. [39] presented the concept of a convex F-contraction in b-9MS to
obtain fp results in b-9NS.

Definition 12 ([39]). Consider a self-mapping Q on S and a complete b-MS defined as (S,d, F).
We say that Q is a convex JF-contraction if there exists a function F : (0,400) — R such that Q
satisfies (Fy), (F2), (F3) and also the following:
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(F}) There exists T > 0and p € [0,1) such that
T+ F(dp) < F(udy + (1 —p)dy_q) foralld, >0, p€N.

Throughout, the next discussion, the collection of functions that satisfy condition F;
will be denoted by F.

Proposition 4 ([28]). Consider a convex G,-MS defined as (S,G,v). Then, the Gy-metric is
Q—symmetric lfe S (0,1), ie. g(gl,éhgz) = g(gl,gz, gz)

3. Main Results

Throughout this article, by convex F-contraction, we mean a mapping that satisfies
both Ff and F. First, we generalize the results of Ji et al. [28] regarding the F-contraction.

Theorem 1. Let (S, G, v) be a complete convex G- MS with constant s > 1and Q : S — S be
a convex F-contraction. Furthermore, assume that the sequence {(,} is generated by the Mann
iterative scheme and sy € S. If the sequence {6, } € (0,1) converges to 6, then Q has a unique fp
{* € S. Moreover, Q is G-continuous at {*.

Proof. For every p € Ny, we obtain

g(éprépl gp+1) :g<ép1€p/v(€p/ Qép;ﬂp))
<(1—=0,)G(Zp, Cp, QLp)- 3)

From the condition FI , we have

F(G(p,Cp, QLp)) <T+ F(G(Cp,Cp, QCp))
<F (19 (Zp, 8 QLy) + (1= )G (Gp1,Ep1, Q4p1))-

Then, using F;, we have

g(gp/ Cpr Qép) < Vg(gprgp/ Qgp) +(1- V)g(épflrgpflf Qgpfl)/

then,
0 < G(Cp,Cp, Qlp) < G(Tp-1,Gp-1,90p-1) 4)

for each p € N. Next, we show that

T+ F(dy) =74 F(G(5p, Cpr QLp)) < F(G(Lp-1,Cp-1,9Cp-1)) = F(dy_1) forallp € N. (5)

Indeed, if (5) is not true, then
T+ -F(g(gp/ Cps Qgp)) > }—(g@pflrgpfl/ Qgpfl)) forall p € N.
Thus, it establishes that

F(G(Tp-1,Cp-1,9C0p-1)) <T+ F(G(Lp,Cp, Qp)) forallp € N
<F(uG(8p, Cp Qp) + (1 = 1)G(Cp-1,Cp-1, LCp-1))-

Using condition F;, we obtain

g(épflr épflr Qépfﬁ <.ug(€P/ gp/ Qép) + (1 - }l)g(gp,l, gpflr Qépfl);

that is,

g(épflr gpfll Qgpfl) <g(CPI gp/ Qgp)/ (6)



Axioms 2023, 12,937 8 of 25

dy—1 < dp, which is a contradiction to (4). Hence, (5) holds.
F(dy) < F(dp-1) —7 forallpeN. (7)

Since F is strictly increasing, then d,, < d,,_1. Thus, we conclude that the sequence {d, }
is strictly decreasing, so there exists grf dp = d. Suppose that d > 0. Since F is an
;’J o
increasing mapping, there exists glir';l+ F () = F(d'), so taking the limit as p — 400 in
—

Inequality (7), we obtain
T+ Fd*) < F@dh),

a contradiction. Therefore, lim d, =0,
p—+oo

p1—1>r—£100g(€p/ gpr Qgp) =0. (8)
By using Equation (3), we have

g(gprgp/ §p+l) S(l - ep)g(gp/ gp, Qgp) < U) Q(Cp, gpr Qgp)/

where 17 < 1. Therefore, Llrf G(Cp, Cp, Cp+1) = 0. Thus, foreach p,g € N,
p o0

G(Zps CpiCp+q) =G (Cp, Cpgr Cptq)
<sG(Cp, Cpt1,Cpr1) +5G(Cpr1, Cprqr Cptq)
<8G(Zp, Gpi1,Gps1) +5°G (Gpi1, Cpr2, Cpia) +5°G(Gpr2, Cpg Sprg)
<5G(Zps Cpt1,Cps1) T 57°G(Lps1, Cpr2, Cpr2) + - + 871G (Lprg—1, Cptar Cptq)
<s1G(Zp, Lps QLp) + 511G (Cp11, Cpr1, Qps1) + -+ - +5MG (Cprg—1, Cptg—1, Qpig—1)
<(ns+ns>+ 45> + - )G(Cp, Cp, Qlp)
<ps(1+s+s2+ - )G (8p, Cp, Qlp)

<T9(Ep 0 QLy)-

implying that plirrw G(Cp,Cp,Cprq) = 0, which reveals that {{} isa ¢s in S. Since (S, G, )

is a complete convex G,-MNS, there exists "¢ S such that

lim G({p,p,C') =0. )

p—+oo

Notice that

G(¢',0¢',08") <s(9(8', 6, 5p) + 685, O, QF))
<sG(T, 8, 2p) +52(9(Ep QTp QLp) + 992, QI Q)

<sG (2, 8y, Gp) +52G (8, QTp QL) +5°(6(Q8,,8,8) +9(2, QL' Q7))
= (1 - 53)g<€// le, le) Sﬁg(glr ép/ gP) + szg(gp/ Qgpr le)) + 53g(Q§p, g// gl)
<8G(Zp,Cp,C') +5°G(Lp, Cpr Qlp) +5°G(Lp, Lps QTp) +5%G (20, 01 T).
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T+ F(G(01, 90, 933)) <F

Letting 1_13_1 in the above inequality and by using (8) and (9), we deduce Er}: Gg(,or,9t) =0,
p—rteo p—reo

implying that Q' = ¢’. Thus, fp of Qis '.
Assume that {', 7' € S are two different fps of Q. Then,

0<G(Z,7,4)=6(Q7, 914, Qn')
<sG(Q7, 7, 0') +sG(7, Qn', Q')
=sG(7', 7, 1),

which is impossible. Therefore, G({’, ', ")=0. To observe that Q is G-continuous at an fp
{’, consider a sequence {7, } such that LIT ip = {'. Then,
p (o]

G(&', Qup, Qnp) = G(QL', Qnp, Qnp) < 8G(QZ, T, L) +5G(L', Qup, Q).

Taking limitas p — +co, we have Llrf G(Z', Qnp, Qnp) = 0, which implies that Llr? Qnp =
p—rToo p—rToo

¢’ = Q. By combining this with Proposition 4, it is derived that Q is G-continuous at
7. O

Theorem 2. Let (S, G, v) be a complete convex G,-MS withs > 1. Let Q : S — S be a mapping
such that, for each {1,{>,(3 € S and F € F.

G(01,81,82)G(82,82,01)
M(L1,02)
(€2,02,83)G (83,83, 82)
M(Z2,03)
G(01,81,03)G(83, 83, C1)
M(C1,83)

G(81,81,Q02)G (82,02, Ql1)
M(C1,82)

G(82,82,983)G (83,83, Q02)
M(Z2,33)

G(21,01,923)G (83,3, Q§1)>
M(C1,03) ’

+ Uz

g
+u3

+ Ha

s (10)

+ HUe

where

M(C1,82) =max{{, G(C1,81,QC1),G(82, 82, Q%2)},
M(Z1,83) =max{{,G(01,81,901),G(83, 83, Q03) ),
M(02,33) =max{{, G (02,02, QL2),G(3, 03, Q03) }

and pq + p3 + ps < ﬁ and po + g + pe < % Assume that the sequence {{} is generated by
the Mann iteration and so € S. If {0,} € [0, 515], then an fp of Q exists, that is F(Q) # ¢.

r
Proof. For any p € Ny, we have
G(Cp Cpr Cpr1) =G(Zp, Cps0(Cp, QTpiOp)) < (1= 05)G(Lp, Cp, QTp)- (11)
If £y = {py1, then

g(épr Qgpr Qép) :g(€p+1/ Qgp/ Qgp) < GPQ(C,p, Qgpr Qgp)z

which implies that {, = Qf;, and {j is an fp of Q. Therefore, assume that {;, # {,,1 and
Cp # QCp. In view of Definition 9 and Proposition 4, it follows that

g(gp, gp/ Qgp) :g(gpr Qépr Qgi))
§5[G(€p/ Qgp—ll Qgp—l) + g(Qgp—lf Qép’ le’)]
<s[0p—1G(Zp—1, Qlp—1, QCp—1) + G(QLp—1, QLp, Q0p)]- (12)

Using symmetry, we have the following six possible cases for {G(QC, 1, Qfp, Qfp) }:
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e Case 1: For any p € Ny, we have

T+ ‘F(g(ggpflr Qg}?r Qép))
G(Cp-1,Cp-1,8p)G(Lp, Tps Cp-1)
M(gfi—l/ (-p)

g(Cp—lrgp—ll Qgp)g(gp/ gp/ Qgp—l)
M(ép—l/gp)
g(gpflzCpflrgp)g(éprgngpfl) + g(gpflzgpflrQCp)g(gprgpr Qgpfl)
M@y 1.5p) ”4 M(Cp1.5p)
g(Cp/ gprgp)g(gp/ gpr gp) + 16 g(épzép/ Qgp)g(gp/ gpr QGP))
M(Zp, Cp) M(Zp, Cp)
F(G(QLp-1,28p, QLp))
g(gpflfgpflzgp)g(gprgpz gpfl)
M(gpflrgp)
g(gpflfgpflrgp)g(gngp/ gpfl)

S-F<ll1 + 1

+ U3

+ s

G(g,,,l,g,,,l, Qgp)g(gp/ gpr Qgpfl)
M(gpflrgp)
g(gpq,gpq, Qép)g(gpr gp/ Qgpfl)
M(épfllgp) M(épflz gp)
g(gp/ gprgp)g(gpr gp/ gp) + 16 g(@pr@p/ Qgp)g(gp/ gp/ Qgp)) _
M(Zp, Cp) M(Zp,Cp)
g@pfl/gpflzép)g(gpréprgpfl) + g(gpflzgpflrggp)g(gngpr Qépfl)
M(gpfll gp) H2 M(gpflr gp)
g(gp—lfgp—lzgp)g(gp/gp/ gp—l) g(gp—lxgp—lz Qgp)g(gp/ gp/ Qgp—l)
M(gpfllgp) M(épflz gp)
g(ép/ gpGC)g(Cpr gp/ gp) + 16 g(@prgp/ Qgp)g(gp/ épr Qép))
M(Zp, Cp) M(Zp,Cp)

(1_ ) (ép 1, gp 1 Qgp 1)

(gp 1, gp)
epflg(gpfllgpflr Qgp)g(gprprlr Qgpfl)
(gp 1, ép)

S}"([(l* 212 (1 + 13) + 0,-1(1 = 6, 1)s(p2 + 1a)]G (Gp-1,Gp-1, QTp-1)
+ [9;7715(?‘2 + ma) + p6lG (gpfgp/ Q@p))-

< F(m + 2

+ us

+ Ug

+ Us

S-F(V1

+ us + Ug

+ Us

< F((m+ms)

+ (p2 + ua) + 169 (CprCp Q0p))

Using F7, we obtain

G(QZp-1, 9%y, QTp) <[(1—0p—1)* (41 + 13) + 0p—1(1 — Op_1)5(pt2 + 1a)]G(Zp-1, Cp—1, Qlp-1)
+[9p—15(ﬂ2+ﬂ4)+%] (CprCpr QCp)-



Axioms 2023, 12,937 11 of 25

e Case2: Forany p € Ny, we have

T+ ]:(g(Qgp—lf QCp, Q0p)

=T+ F(G(Q%p, QCp—1,20p))

g(gp/ gpfgp—l)g(gp—l/gp—lrgp)
M(Cp/ gp—l)

G(CpsCpsCp)G(Zp CpiCp)

g(gP’ ép, Qgp—l)g(gp—lz gp—l, Qép)
M(gp/ (-p—l)
G(Zp Cpr Qp)G(Lp, Cpr QCp)
M(Zp-Cp) M(Z,.p)
g(gl’*l/ gP*lr gP)g(gpl gp/ gpfl) + g(gp—l/ gpflr Qgp)g(gp/ ép, Q€p71))
M(gpillép) ro M(gpflfgp)
F(G(QCp-1,9Cp, Qlp)
G(Cp/ Cpr Cp—1)G(Cp-1,Cp-1,Cp) N G (8 Cpr QLp—1)G(Lp—1,Cp—1, Q0p)
M(&p Zp1) - MGy, Cpr)
g(gprgplgp)g<€p/€p,€p) G(Cp, Cp, Qgp)g(gplgp, Q@p)
M(Zp, Cp) M0, Tp)
G(Cp-1,Cp-1,8p)G(Cp, Cps Cp-1) G(Zp-1,Cp-1,20p)G(Cp Tp, QCp—l)) B
M(Ep-1:8p) MCy1,5p)
G(Zp,CprTp-1)G(Zp-1,Cp-1,Gp) G(Zp,Cpr QCp1)G(Zp-1,0p-1, QL)
Sf(yl M(Zp, Cp-1) T My Cp1)
G(Zp/Cp 8p)G (8o i Cp)  G(CpsCpr QEp)G (G Eps QLp)
M(Cp. Cp) M(Z,C,)
G(Cp-1,Cp-1,0p)G(Cp, Cp, Cp—1) G(Zp-1,Cp-1,20p)G(Cp Tp, QCp—l))
@P 16p) MCy1,5p)
< (o -+ ) =y Gt

0. 1,0y 1, ~1,Cp_1, _
+(V2+,146) 4 1Q(Cp ! §p ng(gl)ég;ip) ! ép ! QCP v +V4Q(Cpr€p/ Q@p))

Sf(}ll + 2

+us

+ Ua

+us

SJ:(Vl

+u3

+ Ha

+us + He

+u3 + Ha

+us

+ He

S}-([(l— —1)% (1 + p5) + 0p—1(1 = 0,_1)s(p2 + 14)1G (Gp-1,Cp—-1, QCp—1)
(0,152 + pe) + 1a)G (Zp, Gp Q) ).

Applying F;, we obtain

G(QZp-1,90p, Qp) <[(1 = 0p—1)* (1 + p5) + 0p—1(1 = 0p—1)s (2 + 11a)1G(Zp—1,Cp-1, Qp-1)
+[9p—15(142+7/‘6)+i44] (gp Cps Qgp)
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e Case 3: For any p € Ny, we have

T+ F(G(Q0p-1, 20y, QCp))

=T+ -F(g(Qgp/ Qlyp, Qgpfl))

G(Zp: CprCp)G(Lp CpiCp)

M(Zp. Cp)

G(8p Cpr Cp-1)G(Cp—1,Cp-1,Cp)
M(épr Cp—l)

g(gpr gprgpfl)g(gpflrgpflzgp)
M(gpr gpfl)

= F(G(QCp-1, QCp, QTp))

SF(ylg(ép:@;ﬁ}(ﬂg)i(ép)rgpfgp)

g(gpr gprgpfl)g(gpflrgpflzgp)
M(gpr gpfl)

g(gp/ g]ﬂr gp—l)g(gp—lr gp—lz gp) Q(Ep, gp, QCp—l)g(ép—l/ Cp—lr QCP) )
M(gp/ Zp—l) M(ép/ gp—l)

S}-([(l —0,1)* (43 + p5) + 0p_1(1 — 0p_1)s(pa + 116)]G (Tp—1, Cp—1, QL p—1)

+[0,-15(us + pe) + 121G (2, 5y, Q%) ).

Q(g,,, gP' QCP)Q(Cp/ gp/ QCP)
M(Zp, Cp)
(CprGpr Q0p-1)G(Gp-1,5p-1, QGp)
M(Zp, Cp)
G(Cps Cp QCp-1)G(Lp-1,0p-1,Q0p) )
M(ép/ gpfl)

SJ:(Vl

+ Uz

g
+u3 + Ha

+us

+ Ue

G(Zp Cpr Qp)G (Lp, Cp, QCp)
M(Cp, Cp)

Zpr Cpr QLp—1)9(Lp—1.Cp—1, 2Lp)
M(Cp. Cp)

+ U2

g
+ Ug (

+us

+us + He

Applying F;, we obtain

G(QZp—1, 9Ly, QTp) <[(1—0p—1)* (43 + 5) + 0p—1(1 — Op_1)5(pta + 16)1G (Zp-1, Cp—1, Qp-1)

+[0p-15(pa + p6) + 12]G(8p, Tp, Qlp)-

Since

g(Qép—lz Qgp/ Qgp) = g(Qgp/ QCp—L Qgp—l)/
proceeding in the same way, we obtain the following.

e Case4: For any p € Ny, we have

T+ F(G(Q%p, Qlp-1,20p-1))
G(Cp—1,8p-1,8p)G(Cp, Cp, Cp-1) G(Cp—1,8p—1,28p)9(Zp, Cpr Qp-1)
¥ B )
GCp ep Ep-1)9Cp-1.8p-1.8p) Gy, Gy Qp-1)G(Ep-1,8p-1, 9p)
M(Zp Ty 1) Ha M(Cp.Cp1)
g(Cpflr gpflr gpfl)g(gpflr épflr épfl) (gpflr épflf Qépfl)g@pflr gpflr Qgpfl) >
M(§p7115p71) M(gpfllgpfl)

+H3

G
+Hs + He

— F(G(Q0p, Qp—1,20p-1))

g(gp—ll gp—l/ Qgp)g(gp/ gp/ Qgp—l)

Sf(],ll g(gp—ll gp—ll gp)g(gp/ glil gp—l)

M(ZpTp1) T MZp 1)
+ g(gplgplgp—l)g(gp—llgp—ll gp) + g(@p,Cp, Qgp—l)g(gp—llgp—ll QCP)
e MZp Cp1) Ha M(Zp Ty 1)

g(gp—lf gp—lr Gp—l)g(gp—lr gp—lr gp—l) + g(gp—lf gp—l/ QCp—l)g(ép—lr gp—lr Qgp—l)) T
M(épflr gpfl) e M(épflr épfl)

SF([(l —0p-1)* (i1 + p3) + 0p_1(1 — 6p_1)s(p2 + ) + 161G (p-1,Cp-1, 25p—1)
+[0p 1504 + 1)1 G (G, 5y QTp) )

+Hs
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Using F7, we obtain

G(QCp-1,90p, QCp) <[(1—0p-1)* (41 + H3) + 0p—1(1 — 0p1)s(p2 + pta) + 6] G(p-1,3p-1, QCp-1)
+[0p-15(pa + 16)1G (Cp, Cp, Qlp)-

e Case5: For any p € Ny, we have

T+ F(G(QCp-1,9Cp, Qlp-1))

g(ﬁpréprép 1) (gp 1/€p 1@70) g@prépr Qépfl)g(gpflrépflf Qgp)
<F(m MG Gpr) e MGy Gp1)
+y3g(§p71/€pflr€pfl) (gpflrépflrépfl)+V4g(€pflr€pflrQépfl)g(épflrgpflrggpfl)
M(épflfgpfl) M(épflfgpfl)
_HISg(éprépfgp—l)g(gp—lrgp—lrgp) _’_yég(épréw Qépfl)g(épflfgpfllggp)>
M(Cp,Gp-1) M(8p, Cp-1)

= f(g(ggp—lr Qépr Qép—l))
G(Cp CprCp—1)9(Cp-1,Cp-1,Cp) G(Cp Cps QCp-1)9(Cp—1,Cp—1,p)

F T G T MG
g(gpflfgp 1s gp 1) (gp 1s gp 1/ gp 1) g(gpfllgpflf Qgpfl)g(gpfllgpfll Qgpfl)
M(Cp-1,0p-1) T M(Cp-1,0p-1)
g(gpxgpfgp—l) (gp—l gp—l gp) erég(gngp/ Qgpfl)g(gpfllgpfll Qgp)) .

M(épzép—l) M(@prép—l)

+TH3

+Hs

Sf([(l —0p—1)* (1 + pt5) + 0p—1(1 = 0p_1)5(p2 + p6) + 14l G(Zp—1,Cp-1, QCp—1)
+[0p-15(2 + 6)1G (5, QF))-

Using F7, we obtain

G(QZp1,Q0p, QZp) <[(1 =0, 1)*(p1 + pi5) + 6, 1(1 — 6, 1)s(4a + pt6) + palG(Cp-1,Gp1, QTp1)
+[9p—15(142 +16)1G (Cp, Cpr QLp)-

e Case 6: For any p € Ny, we have

T+-7:(Q(Q§pr Qgp—lrggp—l))
g(gpflf Cpfll gpfl)g(gpfll Cpfll gpfl) + o g(gpfll gpfll Qgpfl)g(gpfll gpfll Qgpfl)
(ép—lrép—l) M(ép—lrép—l)
G(Cp-1,8p-1,8p)G (Cp, Cps Cp-1) +mg(§p_1/6p-1,QCp)G(Cp/Cp, Qlp-1)

(gp 1/€]ﬂ) M(gpflrép)
((:p 1/ (:p 1/ gp) (gp gp/(:p—l) +y6g(§p—1/§p—1/Qép)g(gpxgp/ Qgp—l))

(gp 1/@]:1) M(gpflrép)
:>]:(g(Q€p/ Qépflr QCp 1))

g(épflrgp 1r€p 1) (gp 1r€p 1r€p 1) + 1 (ép 1r€p 1/ Qép 1) (ép 1/@;771/ Qépfl)

§-7:<141

+u3

+is

<]:<]11

B (ép 1s ép 1) (ép 1s ép 1)
N G(Cp-1,Cp-1,0p)G(Cp: Cp Cp1) N G(Cp-1,Cp-1,98p)G(Cp, Cp, QTp—1)
s M(Zy1,2p) e M(@y1,2p)
G(Cp-1,Cp-1,0p)G(Cp Cp Cp-1) G(8p—1,8p—1,p)G(Zp, Cp) Qp—1)\
s MZy1.0p) e M1 0p) )
Sf([(l— “1)% (3 + p5) + 0p—1 (1 — 0p_1)s(pa + i) + 42l G(Zp-1,Cp—1, Qp—1)

+10p-15(4a + 16)1G (Gp, Cps QCp))-
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Using F7, we obtain
G(QCp-1,Q0p, QLp) <[(1 = 0y-1)* (3 + p5) + 0p-1(1 — Op—1)s(a + i) + 11219 (Zp-1,Cp-1, Qp-1)
+[‘9p—15(ﬂ4+ﬂ6)] (Cpr Cpr Qlp)-

Combining all the above cases, we obtain

G(QLy1, 9Ty, QL) <o {1~ 1)t + 13+ 15) + (46, 1(1— B, 1)s + 1) (e + pua + )]
XQ(gp—llgp—lf Qgp—l) + (49p—15 + 1) (p2 + pa + P‘6)g(Cpr Cps Qgp)}- (13)
Using (12) and (13), we obtain

G(Zp,Cp, 0p)
<s[0p-1G(Cp-1,Cp-1, QCp-1) + %{[4(1 — 0, 1)2 (41 + 3+ ps)+
(40p-1(1 = 0p_1)s + 1) (2 + pa + 116)] X G(Cp—1,8p-1, QLp-1)
+(40, 15+ 1) (42 + pa + 16)G(Gp, Gy Q0p) |
4(1— 0, 1) (1 + p3 + ps) + (46,1 (1 — 0, 1) + 1) (2 + pia + )

§5[9p71+ 6 ]
40, 1
<G(Gyr,Epr, Q5pr) + et E DU T I T M) g 2 oz,
1 40— 550 (52) + (Agn (1= 32)5 + D (50)
<slpe 6 }
4555 +1) (5
Xg(gpflr gp*ll Qgpfl) + (256)() (gp/ gp/ Qép)
4(1 2 1)L 2 1)L
S%[%"‘ (5)+(g+ )(5)] % G(gpfllgpflr Qgp—l)‘kwg@prgpr Qgp)
= 2(38) % G(p1, Ty, Qpr) + 159 Ty OB,
implying
1,11
( ) (QHCP Qgri) <- ( )X g(gp 1, gp 1, Qgp 1)
— GGy 8 2p) si(%) G(Cp1,6-1,90p1)
:é(%) X (gp—l/ €p711 Qgpfl)

Lety = L x %g Then, 5 < . This implies that

g(ép/ gPr Qép) < Tlg<€pflr gpfll Qgpfl)' (14)
Moreover, Equation (11) implies
g(épzép/ gp—i—l) S(l - Gp)g(gp/ (-p, Qgp)

S(l B GP)Wg(ép—lr gp—lz Qgp—l)
<nG(Cp-1,Cp-1,9p-1)- (15)



Axioms 2023,12,937 15 of 25
Therefore, by using (10), (12) and (14), we have
F(g(gr)/ép/ Qgp)) SF(Ug(gp—lfgp—lf Qgp—l)) - T
S}-(g(gp—lf Cp—lr Qép—l)) - T
F(dy) < F(dp-1) —7 forallpeN. (16)

Since F is strictly increasing, then d, < d,,_1. Thus, we conclude that the sequence {d), }
is strictly decreasing, so there exists lirf dp = d. Suppose that d > 0. Since F is an
p—+0o0

increasing mapping, there exists Clir‘% F () = F(dT), so taking the limit as p — +oc0 in
—

Inequality (16), we obtain
T+ F(d) < F(d),

a contradiction. Therefore, lim dp =0,
p——+too
li =0. 7
Jm G(Cp,Ep, Qp) =0 (17)

Therefore, by using Equations (15) and (17), we deduce

lim G(Zp,Cp, Cp+1) = 0.

p—r+oo

Thus, for each p,q € N,

g(@pr gpr gp-&-q) :g(ép/ €p+qr gp-&-q)

<5G(Cp, Cp+1,Cp+1) +5G(Cp+1, Cpgr Cptq)

<G (Zp, Cpi1:Cpr1) + 5°G (Lpi1s Cpras Cpaa) + 857G (Cpr2, Cprgr Cpg)
<sG(Cp, Cpr1,Cpr1) +52g(§p+1r§p+2/ Cpi2)) + oo +51G(Cpig-1,Cptqr Cptq)
<s11”G (Lo, Co, QC0) +5°17 G (Zo, o, Qo)

Feee + 8PP TG (20, 20, QL)

<P (s + 5% + 55 + .......) G (Co, o, QLo)

517G (o, Co, Ql0)-

<
“1-sy

Letting p — 400, we obtain that

1
leng(gP/ Cp/Cpg) < Jm

517577’79(50, o, Q00),

implying that ET G(Cp,Cp,Cprq) = 0, which reveals that {{} isa ¢s in S. Since (S, G, )
p o0
is a complete convex G,-IMNS, there exists ' € S such that LHE G(Cp,Cp,¢') = 0. No-
p o0
tice that
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T+ ]-'(g(Qg’, 7, gl)) <T+ ]:<5[g(Q€// Qlyp, Qgp) +5g(Q§p/€p/ gp) +5g(§p/ 7, C/)D

< (et + ) 2 E R )

+ (2 + pe) o€ %”()g,g(é?) &p, Q8

G(Cp Cpr Q0p)G(Zps Cps Qép)]
M(ép/ gp)

+52G(QLy, 4y, 0p) +5°G(8,8,0))

g(g/, é’/’ gp)g(gp/ gpr gl)
M(T,p)
(2,8, Q8p)G(Zp. Cp. QL")

M(Z, )
g(grh ép/ Qép)g(gp/ gpr QCP)]
M(Zp,Cp)
+52G(Q8y, Gy &) +5°6(2,2,0)) — 7

<F (sl + 1) 9t gAiZ)gg(gip) 24

+(p2 + pe) 9L ?\i”()g/g’(ér’) Zp, Q)

g(CPf gp/ Qgp)g(gp/ gPr Qgp) ]
M (gpr glﬂ)

+52G(QLp, £y by) +5°6(8,,2.0)))

<F (sl + p5)6(2. ', 5p)G (Ep G )

+ (2 + 1)1G(E 8y Gp) + G(Lps QLp, QLp)IG (L0 Gy QT')
149 (Zps Sy Q2p)] + 52 (Q0p, G, 0p) +526(5, 0, 8) )

+Ug

— F(9(Q8,8,¢") <F (sl(m + s)

+(V2+V6)g

+ug

+uy

Using F;, we can write

G(7,¢., ) <s[(m1 +us)G(Z. 7, 2p)G(Cp, Cp T
+(.142 + #6)5[g(€// gp/ gp) + g(gpr @p, Qép)]g(gprgpl Q?)
+14G (Lp, Cpr QLp)] + 5°G(Q0p, Tps Cp) +5°G(Lp, 5p, T).

Letting p — 400, we obtain that 1%1111 G(C,7',97) = 0, which implies that {’ = 9f'.
p [e¢]
Thus, the fpof Qis’. O

Remark 4. The next example shows that Theorem 2 does not ensure the uniqueness of the fp.

Example 3. Assume that S = {1,2,3}and G : S x § x § — [0, +-00) is a mapping for each
1,802,303 € S such that G($1,02,33) = G(02,01,33) = G(03,02,61) = o and G(1,1,1) =
G(2,2,2) =G(3,3,3) =0,G(1,1,2) = G(2,2,1) =3,G(1,1,3) = G(3,3,1) =4, G(2,2,3) =
G(3,3,2) =5,G(1,2,3) = 6. Then, (S,G) is a complete G,-MS with s = 1. Define a mapping
Q such that QC = ( forany { € S. Forany {1,(2,03 € S, we obtain
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e+ F(G(Q01, 90, O%)) SJ__<MQ(@L@ﬁfélg(éz)rézfél) Pei(SHsY %’Eélgi%@z 1)

i G(82,02,03)G(83,83,02) e G (82,82, 9Q03)G (83,83, Q02)
M({2,83) ! M(82,83)

o G(21,81,03)G(83, 83, C1) e G(C1,81,903)G (83,83, Q01)
° M(C1,83) ¥ M(C1,83)

— F(G(Q0, 07, O3)) SJ:(M g(CLCﬁEgi(éz)/ 02,01) n yzg(ﬁ@lrﬁzéi(g)/ 02, Q01)

o G(82,02,43)9(83, 83, 82) e G (02,02, 903)G (83,03, Q02)
’ M(Z2,03) ! M(Z2,03)

i G(21,81,83)9 (83,03, 01) i G(81,81,903)9(83,83,201) |
T MGuG) ° M(21,83)

S}-((Vl +12)G(C1, 81, 02) + (43 + 14)G (82,02, C3)
+(ps + ﬂ6)9(§1,§11§3))‘

Using Fy, we obtain

G(QZ1, 02, Q73) < (m1 + M2)(G(21,01,22))* + (3 + 14) (G (32,22, 33))* + (s + p6) (G (21,01, 23))*.

Similarly,

G(QZ3, Q01, Q%2) < (p3 + ma)(G(21,01,02))* + (ps + 16)(G (52,82, 33))* + (w1 + p2)(G(21,1,23))%

G(Q%, 3, Q%1) < (ps + 1e)(G(21,01,22))* + (1 + 12)(G (32,22, 33))* + (s + 11a) (G (81,01, 03))*.

Combining the above equations,

6 6
3G(Q0,, QC3, Q01) Z G(01,01,02))* + Z 1i(G(02,02,03))* + Z 1i(G(21,21,33))*

6 6 6
Y 1i(G(21,01,02)) 2+ZV: (62,02, C3)) 2+2ﬂz (01,01,23))? }

i=1

/—/h\

G(0%, 00, Q1) <5

Applying F1, we can write

6 6
F(6(Q02, 905, 001) < F (5 {Zuz (61,61, 62+ Y1922, 2,8)* + L (06,6, 860} ). (19)

i=1 =1

Consider Equation (18):
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o Casel:Ifl1=1,0p =2and (3 =3, then

F(G(Q2,03,Q1)) ({Zy G(1,1,2)) +Zyl G(2,2,3))

6

+Zyl 9(1,1,3)7})

6

1
(5 121%(9 +25+ 16))

11.1111)
11.1111).

F

=F(
— F(G(Q2,Q03,01)) <F(

Then,

E + F(6) < F(11.11) = 110 +1In(6) < In(11.11) = 1.8918 < 2.4079.

o Case2:Ifl1 =(p» =1and (3 =2, then
6

F(G(01, 01, 02)) gf(%{ Y mi(G(1,1,1))2 + Zy, G(1,1,2))

=1

+Lm(6(11,2)7})
6
=7 ( ; #i(9+9))
=F(4)
— F(G(Q1,Q1,Q2)) <F(4).
Then
% + F(G(Q1,01,02)) < F(4) —> 117) +1In(3) < In(4) = 1.1986 < 1.3863.

o Case3:If{1 = (p» = land(s = 2, then

F(9(01,01,09) <F (3 Xm0, 11 + 1 m(9(1,1,3)°

i=1 i=1
6
+2y1 G(1,1,3))%})
i=1
1 6
- 5; 16+16)
64
(%)

= F(G(091,91,03)) <F(7.1111).

Then

11—0 + F(G(01,01,03)) < F(7.1111) — % +1In(4) < In(7.1111) => 1.4862 < 1.9617.
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o Case4:If{1 = {p» = 2and{s = 3, then

6

F(G(Q2, 02, 03)) ({Zy, G(2,2,2)) +Zyl G(2,2,3))

i=1

+ Y 1i(G(2,2,3))
L m(0223)%})
6
=F( Y mi(25+25))
i=1
100
= F(G(Q1,01,03)) <F(11.1111).
Then
1

o TF6(1,1,3) < FAL1111) = % +1n(4) < In(11.1111) = 1.7094 < 2.4079.

Therefore, the contraction condition is satisfied for every {1,02,(3 € S. Hence, Theorem 1 is
satisfied and F(Q) = {1,2,3}.

Definition 13. Consider a G,-NS defined as (S, G) and a self mapping Q : S — S. The FP
problem for Q is called well-posed if:

(1): ¢’ € Sisaunique fp of Q.
(2): For any sequence {{,} € S, #pgrfwg(gp,gp, Qlp) =0, then pEng(gp, Zp,0') =0or

ifplj)rjgoo g(ép/ Qép/ leﬂ) =0, then PETOO g(gp’ é/, gl) =0.

Theorem 3. Assume that all assumptions of Theorem (2) hold. If

< max{puy + o, U3 + pa, pis + te }, (19)

'Fgm

I
—_

then Q has a well-posed fp problem.

Proof. By Theorem 2, there exists an fp of Q, say {’ € S. To prove the uniqueness, we
proceed by a contradiction. Assume that ¥’ is also an fp of Q. By using the hypothesis, let
Y% 1 i < p1 + p2, which is possible only if u3 = py = s = pg = 0. Then, by using the
contraction condition

T+ (G700 <F (L A’j&?féﬁ &) |, 9808 'fj&f%g 20))
a(g.¢,0)6(,0,0) - 6.7, 90)6(. T, Q)
(1 M) M(T,) )
g, .06, ¢, 7) n #29(6’, 7,906, ¢, 97
M, 0) MT,0) '

F(G(Z,0,%) <F

IN

F (Vl
Using F;, we have

9(¢.,¢,816(2,¢.,¢) g(,¢,2¢)6(Z.¢,Qr')

g(@,@,‘f’)gyl M(g//g/) + U2 M(@’,él)
_,9€,8,90)0(,8,90) _
M(Z.Z") '

that is G({’,’,'¥’) = 0, which is a contradiction. The remaining cases are very easy to
verify, as they also produce a contradiction. This implies that {’ is a unique fp. Consider
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a sequence {¥,} € S such that lim G(¥,, ¥y, Q¥p) = 0. Further, we consider the
p—+oo
subsequent cases:

Case1:If 216:1 wi < p1 + pp, then pz = pg = s = pe = 0, then by using (19),
T+ F(G(QY,, 0, 0)) =T+ F(G(QY,, Q¥ Q)

Q(Tprpf‘fP)g(‘FP"FrJ"PP) g(Tprpf Q‘Pp)g(ququ QTP) )

<F (#1 M(¥,,¥)) M(¥,,F,)
= FO ) < R e )
S]—'(yl Q(\Fp,\ffﬁfﬁg(;jfp),\fp,%) G(¥,, ¥, ﬁ,‘ﬁggg% pr)>
pr=p pr ¥p
=7 (12 G(¥p ¥, i{‘fg pg (‘Ep) ¥, Q¥),) )
Applying F;, we have

G(¥p, ¥p, QYp)G(¥p, ¥p, QY )p)
M(¥p, ¥p) '

G(Q¥,,0,7) <

Letting p — 400, we obtain Lqu: g(QTp/C’, 7)) =
p [ee]

Case 2: If Y0y t; < p3 + ua, then py = pip = s = g = 0,
T+ F(G(QY,, T, 7)) =1+ F(G(Q¥,, QF, QY)))

G(¥p, ¥p ¥Yp)G(¥p, ¥p ¥p) . G(¥p, ¥p Q¥p)G(¥p, ¥y, QYp) )

<F
< <l‘3 MY, ¥,) MYy, ¥p)
/ g( ‘PPI‘PP'TP G(Yp, ¥p ¥p) G(¥p, ¥p, Q¥p)G(¥p, ¥y, Q¥))
F(G(Q¥,,0,7)) <F (ks MY, %)) i M(¥,, %)) )
<]:<P‘3g ‘PP,‘FP,‘Y;: G(¥p, ¥p, ¥p) 49(‘1’;;,‘1’;:, Q¥p)G(¥p Ty, QTV))
< M(¥,,¥,) M(¥p, ¥p)

=F (uaG (Y, ¥p, Q¥p)).

Applying F;, we have G(QY,, ', 0") < uaG(¥p, ¥y, QFp).
If p — 400, we obtain 1_1&1 G(QY¥,,¢,7')=0.
p [ee]

Case 3: If fo’:l Ui < us+ pg, then py = pp = pz = g =0,

T+ F(G(QY,, 0, 7)) =1+ F(G(QL, Q¥,, QYy))

- f(g(Q‘Yp/ C// g

g(‘{fp, TPITP)Q(TP' TP’ Tp)

G(¥p, ¥p, Q¥p)G(¥p, ¥p, Q¥p) )

f(ﬂég(lyprlfpr Q"Pp))

SF("S M(¥,,¥,) M(¥,,¥,)
g( ‘pr‘fpf )G(¥p, ¥p, ¥p) G(Yp, ¥p, QYp)G(¥p ¥p, QY)p)
<7 (s ‘Yp,‘lfp) T M(¥,,¥,) )t
<f( g( ‘Pprqu' )G (¥p, ¥p, ¥p) G(¥p, ¥p, QYp)G(¥p, ¥p, QYp) )
=/ \Hs ‘Pp,‘lfp) M(¥,,¥,)
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Using F;, we have G(QY, 7,7 < 1eG(¥Yp, ¥y, QYp).
By letting p — 400, we obtain 1_13_1 G(QY,, 7, 7')=0.
p oo

Combining all the above cases, we obtain
G(Q¥,,0,0) < 5 (10G(¥), ¥y, OFp) + 1sG(¥y, ¥y, OFp) + 16G(¥y, ¥y, OF,)).
Then,
G(¥p, 0, 0) <s(G(¥p, Q¥p, QYp) +G(QY¥, 7. 7))
<s(G(¥,, Q¥ Q¥)) + 3 (120 (¥, ¥y, OF,) + 1iG(¥,, ¥y, OF,)
16 (¥, ¥y, QF))))
<s(1+ %(}12 4 s+ 1)) G (¥, QF,, QF,).

Taking the limit as p — 4-00, we obtain that 1—1>r£ g(‘I’p,‘I’p, "Y=0. O
p o0

According to Jeong and Rhoades [40], a map Q has the P-property if it fulfills
F(Q)=F(QF) forall p € Ny.

It is important to note that if {’ is an fp of Q, then it is an fp of QP also, but its converse
does not hold. This point is named the periodic point. Rahimi, H. et al. [41] proved some
periodic point theorems for the T-contraction of two maps on cone metric spaces.

Theorem 4. Consider a G,-MS defined as (S, G) with coefficient s > 1 and a mapping Q : S —
S with F(Q) # 0 satisfying

T+ F(G(Q01, Q01, Q°01)) < F(1G(51,01, Q1)) (20)
forany 1 € S, n € [0,1). Then, Q has the P property.

Proof. Let p > 1 and (3 = QF(3 for every p > 1. We have

T+ F(G(L3, 03, Q03)) =F(G(QQP~ 15, QQP~ 175, Q2QP7173))
F(nG(QF 15,07 123,007123))
F(nG(Qr1gs, QP 1g5,00771¢3)) —
F(nG(QF1gs, 0P 123, 0077 1¢3))

(ng(Q

(n

(n

IN A

F(G(C3,03,903))

A

F n QP 2€3/ QP 2@3/ QZQpizgg)))
F(*(G(QP 203, QP 203, Q0P 2(3))) —
F(*(G(QP2L3, QP 273, QQP273)))

A IA

f(npg(€3/ €3/ Q€3)) -
F(1¥G(L3, 03, Q03)).

Using F, we can write G({3, {3, Q03) < 17G({3,{3, Q(3). By taking the limit as p — +oo,
we obtain 1_1)1}_1 G(C3,03,QC3) = 0, which implies that {3 = Q3. O
p (o)

Theorem 5. Assume that all assumptions of Theorem 2 are fulfilled, then Q has the p property.
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Proof. For each {; € S, we obtain

T+ F(G(Q01, Q%1 Q1)) =T + F(G(Q01, Q41, 2Q%1))

G(21,01,81)6(21,81,81)
SF(M M(C1,01)

G(81,81,Q01)G (81,81, Q1)
M(Z1,01)

+ u2

(i + ) L1 fj&iﬁ% 9. 4)

g(gl, gl/ ngl)g(ggll QCl/ Qél)
+(V4+.u6> M(lergl) )

F((p2 + ps + ps5)G (21,01, Q1))

Note that yp + p3 4+ s < 1. Let pp + 3 + ps = 17, then

T+ F(G(Q41, 941, Q%01)) <F(1G(81,51, Q01))-

This is the same as (20). By Theorem 4, Q has the P property. [

Due to the many applications of integral equations in many real-life problems, the solu-
tion of integral equations and their existence have become important topics for researchers.
A huge literature is present on the existence of the solution to such integral equations using
the fixed-point technique. Gnanaprakasam et al. [42] applied their results to prove the
existence of the solution to the integral equation by incorporating the F-Khan contraction.
Similarly, Panda et al. [43] presented fixed-point results and their application to find the so-
lution of the Volterra integral equations to verify their results on the platform of dislocated
extended b-metric spaces. Recently, many works can be seen in the perspective of applying
the fixed-point results to ensure the existence of the solution to certain integral equations.
In 2022, Gupta et al. [44] applied their results to find the solution of the Fredholm integral
equation in the framework of G,-MS, and in 2023, Joseph et al. [45] observed the solution
of an integral equation using the fixed point technique in the G-metric space.

4. Application

To ensure the existence of a solution to the subsequent integral equation, we apply
Theorem 1.

o)
Eplw) = Flu) 7 [ wlu, ¥)Ri(F,5,(¥))d¥ / ¥) (¥, 5p(¥)dY forall p € N 1)

for any u € [ly, ], where f : [[1,b] = R, w : [l1, ] x [l1,b] = R, and £, K, : [l1, ] ¥
R — R are continuous functions. Let S = C([l3, lz], R) represent the space of continuous
functions on [l1, l]. Define

2
g(Cpqu/Up) = ( sup |€p(u) - ,Bp(u” + sup |/3p(u) - Up(u>| + sup |€p(u) - 77,,(u)|) , forallp e N
u€(ly, ] uelly, ] uelly, ]

while the function v : S x § x (0,1) — S is presented as v({p, Bp;0) = 07, + (1 —0)Bp.
Then, (S, G,v) represents a complete convex G,-MS with s = 2. Consider a mapping
Q:85— Shby

Q7 (u) +7/ (1, W) R (¥, £, (¥ d‘I’/ (1, V) R(¥, 2, (F))dY.  (22)

It is obvious that Q is well-defined. To obtain the solution for (21), it is equivalent to finding
an fp of Q. Next, we state the subsequent theorem.

Theorem 6. Suppose that the subsequent conditions are fulfilled:
1): y<1
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(2: f2w(,¥)d(¥) <1,
3): |Ri(Y, () — K, Bp(¥))] < %\QCP 1(¥) — QBp—1(Y)],i=1,2, pe N, and

7wl )15 8, B, (9) + 8,2, (410 < 1.

Then, the unique solution of Equation (21) exists.

Proof. Clearly, any fp of (22) is a solution of (21). Using Conditions (1)-(3), we have

2
—(2 sup Q¢ (u) ~ QB (v))
uelly, ]
)
=~%(2 )R (F, ))d¥ )R (F, L4
0 ( ues[lrlflz] / w(u, ¥)8&1 (Y, Cp(Y / 2(Y, 0p(F))d
Iy 2
,A w(u, ¥) & (¥, By (F d‘P/ )R (¥, Bp (¥ ))d‘lf)
I
<y (2 sup / w(w, ¥) |81 (Y, 0p(F))d¥ — &1 (Y, Bp (Y ’dlf/ w(u, ¥) R (Y, 0p(Y))d¥
ue[[1 [2]

)R (Y, 0p(F))dY — K2 (Y, Bp(F))|dY

>2

+ [ w(u, W) R (Y, By (¥ d‘P/ w(u, ¥)

L
sup ’ w(u, ¥)d¥
uelly, ] 74

f1(Y,8p(¥))dY — R1 (¥, Bp(Y))

<49 ( sup  sup
uelly, L] Ye(l, k]

+ sup sup
u€[[1,[2]‘}'€[[1,[2]

>2
I
[ w0y [ ot 00085 (0

>2

/ ® o, ¥) R (¥, 2,(%))d¥

h

(¥, 5p(Y)) - ﬁz(‘f’,ﬁp(‘l’))‘

/[:2 w(w, )&, (¥, B, (F)d¥ /[1[2 w(u, ¥)d¥

5
<472<\5[ sup |Qp-1— QBp-1| sup

ue[[l,[z] llE[[l,lz]

+/ (1, %) 81 (¥, B, (¥ d‘I’/ w(, ¥)d¥

4 , 5 2 [
<—v° sup (/ w(u,‘I’)d‘I’) sup |QCp-1— QBp-1| sup / w(u, )[R (Y, (Y))dY
ueli, ] N7 ue(ly, by ueln, L] | /h
63 2
+/[ w(, ¥) Rﬂ‘l’,g,,(‘-l’))d‘l’)

s

o)
sé%(z sup 105, 1~ 0y 1| sup | [0l R0, By (1) + 8a(¥, 6 (V)Y

uE[H,[z] U.G[[],[z]

1 2
<z (2 sup Q)1 - QBpl)

uE[[1,[2]
1
:gg(ggp—l/ QBp-1,9Bp-1)-

Hence

T+ F(G(QTp, OBy OBy)) < F(5G(Q0y 1,96y 1, By 1)),
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where F(f) = Intand 7 € (0, In (X5 Bt 0P 1)),

All conditions of Theorem 1 with 8, = ) are satisfied, which enables us to know that
a fixed point for Q exists. Thus, the solution of the integral equation exists. Hence, we
obtain that Equation (21) gives a unique solution, where the sequence satisfies the convex
condition with 8, € (0,1). O

5. Conclusions

In 2023, Ji et al. [28] presented an article on fixed-point results using Mann’s iterative
scheme tailored to Gj-metric spaces. Wardowski introduced the idea of the F-contraction
using an increasing function as a control function. Incorporating both concepts, in this
manuscript, the existence and uniqueness of the fixed points were presented with Mann’s it-
eration scheme in convex Gj,-metric spaces using the F-contraction. This task was achieved
by further weakening the conditions of the 7 mappings presented by Wardowski. An
example was provided to support our results. Eventually, an application was given for the
validity of our results. The obtained results are generalizations of several existing results in
the literature. Furthermore, the results of Ji. et al. are the special case of these theorems.
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