@ axioms

Article

Dynamical Properties of Discrete-Time HTLV-I and HIV-1
within-Host Coinfection Model

Ahmed M. Elaiw *, Abdulaziz K. Aljahdali

check for
updates

Citation: Elaiw, A.M.; Aljahdali, AK.;
Hobiny, A.D. Dynamical Properties
of Discrete-Time HTLV-I and HIV-1
within-Host Coinfection Model.
Axioms 2023,12,201. https://
doi.org/10.3390/axioms12020201

Academic Editors: Fahad Al Basir

and Konstantin Blyuss

Received: 20 December 2022
Revised: 30 January 2023
Accepted: 9 February 2023
Published: 14 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Aatef D. Hobiny

Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia
* Correspondence: aelaiwksu.edu.sa@kau.edu.sa

Abstract: Infection with human immunodeficiency virus type 1 (HIV-1) or human T-lymphotropic
virus type I (HTLV-I) or both can lead to mortality. CD4™ T cells are the target for both HTLV-I and HIV-
1. In addition, HIV-1 can infect macrophages. CD4" T cells and macrophages play important roles in
the immune system response. This article develops and analyzes a discrete-time HTLV-I and HIV-1
co-infection model. The model depicts the within-host interaction of six compartments: uninfected
CD4TT cells, HIV-1-infected CD4 ™ T cells, uninfected macrophages, HIV-1-infected macrophages, free
HIV-1 particles and HTLV-I-infected CD4" T cells. The discrete-time model is obtained by discretizing
the continuous-time model via the nonstandard finite difference (NSFD) approach. We show that
NSFD preserves the positivity and boundedness of the model’s solutions. We deduce four threshold
parameters that control the existence and stability of the four equilibria of the model. The Lyapunov
method is used to examine the global stability of all equilibria. The analytical findings are supported
via numerical simulation. The model can be useful when one seeks to design optimal treatment
schedules using optimal control theory.

Keywords: HIV-1 and HTLV-I co-infection; global stability; discrete-time model; Lyapunov function

1. Introduction

Mathematical models of within-host viral infection have enhanced our understanding
of the dynamical interactions between viruses, target cells and immune cells. The analytical
and numerical investigations of these models can be used to (i) estimate the key biological
parameters, such as the half-lives of the virus and infected cell, and the daily viral produc-
tion; (ii) estimate different antiviral drug efficacies; (iii) evaluate the intensity of the immune
system responses; (iv) predict disease progression over long terms [1]. Many scientists
and researchers were interested in formulating and studying mathematical models of the
within-host dynamics of different viruses that attack humans, such as human immunodefi-
ciency virus type 1 (HIV-1) [2-14], human T-lymphotropic virus type I (HTLV-I) [15-20],
hepatitis B virus (HBV) [21], hepatitis C virus (HCV), [22], influenza [23], dengue virus [24],
Chikungunya virus [25], ebola virus [26] and recently severe acute respiratory syndrome
coronavirus 2 (SARS-CoV-2) [27-29].

HIV-1 is a retrovirus that attacks the fundamental component of the immune system,
CD4™TT cells. Infection with this virus causes a breakdown in the immune system, exposing
the human body to opportunistic diseases. The disease caused by HIV-1 is the acquired
immunodeficiency syndrome (AIDS). The two main immune responses against the viral
infection are cytotoxic T lymphocyte (CTL) immune response and antibody immune re-
sponse. CTLs attack and kill the viral infected cells. Antibodies produced by B cells are
responsible for neutralizing viruses. The basic HIV-1 dynamics model presented in [2]
includes three compartments: uninfected CD4" T cells (x), HIV-1-infected CD4™ T cells (y)
and free HIV-1 particles (v) as:
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CDA4™T cells production death  HIV-1 infectious transmission
dx = =~ N
— = ¢ —Tyx — wxv , 1)
dt
HIV-1 infectious transmission  death
d—y = wxv - 2
= v, )
dt
generation of HIV-1  death
do =~ ~ =
i Bay — 6o 3)

Many mathematical models were formulated as an extension of the basic HIV-1 model (1)—(3)
to take into account many biological factors such as time delay [5,6], drug therapies [6,7],
CTL immunity [2], antibody immunity [8], reaction-diffusion [9], stochastic effects [10] and
latent HIV-1 reservoirs [4].

It was found in [4] that HIV-1 can infect macrophages in addition to CD4" T cells.
Mathematical HIV-1 models that include macrophages as a second target for HIV-1 are
more reasonable and accurate. The HIV-1 infection model with two categories of target
cells was presented in [7,11] as:

+ .
CD47T cells production death  HIV-1 infectious transmission
dx o ~ = A~
- g 1 - 7x — w1X0 ’
dt
HIV-1 infectious transmission  death
d}/ A~ =
= = w1 x0 - my,
dt
macrophages production death  HIV-1 infectious transmission
dw % N A~
- = &2 — YW — wrwo ,
dt
HIV-1 infectious transmission  death
dz A~ ~ =
ﬁ - WHrwo — Nz,

generation of HIV-1  death
dv ~—"——— -~
E = ‘Blﬂcly + ‘BZUCZZ — 6o ’

where w and z are the concentrations of uninfected macrophages and HIV-1-infected
macrophages, respectively. This model was extended in several directions by including
optimal treatment schedules [12,13], CTL immunity [14], antibody immunity [30], time
delay [30], latent infection [3] and stochastic effects [14].

HTLV-1 is a retrovirus that infects the CD4" T cells. HTLV-I-associated myelopa-
thy /tropical spastic paraparesis (HAM/TSP) and adult T-cell leukemia (ATL) diseases are
the cause of HTLV-I infection. A mathematical HTLV-I infection model without considering
the CTL is given as [16]:

+ .

CD4™T cells production death  HTLV-I infectious transmission
dx / \ ~ = A~
- = &1 —'mx - w3xu ,
dt

HTLV- infectious transmission ~ death
du A ~ =~
i w3xu — ou,

where u represents the concentration of HTLV-I-infected CD4" T cells.

HTLV-I infection models with CTL immune response were addressed in [15-18].
HTLV-I infection models have been incorporated with intracellular delay in [19,20], and
with immune response delay in [18,19]. Reaction—diffusion HTLV-I infection models were
investigated in [17].

Both HTLV-I and HIV-1 can be transmitted from an infected individual to healthy
individuals through blood transfusions, sexual relationships, organ transplantation and
infected sharp objects. HTLV-I and HIV-1 co-infection models were developed and analyzed
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in [31,32]. In these papers, the presence of macrophages in the HIV-1 dynamics as a second
target was not considered. This shortcoming was addressed by modeling the HTLV-I and
HIV-1 co-infection as follows [33]:

+ .
CD4™T cells production death  HIV-1 infectious transmission =~ HTLV-I infectious transmission

dx =~ A o ——
i &1 - mx - w1X0 - wsxu , 4)
HIV-1 infectious transmission ~ death
dy A~ ~ =
—= = w1x0 — a1y, 5)
dt
macrophages production death  HIV-1 infectious transmission
dw _= = A~
T ) — Yow — Wrwov , (6)
HIV-1 infectious transmission ~ death
dz —_—N— P
— = wWHwov —‘wyz, 7
dt
generation of HIV-1  death
do —_—N— =
5 = Py + paoz — v, 8
HTLV- infectious transmission ~ death
du N ~ =~
i w3xU — ou . 9)

The analytical solutions for the above-mentioned continuous-time models are unknown due
to their nonlinearity. Therefore, numerical discretization is usually used to solve such mod-
els. In addition, the real measurements from viral infected individuals are usually taken at
discrete-time instants. For these reasons, studying the resulting discrete-time models is im-
portant. One important question arises: how can we choose a suitable discretization scheme
such that the basic and global properties of solutions of the corresponding continuous-time
models can be efficiently maintained? Standard numerical methods for solving nonlinear
differential equations such as Euler, Runge-Kutta and others suffer from numerical insta-
bility and bias when large step sizes are used in the numerical simulation [34]. In this case,
these methods can give non-physical solutions and can produce “false” or “spurious” fixed
points, which are not fixed points of the original continuous-time model [35,36]. Based
on carefully designed rules, Mickens [37,38] introduced a non-standard finite difference
(NSFD) scheme, which has been successfully used in the study of different biological mod-
els in epidemiology [35,36,39] and virology [40-42]. These models are described by different
types of differential equations: ordinary differential equations (ODEs), partial differential
equations (PDEs) and fractional differential equations (FDEs). The main advantage of the
NSFD method is that the essential qualitative features of the mathematical model such as
equilibria, positivity (or nonnegativity), boundedness and global behaviors of solutions
are preserved independently of the selected step-size [40]. The NSFD method was applied
to discretize continuous-time HIV-1 infection models within a host in [43-47]. In [44], a
discrete-time HIV-1 model with the cure rate and Beddington-DeAngelis incidence was
studied. Local stability of equilibria was established. Elaiw and Alshaikh [47] studied
the global stability of two discrete-time HIV-1 models by including three types of HIV-1-
infected cells: latently, long-lived chronically and short-lived. Liu and Zhu [45] developed
an HIV-1 infection model with CTL immunity, time delay and diffusion. The system was
given by PDEs, and it was discretized via the NSFD method. The global stability of the
model’s equilibria was proven via the Lyapunov method.
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We noted that the discrete-time version of the within-host HTLV-I single-infection
model and the HTLV-I/HIV-1 co-infection model were not studied before. The aim of
the present article is to discretize the HIV-1 and HTLV-I co-infection model (4)—(9) using
the NSFD method. We first establish the positivity and ultimate boundedness of the
discrete-time model’s solutions and then calculate all equilibria and deduce their existence
conditions. We examine the global stability of the four equilibria using the Lyapunov
approach. We present some numerical simulations to clarify the theoretical results.

2. Discrete-Time HTLV-I and HIV-1 Co-Infection Model
Applying the NSFD approach to system (4)—(9), we get

X4 — X
W =1 — Y1 Xn41 — WXy 100 — W3Xp 1 1Un, (10
W = W1Xp 4107 — A1Ynt1, (11)
Wyl —W
% = (2 — N2Wyt1 — WaWy 410y, (12)
Zpal — 2
W = WWy410n — K2Zp41, (13)
Opt1 —Un
W = B1a1Yn+1 + Bokozpi1 — 00,41, (14)
Uyl — U
% = W3Xp41Un — Ollp1, (15)

where i > 0 is the time step and (X, Yn, Wy, Zn, Un, Uy) are the approximations of the
solution (x(t,), y(tn), w(tn),z(tn), v(tn), u(ty)) of the system (4)—(9) at the discrete time
pointt, = nh,n € N = {0,1,2,...}. The denominator function Q}(k) is selected such that
Q(h) = h+ O(h?). We consider the following form of Q(h) [48]:

_emh
am) = 1= (16)
71
The initial conditions of system (10)—(15) are
(x0, Yo, wo, 20, Vo, Ug) € RS’r ={(x,y,w,z,0,u) | x>0,y >0,w>0,2z>0,0>0,u>0}. (17)

The discrete-time HTLV-I and HIV-1 co-infection model (10)—(15) may be useful to develop
several viral co-infection models such as SARS-CoV-2 and co-infection with other respiratory
viruses.

3. Preliminaries

Let 0 = min{7y1,a1,6, 72,42} and &5 = &1 + &> and define the sets

' {(x,y,w,z,u,v) €ERG :x< Q,w < Q,x+y+w+z+u < @,v < (Buta & Pata)ra }
g4 72 o (o

Y =1{(x,0,w,0,0,0) € R?_ x> 0,w > 0}.

Lemma 1. Any solution (x,y, w,z,v,u) of models (10)—(15) with initial conditions (17) is positive
and ultimately bounded.
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Proof. Equations (10)—=(15) imply that

Q(h)gl + xn
- ) 18
T T0) (11 + w1on + wsttn) 18)

Q(h)cdlxn+1vn + yn

y?’l+1 = 1 ¥ Q(h)ﬂ(l s (19)
Q(h)§2 + Wy
= , 20
O T 00) (12 + wat) 20)
_ Q(h)w2wn+1vn +zn
Zp4+1 = 1 ¥ Q(h)ﬂ(2 s (21)
o Q) (Fre1yni1 + Porazni1) + O
_ Unt Q<h)w3xn+1un
e N Y 22)

Since all parameters of models (4)—(9) are positive and the initial values are also positive,
then by induction we obtain x, > 0,y, > 0,w, > 0,z, > 0,9, > 0 and u, > 0 for all
n € N.

From Equations (10) and (12), we have

Xng1 =X _ Xn 510 (h)

— > <
Q(h) = Cl Y1Xn41 Xnyl = 1+ ’YlQ(h) 1+ ’)’10(1’1)
Wy41 — Wy Wn 5Q(h)
Q(h) = 52 T2Wn+1 Wp+1 > 1 +'YZQ(h) 1 +’)’Q_Q(l’1)
By Lemma 2.2 in [49] we get

%<Q+$mmym+iﬁ‘ﬁ+$w%y}

wy < <1+Ql(h)72>nw0+§j (M)"}

Consequently, hfqn joL:p Xp < 5+ and hin j;l,p wy < 2. We define the following sequence M:

My = xp + yn +wy + 2y + uy.

Hence

M1 — My = (X1 — Xn) + (Ynt1 — Yn) + (Wns1 — Wn) + (Zng1 — 2n) + (Ung1 — Un)
= Q(h)[E1 — Y1Xn41 — W1 Xn 1100 — W3Xp 4 1Up + W1 X 1100 + Q1Yni1 + 52
—V2Wp 41 — WaWy 10y + WaWy 410y — K2Zp 41 + W3Xpy1Uy — Ol y1]
= Q(h)[G1 — Y1Xn11 — M1Ynt1 + G2 — V2Wny1 — K2Zp 41 — Oy g1
<Q(h)g12 — QMo [Xp11 + Ynr1 + Wi + Zpy1 + Uy 1]
= Q(h)& — Q(h)oM,4q,
and
1 < M, n Q(h)é12 '
1+Qh)e 14+ Q(h)o

W§@+&wym+%[ GH%WY]

M

It follows that
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Consequently, lim sup M,, < % We have

n—oo

Upy1 — On = Q1) [Braryns1 + Bak2zpy1 — 00,41]

$12

< Q(h) Praa= =+ ﬁzvéz%z — 00,41

Hence,

Un Q(h)(B1x1 + Baa2)G
Uil S TIAme (1—!1—(1)(11)9)0' =,

By induction, we get

op < (ml(h)@)nvo N (B Jre(ﬁrzzxz)gu [1 B (ml(h)e)n}

Consequently, limsup v, < %. Therefore (x4, Yn, Wy, Zn, Vn, Un) converge to I' as
n—,oo

n—oo. [

4. Equilibria

Here, we calculate the model’s equilibria and deduce their existence conditions.

Lemma 2. Models (10)—(15) have four equilibria determined by four threshold parameters R; > 0,
j=0,1,23:

(1) Infection-free equilibrium EQqy = (xo, 0,2°,0,0, 0), which always exists.
Ro = Rop1 + Rpp > 1.

(3) Chronic HTLV-I single-infection equilibrium EQy = (%,0,, 0,0, 1) exists when Ry > 1.

R

Roy >1,Ry > 1land Rz > 1.

Proof. Any equilibrium EQ = (x,y, w, z,v, u) satisfies

0=2¢1 —v1x — w1Xv — w3xu, (23)
0= wyxv —ayy, (24)
0=¢2 — 1ow — wowo, (25)
0 = wywv — ayz, (26)
0 = Bra1y + Boagw — 0o, (27)
0 = wsxu — du. (28)

From Equation (28), we get two options: u = 0 and x = w%. First, we consider u = 0; then,
from Equations (24) and (26), we get

w1xv Wrwo
— d frg . 29
y="4 andz="2 (29)
Now, substituting in Equation (27), we get
(Brwix + Baworw — 0)v = 0. (30)

There are two solutions to Equation (30): v = 0 and B1a1x + Braow — 0. When v = 0, we
gety = 0 and z = 0, which gives infection-free equilibrium EQq = (xo, 0,2Y,0,0, 0), where

0o_ %1 _ &

and w’ = 2=

X .
T T2
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When v # 0 and Biwix + Brwrw — 6 = 0, then from Equations (23) and (25), we get

Brw18y n Bawr o
Y1+ w1 Y2+ wrv

—-0=0.

We define a function H as

H(o) = BrwiGy n Bowr&r

Y1 +wiv Y2+ wov

Then,
H(O) — ﬁlwlgl + ﬁ2w2§2 _9= 0<,51w1§1 n 182w2€2 B 1> _ 0(R0 B 1)[
n 2 710 Y20
where
RO = RO] + Roz, RO] = M and R02 = M
10 720

Thus H(0) > 0, when Ry > 1. The parameter Ry represents the basic HIV-1 single-infection
reproductive number.
lim H(v) = —6.

V—00

v A&t B2rw?
Hi(v) = ((’Yl + w1v)? " (72 +w20)2> <0

Further,

Hence, H is a strictly decreasing function of v, and thus there exists a unique 9 € (0, )
such that H(9) = 0. It follows that

£:#>Oande:LA>
Y1 + w10 Y2 + w20
Then, Equation (29) gives
g=92% - gandz=2Y% 50,
&1 &2
Here, 9 satisfies the following quadratic equation:
A +Bo+C =0, (31)

with
A = Bwywy,

B = 0y1wy + 02w — wiwa(B181 + B282),

C = 07172 — B112wi81 — Pay1wala
w w
b1 (1 _ prwids P2 252)

710 Y20
= —07172(Ro — 1).

Obviously, C < 0 when Ry > 1. Equation (31) has a positive root as

. —B++VB?-4AC
0= A > 0.

AAAAA

Ro > 1.
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1
ANy = Api1 — Ay = Q(h)( °G< "+1)+yn+1+

Now consider ¥ = w% and u # 0. Solving Equations (23)—(27), we obtain two equilibria:
the chronic HTLV-I single-infection equilibrium EQ, = (%,0.@, 0,0, i), where

f=—, w=>==u', d=-""(R-1),
w3 72 3
where :
w361
R = —. 32
1= (32)

Parameter R; is the basic HTLV-I single-infection reproductive number. Consequently,
EQ; exists when R; > 1. The other equilibrium is the chronic HTLV-I/HIV-1 co-infection

equilibrium EQ3; = (X, 7, W, 2,7, 1), where

) . - Twib T2 __w
= — =X, = R 1), = —(Ry—-1), = ’
g w3 ey lewzwa( ) @ 2( 2= 1), @ R;
0
_w 3 R _ 7wt
_ YR, - B ) a= Ry —1)(Rs — 1),
z Rz( 2 DézR(Jz( + R, ) i w2w3( 2—1)(R3 - 1)
and
_ GoBrwrws _ mw (R —1
Ry, = Rs = .
72‘[31(‘)15(71{01 — 1) Yowi RZ -1

We can see that, EQ3 exists when R >1,Ry >1land Rz > 1. O

5. Global Stability

In this section, we demonstrate the global asymptotic stability of all equilibria by
establishing appropriate Lyapunov functions. Define a function G(x) > 0 as
G(x) = x —1—Inx. We have

Inx <x-—1. (33)

Theorem 1. If Ry < 1and Ry < 1, then EQq = (x°,0,w°,0,0,0) is globally asymptotically
stable (GAS) in T

Proof. Define a discrete Lyapunov function A (xy, Yn, Wi, Zn, Un, Un) AS

0
= oy (46(5) v 22 () 2
1

+—(1+Q(h)0)v, + (1+ Q(h)é)un)-
B1

Clearly, Ay, > 0 forall x, > 0,y, > O,w, > 0,2z, > 0,v, > 0,u, > 0. In addition,
An(x%,0,4°,0,0,0) = 0. Evaluating the difference AA, = A, 1 — Ay as

Bauw® (wn+1)+,62

B Vw0 ) T g
0
+ 511(1 + Q1)) 41 + (1+Q(h)6) i1 — xOG(%> oy ﬁz" G(%)
—E%—;O+QWWW—Q+QW®W>

1 of Xn+1 — Xn _ ﬁzwo Wyl — Wy Wy
— Q(h) (x x0 S in (Xn+1)>+(yn+l ) ¥ p1 o T Wyt1

(14 00100) (1~ ) + (L+ Q) (11~ ) ).

+§j(zn+1 —2zp) + B
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Using inequality (33), we obtain

1 Xy B2 Wy
ANy < —= | xpq1 — X +x0<—1>>+ 1 — —|—<wn —wn—i—wo(—l))
el < I Xn41 Bt = yn) B\ Wi

+§2(Zn+1 —zn) + i(1 +Q(h)0) (Vg1 — o) + (1 + Q(h)6) (Un 41 — Mn))
1 B1

= i (1= 25 ) =30+ G =)+ 2 (1= 25 ) g =

Q(h) Xn+1 Wy +1

§<zn+1 2n) + [}1<1+0<h>e><vn+l—vn>+<1+0<h>5><um—un)).

From Equations (10)—(15), we have

Pl

AN, < <1 - )(Cl VX1 — W1Xp 100 — W3Xpp1tn) + (W1X0410n — X1Yn41)

Xn41

0
w
+ b2 (1 - > (G2 — Y2Wpy1 — WrWy10y) + &(wzwn+lvn — X2Zp41)
B1 Wy 11 B

1 0
+ E(ﬁl“lyn—&-l + Botozy 1 — 00y 1) + E(Un-i-l — ) + (W3Xpp1Un — Oty 1)

Upy1 — )
0

s ()
1-— X +==(1- — YW
xn—l—l) — Y1%n41) B = (&2 — Yown41)

4(
+ ( P2 00w + wyx® — 9)0,1 + (w3x® = 8)u,.
B B1

We have
& =mx°, & = 1,

then, we obtain

0

Wy 1

w0
AN, < (1 — ) (71x° — y1x,11) + gj(l — ) (12w° — Yowy 1)

Xn4+1

0
+ (ﬁzwzwo +awpx’ - 'B>Un + (w3x” — )uy
1

B1
2
=—m (rnr1 = 2" 7aPBa (wpy1 — w0)?
Xnt1 B1 Wy 11
0
L9 (w1/31§1 L Wapala > +(5(&7351 >un
B\ Om 072 on
0)2 0\2
(xn+1 —X ) Y2B2 (Wny1 —w’) 0
= — - + —(Rg—1)v, +6(Ry — 1)u
n Xnt1 B1 Wh 11 B1 (Ro = 1)on +6(Ry =
Since Ry < 1and Ry < 1, then A, is monotonically decreasing. Clearly, A, > 0, and hence
there is a limit lirmHoo Ay > 0, and thus limy o AA,; = 0, which gives limy 00 X, = %9,
lim, o w, = w, limy s0(Rg — 1)v, = 0 and lim, ,e0(Ry — 1)u, = 0. We consider
four cases:

(i) Ro = 1 and Ry =1, and then from Equation (12),

0=2¢, — 'yzwo — wow? lim v, = lim v, = 0. (34)
n—oo n—oo
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In addition, from Equations (10) and (14),

0=2¢ — ’ylxo — w1x® lim v, — w3x® lim u, = lim u, =0, (35)
n—oo n—o0

n—oo

0= pray lim y,, 1 + Poy lim 2,41 — 6 lim 0,1 = lim y, = lim z, =0 (36)

(ii) Rop = 1, Ry < 1 and limy e 4y = 0. Equations (34) and (36) yield limy o vy =
limy o Y = limy o 2 = 0.

(iii) Rg < 1, Ry = 1 and limy s v, = 0. Equations (35) and (36) give lim;, oo 4y, =
limy o0 ¥ = limy 00 2 = 0.

(iv) Rop < 1, Ry < 1 and limy—e vy = limy 00 4y, = 0. From Equation (36), we get
limy o vy = limy 0 2 = 0.

Consequently, if Rgp < 1 and R; < 1, then limy, 0 Xy = 20, limy, o wy, = w® and
limy o Y = limy—eo 2 = liMy 00 v = limy 0 4, = 0. This shows that EQqg is GAS. O

The result of Theorem 1 shows that if there exist control parameters (e.g., drug thera-
pies) that make Ry < 1and Ry < 1, then both HTLV-I and HIV-1 will be removed from the
body regardless of the initial states.

Theorem 2. If Ry > 1and Ry <1, then EQ1 GAS in T\ Y.

Proof. Define

0, = 1;1)["6;(?) +9G y”) + @G(

5+ (%)

Qf g p1
+g.00 +Q(h)9)c(§) +(1 +Q(h)5)un}

AAAAA

A®"‘th) {J?G(%;;l>+y(;<yn+1> ﬁélw (wn-i-l) [;zlz <znz+1)
[Z 1+ Q(h)e)G(v”gl) + (1 4+ Q(h)0) i — xG(f) - 9G(‘1§;>
S30() BEo(2) - Lcoineo(%) -+ o]

1 o Xn+1 Xn < Xn >) A Yn+1  Yn ( Yn >
= —— [ —/———+1In + — — 4 In{ —
Q(h) { < X X Xn+1 Y Y Y Yn+1

5 ) B )
.3 w w W41 p1 z Z Zn41
n ) — Uy

[31
Using inequality (33), we have
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1 R ~( Yn )
Xp41 — Xp + X 1)+ +yl — -1
Q(h) { s " <xn+1 Yt = In y<yn+1

)
R ACERR C)

IBZ A( )

+—=|w wy + W -1

B1 b Wy+1

1

gy (e oG 21) )+ 0 0099 =)
n

9

(Un+1 —up+ vln( On >)
1 Un+1

— m Kl xan> (Xp41 — xn) + (1 — yzrl)(]/n-&-l —Yn) + gi (1 - w?ﬂ)(wnﬂ — Wy)

A

B (1 2 Y ez (1 o o) + (L 08 e )]

TD

B1 Zn+1 On+1
fv,.1 0 00 ( Un )
+ — —0;+ —1In .
:Bl 181 o ﬁl Un+1

From Equations (10)—(15), we have

A®, < (1 - ) (C1 = Y1Xn41 — W1Xy 1100 — W3Xp1ln) + (1 - > (W1X410n — ¥1Ypy1)
Xn+1 Yn+1
B2 B2
+=({1- (G2 — M2Wps1 — w2wn+1vn) +=11- (Wrwy410n — “ZZnJrl)
p1 Wn 41 P Zn+1
1 0 0v,r1  Ooy 0 .
1-— o + Boapz —0v 1+7n — —— + —9In ( )
,Bl ( vn+1 ) (:Bl yi’l-'rl ﬁ n+1 n+ ) ﬁl ﬁl ,Bl U”+1
+ (w?»xn-i-lun - 5un+1) + 5(”11-',-1 - ”ﬂ)
. . Xp+10nY A
= (1 - ) (&1 = Y1Xnr1) + 0120, + Wity — wy Y 4y
Xn+1 Yn+1

,32 < w ) Bowar . Powr wyi1Un | Pomo?
2 — YW + —0,W — +
ﬁ1 Wy i1 (62 = m2wn41) g " B zZut1 B1

Yn+10  Porp zp410  Ovypq 00 Ovyyq Ovy | 60 (W) su
- - - - - n

Uni1 B1 Uns1 P 1 p1 B B

_lxl

On+1

o . anln ¢ A]/ n+19%n ~
= ( )(51 Y1Xpt1) + w3 kil 7 w1Xx 7}/”“% + a1y
132 < ) B2 . L ZWyi10p ,32 0Yn11
1-— 2 — YWyi1) — —wWr I———— + ==arZ2 —
181 Wn+1 (62 = 7200n41) B1 Zp1WOU B1 . Un+1Y
0 0 b0
_ P20 00 B0 < >—5ﬁuf’+ <w1£+ﬁ2w2w—)vn
Bi " onrZz P B1 \Unna i B1 p1
Utilizing the following conditions for EQy:
w1%0 = a1, 1 =mr+ay,
wzwzﬁ = txzi, 62 = 1o + ayZ,

we get

(wp? | Paoa® e)vn _ wipit +§2“’2w =0
1

and
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A®, < (1— )(71x+a1y Y1Xp41) + w3k Uy — yMJrM]?
Xn4+1 X0Ypn+1
132 ( w ) . . B2 L wui10nZ | Poan 5
2W 4 apZ — YoWy41) — S A2Z +
,31 Wn41 o 720nt1) B1 Wz, 11 B1
~Yn+10 ,32062 Zp+10 B ( . )
- + a7 + P272 4 +a171n
1y0n+1y B1 Un+17~ 19 B1 19 (]
n ﬁz“ziln<vn> _bu,
;31 Un+1
x . . X7 unfﬁ yxn+1vny
=(1- 1X — 1nx + oy —w + w3— + a1
( xn+1> (M =mxw) tmf =m0 0 o Y
132 ( W ) . Boxo . Poar WZI  Poro Wy 1UnZ | Poar,
2W — Y2Wp41 Z— — z — z
,31 Wy 41 o 2Wne1) B1 B1 wpy1  P1 Zp @O B1
0Yn1§  Pat 02y 412 Bow ( )
- + a7 + —z +a171n
! Uni1Y 1 vni1Z Y B1 1y Un+1

+ '[32“22111(0" > — duy,
;31 Un+1
(xng1 — )2 P2 (Wn1 —®)? - [3 X PXp1¥n OYnpa —|—ln( Un )}

Xp+1 B1 Wi41 Xp+1  Yn1X0  0pd (]

oy w 2w, 410 0z v .
+'82 22{3— St A ”HA} +ln< - > + (w3t — 0)uy.
B1 Wn+1 Zp+1wo Un41%

="

Using the following equalities:

ln( On )—m( i >+1n<W) +1n(”y”+}>, (37)
On+1 Xn41 XYn+190 On1y
ln( On ):m( ad >+1n(zw”“f’f> +1n(”7‘”+1>. (38)
On+1 Wn+1 Zp4+1W0 Un+12
We get
)2 ) s IS .
A@n < - (xn+1 x) _ ABZ')’Z (wn-i-l w) _ tx1]2 l:G< X ) + G(yxn+13]11> + G(Uyn+1A>:|
Xn+1 B1 Wn+1 Xn+1 Yn41X0 On+1Y

_ /320622[(;( o ) +G(2wn+1f’:1> +G<5Zn+1>} n ( w361 5>un-
B Wy41 Zp4+1W0 Up414 71+ w0

Since Ry > 1, then ¢ > 0. Therefore, we obtain

A@, < (X =22 Bava (W1 —@)* 219 _G< x ) n G(ﬁxrwlfin) n G(ﬁynJrlA)_
Xn+1 ﬁl Wp+1 L Xn+1 Yn41X0 Un+1Y

_Paa [ W e ZWy 110n e 0Zp 41 w3§1
B1 Wy+1 Zp41W0 Z7n+1Z

=7 (xnp1 — %) _ Bar2 (i1 — @) — 19 ( ) + G(yxn+1vn> I G(ﬁynJrlA)_
Xn+1 ﬁl Wn+1 Xn+1 Yn41X0 Un+1Y /|

_brs [G( @ ) + G(Zw”“f’f> n G(”Z”“ﬂ S(Ry — 1)y
P1 Wyn4-1 Zp41W0 Un412
Since Ry > 1 and if Ry < 1, then ®, is monotonically decreasing. We have ®, > 0,
and then there is a limit limy s ®; > 0 and hence limy_ A®, = 0, which gives

limy o xp = %, limyseoyy = §, liMpoo wy = @, limy 400 vy = 9, limy 3002z, = £ and
limy, 00 (R — 1)uy, = 0. Now, we address two cases:
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(i) Ry =1, and then from Equation (10), we obtain

0=¢ — 11X — w120 — w3k hm Uy = hm u, = 0.
— 00

(ii) R1 < 1 and then lim;, o t;, = 0.
Hence, EQq is GAS. O

Theorem 2 suggests that if the model’s parameters are adjusted such that Ry > 1
and R; < 1, then the HTLV-I will be extinct and the patient will have chronic HIV-1
single-infection.

Theorem 3. if Ry > 1and Rgp + 1;—011 <1, then EQ»(%,0,@,0,0,1) is GAS in T\ Y.

Proof. Consider a function ®,, as:

o, = Q}h) {xc( )+ +ﬁ[§f’c( )+§j " <1+90<h>>vn+a<1+m<h>>c(1§)]
Computing the difference A®,, = &, 1 — P, as:
AD, = |: (xn+1) +yn+1 + ﬁsz(wg—l) +~gjzn+1 + [3 (1 +90(h))vn+1
I GO R R LTI S Mg
7(1+60(1)G ()]

1 S Xn+1 xn ( > ) ﬁZw (wnJrl Wn < Wy > >
=am|Fl—5 —F thn + +——\— = thn
Q(h) { < x Xnt1 Yt = Yn T g\ T w Wyt

,’3 (Zn+1 Zn) + !311(14—6001))(0%1—Un)‘*‘”(u;zrl -~ 4In (uZH)ﬂ
+ ot

w(6(%) (7))

Using inequality (33) we get

1 _ 7 _
AD, < ) {X<xn+1~ oy 2 1) +Yn+1 — Yn + Pa (w"+1~ Dnp Dn _ 1)

x X1 ‘31 D —
+2?(zn+1 Zn) + B (1+90(h))(vn+1 —vn)+a(“"+1ﬁ ty L:Zl _1>]
ron(a(*2t) - c (%))

— th) {(1 - x;) (Xn41 — Xn) + Y1 — Yn + gj(l - wi1>(wn+1 — Wn)

5 (10001 s =) + (1= ) e =)

Upi1
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From Equations (10)-(15) we have

AD, < (1 — ) ) (€1 — Y1Xn41 — WXy 4100 — W3Xpy1Un) + W1Xp 1100 — K1Yn41
Xn+
2 w 2
/3 ( ) (82 — M2Wpy1 — WrWy10y) + E(w2wn+1vn — X2Zp41)
51 Wy 41 p1

1 0
+ —(B1o1Yns1 + Borozp1 — 00,1) + E(WH —Up)

1
+ (1— " >(w3xn+1un—5un+1)+5ﬁ<””f1 2 +In ( ))
un+1 u Un+1

w N
=|1- (61— 7Xny1) + Pafy (G2 = 12Wyy1) + wiXvy
Xn+1 P1 Wn+
0 ;
+ w3Xu, + 2 S wWrWvy, — — Uy ngn+1un + o1 — Suy, + Oil ln( Hn >
/31 .Bl Upt1 Upt1

~ B (-as)

=(1- — i) + 22 (1 — Yow
( oot ) (€1 —711%n41) B —— (G2 — 12wWnt1)

+(wrz+ P2y — LYo, + wszn™ — waza M 4 sn— st

ABl 161 u X Up1 u

+ il ln< il )
Upt1

Using the equilibria conditions of EQ»

We get
x s B2 5
A, < | 1— (Mx—mxp41) + - (1 - (2@ — 2wy 11)
Xn+1 1 Wn+1

+(w1f+&deJ—i)vn+(5ﬂ7(5ﬁ B Vaiiia LU Yy b ln( >
P B Xn+1 X Upp1 Un+1

= — n (x 1— 5(')2 — 7’8272 (w 1— ZT))2 + <(U155 -+ &WZZTJ — i)v

- n

Xp1 o T Brwpir T B B1

+ o1 <2 X Xugate +1n< tn )) (39)

Xn+1 X Ut Up+1

We have

w1X + ’[;zwzw - i _ @l + Pawaly 6

1 p ws3 Bir2  B1

_ 0 (w1Bid | Pawnla )
; ﬁl( ows 072 !

0

Ro1
R -1);
T B ( 2T R, )
then, using the following equality,

ln< o ):m( >+1 (x”“”") (40)
Upt1 Xn+1 X Upi1
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Equation (39) becomes

4+ P (Ryp+ 20 1)y
Xpt1 B1 W41 B1 Ry

~an(o(5) (%)
Xn+1 XUp41

Since, Rz + R01 <1, then A®, <0, forall n > 0. Hence, the sequence ¢, is monotonically
decreasing. Smce d, > 0, then lim; 0o ®, > 0 and thus, lim; ,.c AP, = 0. Thus,

AD, < —7 (xn1 — %) Bom2 (Wpp1 —@)* 9( Roy > )

im0 Xy = &, limy, 0o Wy, = @, limy, oo Uy, = @ and lim,, o (Roz + R & — )vn = 0. We
have two cases:
(i) Rpz2 + 1;—011 =1, and from Equation (10)
0=¢ — 7% — w1 ¥ lim v, — w3 i = lim v, = 0. (41)
n—oo n—oo
Moreover, from Equation (14) ,
0=pB1m; nlgl;loynﬂ + Boay nlglgo Zyr1 =0= r}l_r>ro1Q yn = 0and nll_I}I;lo zy = 0. (42)

(ii) Ro2 + R R‘“ < 1 and lim, vy = 0. Equation (42) implies that lim, o ¥y =
lim;, 00 2, = 0. Th1s proves that EQ; is GAS. O

Theorem 3 suggests that if the model’s parameters are controlled such that R; > 1
and Ry, + %011 <1, then the HIV-1 will be extinct and the patient will have chronic HTLV-1
single-infection.

Theorem 4. If%] > 1, Ry > 1and Rz > 1, then EQ3 is GAS in the interior of T

Proof. Consider

v () ee(5) e <

+—(1+Q(h)9)G(%") +a(1+0(n)o)G(

)+ o)
”;-”)}

Computing the difference AY,, =¥, 1 — ¥, as

AY, = le) [xc(x”gl) +yG(3/n+1) N ﬁgfbc(wn—&-l) %12 (Zn+1)

o Y +Q(h)9)c(%) +a(l +Q(h)5)c(”’;“) - xc(%) —yG(;)
—ﬁg:"c(fu) - [;212‘3(22) - E(l +OmOG(2) ~ a1 +Q()0)6 ‘;)}

g o) o)

() ()

El () g ()
+ g (O() - o(3)) +an (G(%)*G(%”))-




Axioms 2023, 12, 201 16 of 26

Using inequality (33), we get

AY, <

( nHﬁ_ et v:nl _1> +g(u”+1a_ - u:nl _1>]
+ +
(6(%57) ~6(3)) +or(e(%5) -6(%))

- th) [(1 — anil)(anr] —xu) + (1 - yny;l)(l/nﬂ —Yn)
TR TSN Tl

Zn+1

0 U
1- )(anrl —Up) + (1 - )(”nﬂ - ”n)}
Un+1 Up+1

+977<U”_“ —”_”+1n( On ))+5a(””_“ —”_"+1n< il ))
B1 o o Un+1 u u Upt1

From Equations (10)—(15), we have

AY, < <1 - >(Cl Y1Xn1 — W1Xy 410 — W3Xp1Uy) + (1 -

) (W1Xy410n — X1Yp41)
Xn+1

yn—i-l

b2 < @ > (82 = V2Wpt1 — W2Wy10n) + léi <1 -

.Bl Wy+1

1 0
/31 (1 — ) (B1a1Yn+1 + Boazny1 — 004 1) + (1 -

) (W3Xyq1ty — Othyq1)
Un+1 Up+1

+90<v”“—+1 ( >>+5a<””_“ —Hn( ))
B1 Un41 u Upt1

Xp4+10nY
Yn+1
ﬁZ wn+l UnZ ﬁzvéz _

+ Z
51 Znt1 B1
0 0Ny Zy 110 0 _ 0 0 _ v X1 Unll
SNES L B2tz zn11 R L A Y (LT . RS LT
Ups1 B1 vus1 P11 P B1 Uni1 Upi1

+5ﬁ—5un+5ﬂln< tn >
Up+1

Uy Uy
= (1 - ) (&1 — 11%u41) + W1 X0 — + w3kl — — wlfﬁw + a1
Xp41 0 Z

) (Wan+1Un - “2Zn+l)
Zp+1

= <1 — > (Cl - 'ylan) + WX Uy + W3X Uy — Wy + a1y
Xn4+1

/‘[Z ( wj;) (62 = 12wn41) + giwzw Uy —

Yn+1X0
B2 < > B2 __un P2 ZW0ni1n B2
+ =11 - Co — TWyi1) + S=wWrW0 — Wy ———— + rZ
P W41 ( m1) B1 0 1 Zp 41000 ,31
gyt P2t O g Oo-2s -+ eﬁln( O ) — wyEni1tn
Un+1Y 1 Un+1z ﬁ B1 Up1 Ty i1

+ 51— 57 + s ln( )
u Up+1
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Using the equilibrium conditions for EQ3,

=
Il

CU3 5/ “1:‘7 = (Ul.f'(j,
W WT = wyZ, 00 = Bra17 + Baa2Z,

S1=mX+mFJ+6i, o= 70+ a2

We get
AY, = (1 ‘ >(71f+“1y_+5ﬁ’)’1xn+1)+“1?1ﬁ1alyyanJﬂ" 1
Xn4+1 4 XYn+10
[32 ( w > _ - B2 _vn  Po  _ZWyi1Up ﬁz _
W+ apZ — Yow + == WZ — — S Z——— + =~z
,31 Wort (72 2 Y2oWp+1) B 22 B1 Zne @0 B (L%}
Y1 Po 0Znt B2 Un P2 _Un ( Un >
- Z——— + —i——zxz—zx ———az—+o¢ In
1yvn+ly ﬁl U412 “y B1 2 1y B1 2 & (]
+ '82062211’1( O ) — ot —|—(5ﬁ—|—5ﬂln( tn )
,Bl Un+1 XUy 41 Upt1
X _ X _JXp110n
=1(1- X —rx -y
( Xn41 ) ™ Mn41) Xn+1 Xn+1 XYn+10
B2 ( > _ B2 B2 w
+a g+ ==(1- W — YW + ==apz — —~apz
17 8, = (72 — Yowp1) 5,2 ,31 S~
P2, -ZWni1Vn 132 W1 _ P2, B2
— Sk Z———— - g+ Bz
B1 * zyp1 W0 ﬁl lyvn-i-ly [31 Un+1 Wy B’

+ 017 ln< > ﬁazln<v"> surn y sa oo In( >
Un+1 181 Un+1 XUp41 Up+1

)2 )2 : 7 5
=-m (xn+1 x) - .BZ'YZ (wn+1 w) + 217 [3 X y_xn+1v_n . vyn+1_ + 11’1( On >:|
Xn+1 B1 W41 Xn+1 XYn+10 On+1Y On+1

‘B—azz {3_ W ZWyp1On zjZnJrl__’_ln( Un )]

,Bl Wn+1 Zy41W0 Un412 On+1

Jrzsa[z—JZ — Ikl ( il ﬂ
Xn+1 XUp41 Upi1
Using equalities similar to Equations (37), (38) and (40), we get
(Xpp1— %) 122 (Wn11 — )2 _ -|:G< x > + G(]?_Jcn-i-lv_rz) 4 G<Z7]/n+1_)]
Xnt1 B1 Wy 1 Xn+1 Y410 Unt1Y

o) () o2 )| e (]

B Wn+1 Un+14 Zp41Wo Xn+1 XUp41

We note that AY,, < 0. Hence, the sequence ¥, is monotonically decreasing. Since ¥, > 0,

then lim,, o ¥, > 0 and thus, lim,, o A¥Y,, = 0. Thus, lim;, e x; = &, limy, 0o W, = W,
limy oo ¥ = 7, limy 500 U = 7, limy 00 2y = Z and limy, 00 4, = 1. Hence, EQ3is GAS. O

AY, < -1

Theorem 4 suggests that if 1%11 >1, Ry > 1and R3 > 1, then the HTLV-I and HIV-1
co-infection will be established regardless of the initial states.

6. Numerical Simulations

To perform numerical simulations for the discrete-time model (10)-(15), we use the
data given in Table 1:
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Table 1. Model parameters.

Parameter Value Source Parameter Value Source Parameter Value Source
¢1 10 [18,50] T 0.01 [11,51] 0 2 [32]
&) 0.03198 [12,13] Y2 0.01 [12,13] ) 0.2 [17,32]
a1 0.5 [6,7] B1 6 [52] h 0.1 [46]
ay 0.1 [32,52] B2 6 [52] w1, Wy, W3 Varied Assumed

We mention that most of these values are taken from previous studies for HIV-1 single-
infection and HTLV-I single-infection models, while other values wj, w; and w3 are simply
assumed to carry out the numerical simulations. Getting real data from HTLV-I and HIV-1
co-infection patients is not easy and needs more experimental works. Therefore, estimating
the parameters of the HTLV-I and HIV-1 co-infection model is still open for future work.

To demonstrate the global stability of the discrete-time model’s equilibria given in
Theorems 1-4, we show that the solutions of the model converge to one of the four equilibria
regardless of the selected initial conditions. Therefore, we choose three different initial
values as

V1 : Xp = 850, Yo = 5.5, woy = 2, zZ0 — 0.1, [ 20, Uup = 35,
IV2: x=650, yo=35 wy=15 2z9=015 1v9=15 uy=25
IvV3: xXo = 350, Yo = 2, wy = 1, zZy) = 0.2, 0y = 0.4 Uupg = 15.

We choose w1, wy and w3 as follows:

Case (I) w1 = 0.0002, w, = 0.001 and w3 = 0.0001. This gives Ry = 0.6096 < 1 and
Ry = 0.5 < 1. Figure 1 illustrates that the concentrations of uninfected CD4" T cells and
uninfected macrophages increase and tend to the healthy values x’ = 1000 and w” = 3.1980,
while the concentrations of other compartments decrease and converge to zero. Therefore,
EQqis GAS and this agrees the result of Theorem 1. In this case, both HTLV-I and HIV-1
are cleared.

Case (II) wy = 0.0007, wp = 0.001 and w3 = 0.0001. These values give Ry = 2.109 > 1
and Ry = 0.5 < 1. From Figure 2, we see that the solutions of the discrete-time model
tend to the equilibrium EQ; = (474.42,10.51,1.24,0.2,15.83,0). As a result, EQ; exists, and
based on Theorem 2, it is GAS. This result shows that, the HIV-1 single-infection can be
reached for all initial states.

Case (III) wy; = 0.0003, wy = 0.0001 and w3 = 0.00045, and then Ry = 2.25 > 1 and
Ro2 + (Ro1/R1) = 0.401 < 1. Figure 3 clarifies that the solutions of the discrete-time model
reach the equilibrium EQ, = (444.44,0,3.198,0,0,27.78) for all the initial states. According
to Lemma 2 and Theorem 3, EQ; exists and it is GAS. This result shows that the HTLV-I
single-infection can be reached for all initial states.

Case (IV) wy = 0.00065, wy = 0.03 and w3 = 0.0004, and thus, R1/Rg; = 1.0256 > 1,
Ry = 115128 > 1 and R3 = 4.3903 > 1. Figure 4 illustrates that the solutions of
the discrete-time model starting with initial values IV1-IV3 converge to the equilibrium
EQs = (500,2.28,0.28,0.29,3.5,19.31). Based on Lemma 2 and Theorem 4, EQ, exists and
it is GAS. This result shows that the HTLV-I and HIV-1 co-infection can be reached for all
initial states.
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Figure 1. Solutions of model (10)—(15) with initial conditions IV1-IV3 in case of Ry < 1and Ry < 1.
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Figure 2. Solutions of model (10)—(15) with initial conditions IV1-IV3 in case of Ry > 1 and Ry < 1.
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Ju =

J16

J
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Jos = —
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+w1061510(h)(x +¢1Q(h

For more confirmation, we examine the local stability of the equilibria of the discrete-
time model in cases (I)-(IV). The Jacobian matrix | = J(x,y, w, z, v, u) of model (18)—(22) is

calculated as
Ju 0 0 0 Ji5 Jie

Jo1 Jo 0 0 J»s Jos
0 0 Js3 0 J35 O

J= 0 0 Jw Ju Jss 0 |
Js1 Js2 Js3 Jsa Jss  Jse
Joo 0 0 0 Jss Jes

where

1 = w1Q(h) (x + 5 Q(h))
1+ Q) (11 + w10 + wsu)’ BT 1+ Q) (1 + wio+ wsn))?
_ w3Q(h)(x+8,Q(h)) Iy — w1 Q(h)v

(1+ Q) (7, + w10+ w3u))?’ A7 M+ m Q)1+ Q) (71 + wio + wsu))’
_ 1 s = w1Q(h) (x + & Q1)) (1 + 11 Q(h) + w3Q(h)u)
1+ mQ(h)’ 2T T 0+ m Q)1+ Q(h) (71 + w10 + wsn))2
w1w3Q(h)*(x + & Q(h))v Jas = 1
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2

Then, we compute the eigenvalues /\]-, j=1,2,...,6 of the matrix J, at each equilibrium. An
equilibrium point of the discrete-time model is locally asymptotically stable (LAS) when
’/\j| <1,forallj=1,2,...,6. We compute the eigenvalues of all nonnegative equilibria
using the values of wy, wy and w3 given in Cases (I)-(IV). Table 2 contains the nonnegative
equilibria, the absolute value of the eigenvalues and whether the equilibrium point is LAS
or unstable. We note that when an equilibrium point is GAS, then it is also LAS, and all the
other equilibria will be unstable.
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Table 2. Local stability of equilibria.

Case Steady State |A]~ !, j=12,...,6 Stability

Case (I) EQp = (1000,0,3.20,0,0,0) 0.999, 0.999,0.991,0.990, 0.983, 0.807 LAS

Case (IT) EQp = (1000,0,3.20,0,0,0) 1.037,0.999,0.999, 0.990, 0.990, 0.765 unstable

EQp = (1000,0,3.20,0,0,0) 1.025,0.999, 0.999, 0.996, 0.990, 0.797 unstable

)
)
EQq = (474.42,10.51,1.24,0.2,15.83,0) 0.999,0.999,0.997,0.990, 0.985,0.794) LAS
Case (III) ;

Case (IV) EQq = (509.57,9.81,0.07,0.31,14.81,0) 1.0004, 0.999,0.999, 0.990, 0.957,0.794) unstable
EQ, = (500,0,3.20,0,0,25) 1.006,0.999, 0.999, 0.999, 0.985, 0.793) unstable

(
(
(
(
EQ, = (444.44,0,3.198,0,0,27.78) (0.999,0.999,0.999,0.990,0.974, 0.815 LAS
(
(
(
EQ; = (500,2.28,0.28,0.29,3.5,19.31) (0.999,0.999,0.999,0.992,0.987,0.794) LAS

(
(
(
EQp = (1000,0,3.20,0,0,0) 1.036,1.02,0.999,0.999,0.988,0.768) unstable
(
(
(

7. Conclusions

In this paper, we studied a discrete-time HTLV-I and HIV-1 co-infection model within
a host. We discretized the continuous-time co.infection model by using the NSFD scheme.
We proved the positivity and ultimate boundedness of the discrete-time model’s solutions.
Then, we deduced that the model has four equilibria: infection-free equilibrium EQy,
chronic HIV-1 single-infection equilibrium EQ1, chronic HTLV-I single-infection equilib-
rium EQ; and chronic HTLV-I/HIV-1 co-infection equilibrium EQs. We showed that the
existence and stability of equilibria are determined by four positive threshold parameters
R;,j=0,1,23. The global stability of all equilibria of the discrete-time model was exam-
ined by constructing Lyapunov functions. We obtained that EQ is GAS, when Ry < 1 and
R; < 1. The equilibrium EQ); exists when Ry > 1 and it is GAS when Ry > 1and Ry < 1.
When Ry > 1, the equilibrium EQ; exists and it is GASif Ry > 1 and Ry + %011 < 1. Finally,

we found that the equilibrium EQj exists and it is GAS when II{% >1,R; >1and R3 > 1.
We simulated the discrete-time model to confirm the theoretical results.

The model addressed in this article can be extended in several directions by including
(i) time delay [5], (ii) memory effects [28], (iii) reaction—diffusion [53], and (iv) stochastic
interactions [54]. These points are left for future works.
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