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1. Introduction

The field of optimization theory has progressed far beyond anyone’s expectations. Due
to its wide variety of uses, it has made its way into all disciplines of science and engineering.
When approximations are utilized, one of the most important practical applications of
duality is that it provides bounds on the value of the objective functions because there are
more factors involved, second-order duality has a greater computational benefit than first-
order duality. For intriguing applications and breakthroughs in multiobjective optimization,
we refer to [1] , and the references cited therein. Dorn [2] presented the primary symmetric
duality definition for quadratic programming in 1965. Dantzig et al. [3] and Mond [4]
proposed a pair of symmetric dual Duality plays a vital role in investigating nonlinear
programming problem solutions. Several writers have proposed several duality models,
such as Wolfe dual [5] and Mond-Weir dual [6]. Nanda and Das [7] introduced four different
forms of duality models for the nonlinear programming problem with cone constraints.
The work of Bazaraa and Goode [8] and Hanson and Mond [9] inspired these findings.

Mangasian [10] established the duality theorem in the context of a second-order dual
problem in nonlinear programming, where none of the constraints imposed convexity
restrictions on all functions. Mond [11] introduced second-order symmetric dual models
and established second-order symmetric duality theorems under second-order convexity
conditions for the first time. In mathematical programming, Hasnson [12] defined the
second-order invexity of a differentiable function and studied it. In 1999, Mishra [13]
proposed a pair of second-order vector symmetric dual multiobjective models for arbitrary
cones based on the Wolfe and Mond-Weir types. In addition 2006, ref. [14] a couple of
Mond-Weir type second-order symmetric duality multiobjective calculations for cone
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second-order pseudoinvex and emphatically cone second-order pseudoinvex algorithm
were presented. A couple of Mond-Weir type second-order symmetric dual multiobjective
projects over discretion cones is created under pseudoinvexity / K”F-convexity assumptions
by Gulati [15], which is as:

Primal(MP):
K-minimize (L, x)
subject to
~ (VTP 0x) + VeslwT9)x)p) € G,
K (VeAT9)(15) + VirlwT9) (1, 1)p) 2 0,
A eintK*, 1€
Dual(MD):
K-maximize Y(u,v)
subject to
(VAT 9)ev) + V@ 9) (mv)p) € CF,
W (VAT (o) + VulwT9) (o)) <0,
A €intK*, 1€ Cy,
where,

@)
(i)
(iii)
(iv)

Ry C R", Ry, € R™ are open sets,

¥, ¢ : Ry x Ry — RFis a twice differentiable function of  and «, is a differentiable
function of ¢ and «,

AERK,weRT,peR"andr € R",

fori=1,2, C; C §;is a closed convex cone with non-empty interior and C; is its positive
polar cone.

Aside from them, a number of other researchers are working in this field. For addi-
tional information, see [16-20].

In this paper be start by defining in section 2, K-G¢-bonvexity as well as pseduobon-
vexity and construct non-trivial numerical examples for clear understanding the
concept introduced by authors. We identify several examples lying exclusively K-
Gg-bonvex and not in the class of K-invex function with respect to same 7 already
exist in the literature. We illustrate an example which is K-G¢-pseudobonvex but not
K-Gy-bonvex with respect to same 7. In the next section, we formulate a new pair of
multiobjective symmetric second order K-G-primal-dual models over arbitrary cone
and drive duality results under K-G¢-bonvex as well as K-G ¢-pseudobonvex assump-
tions. We, also construct a non-trivial example for validate the weak duality theorem
presented in the paper. we also introduced geometry figure for clear understanding
the concept through figure.

2. Preliminaries and Definitions

In this paper, we used R" for n-dimensional Euclidean space and R’} for semi-positive

orthant. Also, here C; and C; used for closed convex cone R" and R™ respectively, with
non-void interiors. For a real-valued twice differentiable function g(¢, ¢) described on an
open set in R" x R™, indicate by V,g(@,9) the gradient vector of g with respect to a at
(,9), Vepg (@, ) the Hessian matrix with respect to ¢ an at (¢, 9).

Throughout the paper N = {1,2,...,.k},0 = {1,2,..., m}.

A differentiable function f : X XY — Rk, m: XxY — Rk, m: XxY — R,
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Gf = (G, Gy Gp) * R — RK, Gy, @ Ig,(X) — Ris range f; for i = N. Also, K is
used for pointed convex cone with non-void interiors in R¥, for ¢,z € R and we specify
cone orders with respect to K as follows:

0z <= z-0€K, 0<z <= z—0cK\{0}; <z < z—-9€intK.

Let f : X — RX be a differentiable function defined on open set ¢ # X C R” and
I1(X),i € N be the range of f;.

Consider the following multiobjective programming problem with cone objective as well
as constraints as :

(MP) K-min f(g)
subject to

pex’={pes:glp) cQ}.

where S CR", f: S — Rk, g:S — R™ Qisaclosed convex cone with a non-empty interior
in R™,

Definition 1 ([21]). ¢ € X is a weak efficient solution of (MP), # ¢ € X such that

f(@) = f(9) € intK.

Definition 2 ([21]). ¢ € X" is an efficient solution of (MP), } ¢ € X such that

f(@) = f(9) € K\{0}.

Now, we consider the following multiobjective programming with cone objective and cone con-
straints as:

(GMP) K—min Gf(f(Z))

subject toz € Z0 = {z €5:—Gg(g(z)) € Q}.

Definition 3 ([21]). z € Z° is a weak efficient solution of (GMP), iz € Z0 s.t.
Gr(f(2)) = Gy(f(z)) € intK.

Definition 4 ([21]). z € Z° is a efficient solution of (GMP), § z € Z° s.t. Gr(f(2)) —
Gf(f(z)) € K\{0}.

1\,

Definition 5 ([21]). The positive polar cone C; of C; (i=1,2) is defined as C; = {z DTz

0, V(p e }
Suppose that S; C R" and Sp C R™ are open sets such that

Ci xCy C S x5,

A differentiable function f : X — R¥ and Gy such that every component Gy, is strictly increasing
on the range of If,.
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Definition 6. If 3 Gy and 1y such that ¥V ¢ € X and p; € R", we have

{cfl (F1(9) ~ G (18)) + 59T [G (1) Vofi (0) (Vo2 (G)T + G (fi(8)) Vs (0)] p1 — 17 (9,6)[ G, (1(6) Vi (6)
+{G} (16 Vpfi@) (Vo fi(8)T + G (£1(0)) Vi (6) }p1 s G, (fi(@)) = Gr (fl8)) + 3pL [ G} (@) Vo fil8) (Vi fe(6)T
+G, (fu(9) Voo fi(®) | px = 17 (9,6) [ G}, (fi(6) Ve (6) + { Gf (r(6)) Vi fy () (Vo fi (6)T + G}, (fe(6) Vi fe(6) } i } €K,

then f is K-Gg-bonvex at & € X with respect to 1.

Definition 7. If 3 Gy and 1y such that V ¢ € X and p; € R™, we have

{cfl (F1(9)) ~ G (71(8)) + 59T [G (1) Vofi (0) (Vo2 (0D + G (F1(8)) Vs (0)] p1 — 17 (9,6) [ G, (1(6)) Vi (6)
+{G} (1) Vo i ()T fi ()T + G, (1(6) Vi () } 1. - G fi(9)) — G (l®)) + 3P [ G ((8) T )V g fi(0))T
+ Gy, (fe(9)) Vg fk(6) | i = 17 (9,0) [}, (fe(8)) Vo fil8) + { G, (f(6) Vi fe ) (Vo fi(6)T + G, (f(6))V g fic(®) ] } € K,

then f is K-Gg-boncave at 6 € X with respect to 1.
Generalized the above definitions on two variable, as follows,

Definition 8. If 3 and Gy and 1y such that ¥V ¢ € X and g; € R", we have

{cfl (F1(9,0)) — G (F1(6,0) + 347 [GF, 16,0V fi(8, ) (Vo fy (6,07 + Gy, (£1(8,) Vg i (6,0 1 — 1] (9,8) G (6, 0))
Vofi(6,0) +{G}, (f1(6,0) Ve fi(6, (Vo fi(6,0)T + G, (F1(8,0)Vgpfi (0,0} |, s G, (i, ) = G (fi(, )
L [GH 8,0V 6, ) (V6. 0)T + G, (f(6,0)V gife(6,0)]
— 11 (9,0) [ G, fe(6) Y fe(6,0) + { G}, (fe(0,0)) Vo fic0, O)(V 8, 00)T + G, (8, 0)V g fic(8, ) ] } €K
then, f is K-Gg-bonvex in the first variable at 6 € X for fixed £ € Y with 1,

and
If 3Gy g such that V9 € Y and p; € R™, we have

{Gfl (f1(6,8)) = Gf, (f1(5,0)) + %pf (G (A1(8,0)Vofi(6,0)(Vof1(8,0)" + G £1(6,0)V 0 fo(6,0) | p1 — 1] (€,9) [ G}, (f1(6,0))
Vofi(6,0) +{G}, (1(6,0)Vof1(8,0)(Vofi(8,0)T + Gy, (f1(6,0)Voof1(8,0)}p1 |, G (fe(6,9)) = Gy, (fe(6,0))
+ 3 P [G (6, 0) Vo fil6, O (Vo fild, )T + G (6, 0)Vaass(5,0)] i
— 15 (€,0) [ G, (fil6, )V fe(6,0) + { G} (8, 0) Vo fi(6,0)(Vofe(8,0)T + Gl (6, £) Vonfic(6, ) hpi ] } €K

then, f is K-G¢-bonvex in the second variable at £ € Y for fixed 6 € X with 1.
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Definition 9. If 3 Gy and 171 such that V ¢ € X and q; € R", we have

{Gﬁ (F1(9,0)) — G (Fi(6,0) + 37 [GF (16,0 Vo fi(6, ) (Vo fy (5,0)" + Gy, (£1(6,) Vg i (6,0 1 — 1] (9,8) G (116, 0))

)
Vofi(6,0) +{G, (f1(6,) Ve fi (6, 0)(Vofi(6,0)T + G, (£1(6,0)Vgpf (0,0} | s G, (i, ) = G (fi(8,))
+ 28 [ (8, )V (6,0 (Vp (6, 0)T + G (6,00 Vg fi(5,0)]

— 17 (9,0) |G, fe(6) Y fe(6,0) + { G}, (fe(0,0))V o fic0, O)(V 8, 0)T + G, (8, 0)V g fic(8, ) ] } €K,

then, f is K-Gg-boncave in the first variable at 6 € X for fixed £ € Y with respect to 171,
and

If 3 Gy and 173 such that V8 € Y and p; € R™, we have

{Gfl (F1(6,8)) ~ Gy, (£1(6,0)) + 59T [GF (116, Vafi (6,6 (Vo fi(6,0)T + G (F1(6,0)Vaofy (6,0) 1 — nE (6,8)[ G, (1(5,0))

Vofi(8,0) +{G}, (1(6,0)Vof1(8,0)(Vofi(6,0)T + Gy, (f1(8,0) Voo f1(8,)}p1 |, G, (fe(6,9)) = G, (6, )
+ 3P [GF (6, 0) Vo fil6, O) (Vo fils, )T

— 11 (6,9)[G}, (fe(6,0))Vofi(6,0) + { G}, (fi(6, ) Vo fi(6,0) (Vo fe(6,0)T + Gy, (6, £) Vaofe(,0) } ] } €K
then function f is K-Gg-boncave in the second variable at £ € Y for fixed 6 € X with respect to 1,
Example 1. Let X = [1,2] C R,n = m = 1land k = 2. Consider f : X — R? be defined by

flg) = (fl((P)/fz((P)>/

where,
fi(g) = gsin <;)> f2(9) = cosg.
Next, Gy : (Gy,, Gy,) : R — R2 defined by
Gy, =1, Gy =t~
Let K = {(go,ﬁ);go > 0and 0 > o} and 1+ X x X — R be given by
7(¢,8) = (1-38%).
Notw, we have to claim that f is K — G -bonwex, for this, we have driven that the following expression as
{Gﬁ (F1(9)) = G (71(8)) + 59T [G}, (F1 () Vofi (0) (Vo fa (6D + G (f1(6)Vipefs (0)] p1 — 17 (9,6) [ G, (1(6)) Vi i (8)
(G} (L) Vo filO)(Vofi ()T + Gy, (1(6) V()] G1fa(9)) — G (£2(0)) + 58 [G (12(6)) Vi a(0)(V g fa(0))T

+ Gy, (£20)Voufa(8) | p2 = 1" (9, 0)[G, (£2(6) Vi f(8) + {G, (£2(6) V pfa(0) (Vo o(8))T + G, <fz<5>>vwfz<5>}pz}} K.
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Let

1= {Gﬁ (F1(9)) ~ G (1(0)) + 59T [G (£ () Vofi (0) (Vo fa (0D + G (f1(6)) Viefs (0)] p1 — 17 (9,6 [ G, (1(6)) Vi (6)
+{G} (1) Vo i (O)(Vofs ()T + G, (1(6)) Vo fi (0) } 1] G f2(9)) — G(a(8) + 313 [ G (2(6) Vi fa(6) (Vi fa(8))T
+ G, (2(0) Vg0 2(6)| P2 = 17 (9,0)[G, (2(0) Vo £2(6) + { G, (£2(6)) Y fo(0) (Y fo(0))T + Gl (£2(8)) Vg () } 2] }

Substituting the values of f1, fa, Gy,, Gy, and 1, we obtain

2
: ., 1 1 .11 1 .1 1 .1 1701 1 1
M= {¢25m2<;2 —(stzn25—2 +§p2 [2(51115 - (5cos(s> +255m5<— 535171(5)] —(1-6% [255171(5 <sm§ - 56035)
2
it _ Loosd LY. S cos*s 4 1211200826 (—sing)?
+p{2<szn5 (SCOSzS) +2észn5< 53szn5>H,cos @ — cos 5+2p [12c0s°6(—sind)

+ 4c0s35(—c0s8)] — (1 — 62)[4cos®6(—sind) + p(12cos*S(—sind)? + 4cos>5(—cosd))] }

Now, we consider

2
1 1 1 1 1 1 1 1
¥ = ¢%sin® L, — 8%sin® = + = p? {2 (sin(5 — 5C055) +2(55ing ( — (535in5>]

2
1 1 1 1 1 1 1 1 1 1
(1-96 ){25sm5(szn5 (5cos(5>—|—p[2(sm5 5c055> +2(55m(5( (5351715)”.
Let us apply the following ansatz:
Y=Y +Y (say),
consider
D= {cos4(p —cos*s + %pz [12c052(5(—sin5)2 + 4c053(5(—cosr5)}

(1= [40053(5(—Si”5) + p(lZcosZ(S(—siné)z +4cos35(—c055))} } €K

The above expression breaks in @1 and Dy (say) as follows:
D =P + Dy,
where
Y, = q)zsinz(;z - (52sin251—2 —(1-62) {2551’71(15 (sin1 - coslﬂ.
It is easily verified from Figure 1, we have
Y120 Vo deX.

11 1)\ 101 1
+p 2(51715 — (5cos§> +25szn5 (—5351115”.

1,0 /.1 1 1\2 1/ 01 1
Y, = Ep [2(51115 — 5cos(5> +25Sl7’15 (-(5351”5>
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20 10

1 1 1 1 1 1
; D I SN S DUy 3 S ) T
Figure 1. ¥; = {q) sin p &°sin po (1-¢6 )[2(551115 (sm(s 50055)] }
It is clear from Figure 2, we obtain

1

. B 1,/ 1 1 1)\? 1/ 01 .1
Figure 2. Y, = P4 {2(szn5—5cos§) +25sm5(—5—351n3) +
11 1)\? 1/ 1.1
4 [2 (smg - gcosg) + Zésmg (—5351115)].
Now,

®; = costg — cos*d + —(1—462) [4c053(5(—sin(5)} ,

as can be seen from Figure 3.
q)l 2 (VY ®, e X,
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2_0 1.0
Figure 3. &; = {cos4g0 — c0s*6 + — (1 — 6%)4cos35(—sind) }
and

P, = %pz [12c0525(—sin§)2 + 4cos>5(—cosd) + p (12c0525(—sin§)2 + 4cos35(—cos5))} .

As can be seen from Figure 4. ®, 2 0, V6 € X and p1, p2 € [— 10%0, —1]. (From Figure 4).

Figure 4. &, = %pz [12cosz(5(—sin5)2 + 4cos35(—cosd) + p(12c0525(—sin5)2 + 4cos3(5(—cos<5))} .
Hence, ¥ 2 0and ® 2 0. This gives ¢ + ¢ = 0. Thus, we can find that (¥, ®) € K.
Hence, f is K-G¢-bonvex function at (¥, ®) w.r.t. 7.

We will show that f is not invex. For this it is either

fi(@) = f1(8) =" (9,6) Vo fi(6) 20

or

f2(9) = £2(8) = 1" (9,0) Vo f2(0) £ 0.
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Since f1(¢) — f1(6) — 17 (9, 0)Vf1(6) = (psin% —dsint — (1 —0%)sink — tcost # 0, is
not V¢,6 € X as can be seen from Figure 5. Also, f2(¢) — f1(6) — 17 (9,6)V¢fo(6) =
cosg — cosd + (1 — 6%)sind # 0,is not V¢, € X as can be seen from Figure 6.

20 1.0

Figure 5. q)sin% - 5sin% -(1- 52)sin% — %cos%.

Figure 6. cosg — cosd + (1 — 6%)sind.

Therefore, from the above example, it shows that f is K-Gf-bonvex, but it is not invex
with respect to same 7.

Definition 10. If 3 G and 1 such that V ¢ € X and q; € R", we have
17 (9.0){ G} (1(9)Vefi(6) + 11 { G} (16 (Vo fi(6)T + G, ((0) Vo fi(6) o Gy, (i) Vi fi(6) + aic{ G, (e (6)) (Vo fi(6)T

G (i) Vapfi(®) )} € K= [G1(1(9)) ~ G (71(0)) + 501 { G () Vofa (0) (Vo fi(6))” + G, (1(6)) Vpfs (6) b
s G (@) = G, (fu(0) + 3aF { G, ((0) Vi fe(0) (Vo fi0))T + G, (fe(6) Vg fe(0) far] € K,

then, f is Gg-pseudobonvex at § € X with 1.
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Definition 11. If 3 G and n such that V ¢ € X and q1 € R", we have

17 (9.0){ G (1(9)Vefi(6) + 1 { G} (1O (Vo fi(6)T + G, ((0) Vi (6) - Gy, (i) Vi fi(6) + aic{ G, (fr(6)) (Vo fi(6)T
+ G ((0)Vapfi0) }} € ~K = [G1(1(9)) ~ G (1(0)) + 30T { G}, (1(6) Ty fi(O) (Vo i ()T + G, (1(6) Vi (8) Ja
s G i @) = G ((0) + 3aT { G, (fi(6) Vi fe(0) (Y pfic0))T + G, (fil6) Vi fel0) fai] € —K,
then f is Gy-pseudoboncave at 6 € X with respect to 1].

We generalized the above definition as follows:

Definition 12. If 3 G and 1y such thatV ¢ € X and g; € R", we have

11 (9,0){ G, (f1(6,0)Vf1(6,0) + 1 { G}, (16, 0)(Vofi(8,0)T + G, (f1(6,0) Vi fi(6,0) b, G (6, )V g fi6,0)
+3{ G}, (8, 0) (T pfi8,0)" + G}, (f(6,0)) Vo fi6,0) } } € K
=[G4 (0, 00) — G (71(6,0) + 30T { G} (1(5,0) Vo 16, 0) (Vo fa(6,0)7 + G}, (1(6,0)) Vi (6,0) b, G (il )
~ G (fild,0) + 34T { G (6, 0)V o fe(6,0) (T il )T + G (6, 0) Vg 8, 0) bas] € K,

(
)

then f is K-Gg-bonvex in the first variable at § € X for fixed £ € Y with 1y,

and

if 3Gy and njp such that V¢ € Y and p; € R™, we have

13 6,0){ G}, (f1(8,8)Vafi(6,0) + { G}, (f1(8,0)(Vofs(8,0)T + G, (F1(6,£) Voo fi(6,0)} 1, s Gy (8, 0) Vi (6, 0)
+ pi{ G (fe(6,0) (Vo fic8,0)T + G}, (fi(6,0)) Voo (6, 0) } } € K
= [Gfl (f1(0,8)) = G (f1(6,0)) + %P{{Gg (f1(8,0)Vof1(8,0)(Vofi(5,0))" + G;q (f1(5/€))vlwf1(5/f)}i?1/--~/ Gy, (fk(6,9))
~ G (6, 0) + 5P LG (6, ) Vo fild, ) (Vafild, )T + G (6, 0) Voo (6,0} pi] € K,

then f is K-Gg-bonvex in the second variable at £ € Y for fixed 6 € X with 1.
Definition 13. If 3 G and 1y such thatV ¢ € X and g; € R", we have
1 (9.0){ G (18, 0)Vofi(6,0) + 01 { G}, (£1(8,0) (T pf1(8,0)7 + G}, (1(8,0)V g fa(6,0) e G, (fl6,£) Vi fel6,0)
+c{ G}, (fu(8,0)(Vpfe(8,0)T + G}, (fe(6,0)) Vo fic(3,0) } } € =K

= [G1 (A9, 0) ~ GR(A(5,0) + 34T { G (A6, 0)Vpfa (6,0)(Vfo(6,0) + Gy, (F1(6,0)V gpfs (6,0) }a1, -, G (il )
~ GRfe6,0)) + 50 { G (8, 0)V pfi 8,0V fs(5,0)T + G, (6, )V g fil6,0) Jae] € K,

then f is K-Gg-bonvex in the first variable at § € X for fixed { € Y with 1y,

and

If 3 Gy and 113 such that V¢ € Y and p; € R™, we have

13 (8,0){ G}, (f1(6,8)Vafi(6,0) + { G}, (f1(8,0)(Vofs(8,0)T + Gy, (1(6,€) Voo i (6,0) } pr, . G (6, £) Vi fe(6,0)
+ pi{ G}, (8, 0) (Vo (8, 0)T + G}, (fu(6,0) Voo fi(6,0) } } € =K
=[G4 (£16,9)) ~ GR(1(6,0) + 3 pT{ G}, (1(5,0)Vofi (6,0)(Vofi (6,6) + G, (f1(6,0) Vo f2(5,0) }pr, . G (6, 8))
— G fel0,00) + 2 pE{ G (6, )V feld,0)(Vafe(0,0)7 + Gy (6, 0) Voo fide, 0 bpe] € K.

then f is K-Gg-boncave in the second variable at £ € Y for fixed 6 € X with respect to 1.
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Remark 1. If G¢(t) = t, then above definition reduces in K — 1-pseudo bonvex w.r.t. 1,

17(9,0)|Vofi(0) + Vo fi(0)1, s Vo fil8) + Vppfi(d)e| € K
= [A1(0) ~ F10) + 301 Vg i1, fi9) — f(0) + 20" Vg fi (O)ai] € K.

Example 2. Let X = [—10,10] and K = {(go, %) :¢9 20,9 = 19}. Consider the function
f: X — R2 defined by
fl9) = (file), f2(9)),
where
filg) =sing,  fo(g) =e?
Define Gy = (Gy,, Gy,) : R* — R given by
Gy, = 2, Gp, = £, =¢*>— 6% and q; = g3 € [2,00].

We have to claim that function f is K-G¢-pseudobonvex at point 6, i.e.,

~

17 (9.0){ G, (A(9)Vefi(6) + 1 { G} (fi(8) (Vo fi(6)T + G, (1(6) Vi fi(0) }. G, (£(6)) Vo fa(d) + a2{ G, (H(6) (Vo fo(6))T
G (£0)Vpa(®)} } € K= { G (1(9)) — G (1(0)) + 30T { G} (1(0) Vo fi(8) (Vo fi(6)) + G}, (1(0) Vg fo(8) }ar,
Gr,(f2(9)) = G (£2(9)) + 345 { G}, (2(6) Vo a(6) (T pfa(0))T + Gy, (2(6)) Vo fa(d) }aa } € K.

=

Consider

= 1"(9,0){G}, (A(6) Vo fi(8) + m{ G}, ((0) (Vpfi(8))T + Gfl (A < >>w¢f1< )}, G, (£(6)Vfa(0)
+02{C, () (Vo f2()T + G}, (2(6) Vo f2(6) } }.

Putting the values of f1, fa, Gy, Gy, and 1, we have
T = (¢*—6%) (sinZ(S + 241 (cosé — sin®5), 3e> + 9625(]2).
At the point § = 0, the value of above expression becomes

= {20%01, 39’ (14+302) |, Va1 =2 € [2,00)
Obviously,
= {20%01, 39(1+392) } € K.
Next, consider
1 " !/
= {Gf1 (fi(9) = Gr, (1(8) + 591 {Gp, (1) Vo i(0) (Vo fi(8)" + G, (())Vepfi(d)}q1, G, (fa(p)
1 " !
— G (f2(8)) + 582 {Gp, (f2(0)) Vo 2(8) (Vo f2()) T + Gy, (f2(0)) Vg f2(6) b2 }-
Putting the values of f1, fa, Gg, Gy, and 1, we have
Y= {sinzq) — sin®6 + %q%(anszé — 2sin25), 37 — ¥ + gq%e35}.
The value of above expression at the point 6 = 0, we get

) 9
Y= {sznzq)—l—q%, e + Eq% - 1} € K.
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From the Figure 7. We can easily observe that the value of p-coordinate always less than 9-coordinate
inK,so ¢ c K.

Hence, f is K-G-pseudobonvex at the point 5§ = 0 with respect to 1].
Next,

{cﬁ(fl(go)) G (F1(6)) + 2P [ (A(6) Vo fi(8) (Vo fi(8))T + G, (£1(6)) Vg fu(8)] 1 — 17 (9,0) [G, (f1(8)) Vi (6)
+{G}, (A 0)Vefi(0)(V (pfl(fs))ucl(flw))vwfl( ).
Gp,(f2(9)) = Gp, (f2(0)) + 5PF [ G, (£2(0)) Vo a(8) (Vg fa(8))

+G},f2(8)Vgpfa(s )}prn (9,0)[G},£2(0)V (pfz(a)+{G’;(fzw))wfz(fn(wfz(é)ﬂ+G’2fz<5>w¢fz<5>}pz}} ¢ K

Let
¥ = {Gfl (F1(9)) ~ G (1(6)) + 59T [G}, (1) Vofs (0 (Vo fa(G) + G (fi(8)Vefs (0)] p1 — 17 (9,6 [ G, (1(6)) Vi (6)

+{G}, ((9))V rpfl(‘s)(vq)fl(‘s))T+G}l(fl(‘s))vq)q)fl(‘s)}m}rsz(fZ((P)) =Gy, (f2(9)) + %PZT {G}Z(fz(é))V¢f2(§)(V¢f2(5))T
+ G}, f2(0)Vppf2(0) [ p2 =17 (9,6) [ G}, £2(0) Vpf2(8) + { G}, (2(0)) Vo fo(0) (Vo fo(6)T + G, 2(0) Vg f2(6) 2 }

Substituting the values of f1, f2, Gy, G, and 1, we obtain
Y = {sinzq) — s5in6 + p3(cos?6 — sin6) — (¢? — 62)(sin26 + 2py (cosd — sin6s)), &9 — e + g p3e® — (9% — 62)(3¢% +9¢%py) }
At the point § = 0, it follows that
¥ = {sinzq) +pi—2p19?, &0+ %P% —1-¢*(3+ 9102)}, p1=p2 € [2,0).
Take particular point ¢ = —% and py = pr = 2 € [2,00), we obtain,

Y — (—4.86, —34.80) ¢ K.

Hence, f is K-Gg-pseudobonvex, but it is not K-Gg-bonvex at § = 0 with respect to 1.

500
— sin2®+4cosz¢
— 30 | 17
400 4
300 1
2
< 200 ]
>
100 ‘ 1
0
-1 00 1 1 1
-10 -5 0 5 10

X-Axis

Figure 7. (sinz(p +4cos? @, e3¢ + 17).
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In the following example, we showed that the function f is K-G¢-pseudobonvex, but
it is not K-Gg-bonvex function with same 7.

Example 3. Let X = [0,%] and K = {(¢,9) : ¢ 2 0,0 2 ¢}. Consider Gy = (Gy,, Gy,) :
R? — Rand f : X — R? given by

(@) = (fie), f2(9)),

where
filg) =sing, folg) = ¢,
Gfl =1, sz =2,
Definenp : X x X — R" given by
1(@,0) =@ —3dand gy, g2 € [1,00].
Solution: In this example, we will try to derive that f is K-G¢-pseudobonvex i.e.,
1" (9,0){ G, (A(©)Vefi(6) + 1 { G} (Ai(8) (Vo fi(6)T + G, (1(6) Vi fi(9) }. G, ((0)) Vo fa(d) +a2{ G, (H(6) (Vo fo(6))T

+ G (A(9)Vgpfa(0)} | €K = {Gfl £1(9)) ~ G (£1(0) + 41 { G}, (£1(0) Vofy (0) (Vo a(6) + G (£1(6)) Vipfs (0) b,
Gr,(f2(9)) = Gp, (£2(6)) + 345 { G}, (2(0)) Vo fo(6) (Vpf2())T + Gl (£2(6) Vi fa(0) a2 | € K.

(
(

Consider

I = 17(9,0){ G}, (1(8))Vefi(8) + 01 { G, () (Vo fi(6)T + G}, (f1(6) Vi f1(6) }, G, (f2() Vo fo(6)
+02{GL (L) (Vo fa(6)T + G}, (2(6) Vo fa(d) } .

Putting the values of f1, f2, Gy, Gy, and 77, we have

Iy = {(¢ = 6)coss, (¢ —6)(20 +2q2)}-

The value of above expression at the point § = 0, we get
I, = {¢, 2692} € K.

Next, let

1L = {G1,(1(9)) — G, (f1(6) + 34T { G} (L(6) Vo fi(0) (Vo fi(6)T + G}, (1(6)) Vo fi(6) bar, Gr(fa(e))
~ G (£2(0)) + 303 { G}, () Vo ol0) (Vo fal0)T + G (2(6)) Vg fo() 2}

Putting the values of f1, f2, Gy, Gy, and 77, we have
I, = {sin(p — sind + %q%(—siné), @¢—0+ q%}
After simplifying and the value at § = 0, it follows that
M, = {sing, ¢ + g3} € K
Hence, f is K-G-pseudobonvex at the point § = 0 with respect to 7.

Next,
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{Gﬁ (f1(9)) ~ G (10)) + 5pT[C (1) Vofi (0)(Vofy (0D + G (f1(8) Vaefs (0)] p1 — 17 (9,0) G}, (1(6) Y fu(0)
+{ G} (Ao i) (Vo fi(6)T + Gy, (1(8) Vpfi(0) } 1],

Gh(fa(9)) — G (H(6)) + 393 [}, () Vp fo(8) (Vo fo(8))

+G 1, £(0)V 40 f2(8)] P2 = 17 (9,0) |G, Lo(0)V o f2(6) +{G, (2(0)) Vpfa(0) (Vo 2(8))T + G, fo(6) V g fo(8) 2] } # K.

Let
¥ = {Gfl (F1(9)) ~ G (71(0)) + 59T [Gh(F1 () Vofy (0) (Vo fa (0D + G} (f1(6)Viefs (0)] p1 — 17 (9,6) [ G, (1(6)) Vi (8)

G}, (f1(8)) Ve fi(6) (Vo fi(6))" + G, (f1(5))vqaqof1(5)}P1}/sz (f2(9)) = Gp, (f2(6)) + %Pg {G}Z (22(0)Vf2(0)(Vefa(0)"
+G}, () Vo f2(8) | p2 = 17 (9,0)[ G}, £2(0)Vpfa(8) + { G}, (£(0)) Vo a(0) (Vo o (6)T + G, f2(6)V g fo(6) 2 }

Substituting the values of f1, f2, Gy, Gy, and 17, we obtain

. . 1 .
Y = {smq) —sind + Ep%(—szné) — (¢ — 8)p1coss, ¢* + p3 —2(¢ — (S)pz}.
At the point 6 = 0, it follows that

Y= {simp —rig (¢ - pz)z} ¢ K.
Hence, f is K-G¢-pseudobonvex, but it is not K-G¢-bonvex at § = 0 with respect to 7.

3. K-G¢-Wolfe Type Second-Order Symmetric Primal-Dual Pair with Cones

The study of second-order duality is more significant due to computational advantage
over first order duality as it provides tighter bounds for the objective functions, when
approximation is used.

The motivated by [21-27] several researches in this area, we formulated a new type
K-G¢-Wolfe type primal dual pair, with cone objectives as well as cone constraint as follows:
Primal Problem (GWPP):

K-min L(g,8,),p) = {L1(0, 8,4, p), La(, 8,4, p), La(@, 8, A, p), - Li(@, 8, A, p) },

where

k
Lig,8,1,p) = Gp,(fi(9,8)) — 87 Y_ s [G}, (fi(9,8)) Vo fil9,8) + { G} (fi(@, ) Vofi(9,8)(Vofi(e, )T

i=1

+G, (fi(0.9)V0fi(9,9) }pi] = 3 Ty ipi{ G}, (fi(9, ) Vo i@, 0) (Vo fi (0, 0)T + G (i, 9) Vo i(e,9) i

subject to
k
= L A[Gy o O Vefi(p,0) + { Gy filo ) Vafile O)(Vafile )T + Gy (filg Vaailo O pp] € €, (1)

AMey =1, A €intK*, ¢ € Cy. 2)
Dual Problem (GWDP):

K-max M(3,(,A,q) = {M1 (6,4,9), Ma(8,6,7,q), M3(8, 4,7, q), ..., My(6, e,/\,q)},

where



Axioms 2023, 12,571 15 of 27

M;(6,6,A,9) = G£.(fi(6,6)) fstA[Gf (fi(0,0)V o £i(8,0) + { G} (fi(8,0)V o £:(6,0)(V o £i(0,0))"
G}, (fi(0,0)V gpfi(8,0) }ai) = § Ehy Miai [ G (fi(6, )V fi(6,0) (T fi(0,0)T + G (fi(6,0) Vg fi(0,0) | i,

subject to
k
Y A [GL(fi(8,0)Vfi(8,0) + { GL(fi(8,0) Vo fi(8,0) (Vo fi(8,0))T + G (fi(8,0))V e fi(6,0) tai| €Ci,  (B)
i=1

Alep =1, A €intK*, 6§ € Gy, (4)
where, fori € Q,
*  fi: Ry x Ry — R, is a differential function of ¢ and ¢, ¢; = (1,1,..,1)T € Rk,
e g;and p; are vectors in R" and R, respectively and A € R¥.
Let V* and W™ be the sets of feasible solutions of (GWPP) and (GWDP) respectively.

Theorem 1 (Weak duahty) Let (¢,8,A,p) € V*and (6,0,A,q) € W*. Let, fori € N
(i) {fl( 0), f2(.,0), .., fi(,, } be K-Gy,-bonvex at 5 w.r.t. 1y,
(i1) {fl((p, .),fz((p, Dy fr(@, )} be K-Gy,-boncave in ¢ w.r.t. 112,

(iii) 171((P,5) +6€C,V ((p,(S) € Cy x Cy,
(iv) m(L,8)+0€Cy,V(08) €CyxCy

Then, L(¢,9,A, p) — M(6,¢,A,q) ¢ —K\{0}.
Proof. If possible, then suppose

L(g,8,A,p) = M(6,(,A,q) € —=K\{0},

or

k
{cﬁ(flw 19T;/\1(Gfﬂ9019))%ﬁ(¢19) {G}(fi(0.9)(Vafi(0,0)) (Vafi(@,8))" + G (fi(9,))Voofi(9,0) } i)

L AT { G (fi(9,9)) (Vafil0,0)(Vofi(9,0)T + G (fi(@,9)Vaofi(9,0) } pi o G, (i, 9))
—0T £, (G} (il 9))Vafi(9,8) + { G}, (0, 0) (Vofilg, 0))(Vofilg, 0)T + G}, (filg, 9) Vaofi(p, ) | i)
—1 55, ApT{ G (fi(0.8) (Vafi(@,9)) (Vofi(9, ) + G, (fi(@,8)) Voafi(@, 8) | i — Gp, (f1(6,0)) = 8T Ty Xy (G (fi(6,0)
wﬂ(é 0)+{GL U6, 0)(Vpfi(0,0) (Vo fi(6,0)T + G, (1(6,0) Vi fi(6,0) }ar) = 3 Ty AT { G} (fi(6, 0)(V fi(6,0)(Vpfi(0,0)T
+G.(f(6,)) vwﬂu}q, G (fe(6,0)) = 8T Ty Ai(G (£i(0,0)) Vi fi(6,0) + { G}, (fi(0,0)) (Vo fi(8,0))(V o i(8, )T

+G1,(fi(8,0)V g0 fi(6,0) bai) — } Ty Mgl { ;é,.(ﬁ(é,e»(ww»(Wﬁ(M)T+c},.<f<fs,z>>vwﬁ<fs,e>}q,}e—K\{O}.

Since A € intK*, we get

k k
Di{cﬁm«o,ﬂ)) —o L (G, (fil 9. ) Vofi(p 8) + { G} (i@, ) Vo fil, 8)(Vaufi(9,0))
G}, (fi(#.9)Voofilo, 19)} i] = 0T T A G (fi(8, 0) Vi fi(8, £) + { G} (fi(8,0) Vi fi(,0)
< (,;f,w T -4k apT{ ﬁ(fz((l),ﬂ))vﬁﬂ(¢r9)(vﬁﬂ(¢r19))T+G;g(fi(¢,l9))vz90ﬂ(90/19)}*{Gfi(fi(@g))
+Gp (fi(6,0) Vo fi(6,0) } = ATy Mgl { G} (fi(8, 0) (Vo fi(6,0) (Vo fi(6, )T + G (fi(8, £) Vo file, ﬂ)}ql} <0

©)

By hypothesis (i) and using A € int K*, we get
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3 Ai{cf,. (9. 0) ~ G (f(6,0) + 387 { G (6. D) (Vo fi(6, )V o607 + G (Fi(6,0)V g fs(5,0)

—17(9,0)[G},(fi(0,0)V o fi(6,0) + { G}, (fi(8, ) (Vo fi(8, )V fi(0,0)T + Gl (£i(6,0))V g fi(, ) ] } >0,

Using feasibility of dual problem (GWDP) & using dual constraints with assumption (iif),
it yields

k
(1(0,0) +6) " L A[G) (6,0 fi(6,0) + { G (16, D) (Vo fi(0,0) (Vo fi3, 00T + G (£:(5,)Vofi(8,0) }ai] 20,
i=1

it implies that

k
YA (G (0, 0)) = GA(fi(6,0) + 50l { G (6. D)V o5, 0) (T fil5, )T + G (5, )V i (5,) ]

k
2 =87 L M| G0, D) Valfi0,0) + { LU0 D) (Vofid, D) (Vofis, ) + L (fG0)Vaefi(6. O }gi]- - (©

Similarly, using hypotheses (ii), (iv), feasible conditions of primal problem (GWPP), dual
constraint and A € intK*,
we get

k
1[G i, 00) = (g )) + 32T { G (0. D) (Va4 ) (Vefi0.00)T + G (4, 0) V(6.0 } ]

k
2 07 Y A4[ G (6 0)Valfi0,0) + {GLU0. D) (Vofi0, D) (Vofi5, ) + G (fG0)Voefi (6, O f i)~ @)

Now, from inequalities (6), (7) and using the fact that ATe;, = 1, we find that

k k
YA (G (filg, ) — o YA (G, il 9)Vo(fi(9,9) + { G}, (i@, ) (Vo fi(0,0) (Vo fi(6,0)T + G, (file, ) Voo fil9,9) hpi]
~3 T AT { G} (fil@,9)(Vofil@, ) (Vofi(g,0)T + Gy (filg, 8)) Voofil . 8) } — Gr.(fi(6,0))
—0T T3 MG (fi(6,0) Vg (fi(8,00) + { G (6, 0) (Vo fi(6, D) (Y fi(0,0)T + G}, (£(6,0)) V pfi(0,0) }
30T Ty AT { G (F1(0,0)(Vfi(0,0) (Vo £i(6,0) + G (£:(6, 0) (Vo i3, )ai }] Z 0,

we arrive at contradiction. [J

Through following example, we validate the Weak duality theorem as:
Example 4. Let n=m=1,k =2, X = [1,2], p € [22,2!9], 4 € [107%%,10Y], K = {(q), 9); ¢ =
0, = 19} and

K = {(go,ﬂ); <0 ¢< 19}, Ry = Ry = Ry. Let fy : Ry x Ry — R and G, for
i =1,2. be defined as

fi(g,8) = @+ cosd, fo(p,8) =sind, G, (t) = £, Gp,(t) =t.

Further, let
m(e,0) =@, n2(£,8) =—9.
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Assume that C; = C; = Cf = C; = Ry.
(GWPP) K-minimize L(¢, 8%, A,p) = {Ll((p, 0,A,p), La(g, 09,47, p)}

Subject to constraints

M [2((,0 + cos®) (—sind) + {251'71219 +2(¢ + cos?)(—cos?) }pl} + Ay [cosﬁ - pzsinﬂ} <o, 8)

M+ As =14 €intK*, g€ Cy, i=1,2. )
(GWDP) K-maximize M(6,¢,A,q) = {M1(5, ,A,q), Ma(d,¢, )\,q)}
Subject to constraints
At [2(g + cos®) +201] 2 0, (10)
M+A =1, A €intk*, g€ Cy, i=1,2. 11)
(A1). {fl(.,é),fz(., 8)} is K-G¢-bonvex at§ =0 w.rt. 71,V ¢ € Sy, ie,
{61 (Fi(9,0) = G1(71(6,0)) + 3pT [G1, (16, 0)Vpfa (6, 0(T fs (6,0)T + G, (1(6,0)V g fo(6,) |

17 (9,0) [G}, (f1(6,0)Vpf1(5,0) + { G}, (A, 0) Vo fi (6, 0) (Vo fi1(6,0)T + G, (1(5,0) Vo1 (5,0 } 1|,
G fa(9,0)) = G, (f2(6,0)) + 3 P G (a6, )V o fo(8, ) (V p fo(6, )T + G (a8, )V g a5, 0)]

1" (9,6)[Gp, (f2(6, D)V 2(0,0) + { Gp, (206, D)V f2(0, (Vo 2(8, ) + G, (£2(0,0)) Vi fo(6,0) 2] } € K. (12)
Consider

¥ = {Gp,(fil9.0) = G, ((6,0) + 5 PTG}, (A6, 0) Vo fi (6,0) (Y f1(6,0)T + G (F1(5,0) Ve i (8,0 pr
~1"(9,9)[ G}, (116, 0)Vof1(5,0) + { G}, (A6, 0)V (0, O) (Vo fi(8,0)T + G, (8,0 V g0 fi (6,0 |1,
G (fa(9,0)) — GL(f(6,0)) + 5] G (£2(6,0) Vo fa(8,0) (T a6, )T + G (f2(6,0)V gpfo(,0) p2

[y

—1"(9,0)| G}, (f2(8,0) Vo f2(0,0) + { G, (f2(6,0)) Vo fo(6, £) (T f2(6, )T + G, (2(6,0)) Vg fo(6,0) } 2| |- (13)
Putting the values of f1, f2, Gy, G, and 71 at the point § = 0, and simplifying, we get
= (qoz+2 @ cosl + p?, O).

It is clear that
Y = <¢2+2<pcos£+p2, 0) e K.

(A2). {fl((p, D), fa(e, )} is K-Gy-boncave at 8 = 0 w.rt. 112, £ € Sy,
{Gfl (F1(9,0) ~ G, (fi(9,9)) + 21T [}, (1 (9, ) Vess (9, ) (Vs (9, 0))T + G}, (19, 8)) Vaafi (9, )]

—7(6,9) |G}, (filg, DIVefile,0) + {6}, (fi(9,9)Vofi(, 8)(Vafi(e,0)T + G (fi(9,9) Voafi(9,9) i,
Gp,(f2(,0)) = G (fa(9,9)) + 5PF [ G, (£2(0,9) Vo ol 8) (Vo a0, 8))T + G, (2(9,9) Vo fa(9,9)] p2
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—1"(£,8) |G, (f2(0,9)) Vo fa(9.8) + { G}, (f2(9,9) Vafal0, ) (Vofalg, )T + G’fz(fz<go,l9>>vwfz<;o,ﬂ>}pz]} e-K (14

Let ¥ = {Gh (file,0)) = Gy, (frle, 9)) + %P{ [G;% (f1(@,8))Vsfi(9,0)(Vefile,8)T + Gy, (filg ﬂ))vﬂﬂfl(@&)} p1
—17(6,8)[G}, (1(9,9)Vofi(9,9) + { G}, (fi(9,9) Vo i(9,8)(Vofi(g,0)T + G}, (fi(9,8)Vaofi(9,8) bpr],
Gp, (f2(@.0)) = Gp, (f2(9,8)) + %PzT [G}z (f2(9,9) Voo, 8)(Vofa(@, )T + G (f2(9,8) Voo fa(e, 19)} P2

—17(6,8)[G}, (f2(@,0)Vo ol 8) + { G}, ((9,9) Vo fal@, 0)(Vofalg, 0)T + G, (2(9,9)) Voo fol 9, 8) } } (15)
Putting the values of f1, 2, G, Gy, and 1 at § = 0, we obtain
¥ = ((qo +cosl)? — (¢ + 1) — pi(p+1) +2l(p+1), sinl— 4).
¥1= ((p+cost)? — (p+12 = phlp+1) +2L(p+1), sint—¢) € -
(A3). (9, d)+6€Cy, YoeC(.
(AD). m(L,8)+0€Cy, VLEC,.
Validation: To validate Weak duality theorem it is enough to claim that any point (¢, 0, A1, A2, p)

such that ¢ = 0, A; + Ay = 1 are feasible to (GWPP). Also, the points (0, ¢, A1, A2, q) such that
20,1 + Ay = 1 are feasible to (GWDP). Now, at these feasible points,

L= (LiLo) = ((p+ 12+ Mpd(e+1), Mpi(p+1)),

and
M= (M, M) = (coszf — Mg?, sinf — Alq%).

Now;, calculate the value at above feasible points, we have
L(g, 0, A, p) — M(6,4,A,q) = ((cp +1)2 + Mp (@ +1) — cos?l + Mgl Mpi(e+1) —sinl + Alzﬁ) ¢ K\{0}. (16)

In particular, the points (q),l?,M,)\z,p) = (1 0, ; ;4) and (5,£,A1,A2,q>

=N

= (O, 22 %, %,2) are feasible solutions for (GWPP) and (GWDP), respectively. Also

L(g,0,A,p) —M(5,4,A,q9) = (22,17) ¢ —K\{0}. (17)
Hence, this validate the results.

Remark 2. Every pseudoconvex function is convex function. On the same pattern we can proof
that K-G g-pseudobonvex is K-G ¢-bonvex with respect to same 1. So, above proof of Weak duality
3.2 follows on same pattern as Theorem 1.
Theorem 2 (Weak duahty) Let (¢,9,A,p) € V*and (5,4,A,q) € W*. Let, Fori € N
(i) {fl( ), f2(., } be K-G ¢-pseudobonvex at L w.r.t. 111,

¢-)

i {filg,), fzw, ) fk<
(iii) 11(¢,6) +0 € C1,V (¢,6) € C; x Cy,

} be K-Gg-pseudoboncave at 9, w.r.t. 12,
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(iv) n2(L,8)+8€Cy,V(L09)eCyxCy
Then, L(¢,8,A,p) —M(6,¢,A,q) ¢ —K\{0}.

Proof. Proof follows on same lines as Weak Duality Theorem 1. [

Example 5. For n=m=1, k =2, X = [2,3], p € [0,1], g € [2219], K = {(go,z‘});
p=0, 920, |g| 2 8},

Ry =Ry = Ry. Let fj : Ry X Ry — R be given as

fi(9,9) =9+ 8% fo(9,8) =1-8, G (t) =1, Gy, (1) = t.

Further, Let
n(g,6) = @b, n2(,8) =L — 9.
Assume that Cy = Cp = Cf = C; = R4

(GWPP) K-minimize L(g,9,A,p) = {Ll((p, 9,A,p), La(g, 0,2, p)}
Subject to constraints
M [419(g0+l92) +p1{8192+4(q0+192)}] A £0, (18)
MAAr=1, A €intk*, 9 eCy, i=1,2 (19)
(GWDP) K-maximize M(4,4,A,q) = {Ml(é, ,A,q), Ma(d,¢, /\,q)}
Subject to constraints
M [2(5 Ty q)} >0, (20)

MAA=1 A cintk*, §€Cy, i=1,2. (21)

(A1). {fl 0, fa., Z)} is K-G¢-pseudobonvex at § with respect to 771 , ¢ € Ry, so that
1 (0.0){ G}, (f1(6,£)Vofi(6,0) + p{ G, (f1(8, D) (Vo fi(8,0)T + G, (f1(8,0) Vo fu (8, 0)},

Gy, (£2(0,0)V o f2(6,0) + p{ G, (£(8,0) (Vo fal6, ) + G, ((6,0) Ve o(6,0) } } €K (22)

Let

M = 1] (9,6){ G}, (18, 0)Vefi(6,0) + p{ G}, (1(8,0)(Vpfi(8,0)" + G}, (1(5,0) Ve fal6,0)},

G, (206, 0) Ve f2(6,0) + P{CL(L(6,0) (Vo a6, 0)T + G (£2(6,0)Vgpfa(0,0 } . (23)

Next, let

I =[G, (1(9,0)) — G (fi(6,0)) + 59" { G (Fi(6,0)Vefs (6,0)(Vy (6, 0)" + G (f1(6,0) Vg fo(6,0) .

Gr(falg. 1) ~ Galfa(6,0)) + 37" LG}, (12(6,0) Vo a6, O) (Vo fal6,0)T + G (12(6,0)Vefals,0) }p]. - (28
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After simplification, substituting the value of f1, f2, va sz and #; atd = 0, we get
IT; = (0, 0) € K = I, = (¢* — 2¢% + p?, 0) € K.
(A2). { fi(e,.), f2(o, )} is K-G¢-pseudoboncave at ¢ with respect to 15 for fixed ¢ for all

le Sy, i.e.,

13 (9,0){ G, (fi(9,9)Vofi (e, 8) +a{ G} (fi(e, ) (Vofi(@, )T + G/ (f1(0.9) Voo fi(9.9) }. G}, (9, 9)) Vofale, 9)
+a{G},(2(9,9)(Vofal@. )T + G}, (f2(9,9) Voafa(@8)} } € K
=[G4 (A1(9,0) ~ G5 (710, 9) + 307 (G (fi(9, ) Vofi(9.0)(Vafi (9, 0) + G}, (1(9, ) Vaofi(9,8) 4,

Gr(falg. 1) ~ G (fale, ) + 207 { G}, (al9, ) Vosalg, ) (Vasalg, )T + G, (fale, ) Vaofalp ) }a] €~k (25)
Let T =1y(9,0){G},(i(9,9)Vafi(9,9) +a{GC} (f1(0. ) (Vofi(9,0)T + G, (fi(9,8)) Vaofi(p,9) |

Gy, (f2(0, 9)Vofal@,8) +a{ G}, (f2(9,9)(Vafal9,0)T + G, (f2(9,9) Voo fa(9,9) } | (26)

and

M = [G1(fi(9,0)) — G (g, ) + 507 { G (fi(98)) Vofi(9,8) (Vofi(p,0) + Gy, (fi(9, ) Voofi(9,8) o,

Cr(fa(9,0)) — Gr(falg, ) + 307 { G, (falp, ) Vafale, O)(Vosalp, )T + G, (falg, 8) Voo falg, ) b (27)
Substituting the value of f1, fo, G, Gy, and 1 at the point 6 = 0 and simplify, we get
Il = (4qu), - 1) €-K=TI= <€4 + 2002, —e) € —K.
(A3). 71(9,0)+06 € Cy, Ve
(A9). 12(0,0) +0 € Cy, ¥ L € Co.

Validation: To prove our result its enough to prove that any point ((p, 0, A, Ay, p)
such that ¢ =2 0, A; + A, = 1 are feasible to (GWPP). Also, the points (0, £,A1, Ay, q) such

that ¢ = 0, Ay + A, = 1 are feasible to (GWDP). Now, at these feasible points,

L= (Ll, Lz) = (qoz — 20 P2 1 24)/\1p2>

and
M= (Ml, Mz) = (€4 — Alqz, 1—-¢— Alqz).

Now at above feasible condition

LM = (¢~ 29Mp* — £ + Mg, £ =29 p? + Mag?) ¢ K\{0}. (28)

In particular, the points ((p, 9, A, Ao, p) = (2, 0, %, %, 1) and (5, L, Ay, Ay, q) =

(O, 2, %, %, 2) are
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feasible for (GWPP) and (GWDP) respectively,
Now, calculate

L(g,8,A,p) — M(3,0,A,9) = (—12,2) ¢ K\{0}. (29)
Hence, this validate the Weak duality Theorem 2.
Theorem 3 (Strong duality). Let (¢, 8, A, p1 = pp = P3 = ... = Py is an efficient solution of
(GWPP); fix A = A in (GWDP) such that
(i) forall ieN, [G}(fi(§.9)Vofi(@,8)(Vofi(@ ) + Gy (fi(9,8)Vosfi(98)] is nonsingular,

k
(ii)  the vector ;%Vﬁ{ﬁi{c}i(ﬁ( )Vofi(@8)(Vofi(,8)) + G (fi(9,8)) Voo fi( 9, )}Pz]

ezspan{ (F1(9,9)Vo1(0,8),Cl, (2(9,9) Vo £2(8,8), . G} (fi(9, 8) Vil 6)},

P
(iii) the set of vectors {Gf (f1(9.8)Vsf1(9,8), G}, (f2(9,9)) Vo f2(9,9),... G (fu(@,8)) Vo fi(@ }are

linearly independent,
(iv) Z/\ Va[Pz{G}'(fz( 9))Vsfi(@,8)(Vofi(9.9)" + G (fi(@,8) Voo fi(¢,8)}pi| =0= pi =0, Vi and

i=1
(v) Kis closed convex pointed cone with RX. C K.

Then, (¢,9,A,§1 =Go =43 = ... = qx = 0) € W* and L(§, 8, p) = M(p, 8, 7). Also, if the hy-
potheses of Theorem 1 or Theorem 2 are satisfied for all feasible solutions for (GWPP) and (GWDP),
then (¢,9, A, p) and (§, 9, A, ) is an efficient solution for (GWPP) and (GWDP), respectively.

Proof. Since (¢, 8, A, p1, P2, P3, -, Px), is an efficient solution of (GWPP), there exist

a € K*, B € Cyand 7 € R such that the following Fritz -John optimality condition stated
by [28] are satisfied at (¢, 9, A, 1, P2, P3, - Pk)

k
(fp—@T[;m[c;(fi((p, DVofi(®, ]+ZA[G}’fz( D)Vofi(9,9)Vofi(9,9) + G} (fi(2. ) Vo fi(9,9)] [B— (8 ex)D)]
+ZAW[G}’(J‘:( 8))Vofi(@,8)(Vafi(@, )" + G} (fi(#,9) Voo fi( 2, ))}(ﬁ—(@Tek)(@Jr;ﬁi))}ZO,V(PGCL (30)

(ﬂ—ﬁ)T{xai[c;<ﬁ<¢,6>>vﬂﬁ< ]+D[G}'ﬁ< D)Vofi(9,9)(Vofi( @ 8)" + G (fi(9,9)) Voo fi(9,9)]
(B(aTekw)Qk%xiw[(c;é(fl( )Vofi(9,9)(Vofi(9,9)" + G}, (fi(2.9) Voofi(9,9)) 1]
{B—(&Tew(w;ﬁ,-)]—ixi[c},,(fz( 9)Vafi(9.9)

+ (G (fi(9,8) Vo fi(@,9)(Vofi(9,8)" + GL(fi(9,9)) Voo fi(,0))p ](fx ek)} 20, V& eR", (31)

+
‘\,\Q
—
=
PN
K
<!
=
=
<
%
<
=
PN
N
(=
=
— ~—
=i
<
— =
ey
|
=
H
B2
\_/
—
=)
+
N =
'Gl
Nl
H_/
/\
Py
b\
A
=
=
<
>
ol
P
N
N
—~
<
S
vl
P
=
=
<

[ @e) (34 355) ) (GLU(D)Vofi9.8)(Vofi(@ 0 + G (9 0)Vaofi(@ D) Py =0, (32
2 £ il 8Ji 8Ji £7\Jil®, o0 Ji\ P, Pk ,
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L@ D) Vofi03) (Vafi(. D) + G (19,8 Veosi(9.8)] (B~ e (pi+ )L ) =0, i€ N, (39

BTéx[Gfu,(@ 8)Vafi(9,9) + {Gf (fi(@. 9) Vo fi @ B)(Vafi(9,9)T + G}, (fi(@. ) Vaofi(@, 8) }pi| =0, (34)
il {RTekf 1] =0, (35)
(%817) 20, (xp17) #0. (36)

Inequalities (31) and (32) can be rewritten in the following expressions:

Il
_

(¢
} éi[%ﬁ ?)Vofi(0,9)

+ (GE U@, 9V ofi(9,8)(Vofi(9, )" + G} (fi(2,8)) Vosfi(9,8) ) | (&) = 0. (7)
Gl (0,9 Vfi(9, { (3+50)}
(G (fi(9,9)Vofi (@, )(Vofi(@ B) + G (fi(4,8) Vaofi(, >) } +7=0icK. (39)

Now, from hypothesis (iv), it is given that R’jr C K= intK* Cint R’jr.
Obviously, A > 0 because A € int K*.
By hypothesis (i), (33) gives
B=(ale)(pi+9) icN. (39)

Suppose & = 0, then (39) yields B = 0. Further, from (38) gives 7 = 0. Now, we reach at
contradiction (36). Hence, & # 0. Further, & € K* C Rﬁ implies

ale, > 0. (40)

Now, we have to claim that p; = 0, i € N. Using (39) and (40) in (38), we get

k
Y- [V { 3GHU0. ) Vofi(0.8)(Vfi(9. )T + G150, 8) Vo0, 2 |

k
— =2 (w0 ) G} (o ) Ve, DL, D)

i=1

==

By hypothesis (ii), we get

M-

Il
—_

& Vo{ PGH (0. 9))Tofi9,8)(Vafi(,9) + G} (9. 9) V9,87 || =0 @2)
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Again, from hypothesis (iv), we have
pi=0, Vie N. (43)
From (39) implies
B =(a"en)d. (44)
Using (42) and (43) in (37), we obtain

i( (a"e)As) |G} (fil @, 8) Vafi(9,9)] = 0. (45)

From hypothesis (iii), it yields
®; = (&T€k>)ti, i e N. (46)

Using (43) and (44) in (30), we get
k
p)T Y 01| G (0. D)V i, | 0.
i=1
Using (40), (43), (44) and (46) in (30) , we find that

k
Z {Gf, fi(¢,0))V gofi(qﬁ,@)]] =0, VoeCi. (47)

Let ¢ € Cy. Then, ¢ + ¢ € Cj and inequality (47) gives that

k
7" Y[ 0 N Vahile 8] 20, Vo (18)
i=1
Therefore,
k _ — —
} |G} (g ) Va9, D) < i 49)
i=1
Also, from (44), we obtain
¢ &Tek € Cy. (50)
Therefore, (§,8,A,§1 = §2 = §3 = ... = §x = 0) satisfies the constraint of (GWDP) and is

therefore a feasible solution for the dual problem (GWDP).

Now, letting ¢ = 0 and ¢ = 2¢ in (47), we obtain

k
7" LG9 D) Vafilg9)] o 61)
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Further, from (34), (40), (43) and (44), we get

a7

M»

Xi[GL i@ ) Vofi(,8)] = 0. 52)

Il
—

Therefore, using (43), (51) and (52), we obtain

(@.9)+ {GLUfi(@, ) Vofi(, 8)(Vofi(9,9)T + Gy (fi(9.9) Voo fi(9,9) } i)

/
3
=
S
$I
|
%l
M»
\m
=
@
<
<
b-a

k k
—gzm{c};m(@,@))wjfl( D)(Vafi(9. ) + G (9, 8)Va0fu(0,9) ] - G (fu(9,9) — " L R[G5 (£(p,9)
+{ G} (fi(9,9)Vofi(@,8)(Vofi(@, )T + G (fi(9.9) Voo fi(#.8) } ] - Zm{cf (fi(9.9)Vofi(9,9) (Vafi(9. 8)"
Gy, (fi(@, ) Voo fi(9, )}ﬁi])

k
—<Gf1(f1(¢,l§))—<? Y Ai[G (@, 8)V0fi(2,8) + {1 (i@ BNV ofi (B D) (Tofi (99 + G (fi(9,9)) Vfi(9,9)}a]
k
—%;mqi{c}xﬂ(@ )Vofi(9,0)(Vofi(#.8)T + G (fi($,9) Vppfi(@, >} - Glhi(@9) = 9" LA |Gy (9. )

| k
Vofi(¢.8) +{G(fi(¢.8)) Vo fi(@,9) (Vo fi(,0)) + (fz( 8))Voofi(9, i]‘%;wi{c}l(ﬁ(@, NV ofi(@,9)(Vofi(@,9)"
+ G (fi(9,9) Voo fi( )} ])

This shows that the objective values are equal.

Finally, we have to claim that (¢,8,A,§1 = 2 = g3 = ... = §x = 0) is an efficient so-
lution of (GWDP).

If possible, then suppose that (¢,8,A,§1 = o = §3 = ... = g = 0) is not an efficient
solution of (GWDP), then there exist (§,(,A,§1 = o = 3 = ... = gy = 0) is efficient
solution of (GWDP) such that

k
(cﬁ(fl 7T YA i G (i@ ) Vo fi(9,8) + { G} (fi(9,9) Vo fi(@ ) (Vo fi( @, B)T + G}, (£i(9,9)) Vo fi(@, D) } ]
k
ffzm,{;é 2.9V, 0) (Vo i@, 0N + Gy (9. 9) Vo i@, 8) ] - O1 i@, 8)) = 97 LK Gy (fl9:9))
Vo fi(9,9) + {G}(fi(@ )V ofi(2. D) (Vofi(@, ) + G (fi(9.9) Vo fi(@ ﬁ)}q,]—fzm{cfm( Vo fi(@ (Vo fi(9,9)T

+ G, (i@ B)V o fi(#.9) }a;| — G, (16,7 >—5TD[Gf<ﬁ<so DIV fi(6,7) +{ GG DIV fild, (Vo fi(5,D)"
G}, (fi(8, )V g fi(5,0) } ]
k
%; 3{ GG DIV fi8, 1) (Vo filB, D) + Gy (8, D)V o fi(6,0) }i] 0 G (fi5,0)) = 3T D[foﬂ»

VofiG D)+ { G} U6 D)V fiGD(Vofi6, )T + G ((6,1) Vg fi(3,D) || - Dql{cf, (fi(8, D)V fi(8, D) (Vo fi(5,D)"
G, (i3, 1) Vo fi(3, q,>e ~K\{0}.
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k k
" Y MGy (fi(9.8) Vo fi(@.8) = 8" Y NG (fi(9,8)Vofi(9,8) and p; =0, i€ N,
k
(Gﬁ(fl(cp,ﬁ))ﬁT}:x{cﬁ(f,( B)Vofi(9,8) + { G (fi(9,9) Vo fi(9,9) (Vo fi(9.9)" + G (fi(9,9) Vg fi(@. D) } ]
k
3 LA G @BV i@ 8) (Vo o9, BN + G (D, 9) Vi@, ) i) G, s (9,8)) — 7"

m»

A |G (fil9,9))

v¢ﬁ<¢,@>+{cﬁ<ﬂ<¢ D)V ofi(@.8)(Vofi(9,9)T + G (fi(@.8) Vo fi(#.9) }ai| - Em{cf (fi(9,9)Vofi(9.8) (Vo fi(@, B)

,0) i
k
Gy, (@8 Vgufi(9: ) 0] = G (A1(8,0) =87 LA[C (0, D) Vo fil0, )+
{c’,’,oz(,)) oFi6D(VofiB D)+ Gy (fi(5,1) Vip fi(§, )}]
k
Egm,{ IVofiBD(VofiB, D) +GCp(fi(6, 1) Vo fi(6,D) b s Gy (ful5,0)) =57 Y [ G (£i(6,D))

=1

v¢ﬁ<5,2>+{c}’,.(ﬁ(é@)%ﬁ(am(Wﬁ(s,Z))T D) Vpfi(3, )}qi}—%gm{c}’,u( D)Vfid,0)(Vpfi(3, D)
G Ui(8 D)V gefi(,1) }a ])e—K\{O},

which contradicts the Weak duality Theorem 1 or Theorem 2. Hence, completes the proof. [J

Theorem 4 (Converse duality). Let (6,7, A, ) is an efficient solution of (GWDP); fix A = Ain
(GWPP) such that

() forall i € {1,2,..,k}, [GLUA(E, D)V ofiGD(Vofi8, )T+ Gl (i3, D) Vpfi(5,D)]

is non singular,

(if) ZAW{%{G (fi(8, D)V o fi(8,0)(V o fi(8,0))T + G (fi(5, 1)V pg fi(8 ,Z)}qz}

¢ span {Gf (f1(6,

(iii) the set of vectors

n)v ¢f1<w>,G}Z<fz<5,Z>>wfz<5,Z>....,G;,.<ﬁ<5,2>>wfi<5,m}.
G}, (Fi(5,0)Vfi(5,1), Gy (£2(5,0)V o fa(5,0), .., Gl (fk<5,@)>wfk<5,2>} are

m/—’H val

lmearly independen

(i0) D w[ql{c}'oﬂ( D)V fi 6DV ofi6 )T + Gy (0, Vg i3, ] =0 = i =
O Vz
(v) Kis closed convex pointed cone with RE. C K.

Then, (§,¢,A, p = 0) is a feasible solution for (GWPP) and the objective values of (GWDP) and
(GWPP) are equal. Furthermore, if the hypotheses of Theorem 1 or Theorem 2 are satisfied for
all feasible solutions of (GWDP) and (GWPP), then (5,¢,A, p = 0) is an optimal solution of
(GWPP). Also, if the hypotheses of Theorem 1 or Theorem 2 are satisfied for all feasible solutions for
(GWDP) and (GWPP), then (5,0, A,3) and (5,£, ], p) is an efficient solution for (GWDP)and
(GWPP), respectively.

Proof. It follows on the lines of Theorem 3. [

4. Conclusions

In this paper, we have presented a novel generalized group of definitions and illus-
trated various non-trivial numerical examples for existing such type of functions. Nu-
merical examples have also been illustrated to justify the weak duality theorem. Fur-
thermore, we have studied a new class of K-G¢-Wolfe type primal-dual model with cone
objective as well as constraint and proved duality theorem under K-G¢-bonvexity and
K-Gy-pseudobonvexity. This work can further be extended to higher order symmetric
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fractional programming problem and variational control problem over cones. This will be
feature task for the researchers.
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