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Abstract: We establish a new fixed point theorem in the setting of convex b-metric spaces that ensures
the existence of fixed point for Ciri¢ contraction with the assumption k < ;—2 Also, the fixed point is
approximated by Krasnoselskij iterative procedure. Moreover, we discuss the stability of fixed point
for the aforesaid contraction. As a consequence, we develop a common fixed point and coincidence
point result. Finally, we provide a number of examples to illustrate the findings presented here and
incorporate these findings to solve an initial value problem.
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1. Introduction and Preliminaries

In the field of fixed point theory, the most useful and widely applied fixed point
theorem was proved by Stefan Banach [1] in 1922, where he ensured the existence of fixed
point for a contraction defined on a complete metric space. In the literature, this result is
also known as the Banach contraction principle. Moreover, as this result played a pivotal
role in solving various real-life problems of nonlinear analysis, it has been extended by the
researchers either by weakening the contractive condition or by enlarging the structure
of the ambient space. In 1974, pursuing the former course of action, Ciri¢ [2] weakened
the contractive condition of Banach [1] by defining the notion of quasi contraction (also
called Ciri¢ contraction) and succeeded in obtaining a generalization of not only the Banach
contraction principle but also the Kannan fixed point theorem and Chatterjea fixed point
theorem existing in the literature. On the other hand, in lieu of extending this contraction
principle, the notion of b-metric spaces was introduced by Bakhtin [3] in 1989. One can
refer to [4-8] and references therein to learn more about this space. In the recent years,
Chen et al. [9] introduced the notion of convex b-metric spaces by utilizing the concept of
convex structure of Takahashi [10] in b- metric space which is given as under:

Definition 1 ([9]). Let E # ¢ and s > 1 (a real number). A mapping pp : E X E — [0, 00) is said
to be a b-metric if the following holds for every o, u,¢ € E

L pyplo,u) =0iffo=p

2. pyplom) = pp(p,0)

3. oo, p) < slpp(o,8) +pp(E, )]

Further, a function A : E x E x [ — E(where I=[0,1]) is said to have convex structure on E if

05 (5, Ao, ;) < apy(§,0) + (1 =)oy (S, p) foreach &, 0, € E.

The triplet (8, pp, A) is called a convex b-metric space.

Axioms 2023, 12, 646. https:/ /doi.org/10.3390/axioms12070646

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12070646
https://doi.org/10.3390/axioms12070646
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-6201-012X
https://orcid.org/0000-0002-1540-007X
https://orcid.org/0000-0002-6305-7333
https://orcid.org/0000-0003-2437-2944
https://orcid.org/0009-0005-6121-3530
https://orcid.org/0000-0002-7031-7201
https://doi.org/10.3390/axioms12070646
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12070646?type=check_update&version=2

Axioms 2023, 12, 646

2 0f23

Additionally, they extended the Mann’s iterative algorithm in convex b-metric space
and employed it to establish the Banach contraction principle in the framework of this
newly introduced space. In 2022, Rathee et al. [11] extended this result by establishing a
fixed point theorem for Ciri¢ contraction which is stated as under:

Theorem 1 ([11]). Suppose Y : (E, pp, A) — (E, pp, A) is a quasi-contraction, that is, Y satisfies

s (Yo, Yu) < kmax{py(c, 1), pp(c, Y), 00 (11, Y1), 06 (0, Y1), 06 (11, YO) }, €))

forall o, € Eand some k € (0,1), where (&, py, A) is a complete convex b-metric space with
s > 1. Let 0y = A(0y—1, Y0, _1; 0—1) be a sequence defined by choosing an initial point oy € &

with the property py (0o, Yop) < oo, where0 < w,,_1 < 1foreachn € N. Ifk < min{m, S%}
L —k

and 0 < a1 < min{S12 — (s+ 1)k, §_k
1~

S

} foreach n € N, then Y has a fixed point in E that

is unique.

The main aim of this work is to improve the above theorem by stretching the domain
of constant k from [0, S%) to [0, slz) by motivating with the idea of Djafari-Rouhani and
Moradi [12]. Furthermore, the fixed point is approximated by means of Krasnoselskij
iteration, and then, we discuss the stability of the obtained fixed point. Moreover, some
examples are presented to clarify the universality of the proven results over Theorem 1 as
well as over the similar results existing in the literature. The obtained results can be utilized
in various branch of mathematics, such as the theory of differential equation and integral
equation, in numerical methods and in the theory of fractal. For example, we applied the
main result of this paper to the initial value problem (27) and ensured that there is a unique
solution to the given initial value problem. Hence, it can be said that these results can be
helpful for solving real-life problems of nonlinear analysis, which can be formulated in
any of the above-mentioned classes. Besides, as a consequence of main result, we obtained
some coincidence and common fixed point theorem and hence the obtained results play a
crucial role in the further development of fixed point theory.

2. Main Results

We start this section with the following lemma that is required in the sequel to assure
the existence, approximation and stability of fixed point.

Lemma 1. Let Y : E — E be a self mapping defined on (E, py), a complete b-metric space with
parameter s > 1, such that for all o,y € E and some x € [0,1), it satisfies

pp (Yo, Yp) < xmax{py(c, 1), p(c, Y0), 05 (11, Y1), 05 (0, Y1), 05 (11, YO) }. )

Ifx < s%, then the following statements are equivalent:

1. Y has a unique fixed point.
2. Y has approximate fixed point property, i.e., inf{p,(c, Y0 ); 0 € E} = 0.

Proof. (1) = (2)
Firstly, presume that a unique fixed point of Y, say o, exists, i.e.,, Yo = ¢ . Then,

pp(o,Yo) = 0,
= inf{p,(0,Y0); c€E} = 0.

Thus, Y exhibits approximate fixed point property.

2 = O
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Conversely, presume that Y exhibits approximate fixed point property, ie.,
inf{py(c,Y0o); 0 € E} =0. This indicates the existence of (0y),cn, @ sequence in &
satisfying limy, e 05 (0%, Y0, ) = 0 and by using (2) and triangle inequality for all m,n € &,
we have,

op(You, You) < xmax{py(0n, om), 06 (0n, YOu), 06 (Om, YOm),
Ph(o'nr Yo'm)/ Pb(o'm/ Yo'n)}

< xmax{spy(ou, You) + spp(YOun, 0m), 06 (0, YO ),
06 (T, YOum), 505 (0n, YOu) + 505 (YOu, YOu),
506 (Tm, YOu) + 5pp(YOm, Y0 ) }

< xmax{spy (o, You) + 50, (Yo, Yoru,)

+Szpb (YOu, 0m), 505 (00, Y0u) + 50, (YO, YOu),
$0u(Tm, YOu ) + spp(YOm, Yo ) }
= «[spp(0u, You) + 5205 (Y0u, You,) + 520, (YOu, 0m)]
— (1—x52)0p(You, You) < «[spp(0u, Y0ru) + 5205 (YO, 0m)].
Now, since limy, 0 pp (0, Yo ) = 0 and « < S%, we are left with a Cauchy sequence
(Y0 ) nen as n — co. Also, the space (E, pp), being complete, proposes the existence of an

element o € & satisfying lim,,_,« Yo, = 0.
Again using triangle inequality

Pb(0n, 0) < s[op(n, You) + pp (YO, 0)].
Taking limit as n — oo, we get
}}i_r}r;opb(an,a) =0 = o, >0
Also, consider

00(Y0u,Yo) < xmax{py (0, @), 05(0w, YOu), 0(0, YO, py (01, YO,
pb (U/ YUH)}'

Now taking limit as n — oo, we get

%ph(a, Yo) < xmax{0,0,p,(c,Y0),sp(0,Y0),0}
= Kspp(o,Y0)
— oy(0,Yo) < Kkspy(o,Y0o)
(1 —xs2)pp(c,Yo) < 0.

Since k < lz, ie,1—xs2<1,we get
S
op(0,Yo) =0 = Yo=0

and o € &. Thus Y has a fixed point in E.
Now, if possible, let us consider two fixed points of Y, say ¢ and y, exist and thus
pp(0, i) # 0. By using inequality (2), we get

po(o, 1) = pp(Yo,Yu)

kmax{py (0, 1), pp(c, Y0), 06 (1, Y1), pp (0, Y1), i (1, Y) }
= xmax{py(c, 1), pp(c, ), o (1, 1), i (0, 1), p5 (1, o) }

= xpp(o, 1)

IN
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which is a contradiction since « € [0,1).
= pp(0, u) = 0and thus o = y, i.e, the fixed point is unique. O

Theorem 2. Let Y : E — E be a self mapping defined on (E, pp, A), a complete convex b-metric
space with parameter s > 2 such that for all o, u € E and some x € [0,1), it satisfies

po(Yo, Yp) < xmaxipy (o, 1), py (0, Y0), 06 (1, Y 11), 05 (0, Y1), i (1, YO) } 3)
Ifx < le’ then Y has approximate fixed point property.
Proof. For every ¢ € E, we have

o (Yo, Y'o) < xmax{py(Y"o,Y" 10), 0, (Y0, Y o),
os(Y'0, Y"0), 0(Y"0, Y"0), 0 (Y10, Y H0) }
= wmax{py(Y" o, Y"0), 0p (Y0, Y 0),
o (Y"0, Y1)

< xmax{py(Y" 1o, Y"0), 0y (Y'o, Y 10),
sop(Y" Lo, Y"o) + 50, (X", Y o)}
= xs[spp(Y' Lo, Y'0) + 50, (Yo, Y 10)]
= (1—xs)pp(Y" o, Y'0) < xspp(Y' 1o, Y"0)
pb(YnJrlal Y"(T) < - iSKsph(Ynfla/ Y"U)
< pp(Y' o, Y"0),

since x < le Thus the sequence (o, (Y"*1o, Y"0)) e is non-increasing and for A € N,
0 (YM1o,YA0) < o, (Yo, Y o) < -+ < py(Y20,Y0) < pp(Yo,0).
Now, consider

op(Yro, YM20) < kmax{p, (Y 1o, Y M 0), 0, (YA Lo, YA0), 00 (YA Lo, YA 20),
oo (Yo, YA 20), 0y (Yo, YA 0) ) @)
< xmax{p,(Y* o, Y 0), 0 (0, YO), 0p (YA, YA 20) ],

Then, the following cases exist:

Case 1. If max{p,(Y*~'o, Y}*10),0(0, Y0), 0,(Y* 10, Y H20)} = py(YA 1o, YA o),
then by using inequality (5), we get

0 (YA(T, Y/\+20) < KOp (Y/\flo,’ YA+1(T>
< x20,(Y' 20, Y 0)
: ®)
< «Moy(o, Y?0)
< Ksloy(0,Y0) + py(Yo, Y20)
< 2k*spy(0, Yo).

Case 2. Ifmax{p, (Y"1, YM10), 04(c, Y0), 05 (Y 1o, YA20)} = py (0, Y0 ), then by using
inequality (5), we get

o (Yo, YA 20) < xpy(0, Yo). (6)
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Case 3. If max{p,(Y*"'o,Y}10),0(0, Y0), 0, (YA 10, Y H20)} = py(YH 1o, YA 20),
then by using inequality (5), we get

0 (Y/\O', YAJFZ(T) < K0 (Y/\flal Y/\+20.)
< xsloy (YA, YA0) + py (Yo, Y420
— (1—xs)op(Y'o, Y20) < xspp(Y 1o, Y0) )

KS
1—xs Po
KS

0 (Y/\(T, YA+20)

IN

(YA 1o, Yro)

IN

(0, Yo).

Therefore, using inequalities (6)—(8), we get
pu (Yo, Y 20) < ppy(0, Yor) ®)

where 17 = 2ks since

KS KS

max{ZK)‘s, K, T KS} < max{2xs, «, T—rs

} = max{2xs, 7 isxs} = 2Ks = p, say,

forx < %and;c < lz < 21—Sfors > 2 here.
We let inf{p, (0, Y0o); o € E} = 7. We need to prove that this v = 0. For this, let (0;,) be a
sequence such that lim,, . pp (04, Y0, ) = 7, i.e., by (8), we have, for every n € N and some
A(n) €N,
s (YW, YY 20,y < oy (03, Yor). )

Now, (&,pp,A) being a complete convex b-metric space, defining (, =
AYMMH g, YA +25, &) leads to a well defined , belonging to =, where & € (0,1)
and we have,
oy (Y0, YT) + (1 = )0y (YA 20, YT )
Ko maX{Pb(Y/\(")‘Tn/ gn),pb(YA(”)an, YM”)H‘Tn)rPh(gn/an)r
oo (YA, XC0), 00(Gn, Y 0) }
(1 —a) maX{pb(YM")HUn,@n),pb(YA(")H(Tn,YA(”)HUn),
Ph(énran)rpb(YA(n)H‘anan)rpb(gnrY)\(nHz‘Tn)}
Ko maX{Pb<YA(H)‘7nrgn)/Pb(gnlYUn)rPh(gnran)r
SPb(Y/\(n)Umgn) + SPb(GnrY@)rPb(gnzYA(n)H‘Tn)}
+1(1 — ) max{ oy (Y} 103, 20, 06 (0, YOu), 0 (L, YTn),
SPb(YA(n)HUn/én) + SPb(gn/YCn)/Pb(gn/YA(n)HUn)}
= xamax{py(cu, Y0u), 505 (Y*" 03, L) + 504 (T, YTn),
06 (Zn, Y00} 4 1(1 — &) max{pp (07, Yo),
SPb(Y/\(n)HUn/gn) + SPb(gnran)fpb(gn/YA(n)HUn)} (10)
ke max{pp (0, Yo), sapy (YA gy, YA H gy
+s(1 =)oy (YN, YA T20,) + 504, (T, YEn),
(1 —a)pp (YN 20, YA+ g )Y 4 k(1 — ) max{pp (0, Yu),
s(1- D‘)Pb(YA(n)H‘Tn/YA(H)JFZ‘Tn) + 505(Cn, YCn),
apb(Y)\(n)+1gmy)\(n)+ZUn)}
oo max{py (0n, YOu ), sapp(0u, Y0 ) +5(1 — )0y (0, YO )
+506(Gn, YCn), (1 = 2)pp (0, You) } + x(1 — &) max{pp(ou, You),
s(1 = a)py(0n, You) + 505 (Cn, YCn), app (00, Yoru ) }

05(Cn, YCn)

IN N

IN

IN

IN
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= xamax{py(on, YOu), sapp(0n, Y0, ) + (1 — )0y (00, YOu)
+505(Gn, YCn) } + (1 — &) max{pp (0, You), s(1 — &) pp (0, YOr)
+50u(Cn, YCn)}-

Now suppose that limy, e 04(Cn, YCr) = B and using inequality (11), we find that B is
finite. By definition of v and B, the inequality v < B holds. We shall now prove that § =0,
which in turn, shall prove that y = 0.

For this, take lim sup as # — co on both sides of inequality (11) and using the inequality
v < B, we must have,

B < xamax{B,saf+s(1—a)pp+sp}+x(1l—a)max{p,s(1—a)B+sp}
kasaf +s(1—a)pp+sp] +x(1 —a)[2sp — sap] (11)
K[sa? + spa — sa®y + s + 25 — s — 2sa + sa?] B

K[2sa® 4 spa — sa®1y + 25 — 2sa]B.

If possible, suppose that § > 0. Then, by inequality (12), we get

1 < x[2sa® 4 spa — sa’n + 25 — 2sa]
< wsl(p—2)a(1—a)+2)
< 2Ks
1
- K >

Er

which is a contradiction since x < S% < %, n =2ks < % <1lfors>2andg, (1—a)€ (0,1)
implying (p —2)a(1 —a) < 0.

Thus our supposition is wrong, i.e., § = 0 and, in turn, v = inf{p; (0, Y0); 0 € E} = 0.
Therefore, Y has approximate fixed point property. [

LetY : & — E be a self mapping defined on (&, p;, A), a convex b-metric space. We
state the following Lemma to show the relation between the set of fixed points of the self
mappings Y and Y, : E — & defined by

Y.o = A(o,Yo;0), 0 € E.

Here, set of fixed points of the mappings Y and Y, are denoted by Fix(Y) and Fix(Yy),
respectively.

Lemma 2. Let Y : E — E be a self mapping defined on (&, pp, A), a convex b-metric space with
parameter s > 1. Define another self mapping Y, : & — E by

Yo = A(o,Yo;), 0 € E.
Then, for any a € [0,1),
Fix(Y) = Fix(Yg).
Proof. By definition,
Yo =a0c+ (1—a)Yo.
If « = 0, then
Yoo = Yo VoeE

ie, Y, = Y
— Fix(Y) = Fix(Y,).
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Now assume that « € (0,1) and let a fixed point of Y, say ¢*, exists i.e., 0* = Yo* and
therefore,

pp(0",Yoo™) = pp(c”, A(c", Y055 0))
< app(0*,0") + (1 —a)pp(c”,Yo*) =0
= 0 = Y,

ie., 0" is a fixed point of Y.
Conversely, suppose that 0™ is a fixed point of Yy, i.e., pp(0*, Yo0*) = 0, then

pp(c*, A(c", Yo%) =
app(0*,0%) + (1 —a)pp(c*,Yo*) =
(1—a)pp(c”, Yo*) =

Since a # 1, this implies that p,(¢*, Yo*) = 0, i.e., Yo" = o*. Therefore ¢* is a fixed
pointof Y. O

Lemma 1 and Theorem 2 imply the following result, extending the Ciri¢ fixed point
theorem in the case of Convex b-metric spaces by Rathee et al. [11].

Theorem 3. Let Y : E — E be a self mapping defined on (E, pp, A), a complete convex b-metric
space with parameter s > 2 such that for all o, u € E and some x € [0,1), it satisfies

pp(Yo, Yu) < xmax{py(o, 1), pp(0, Y), 06 (1, Y1), pp (0, Y1), 05 (1, YO) } (12)

Ifx < Slz, then

1. Afixed point of Y, say o, exists that is unique.
2. The sequence (0y)yen converges to o for any oy € E that is obtained from the iterative
procedure
Oni1 = A(ow, You;a); n > 0.
3. The error estimate
1 i

—op(0yai1,0) < On, Op—
Sph( n+i—1 )_ 175Pb( nsUn l)

holds forn =1,2,---;i=1,2,---.

Proof. 1.  With the given conditions, by Theorem 2, we arrive at the conclusion that Y
has approximate fixed point property. By Lemma 1, a fixed point of Y, say o, exists
that is unique.

2. We observe that Krasnoselskij iterative procedure is nothing but the Picard iteration

associated with Y, and defined by 0,11 = A(0y, You; ), ie.,
Opt1 = Ya0u; n > 0.
Now, in inequality (12), taking ¢ = 03, and u = 0,,_1, we get

06 (0nt1,00) < xmax{py(on, 0u—1), 06 (0n, Ons1), P (Cn—1,0n),
Pb(o'nro'n)rph(a'n—lro'n+l)}

x max{0y(n, 0n—1),06(0n, On+1), 505 (Cn—1, )
+505(0n, On41) }

= x5[op(0n-1,0n) + 05 (0n, O 41)].

IN
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This implies
( ) < KS ( )
Pv\On41,0n >~ mpb On, Opn—1
< Kszpb(‘fn/‘fnfl)
= 5Pb(anlan—l), say, K52 =0
< 5(5Pb(‘7n71r0’n72)) (13)

As d € [0,1), we have

52Pb (Unflr Un—Z)

< 5npb(01100>

lim p (0741, 03) = 0. (14)

n—o0

We shall now verify that the sequence (o), is Cauchy. For this, consider the points
o and u as 0, and 0y, respectively, in inequality (12).

b (Opikt1,Ont1) <

IN

IN

This implies

(1 —x5%)0p(Cos k1 Tnt1)

= (1-9)op(Cpik+1,Tns1)

and pp(Tn k41, On+1)

xmax{ 0y (T tk Tn), Pb(Tn+kr Onrkt1),

06(Tn, 0n11), 06 (Tt On+1), 06 (T, O 1) }
xkmax{spy (T 1k Ourks1) + 506 (Tntkr1,On),

O (Tntks Tnskt1), 06 (On, 1), 506 Ttk Trgit1)

+506 (k41 On+1), 506 (On, Ont1) + 5P (Ont1, Onykr1) }
kmax{spy(Ty-rks On+k+1) + 52Pb(‘7n+k+1/ Tnt1)
+52Pb(‘7n+1r‘7n)/SPb(‘Tn+k,¢7n+k+1) + 305 (Tu k41, Ont1),
S0 (0n, Ont1) + 505 (On+1, Cugkr1) }

k(506 (Tt Tnsks1) + 5706 (T k1, Oni1)
+520p (Tn 11, 00)]-

< k50 (Tutks O k1) + K573 (041, On)

< Kszpb (Tutks Ontkr1) + KSzpb (Cnt1,0m)

< 0lop(ntks Ontkr1) + Pp(n1,0n)] (15)
1)

< 70Ok Ongira) + 06 (Cia, o))

In inequality (16), taking limit as 7 — oo and using condition (14), we get,

lim 1o 1o =0.
n_mpb( k1, Tntk)

This shows that the aforementioned sequence (0y),cn is Cauchy and owing to
completeness of the space (E, py, A), converges to some point, say j.. Now, consider

the inequality (14),

0b(Tns1,n) 3" pp(01,00)

<
:Pb(YaUn/Un) < 5"pb(01,00).

Now taking limit as n — oo, we get,

1
ng(Ya%P‘) =
= op(Yap,pt) =
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Thus, Y4y = u, and therefore y is a fixed point of Y,,. But by using Lemma 2, we must
have
Fix(Y) = Fix(Ya),

and Fix(Y) = {c}, i.e., Fixed point of Y is ¢, which is unique.
So, u = o and thus (0} ),cn Obtained from the above iteration converges to .
3. Using inequalities (16) and (14), we have

)
06 (Tntm, 0n) < m[Pb(‘Tn+m—1/Un+m)+Pb(‘7n/‘7n—1)]

<>,

< m[(SHm*le(Ulﬂo) +6" 1y (01, 00)]
o™ +1
= %(S)Ph(‘fl,tfo)-
Now letting m — oo, we get,
! (0,00) < o (01,00) (16)
SPb 'Un = 1_5Pb 1,00
and
)
b (Onm, 0n) < m[Pb(‘Tn+m71/Un+m) + 06(n, 0p—1)]
) _
< 150" Y0u(0n—1,00) + Pp (0, 05—1)]
s(omt+1
= %Pb(”n—h%)-
Now letting m — oo, we get,
0@a) < o) 7
Sph 0,0n >~ 1 _5Pb 0n—1,0n).

Thus, we get the following error estimate after merging inequalities (16) and (17),

1 St
ng(UnJri—l,tT) < 1_(5pb(an,an,1).

O

The following example illustrates the importance of the above theorem.

Example 1. Let the set of non-negative real numbers be & = Ry and py,(o, ) = (o — p)? for all
0, 1 € E. Here, we perceive that

1. pp(o,u) >0forallo,y € E;

2. pplo,p) =0 <= o=y,
3. oo, ) =pp(p0);
4. pp(o,u) <2[op(0, &)+ pp(E, 1)), & € Eas

op(o,u) = (0—p)?
[(c—&+E—wP
2[((0 -2+ @E—w?)]
2[pp(0, &) + pu(E, 1))

IN
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We define the convex structure A : 2. x & x [0,1] — Eas
Ao, i;0) = a0+ (1 —a)p,

forany o,y € Eand « € [0,1]. As a consequence,

op (&, A0 p0)) = (E— (ar+ (1—a)p))?
< (@ —ol+ (1 -a)E—pul)?
< -0+ (1-a)*(E—p+2a(l-a)E—0o] |5 —p
< PE-0)P+1—a@ - +a(l—a)(G—0)+(E—p)?)

a(—0)+(1—a)(E—p)?
apop(G, o) + (1 —a)op(S, 1)-

Thus, for s > 2, (&, pp, A) is a convex b-metric space . However, the metric triangle inequality
is not satisfied by py, for example,

pp(1,5) =16 > p(1,3) +pp(3,5) = 8.

Therefore, (E, py) is not a metric space and hence it is not a convex metric space.
Let the mapping Y : & — & be defined as

Vo) {‘J’g , cEeA=[01)

%/ U’EZ:[]_,OO)

Thereafter, to prove that Y satisfies inequality (2), the following four cases exist:
1. Ifbotho,u € A, then

op(Yo,Yu) = (Yo —Yu)?

= z(o—p)?
= gPelo,p)
2. IfoeAandy € X, then
op(Yo,Yu) = (To—Tp)?
_ (0 L ’
V5 \ﬁ
1
)
1 2
: 5( 7”)

3. IfoceXandyu € A, then as in the former case, we get

1
pp(Yo,Yu) < gpb(u, Yo).
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4.

Ifboth o,y € £ = [1,00)

os(Yo,Yu) = (Yo —Ypu)?

= S(o—-p)?
< glo—w?
= éph(fﬁﬂ)-

which infers that forall o,y € 2

1
po(Yo, Ypi) < = max{py (0, ), py (0, Y0), 05 (11, Y1), 06 (0, Y1), P (11, YO) }-

Therefore, for k = % < Slz, Y satisfies the inequality (6).
Next, we choose oy as an initial point in E and generate the sequence by Krasnoselskij’s

iteration 0, = Ya0,_1 =A(0y-1,Y0,_1; &) with0 < a = % < 1. There are two possibilities
for oy:

1.

If g < 1, then

00
Yo = —
0 \/5
3 1 3 1
o1 200 400+4 00 <4+4ﬁ)00
o *YU*§0’+10* §+L 2(7
2 = Y01 =zt 701= | g W 0
3 1 3 1 \"
= Y _ = - _ 7Y _1 = - — = .
On a0p—1 4‘7n 1+4 Opn—1 (44‘4\/5) 0o
Certainly, 0, — 0as n — oo.
If o9 > 1, then
0o
Yo, = —
0 7
3 1 3 1
= Y = - —T — — J— .
0 200 40'0+4 0o (4+4\/7>0'0

Ifoy € A, asn — oo, 0, — 0 as in the former case. If r € ¥ = [1,00),theng—i = é—i-%-

1
YT? = 45 + %ﬁ' Continuing in comparable manner, we presume that 0,1 € ¥ = [1,00)
yielding
:§+1.YO’"71 :§+L
474 o, 4 a7

On

On—1

T _ 01?2 %_(3 1)”

= +
oo 0y 09 Oy_q 4 47

and

and hence limy, 00 03, = 0.
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Now, if op < 1, consider
pp(on, Yo,) = ((Tn—YO’n)z
3 1 n 3 1 n+1 2
= [(5+—=) - (>+—=) o
(4 m) ’ (4 m) °
o(ivis) (-36)'
= —(-+—= 1-—) op.
16\4 4.5 V5
Clearly,
nli_r)rgopb(an,Yan) =0. (18)
Also, if og > 1, then
op(on, Yo,) = (O'n—YO'n)z
3 1 n 3 1 n+1 2
= St ——) - (>+—— o1
<4 4ﬁ) ’ (4 4ﬁ> O]
o(ras) (-5)a
= — |-+ — 1-—| 0.
16\4 4.7 V7
Clearly,
lim b U'n,YO'n — O. (19)
o

n—oo

Thus, from (18) and (19), we get
inf{py(c,Yo); c € E} = 0.

Thus, Y has approximate fixed point property and, hence, a unique fixed point exists which is
equal to the limit of sequence obtained by applying Mann’s iteration, i.e., 0.

Remark 1. If we take o = 0and y = %, then Yo = 0 and Yy = —L= which yields

5v2

pp(Yo,Yp) < xmax{py(o, 1), 0u(c, Y0), 05 (1, Y1), pp (0, Y1, 06 (11, YO)) }
1 1 6-2v5 1 1

0 Kmax{4,0, 20 ,20,4} (20)
1
20

— S

i
4

which is true for all x > % < le and k¥ > % > s% and therefore, Theorem 2 of Rathee et al. [11] does
not guarantee the existence and uniqueness of a fixed point in this scenario. Thus, results provided
by Theorem 3 extend the Ciri¢ fixed point theorem proved by Rathee et al. [11].

Theorem 4. Let IT: E — E be a self mapping defined on (E, p, A), a complete convex b-metric
space with parameter s > 2 such that a natural cardinal N exists for all o,y € E and some
k € [0,1), it satisfies
po(IVo, INp) - < xemax{py (0, 1), pp (0, 11V ), 3 (31, TV ), o (07, 1TV ),
oo (1, TN ) } (21)
Ifx < Slz, then
1. A unique fixed point of 11, say o exists that is unique.

2. The sequence (0y,) N obtained from the iterative procedure

Opi1 = A(Un,HNO’n;Dc),' n>0
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converges to o for any oy € E.

Proof. 1.  Applying Theorem 3 for the mapping Y = ITN, we obtain that IT" has a
unique fixed point, say o. Also, we have

1V (11(0) = 11V (0) = I(ITY (0)) = T1(0).

This shows that I1(c) is a fixed point of ITV. However, there is a unique fixed point of
ITN, 0. This implies that I1(c) = o and thus, IT has a unique fixed point, c.
2. Applying Theorem 3,we observe that the sequence (07, ), obtained from the iterative
procedure
Opi1 = A(O’n,HN(Tn;DC),‘ n>0

converges to ¢ for any 0y € E.
O

As far as approximation of fixed points is concerned, we prove that the convergence
of every orbit of self mapping Y is to its unique fixed point that too for x < le' even in the
case of any complete b-metric space.

Theorem 5. Let Y : E — E be a self mapping defined on a complete b-metric space (E, py) with
parameter s > 2 such that for all o, u € E and some « € [0,1), it satisfies

pp(Yo, Yu) < kxmax{py(c, 1), p(0, Y), 06 (1, Y1), pp (0, Y1), 05 (1, YO) } (22)

Then, if k < S%, a fixed point of Y exists that is unique. Besides, the sequence (Y"0y),en of
Picard iterates, for each oy € E, converges to this fixed point.

Proof. Let the sequence (0,),cn be defined by
Op1 = Yo, = Y0y,

where 0y is arbitrary in E.

Preserving generality, assume that, for every n € N, 0,11 # 03 , as the result holds
trivially if 0,41 = oy.

Now, we have

IN

kmax{pp (0, 0n—1), Pp(On, Tnt1), Pb(On—1,0n),
06(Tn, 0n), 06 (Cn—1,0n41) }
xmax{py(0n, 0n—1), Pp(n, On+1), 505 (Tn—1,0n)
+505 (00, 0u11) }

= x5[op(0n—1,00) + 0p(On, O11)]-

Pb (O-YH—L O'n)

IN

This implies

Ks
1—xs
x5>pp (O, 1)
8y (0, 0p_1), say, ks> =&

52Pb (‘Tn—l/ 0—1’172)

IN

0 (Tns1,0n) Pp(0n, 0 —1)

IN

IN

IN

5npb (01/00)'

This shows that the aforementioned sequence (0y),cn is Cauchy and owing to
completeness of the space, is convergent too. Let ¢ be its limit.
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Consider now

0 (0nt1, Yo) < kmax{ oy (00, 7), 06 (0u, Out1), 0p (0, YO), 3 (00, YO ), 04(0, 0 11) }

Taking limit as n — oo, we get

oo Yo) <

= pp(0,Y0o)

VANVAN

since Kk < Slz

xmax{0,0,pp(c,Y0),spp(c,Y0),0}
xspp (0, Y0)

xks*oy (0, Yor)

oy (0, Y0)

Thus, py(0, Yo) =0, i.e., Yo = o and this proves that Y has a fixed point ¢.
For uniqueness, let us suppose that Y has two distinct fixed points, say ¢ and y, such

that p, (0, ) # 0, then

pp(o,u) = pp(Yo,Yp)

IN

xmax{py (o, 1), 0p(c, Y0), oy (1, Y1), o (0, Y1), o (1, YO) }

= xmax{p,(c,1),0,0,0,(c, 1), 05(c, 1) }

= xpp(o, )

(23)

which is a contradiction since « € [0,1). Thus, the fixed point so obtained is unique. [J

Example 2. The pair (E,py), in Example 1, makes a complete b-metric space. If we take the

sequence of Picard iterates , then

1. forog < 1, we have
0

%]

On

2. and for oy > 1, we have

If oq € [0,1), then the sequence can be evaluated as in the above case. If rp € £ = [1,00),

|
then U—f = (W
yielding
and
On
0p N

. Continuing in a comparable manner, presume that 0,_1 € L = [1,00),

0:: N <\%)

o 0 o ( 1 )”
o 01 Oy_1 V7))

Hence limy, o 0, = O for both the cases. Therefore, the sequence of Picard iterates converge

to fixed point 0.
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3. Stability of Fixed Point

This section is concerned with the stability results for fixed points of mappings
satisfying the Ciri¢ contraction.

Definition 2. Let (Y;),cn be a sequence of self mapping defined on a convex b-metric space.
Then stability is nothing but a relation between the convergence of the sequence (Yy) e and their
fixed points.

Theorem 6. Let (E, py) be a complete b-metric space with parameters > 1 and suppose (Yn)nen
be a sequence of self mappings Y, : & — E such that forall o,y € E; n € Nand x, € [0,1),
it satisfies

06 (Yno, Yup) < xcpmax{py (o, 1), 05(, Yuo), pp (1, Yupt), 0o(0, Yupt), 05 (1, Yn0) }
Also, let Y : B — E be a self mapping satisfying
pu(Yo, Yp) < xmax{py (o, 1), pu (0, Y0), oy (11, Y1), 0 (0, Y1), 05 (1, Y0 ) }

foralln € Nand o,y € E, where k € [0,1). Let Y has a fixed point { and for every n, {,, be the

fixed points of Y,,. Presuming Y, — Y pointwise and x, — «, then {,, — Cif k,x, < le

Proof. For every n € N, we have

06(8, Cn) slop (2, Yn) + oo (Ynl, Cn)]

[Pb(érYné) + Pb(YngrYngn)]

slop(8, Ynl) + knmax{py (L, Cn), 0p (3, Ynl), 06(Gns Ynln),

06(8, Ynln), 06 (Cn, Ynl)}]
)
)
)

2]

<
<
<

slop(8, Ynl) + xn max{pp (S, Cn), 06(8, Ynl), pu(8, Cn),
Pb(gn/Yng }]

s[op(Z, Ynl) + xn max{poy(Z, Cn), 06(3, Ynl), 06(Cn, Ynl)}]
slop(8, Ynl) + xnmax{pp(Z, Cn), o5 (C, Yn), 506(Gn, §)
+5Pb(€/ Yng)}}

s[op(Z, Yul) + Kns[pb(gn/ ?) +pb(€/Yng)H

= Kus?0p(Gn, §) + (kns” +5)pp(Z, Yn)-

IN

This implies
(1 =rus?)op(@n, Q) < (kn5” +5)pp(E, Yu)-

Taking limit as n — co, we get

lim (1 xus?)pp(Cn, ) < lim s(kns +1)pp(Z, Yu)
(1—xs?) lim py(Gn,0) < s*(ks+1)py(E,YE) = 0
— lim (G 0) = Oasx<
ie, (n — (.

O

Theorem 6 can also be restated as
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Theorem 7. Let a sequence (Yy,),cn of self mappings Y, : E — E be defined on a complete
b-metric space (2, pp) with s > 1 having fixed points {,, and for all o, u € E; n € N, satisfying

06 (Yuo, Yup) < kg max{py (o, i), 06(0, Yno), 06 (1, Yutt), 06 (0, Y i), 06 (1, Yno) },

where K, < le and «, € [0,1). Also forall o, u € B, presume a self mapping Y : E — E satisfying

pp (Yo, Yp) < xmax{py (o, 1), pp(0,Y0), 05 (1, Y1), 05 (0, Y1), 05 (11, YO) }

where k < le and k € [0,1). If Y, — Y pointwise and k, — , then ({n)en is convergent if Y
has a fixed point { and in that case, {, — { as n — oo.

Proof. We presume that a fixed point { of map Y existsi.e., { = YC.
Now as proved in Theorem 6, p;({n, ) — 0 as n — oo, i.e., ({n)nen is convergent
sequence and {, — (asn — oo. [

-
(=

Theorem 8. Let a sequence (Y,),cn of self mappings Y, : E — E be defined on a complete
b-metric space (2, pp) with s > 1 having fixed points {,, and for all o, u € E; n € N, satisfying

06 (Yno, Ynp) < xpmax{py(0, 1), 05(0, Yn0), 06 (1, Yntt), 06 (0, Yupt), pu (1, Yno) }

where Kk, < s% and k, € [0,1). Also, for all o,y € E, presume a self mappingY : E — B
satisfying

pp(Yo, Yu) < xmax{py(c, 1), pp(0, Y0), 06 (1, Y1), pp (0, Y1), 05 (1, YO) }

where k < le and x € [0,1). If Y, — Y pointwise and «, — «, then a fixed point of Y, say {,
exists if ({n)nen is convergent and in that case, {, — ¢ as n — oo.

Proof. Presume that ({,),cn is convergent and {,, — { as n — oo. Then,

pb(YnCr én) = Pb(Ynér Yngn)

Kn maX{pb(g, Cn)rpb(ér YnO/pb(gn/Yngn)rpb(gr Ynén)zpb (gnrYng)}
xn max{y (8, Cn), 06(8, Ynl), 06 (8n En)s 06(E, Cn)s 00 (Cns Ynl) }
1inmax{py (¢, Cn), 06(8, Ynl), 05 (Gn, Ynl)}-

Now taking limit as n — oo

I IA

oY) < xmax{0,sp4(2, Y2, 502, YO))
= (5, YE) < xsspy(Z,YE)
(1—xs*)pp(G,YE) < 0
= pp(L,Y0) = 0asx<slz.

Thus, Y = (.
Therefore, a fixed point  of map Y exists. [
Theorem 7 and 8 can be combined to get the subsequent outcome:

-
(=)

Theorem 9. Let a sequence (Yp),en of self mappings Y, : & — E be defined on a complete
b-metric space (2, pp) with s > 1 having fixed points {,, and for all o, u € E; n € N, satisfying

06 (Yno, Ynp) < xnmax{py(o, 1), 05(0, Yn), 06 (1, Yutt), 06(0, Yuit), 0p (1, Yno) }
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where x, < slz and x, € [0,1). Also, let Y : & — E be a self mapping and for all o,y € &,
satisfying

pp (Yo, Yp) < xmax{py(c, 1), 0p(0,Y0), 05 (1, Y1), 05 (0, Y1), 05 (11, Yo) }

where k < % and x € [0,1). If Y, — Y pointwise and x, — x, then a fixed point of Y, say {,
. . s . . .
exists if and only if ({n) e is convergent and in that case, {, — { as n — oo,

By virtue of fixed points of sequence of self-mappings (Y,),en; Yn : & — 2 defined
on a complete metric space (E, p) and satisfying Ciric contractive condition, we provide an
approximation result for fixed points of self-mapping Y : & — E satisfying Ciric contractive
condition where Y,, — Y pointwise.

Corollary 1. Let a self mapping Y : E — E be defined on (E, py, A), a complete convex b-metric
space with s > 1, such that for all o, u € E and x € [0,1), it satisfies

pp(Yo, Yu) < kmax{py(o, 1), 0p(0,Y0), 00 (1, Y1), 0p(0, Y1), 06 (1, YO) },  (24)

where x < siz Also suppose that a sequence (Y ) yen of self mappings Y, : & — E exists and for
all o,y € B, it satisfies

b (Yno, Yup) < xymax{py (o, i), 05(0, Yn0), 06 (1, Yntt), 06(0, Yuit), 06 (1, Yn0) },

where (in) e is a sequence such that V' n € N, k, < le € [0,1). Presume Y, — Y pointwise
and k, — k. Then, the sequence of fixed points ({n)nen of mappings Y, is convergent and its limit
is the fixed point C of Y.

Proof. By Theorem 3, Y has a fixed point { which is unique.
By Theorem 5, Y, have fixed points {,, which are unique for all n € N.
Finally, by Theorem 9, {,, — ¢. O

—
(=)

Example 3. In Example 1, we consider the sequence (Yy),en of self mappings Y, : E — E
such that

Yy (U) = 1

it cEA=[01)
W‘F\% , 0622[1,00).

Thereafter, to prove that Y,, satisfies the inequality (24), the following four cases exist:
1.  Ifbotho,u € A, then

P (Yno, Yup) = (Yyo— Ynﬂ)z

2. IfoeAandy € X, then

op(Yuo, Yup) = (YnU—Ynl‘)z
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- <1+0_#)2
25n 5 /7
_ (ula)z
V7 251 /5
1, Vi 7Y
- 7\F 725, V5
1 1 o \?
< 50w
1
= §(P‘*Yn‘7)2
= ;Pb(i‘rYn‘T)
1 1
< <5+2571>Pb(%YN)

3. IfoeXandp € A, then as in the former case, we get

1 1
< — -

4. Ifbotho,pe X

Pb(Yno'/Ynl/l) = (YnU—Yn,u)z

which infers that forall o,y € &,

1 1
oo o) < (5 535 ) max{eu(e, ). pa(e Yo )0t Yo, po(e, o),

Pb(l/l/ Yno')}'

Therefore, for k = % + ﬁ < S%, Y, satisfies the inequality (24).
We observe that Y,, — Y pointwise and x, — x. Also, the sequence of fixed points of Y, given
by <m>"EN is convergent and this sequence converges to 0 which is the fixed point of self

mapping Y.

4. Consequence

Presume self mappings Y and I : & — E defined on a non-empty set Z. For the
mappings Y and I, a point ¢ € E for which Yo = Io (¢ = Yo = Io) is termed a
coincidence point (common fixed point). Moreover, if the mappings Y and I commute at
every coincidence point, then the mappings Y and I are termed weakly compatible.

Lemma 3. Let E be a nonempty set and Y : & — = be a self mapping defined on it. Then a subset
of E, say ©, exists such that the mapping Y : © — E is one-to-one and Y(®) = Y(E).



Axioms 2023, 12, 646

19 of 23

Subsequently, a common fixed point theorem is obtained in continuation of the primary
results established in the former section.

Theorem 10. Let Y and I : E — E be self mappings defined on a convex b-metric space (E, py, A)
with parameter s > 2 such that for all o, u € E and x < 1, they satisfy

bm(Yo,Yu) < xmax{py(Io, Iu), pp(Io,Y0), 05 (I, Y1), 05 (10, Y1), 0p (Ipt, Y0 ) }. (25)

pp(7t(1o), 7e(Ip))

Pb (Ygr g)

Ifx < Slz, I(Z) is complete and Y(E) C I(Z) then a unique coincidence point of mappings Y
and I exists . Besides, if Y and I are weakly compatible mappings, then a common fixed point of
these mappings exists that is unique.

Proof. By lemma 3, a subset of &, say O, exists such that the mapping [ : ® — E is
one-to-one and I(©) = I(Z). Further, let 7 : [(®) — I(©®) be another self mapping defined
by 7t(Io) = Yo. Then, since the mapping I is one-to-one, 7 is clearly well defined. Thus,
forall Io, I € I(®) = I(E), we arrive that

= pp(Yo, Yn)
< wmax{py(lo, Ip), pp (10, Y0), pu (Ipt, Y1), pu (10, Y1), oo (111, Y0) }
= «max{py(Io, Ip), pyp (I, (10r)), oo (Ipt, 72 (1pt)), pu (1o, 7w (Ip)), o (I, (1)) }.

Asx < 1withx < S%, then 7 is a Ciri¢ contraction on I(Z). Besides, a unique point
o* € IT C E exists on account of Theorem 3 since I(Z) is complete yielding p(Ic*) = Io™
implying Io* = Yo*. Thus, a coincidence point ¢* of mappings Y and I exists that
is unique.

Let ¢ = Io* = Yo*. Furthermore, let Y and I be weakly compatible mappings
following Y{ = YIo* = [Yo™ = I{. As aresult,

= 0p(YZ, Y0")
< wmax{py(Ig, Ic™), 05 (I, YT), pp (10", Y0™), 0 (I, Y0 ), o6 (107, YT) } (26)
= xop(YC, ),

which is true for « € [0,1) if { = Y{ = I{ and hence a common fixed point { of mappings
Y and I exists that is unique. [

5. Application to Initial Value Problem

In this section, the existence of unique solution to an Initial Value Problem containing
a differential equation of second order with two initial conditions is discussed.

2

THD 4 oD 4 popue) = o),

with u(B) = 1 (27)
du(p) _

and i = c,

where ¢(7), (7),0(7) and u(7) are continuous functions in [B, 5] and ¢(7) is differentiable
in [B,4].

First we shall convert this Initial Value Problem (27) into Voltera Integral Equation of
the second kind.

Lemma 4. The Initial Value Problem (27) is equivalent to Voltera Integral Equation of the
second kind

mw—wﬂ+§#m%mww%
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where ®(7) is continuous and ¥ : [B,6] x [B,6] x R — R.

Proof. Integrating first equation of (27) from B to T and using remaining two initial
conditions, we have,

(@) _ dulp) [T dp(n) - [
10 +1p(r)u(y >r,r/ﬂ dw/ —/ﬁ 6(7) dy
D) — s+ ple() ~ p(BI(B) + /ﬁ O m)}u(v) dr= [Tomar.

Integrating again from S to T,

W)~ p(B) = eatagBr—p)+ [ o(rn(n) dy

+//{ )}d'y dy = // (71) dys doy

W) = c+lea+ap(B)(r—B) +/ﬁ (T — 7)6(

= [ = (B - p)) o0 pun an

Thus, we have integral equation of the kind

ur) = @)+ / (T, 7, u(7))d, (28)
T
where ®(1) = 1+ ez +eap(B)(T—p)+ [ (=Rl dy
dp(y
and ¥(ryun) = { =) (B - pn)) + o) fuen
O
Thus, the Initial Value Problem (27) is equivalent to the Voltera Integral Equation of
the second kind (28)

—i—/ (T, 7, u(y))dy Yt,v € (B,

where ®(1) € C[B,0] = {c(1); 0: [B,6] = R} =E,say,and ¥ : [B,6] x [B,6] x R — R.
Define pj, : E x E — [0, c0) by

pp(o, 1) = sup (0(7) —u(1))*> Vo,u€ B

Define A: E X E x [0,1] — Eas
Ao, ;0) = ao + (1 — ).
Additionally, presume a self mapping Y : & — Z defined as

Yo +/ (T, 7, 1(7)) dy ¥ 7,7 € [B,].

Then, existence of unique fixed point of map Y implies the existence and uniqueness
of solution of Voltera integral Equation of the second kind (28) and hence, the Initial Value
Problem (27).
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Lemma 5. Suppose E = C[B, 0] = {0 (7); 0 : [B, ] — R} and define p, : E x E — [0, c0) by

pp(o, 1) = sup (o(t) — p(1))* Vo, u €E
T€[B,0]

Define the convex structure A : & x & x [0,1] — E as
Ao, ;) =ac+ (1—a)pu YVo,u€B.

Then, (E, pp, A) is a convex b-metric space with parameter s > 2.

Proof. We perceive that

1.

2.
3.
4

pp(o,u) >0 Vo,uez.

pp(o,p) =0 < oc=upu
pp(o, 1) = pp(p, ).
pp(o, 1) < 2[pp(0, &) + pp(S, 1)) as
op(o,p) = sup (o(1) —p(1))?
Te[B,0]
= sup (o(1) = &(1) +&(1) — u(1))?
€[]

< 2{ sup (0(7) = ¢(7))* + sup (5(7) — (1))

Te[B,0]
= 2[pp(c, &) + pp (& )]

Also, for A(o, p;0) = o+ (1 —a)p Vo, u € E, we have

Te(B,0]

N CATZI N sm}(é‘(ﬂ — Ao(1), u(t);))?
= Sl[jgpé](é(f) —{ao(1) + (1 - a)u(1)})?

< sup (afg(t) —o(0)[ + (1 - a)|5(v) — p(v)])?

T€[B,0]

}

= sup [*(¢(7) — (1)) + (1 - a)*(&(7) — (1))

T€[B,9]

+2a(1 = a)[5(7) — o(7)[[¢(7) — p()]]

IN

T€[B,9]

+a(l = a){(E(1) — o(1)* + (1) — u(1))?
< a sup (§(7) —o(7))* + (1 —a) sup (3(7)

€[]
= apy(,0)+ (1 —a)op(C, 1)

TE€[B4]

Thus, for s > 2, (E, pp, A) is convex b-metric space. [

Theorem 11. Suppose that

Nl—

¥ (z,7,0(7) = ¥(T, 7 p1(7)] < [KM(0, 1)

forall T,y € [B,6]; o, u € E and some x < L < sLZ where s > 1 and

(0-p)

sup [a*(§(7) —o(7)* + (1 - 0)*(5(7) — p(7))?

u(1)?

M(o, u) = max{py (o, 1), pu(0, Y), 0p (1, Y1), 06(0, Y1), op (1, YO) }.

Then, a unique solution exists for Voltera Integral Equation of the second kind (28).
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Proof. Consider

T 2
(Yo(r) — Yu(0)? < (/ﬁ I‘I’(mla(v))—‘I’(T,%V(v))ldv)

([t o)

kM(o, u) (//; d’y)z

= xM(o,u)(t - p)*
< xM(o,u)(6 - B)%,

IN

IN

and thus all the hypothesis of Theorem 3 are satisfied for x < @ < le implying Voltera
Integral Equation of the second kind (28) and hence, the Initial Value Problem (27) has a

solution that is unique. O

6. Discussion, Conclusions and Open Problems

In the framework of convex b-metric spaces, we established a fixed point theorem
as an extension of the main result of Rathee et al. [11] that guarantees the availability of
fixed point for Ciri¢ contraction. Additionally, the Krasnoselskij iterative process is used
for approximating the fixed point. Furthermore, we discussed about the fixed point’s
stability for the prior mentioned contraction. We constructed a common fixed point and
coincidence point result as a consequence. Finally, we provided several examples to
highlight the conclusions drawn here and use these conclusions to solve an initial value
problem. Following open problems may be worked upon in future:

1.  Rathee et al. [11] ensured the existence of fixed point for Ciri¢ contraction for the

constant x € {O, s%) . In addition, we extended the same for x € [s%, le) . Is it viable to
further relax the condition for x € [s%’ 1)?

2. Besides, we proved that the fixed points so obtained are stable for x € [0, S%) Can
the hypothesis be eased?
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