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1. Introduction

Let m, M be scalars and I be the identity operator. B(#) denote all bounded linear
operators acting on a Hilbert space (H, (-, -)). In addition, A > 0 means the operator A is
positive. Wesay A > Bif A— B > 0. A linear map ® : B(H) — B(H) is called positive
(strictly positive) if ®(A) > 0 (P(A) > 0) whenever A > 0 (A > 0), and P is said to be
unital if (1) = 1.

If A,B € B(H) are two positive operators, then the operator weighted arithmetic
mean and geometric mean are defined as

NI

AV,B=(1-v)A+0vB and Af,B=A?(A"2BA"2)°A

for v € [0,1], respectively. Denoted AV,B by AVB and At,B by AtB when v = 1 for

brevity. The Kantorovich constant and Specht’s ratio are defined by K(h,2) = (hzhl ” and

1

S(h) = "I when i > 0. If there is no special explanations, we always default to
elnhh=1

a,b > 0and v € [0,1] in this paper.

It is well known that the famous Young's inequality reads

a7’ < (1 —v)a+ ob. 1)

Furuichi [1] improved (1) with Specht’s ratio
S((;)r)al_vb” < (1—v)a+ob, 2)

where ¥ = min{v,1 — v}. Zuo et al. [2] further improved (2) as
byr 1-vpv T b 1-v30
S((E) Ja b SK(E)Q b’ < (1—v)a—+ ovb. (3)
Sababheh and Moslehian [3] gave a refinement of (3) in the following form

K( 2%,2)13N(v)a1_”b” +Sn(v;b,a) < (1 —v)a+ob, 4)
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where N € N*, i = £, By (v) = min{an(v),1 — ay(v)} withay(v) =1+ 2Vo] —2Nvand

Sn(viba) = Y s:(0) 2</a21717kj(v)bkj(v) B Z\I/bk]-(v)+1a2]’1fkj(v)fl % 5)
=

forj=1,2,-- N, ki(v) = [2/"10],r;(v) = [2/0] and s;(0) = (—1)"1(®) 2o 4 (—1)7 @+ L4

Taking v = % in (1), we can get the following AM-GM operator inequality for any two

positive operators A and B,
AfB < AVB. (6)
Lin [4] gave a reverse of inequality (6) involving unital positive linear maps P :
®(AVB) < K(h,2)®(AtB) (7)

for0<ml <A B<Mlandh = % In generally, for any two positive operators A, B and
P>1,

A>B=» AP > BP. 8

11 11
that the inequality (7) can be squared under the same conditions as in it,

For example, putting P =2, A = ( 21 ) and B = ( b ) However, Lin [4] showed

®?(AVB) < K%(h,2)®*(AtB) )
and
D2(AVB) < K2(h,2) (P(A)1®(B))". (10)

Moreover, the author [4] found that Specht’s ratio and Kantorovich constant have the
following relations

S(h) < K(h,2) < S?(h) (11)

for h > 1. Also, Lin [4] conjectured K(h) can be replaced by S(h) in (9) and (10). Xue [5]
solved Lin’s conjecture under some conditions: 0 < mI < A,B < M], \/% < 2.314 and

h = %, she got
®?(AVB) < K(h,2)®*(A4B) (12)
and
®?(AVB) < K(h,2)(P(A)tdP(B))> (13)
Recently, Ali et al. [6] gave some refinements of inequalities (12) and (13) as follows:

Theorem 1. Let 0 < m < M, 4/ % < 2.314. For every positive unital linear map P,
(1) if0<ml<AB<MIM then

@2 (AVB+ M;mm(A_lzB_l - (A‘lﬂB‘1)>) < (i@%)z®z(z‘\ﬁ03);
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o (v M ) < (G oo

(2) if0< Mimp < A B< MI, then
2

@2 (AVB+ M;’”M<A1;Bl - (AlﬁBl))> < <é\4\/%>2®2(14hv3))

(3) if0<ml <A< M < B< MI, then

e <AVB M (’””Al FMB (mAHiMBU)) < ( f%)zcbzmﬁvm;

@2 (v M (MATEME o agaap ) ) < (20E) o)

N

4) f0o<ml<B<Mmp< A< MI, then

@2 (AVB+ M;m (MA%;””B% _ (MA‘lﬁmB_l))) < (éw\/%)zéz(AﬁvB);

@2 (AVB+ M;m (MA_lij_l - (MA’lﬁmB’1)>) < (;\A\/J%)Z(CI>(A)M¢(B))2;

For more information about operator inequalities involving positive linear maps, we
refer the readers to [7-11] and references therein.

In this paper, we shall give some more generalized and further refinements of reversed
AM-GM operator inequalities for positive linear maps due to Ali’s results.

2. Main Results

We give some lemmas to prove our main results.

Lemmal. Let 0 <mI< A<m'I<MI<B<MILh= %,h’ = %,/ Then we have
K(2VI,2)P® ag,B + Zs] 0) (At () B + Al 0)121-1B = 248, ) 12-1B) < AVuB, (14)

= ?) ki(v) = [27 1] and Py(v) = min {1+ [2No] — 2Nv,2N0 — [2No]},

ri(v) = [2J0] and s;(0) = (=112~ 1p 4 (—1)7@+F1 L],

where wj(v) =

Proof. Putting a = 1in (4), we obtain

N 1 ﬁN() ) 51— ) 9—j
K( b,z) b”+Zs] 0) (5% 4 p4 @2 _2p% 127y < (1 — ) 4 ob.
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Taking X = A~1BA~%, and then Sp(X) C [W,h] C (1,+00). By standard functional

calculus and the Kantorovich constant K(1,2) is a decreasing function on 1 € (0,1), we get
1 Bn(v) N , , i ) i
K( 2\ W,z) X? + gsj(v)(x“]@) + x4 x4y < (1 —p) 40X, (15)
j=

Multiplying A? on both sides of inequality (15), with the fact K(h,2) = K (%, 2), we can get
(14) directly. O

Lemma 2. Under the same conditions as in Lemma 1, we have

AV,B + MmK(*Vi,2)PV? (A4,B)"1 + MmSy (v; B, A" < M+m,  (16)

N
where Sy(v; B~1, A7) = j;lsj(v) (A Maj0) B+ A7y (o) 421-1B7 = 2471 ()40-1B 7).

Proof. If 0 < mI < A,B < MI, then
(M—AY(A-m)A1'>0 and (M—B)(B—m)B~! >0,
that is
A+MmA'<M+m and B+MmB~ ! < M+m. (17)
So we have
AV,B+ Mm(A™'V,B™1) < M +m. (18)
Thus, we obtain
AV,B + MmSy (;B~1, A~1) + MmK ( Vi, 2)P ™) (Ag,B) !
= AV,B + Mm (SN(U; B, A1) + K( 2V, 2)PN ) (Alﬁz,Bl)>

< AV B+ Mm(A™'V,B™!) (by (14))
< M+m. (by(18))

O

Lemma 3 ([12]). Let A, B > 0. Then the following norm inequality holds

IAB| < %HA+B||2. (19)
Lemma 4 ([13]). Let ® be a unital positive linear map and A > 0. Then

(A< p(ATY. (20)
Lemma 5 ([14]). ) If0 <P <land A> B >0, then

AP > BP. (21)

(ii) Let ® be a unital positive linear map and A, B > 0. For v € [0, 1], we have

P(AfB) < ®(A)fP(B). (22)
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Lemma 6 ([15]). Let A,B > 0. Then for 1 < P < +o0,
|A" 4+ B"|| < [|(A+B)"]|. (23)
Theorem 2. Let 0 < mI < MI, \/% < 2.314 and SN(U;B’l,A’l) defined as in Lemma 2.

Then for every positive unital linear map ® and P € [0, 2],
(1) if0<ml<A<miI<MI<B<MI then

P
o (AVUB M mm(SNw;B—l,A-l))) < KD grarp; ey
2 KPﬁN(v)( 2N /hll,z)
M+ K% (h,2)
of (AVUB + mm(sN(v,-Bl,Al))> < ’ (®(A)4,®(B))"; (25
KPAN (@) (2V/1),2)
whereh = M ) = % and v € [0,1].

(2) if0<MImp < A <mhl < ML < B < MI, then

P (AVUB—F M(S ;Bil,Afl ) < g(h,Z) OP(A B); 26

( N(U )) = P,BN(U) ( N /7}1/,2) ( ﬁ ) ( )

®P <AVUB+ M mM S ;B_l,A_l ) < Kg(h,Z) P(A),P(B P,‘ (27)
( n(© )) KPBn(v) ( ZN,/hlz,Z) ( (A} ))

M/
whereh = M 1} = m—éz and v € [0,1].

3) if0<ml<A<mil <M <B<MI, then

M 5 (1-20) P
cI>P(AVZ,B+M +m(5N(v;MB—1,mA‘1>)> <) KD grsnm); @)
KPPNE) (2 /1, 2)
Myz(1-20) .2
ol (AVUB+ M+m(SN(v;MB_1,mA_1))> < () K2 (h,2) (CD(A)ﬂvCP(B))P; (29)

_ M 3/ _ Mim 1
where h = 42, hy = 2! and v € [0, 5].

(4) if0<ml<B< M < M{I <A< MI, then

M)§(2071)Kg(h 2)

oP (AVZ,B—i— M+m(SN(v;mB_1,MA_1))> < U " (At.B);  (30)
> KP'BN(U)(ZW/2)
Mz (20-1) 2
ol (AVUBJr M+m(SN(v;mB_1,MA_1))> < () K= (h,2) (<I>(A)ﬂyq>(B))P; (31)
2 KPEN©) (2 /1), 2)

_ M 3 _ 2
where h = 3, hy =
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Hop(Am M ; ’”m(sN(v;Bl,Al))) M ;L Tk (*\/n,2)N <<I>(A)liv<I>(B)>

<

<

<

Proof. If 0 < mI < A <mjI < M{I < B < WL we obtain

Hcp(Ava N Mz—Hnm(SN(v;Bl,Al))> « M ; " K ( ZW,Z)ﬁN(U)él(AﬁUB)H

M+ m 2

IN

@ <AVUB + m(sN(v;Bl,Al))> WM ;r "k (*\/n,2)N o1 (Ag,B)

M+ m 2

M+ m
+7

IN

mK( 21\\]/}17’1,2)/31\’(2})@((141103)71)

2

cb(Ava + m(SN(v;Bl,Al))>

M+m

N S Ny [ N

@(AVUB—i—
M+ m
2

mK( ZW/Z)ﬁN(U) (AﬁUB)71 =+ M —2’_ mmSN(U;BllAl))

IN

+m)?, (32)

—~

where the first inequality is by (19), the second one is by (20), and the last inequality comes
from (16). That is

M+m

H@(Avv3+ m(SN(v;B‘l,A‘l)))d:"l(AﬂvB)" <

2
Since 1 < /M <2314, it follows that (,/fﬁ - 1) {(1/%)3 —y M 4} < 0, which

is equivalent to

(M2 4 m)® M+ m

4MImy, = 2/ Mm (33)
So we have
M+m 1 . _ M+m
Hcp(AvaJr m(Sn(v;B~!, A 1)))@ 1(A]ij)H < NWK(ZW,z)W”)'
That is
CIDZ(AVUBJrM;mm(SN(v;B_l,A_l))) g( K(#,2) ))cbz(AﬁvB). (34)

K( QW, 2)2I3N(U

In addition, we can get
-1

2

iHGD <AV”B (s (o B_lfA‘l))> + Mk (2, 2)P (GD(A)ﬁvcb(B)) i

2

iH@(Ava LM mm(sN(v;Bl,Al))> LM A\, 2)P o1 (ag,B)
1 M+m 2
1 tm)
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where the first inequality is by (19), the second is by (22), and the third is by (32). That is

M+ m

|o(avos+

- 4M3'mmK( ZW,Z)/SN(U) - K( N hllrz)ﬁN(U)

So we have
o? <AVUB Mt mm(sN(v;Bl,Al))> < ( K(h'z)z > (®(A),®(B))>. (35)
K(ZWJ) B (v)
We can get (24) and (25) by (34) and (35) with Lemma 5 (i), respectively.
Since (52 M)" _ (M24m)’ ,by 2nd case 0 < MEm[ < A < m)l < MyI < B < M,
ince Mgmy S i, y 2nd case 0 < myl < M}

we can 51m11arly obtain the mequahtles (26) and (27) by (16), (17), (19) and (20). So we omit
the details.
Ifo<ml <A<mil< W[ <B<Mlandv € [0,%],thenwehave

A+ M;—mmA_l < M+m +m and B—I—M;—mMB_1 < M—2|—m + M.
So
1
AVeB+ M (A Vo(MB ) < (0 )M+ (3 —o)m < Mt m. (36)
Compute
Hcp(sz,BJr MM (5 (0; MB, A‘l))> x M;’“K(ZA\’/E, 2)PN )y 1‘”M”<I>‘1(AﬁUB)H
2
1 M+ m e - MmN BN ()
<3 (AVUB+ - (Sn (0 MB~!,mA 1))) K (2 1, 2) PNl oM (Ag,B)
2
< % @(AVZ,BJr Mt m (sN(v;MB—l,mA—1))) + M;”"K( A\, 2) P e Me ((AgB) )
1 M+ m 1 B () 1 1 2
-3 d)(AVUB+ : (SN(U;MB ,mA) + K(A\ /1,2 (mA) g (MB- ))))
2
1 M
<7 <AVUB+ +m((mA1)VU(MB1)))
2
< (Mzm) (37)

where the first inequality is by (19), the second is by (20), the third is by (14), and the last
one is by (36). That is

M+m

H@(AVZ,B+ (SN(U;MB_llmA_l)))‘D_l(AﬁvB)"

1_
< (M +m)? (5)* “K2(12)
AMEm - ’UM'UK(ZI\\I/> )ﬁN( v) K '

—~~ (3
N
z

<

W~
N

~—
=
Z
=

That is
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M\ 1-20
M h 2
<I>2<AVUB+M+m(SN(v;MB_1,mA_1 ) () ( ) D% (AtyB). (38)
2\/7/3
Moreover,
M+m -1, 41 MAm 1o g2V BN -1
O AVeB + ——— (Sn(0;MB~!,mA™")) | x ——m! "MK L (D(A)t,D(B))
2
H <AV0B+M+ (SN(U;MBl,mAl))>+M;—m oMK (21, 2) P (0(A)1,0(B)) !
2
H <AVZ,B+M+ (Sn(v; MB2, Al))>+mmlvaK(2W, 2)Pv 91 (A4, B)
2 2
< (M +m)? ,
=4

where the first inequality is by (19), the second is by (22), and the third is by (37). That is

Mt m Y Sl (42K (n2)
®( AV,B Sn(v; MB~!, mA O(A)4,D(B <
o (avaB+ M (s (wrmn - ma ) ) (0(A)0(8) <K(2ﬁ, i
so we have
1- 20
c1>2<sz,B+]VI;r (Sn(v; MB™H, A—l))) < () “K(2) (P(A)t.P(B))>. (39)

K( zl\\f/h», 2) 2Bn(v)

We can get (28) and (29) by (38) and (39) with Lemma 5 (i), respectively.

We can similarly obtain the inequalities (30) and (31) under the conditions 0 < mI <
B< W[ <Ml <A<Mlandv e [%,1]. So we omit the details.

Here we complete the proof. [

Remark 1. Putting v = %, N = 1and P = 2 in Theorem 2, we can get Theorem 1.

Next, we present the generalizations of Theorem 2 for P > 2.

Theorem 3. Let 0 < mI < MI, ,/% < 2.314 and SN(v;B_l,A_l) defined as in Lemma 2.
Then for every positive unital linear map ® and P > 2,

(i) if0<ml<A<miI<MI<B<MI then

4P=2K 7 (1,2)

KPBN() ( zW, 2)
M+m

P2y b
¢P<AVUB+ 5 m(SN(U,‘B_l,A_l))> < 4 K2(h;2)

~ KPBN() ( ZW’Z)

Mtm OF(Af,B);  (40)

of <AVUB+ m(SN(v;Bl,Al))> <

(@(A)5®(B))"; (41)

where h = M} = Aﬂf—é and v € [0,1].

(i) if0 < MI] < A <mhl < MyI < B < MI, then
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4P=2K 3 (h,2)

KPBN() ( ZW’Z)

4P=2K 2 (1,2)

KPPN() (2 /h,2)

M+m

oP (AVUB + M(SN(U;Bl,Al))> < OP(At,B);, (42

M4+ m

®P<AVZ,B+ M(SN(U;BlfAl))) < (®(A)4®(B))"; (43)

M/
whereh = M} = m—§ and v € [0,1].

(iii) if0<ml<A<mil <Mm] < B < MI, then

4P—2 (M) 5 (1-20) K= K% (h,2)

oP (AVUB + M+ m (Sn(v; MB—l,mA—l))) < " o (At,B); (44)
KPﬁN(U)( 2N h’3,2)
p—2(My\2(1-20) ¢ b
ol (AVUB L Mam (Sn(v; MB—l,mA—l))) < ) K2 (h,2) (cp(A)tivcb(B))P; (45)

KPBN() ( 2%/ 2)

[0,3]

(iv) if0<ml<B<MP] < M{I <A< MI, then

_ M 3 _ M+4m
where h = o, hy = >

4P 2 2(211 1>K h 2
<I>P<AVUB+M+m(SN(v;mBl,MA1))) < () > (12) oP(At,B); (46)
KPBN (o) ( 2\/;7 ,2)
P
4P-2 M 7(277—1)1(2 h,2
o <AVUB+ M+m(sN(v;mBl,MA1))> < () - il )(CD(A)ttv@(B))P; (47)
KPP (2 /1, 2)
whereh = M 1) = Ai]\ffn and v € [%,1].

Proof. The proof of the line (ii) and (iv) are similar to the one presented in (i) and (iii),
respectively, thus we omit them. Under the conditionsi) 0 < mI < A < m’ll < M’ll <B<
W[ , we have

g% ( (AVUB+ ;m m(Sn(o; B, A >+M2m ZW,Z)ﬁN(U)q’l(AhUB)) 2
:% c1><AvUB+M;r m(Sn(0;B~1, A ))) +M;”” mK (*\/1,2)N V1 (Az,B) '
gi(M; +m)".
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where the first inequality is by (19), the second is by (23) and the third is by (32). That is

Hq>§ (Ava + M;_mm(SN(U;B_l,A_l))>q>_lz)(Ajjz,B)"
P D- g P P
(M52 + m) B Cv R L) < %)
A KA (3, 2) T KO 2) kI (2, 2)

where the second inequality is by (33). So we have

4P=2K% (1,2)
KPBN(v) ( 2N h’llz)

of <AVUB+ M;rmm(SN(v;B_l,A_l))> < O (A,B).

In addition, we can get

N'U

z <AV7,B + M;mm(SN(zJ;Bl,Al))) x (=) mz K2Pn @) ( ZW'Z) (P(A)$.P(B)) "~

M+m

IN

S N I = S PSSy

—~

Q(AVUB+ m(SN(U?Berl))>+( )

IN

( (AV,B + ;r (SN(U;Bl,Al))) + M;mmK( A, 2P (@A) @ (B) )

(AVUB WM - (sN(v,-Bl,Al))) M K (/1,2 (@A)t (B))

IN

P(AV B+ ; i (Sn (o Bl,A1>)> + Pk (2, 2PN 0 (AgB)

M+m
2

+m)P.

IN

where the first inequality is by (19), the second is by (23), the third is by (22) and the last is
by (32). That is

M+m

H@g (AVUB + m(SN(v;B_er_l))) (P(A)§,@(B)) 2

so we have

M+m 4P-2K5 (n,2)

KPAN (@) (21 /11, 2)

oF <AVUB+ m(sN(v;Bl,Al))) <

as desired.
If0<ml<A<myl <M <B< Mlandv € [0,}], then
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Hcpé’(Ava+ 5 (SN(U;MB_l,mA_l))>><[ . K(Z%, 2)PN Oy 1‘”MUF(¢(A)M>(B))‘

IN
N

IN

IN

INA
S I N S N S N

ché’ (AVUB 4 MM G (0, MBTY, mA~ ) x [M;Lm h’3, )ﬁN(v)ml_”M”] gcp—lz’(AﬁvB)H

< 31 §<AVUB+ M;—m(SN( :MB™1, ) + [M "k ﬁg )M’(”)ml‘”M”} g<1>‘g(AﬁvB) 2
si ( AVUB+M;—m<SN( MB!, )+ iy \/173 )ﬁ”(v)ml_vl\/lvqfl(AﬁvB)>2 2
_ 31 (AVZ,B+ M 6y (0 MB™1, mA~ ))) + M;’”K( /s, 2PNl (A, B) ’

< }L(M +m)’.

where the first inequality is by (19), the second is by (23) and the third is by (37). That is

M+m

Hcp’i (AVUB +

(M4 m)? 2P=2(M) 302k 1, )
ALY 2) e KR (3 2)

So we have

4P-2 (M) 5(1*227)1(% (h,2)

m

KPBN() ( ZW’ 2)

M+m
2

o (AVUB + (Sn(o; MB‘l,mA‘l))> <

At the same time, we can get

M+m M+ m

P
2

M+ m 2

P

M+m, 3, )ﬁm) 1—va]2(cI)(A)ﬁvq)(B))_z

5<AVUB+ (Sn(v; MB™!, mA~ ) + [

2 2

52
( (sz,BJr ;m(SN(v;MB_l,mA_l))>+M;_m1<( Vi, 2)P 1‘”M”(¢(A)ﬁv<b(B))_1>
(SN(ZJ;MBl,mAl))) +M—21-mK( \/E/ )ﬁN(v) lvav(q)(A)ﬁvq)(B))fl

M+m P

(AVUB +

M+ m P

cp(Ava + (SN(U;MBl,mAl))) + M;””K( V2P w1 (AtB)

=
_|_
3
e

where the first inequality is by (19), the second is by (23), the third is by (22) and the last is
by (37). That is

M+m

Hcp§ (AVUB +

(M+m)P 2P72(M)

(
<
- 4(Wm17va)§K§ﬁN(v)(2“\’/;7,2) K% N(U)(ZWIZ




Axioms 2023, 12,977 12 0f13

So we have

4P72(%)§(1—20)K§ (h,2)

KPP ()( zw ,2)

M+ m

OF(AV,B + (Sn(v; MB~1L,mA™1))) < (D(A)t,P(B))".

Here we complete the proof. [
Theorems 2 and 3 implies the following results.
Corollary 1. Let 0 < m < M, \/% < 2.314and Sy(v;B~1, A1) defined as in Lemma 2. Then

for every positive unital linear map ® and P > 0,
(i) f0<ml<A<miI<MI<B<MI] yel0,1] then

M+m
2

o (AVZ,B + m(SN(U;B_l,A_l))> < W1 ®" (A1, B);

M+m P

m(sN(v,-Bl,Al))> < Wi (®(A)4P(B))";

ol (AVUB +

p P
M 7 P-2yg5
whel’e h == M, hll = 1 Wl = max { K (h,Z) 4 K (I’l,2) }

m M= KPENG) (23/R72) " KPPNG) (2/02)

(i) if0< M1 < A <mhl < ML <B<MIoe|[0,1], then

M+m

o’ (AVUB + M(sN(v;B—l,A—l))> < Wo®"(At,B);

M+m P

M(SN(v;B—l,A—l))) < Wa(®(A)8.®(B))";

oF (AVUB +

P
2

P
M; P2ph
whereh =M 1 = 22 W, = max{ K2 (h2) 4P2K3 (12) }
My

KPﬂN(v)(ZN h’z,Z) ! kPBN(©) ( 2N h/1’2)

(iii) if0<ml <A<myl <M <B<MIove|0,3] then

M+4+m

o <AVZ,B + (Sn(v; MB—l,mA—l))) < W3®"(At,B);

M+m

ol (AVUB+ (SN(U;MB_l,mA_l))> < W3(®(A)4P(B))";

Kn;’,BN(v) ( ZW’Z) 4 KPﬁN(U) ( 2%/2)

(iv) if0<ml<B<MP] < MI<A<MIoe[}1], then

(M) g(kzv)Kg (h2) 4p72(%) %(1—2v>K§ (h2) }

_ M 3 _ M+m _
where h = 7, hy = 2! ,Wg—max{

M+m
2

o (AVUB + (sN(v;mB—l,MA—l))> < W;®"(At,B);

M+m
2

ol (AVUB + (SN(v;mB_l,MA_l))> < Wy (CD(A)ﬂZ,CD(B))P;
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2M!
whereh = M pl = -4 W4—max{

m

KPﬁN(v)(zN W o)’ KPﬁN(v)(zN 7

P 2y P2y

(M)?(Zv 1)K§(h,2) 4p72(M)7(2v 1>K§(h,2)
m’ "4 T M+m’ ’
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