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Abstract: This paper proposes a higher-order blended compact difference (BCD) scheme on nonuni-
form grids for solving the three-dimensional (3D) convection–diffusion equation with variable
coefficients. The BCD scheme has fifth- to sixth-order accuracy and considers the first and second
derivatives of the unknown function as unknowns as well. Unlike other schemes that require grid
transformation, the BCD scheme does not require any grid transformation and is simple and flexible
in grid subdivisions. Concurrently, the corresponding high-order boundary schemes of the first and
second derivatives have also been constructed. We tested the BCD scheme on three problems that
involve convection-dominated and boundary-layer features. The numerical results show that the
BCD scheme has good adaptability and high resolution on nonuniform grids. It outperforms the BCD
scheme on uniform grids and the high-order compact scheme on nonuniform grids in the literature
in terms of accuracy and resolution.

Keywords: BCD scheme; nonuniform grids; 3D convection–diffusion equation; high-order accuracy;
boundary layers
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1. Introduction

In this work, we mainly study the following 3D convection-diffusion equation (CDE)

−(auxx + buyy + cuzz) + pux + quy + ruz = f in Ω (1)

where diffusive coefficients a, b, c are positive constants. The convection coefficients p, q, r,
and the forcing term f , as well as the unknown function u, are functions of three variables
x, y, and z and assumed to be sufficiently smooth on Ω = [a0, a1]× [b0, b1]× [c0, c1]. Ω is a
cubic region in 3D space. A suitable Dirichlet condition is prescribed on the boundary ∂Ω.

The CDE is widely concerned by many researchers since it can describe many physical
phenomena, such as heat transfer, vorticity transport, mass, or concentration diffusion, etc.,
and it is also a simplified model of the incompressible Navier–Stokes equations used to
describe fluid flow [1–4]. We also focused on this mode equation because, within the realm
of computational fluid dynamics, there appears to be a predilection for the steady solutions
of many evolutionary partial differential equations, as they are key to understanding
complex fluid dynamics.

Because the analytic solution of CDE is very difficult to obtain in most cases, even
impossible, the development of accurate, stable, and efficient numerical methods for solving
it is of paramount importance. Over the past decades, high-order compact (HOC) finite
difference methods have attracted more and more attention due to their many advantages,
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such as high accuracy, high resolution, small calculation amount, and relatively easy
handling of boundary elements. A variety of specialized techniques have been developed
based on HOC schemes to solve partial differential equations [5–20]. Generally, there are
two classes of HOC schemes. One class is called explicit compact difference schemes [5–13],
where all the derivatives are explicitly discretized by the nodal values of the objective
function. That is, the difference equations do not include any derivatives. The other class is
called implicit compact difference schemes [15–20], which treat the objective function and its
derivatives together as unknown variables, and partial or all derivatives are involved in the
calculation. The advantage of implicit compact difference schemes is that it is easy to obtain
higher-accuracy compact difference schemes with high resolution. In 1998, Chu and Fan [17]
introduced the combination compact difference (CCD) scheme, which is a classic implicit
compact difference approach possessing sixth-order accuracy. Fourier analysis reveals that
the CCD scheme outperforms other existing high-order compact and non-compact schemes
in terms of spectral resolution. Unfortunately, the CCD scheme necessitates coupling all
difference equations for the unknown function and its various derivatives, which must be
solved in conjunction with the boundary scheme. This requirement inevitably leads to an
extensive and intricate coefficient matrix, thereby increasing the complexity of algorithm
design and programming. Recently, Ma and Ge [21] introduced a novel compact difference
scheme, known as the BCD scheme, which combines the merits of explicit and implicit
compact difference schemes for solving 3D CDEs. In comparison to the well-established
CCD scheme [17], the BCD scheme not only attains high accuracy in both interior and
boundary regions but also resolves the unknown function and its derivatives separately
through an iterative procedure. Furthermore, the derivation process and algorithm design
of the BCD scheme are straightforward and easily implemented.

The HOC schemes mentioned above are developed on uniform grids, which have
good stability, high accuracy, and high resolution when solving smooth solution problems.
However, when solving problems with large gradients and boundary layers, relatively poor
calculation results are encountered if an insufficient number of grid points are allocated to
regions with steep solution gradients [22,23]. To obtain higher-accuracy numerical results,
more grid points, storage space, and computational effort are required. A more judicious
strategy entails the utilization of nonuniform grids, wherein a greater number of grid
points are allocated to regions with large gradients, while fewer grid points are assigned
to regions with smaller gradients. In recent years, many compact difference schemes on
nonuniform grids have been proposed to solve problems with large gradients or boundary
layers [22–26]. Among them, the representative results based on the explicit compact
difference schemes on nonuniform grids are as follows: Spotz and Carey [27] first proposed
the HOC schemes for 1D and 2D CDEs without source terms on nonuniform grids in 1998.
Afterward, Zhang et al. [28] developed a HOC scheme for the 3D CDE without source terms
on nonuniform grids and performed direct numerical simulations for the problems with
boundary layers. The methodology proposed in Refs. [27,28], known as coordinate trans-
formation techniques; they convert nonuniform grids in the original physical domain into
uniform grids within the computational domain. Subsequently, the numerical results in the
computational domain are mapped back to the physical domain using inverse coordinate
transformation. This approach allows the direct application of existing schemes constructed
on uniform grids. However, a notable drawback of this method is that coordinate transfor-
mation often introduces additional terms into the transformed governing equation (e.g.,
cross-derivative terms), which inevitably increases the complexity of the equation [27,28].
Moreover, if the transformation is not explicitly known, it may necessitate the generation
of solutions to certain differential equations, thereby introducing additional computations
and potential errors. To avoid the above transformation, an alternative method was de-
veloped, which is to directly construct the difference scheme on nonuniform grids in the
physical domain. The merit of this method lies in the ability to directly allocate a specific
number of grids to boundary layers or regions with large gradients using straightforward
grid-stretching functions, with the uniform grid configuration considered a special case.



Axioms 2023, 12, 651 3 of 29

Kalita et al. [23] initially proposed a HOC scheme for the 2D CDE with variable coeffi-
cients on nonuniform grids and subsequently applied it to solve the 2D incompressible
Navier–Stokes equations. Ge and Cao [24] developed a multigrid V-cycle algorithm based
on the HOC scheme on nonuniform grids for solving the 2D CDE and used it to solve the
classical lid-driven square cavity flow problem. Afterward, Ray and Kalita [29] proposed a
third-order compact difference scheme for solving the 2D incompressible Navier–Stokes
equations on nonuniform grids in polar coordinates and numerically simulated driven
square cavity flow and flow around a cylinder. The representative results of the implicit
compact difference schemes on nonuniform grids mainly include: Chu and Fan [30] devel-
oped a three-point fifth-order combined compact differences (CCD) on nonuniform grids.
Shukla and Zhong [31] developed HOC schemes on nonuniform grids for first and second
derivatives based on polynomial interpolation technology. Shukla et al. [32] extended the
method in [31] to solve the stream function–vorticity formulation of the Navier–Stokes
equations on nonuniform grids and numerically simulated-driven square cavity, flow
around a cylinder, and heat convection problem in a square cavity. In 2013, Ge et al. [33]
developed a transformation-free HOC scheme and the multigrid method on nonuniform
grids for solving the 3D Poisson equation. Later, Shanab et al. [34] extended the work of
Kalita et al. [23] to solve the 3D convection–diffusion equation with variable coefficients on
nonuniform grids. It is a pity that the above scheme only has three- to four-order accuracy.
In 2019, Ma and Ge [21] proposed a sixth-order BCD scheme on uniform grids to solve the
3D CDE with variable coefficients. As declared in the article, the BCD scheme on uniform
grids is more suitable for dealing with smooth-solution problems, but it is not good at
solving problems with boundary layers or local large gradients.

To the best of our knowledge, there have been no reported high-order BCD schemes
on nonuniform grids for the 3D CDE with variable coefficients. The primary objective of
this paper is to develop a transformation-free BCD method on nonuniform grids to solve
the convection-dominated diffusion problems and the problems with boundary layers.
The remainder of this article is structured as follows: Section 2 presents the high-order
BCD scheme on nonuniform grids for the 3D CDE with variable coefficients. Subsequently,
Section 3 provides a comparison of accuracy between the BCD scheme and other numerical
methods. Lastly, Section 4 offers concluding remarks.

2. BCD Scheme on Nonuniform Grids

We discuss a cubic region Ω = [a0, a1] × [b0, b1] × [c0, c1] and perform discretiza-
tion on a nonuniform 3D grid. Consequently, we partition the intervals [a0, a1],[b0, b1]
and [c0, c1] into sub-intervals, which are not necessarily of equal length, by the points
a0 = x0, x1, · · · , xNx = a1, b0 = y0, y1, · · · , yNy = b1 and c0 = z0, z1, · · · , zNz = c1. In x
direction, allowing hx = (a1 − a0)/Nx and defining hxθr = xi+1 − xi, hxθl = xi − xi−1,
1 ≤ i ≤ Nx. Similarly, in y and z direction, allowing hy = (b1 − b0)/Ny, hz = (c1 − c0)/Nz,
and defining hyθ f = yj+1 − yj, hyθb = yj − yj−1, hzθu = zk+1 − zk, hzθd = zk − zk−1,
1 ≤ j ≤ Ny, 1 ≤ k ≤ Nz. For convenience, we also set α1 = θlθr, β1 = θr + θl ,
γ1 = θr − θl ,α2 = θ f θb, β2 = θ f + θb, γ2 = θ f − θb,α3 = θuθd, β3 = θu + θd, γ3 = θu − θd.
If θl = θr = 1 (θ f = θb = 1 and θd = θu = 1), the result is a uniform grid.

We use the subscript notation ui,j,k = u(xi, yj, zk) and employ a local coordinate
system where the cubic grids are labeled as in Figure 1. For convenience, we symbolize
these derivatives by {u, ux, uxx, uy, uyy, uxy, uz, uzz, uyz}, respectively. As the presented BCD
scheme involves independent calculations of first and second derivatives, achieving a
fifth-order BCD scheme for the 3D CDE on nonuniform grids necessitates approximating
all first and second derivatives to fifth-order accuracy. Therefore, we need to first derive
the fifth-order scheme for the first and second derivatives, and then derive the fifth-order
BCD scheme for the 3D CDE. Before deriving their formats above, we need to demonstrate
an expression of a combination of fifth and sixth derivatives as an auxiliary formula.
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Figure 1. Labeling of the 19 grid points on nonuniform grids.

For the smooth function u(x, y, z) in Ω, Taylor series expansion at the point (i + 1, j, k)
is demonstrated as follows:

ui+1,j,k = ui,j,k + θrhx(ux)i,j,k +
(θrhx)

2

2 (uxx)i,j,k +
(θrhx)

3

6 (uxxx)i,j,k

+ (θrhx)
4

24 (u(4)
x )i, j, k + (θrhx)

5

120 (u(5)
x )i,j,k +

(θrhx)
6

720 (u(6)
x )i,j,k + O(h7

x)

(2)

Similarly, at point (i− 1, j, k)

ui−1,j,k = ui − θlhx(ux)i,j,k +
(θl hx)

2

2 (uxx)i,j,k −
(θl hx)

3

6 (uxxx)i,j,k

+ (θl hx)
4

24 (u(4)
x )i,j,k −

(θl hx)
5

120 (u(5)
x )i,j,k +

(θl hx)
6

720 (u(6)
x )i,j,k + O(h7

x)

(3)

Equation (2) multiplied by θ2
l minus Equation (3) multiplied by θ2

r , and rearranging it,
results in

(ux)i,j,k = δxui,j,k −
α1h2

x
6 (uxxx)i,j,k −

α1γ1h3
x

24 (u(4)
x )i,j,k −

α1h4
x

120 (γ1
2 + α1)(u

(5)
x )i,j,k

− α1γ1h5
x

720 (γ1
2 + 2α1)(u

(6)
x )i,j,k + O(h6

x)
(4)

Equation (2) multiplied by θl plus Equation (3) multiplied by θr, and rearranging it,
results in

(uxx)i,j,k = δ2
xui,j,k − γ1hx

3 (uxxx)i,j,k −
h2

x
12 (β2

1 − 3α1)(u
(4)
x )i,j,k

− h3
x

60 γ1(β2
1 − 2α1)(u

(5)
x )i,j,k −

h4
x

360 (γ
4
1 + 3α1γ2

1 + α2
1)(u

(6)
x )i,j,k + O(h5

x)
(5)

where:
δxui,j,k =

1
α1β1hx

(θ2
l ui+1,j,k + β1γ1ui,j,k − θ2

r ui−1,j,k) (6)
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δ2
xui,j,k =

2
α1β1h2

x
(θlui+1,j,k − β1ui,j,k + θrui−1,j,k) (7)

In addition,

(uxxx)i,j,k = δx(uxx)i,j,k −
α1h2

x
6

(u(5)
x )i,j,k −

α1γ1h3
x

24
(u(6)

x )i,j,k + O(h4
x) (8)

(u(4)
x )i,j,k = δ2

x(uxx)i,j,k −
γ1hx

3
(u(5)

x )i,j,k −
(γ2

1 + α1)h2
x

12
(u(6)

x )i,j,k + O(h3
x) (9)

Here, we substitute Equations (8) and (9) into Equations (4) and (5), respectively. In
addition, a rearrangement of the sequence of terms results in

(ux)i,j,k = δxui,j,k −
α1h2

x
6 δx(uxx)i,j,k −

α1γ1h3
x

24 δ2
x(uxx)i,j,k

+h4
x(

7α1
2+2α1γ1

2

360 )(u(5)
x )i,j,k + h5

x(
11α1

2γ1+3α1γ1
3

1440 )(u(6)
x )i,j,k + O(h6

x)
(10)

(uxx)i,j,k = δ2
x(u)i,j,k −

γ1hx
3 δx(uxx)i,j,k −

(γ1
2+α1)h2

x
12 δ2

x(uxx)i,j,k

+ (4γ1
3+18α1γ1)h3

x
360 (u(5)

x )i,j,k +
(28α1γ1

2+6γ1
4+6α1

2)h4
x

1440 (u(6)
x )i,j,k + O(h5

x)
(11)

From Equations (10) and (11), we can obtain the following expressions of the fifth and
sixth derivatives.

u(5)
x = c̃14hxuxx − c̃12ux + c̃12δxu− c̃14hxδ2

xu + [(2c̃14γ1 − c̃12α1)h2
x/6]δxuxx

+h3
x[c̃14(γ

2
1 + α1)/12− c̃12(γ1 + α1)/24]δ2

xuxx + O(h2
x)

(12)

u(6)
x = c̃11ux − c̃13hxuxx − c̃11δxu + c̃13hxδ2

xu + [(c̃11α1 − 2c̃13γ1)h2
x/6]δxuxx

+h3
x[c̃11α1γ1/24− c̃13(γ

2
1 + α1)/12]δ2

xuxx + O(h2
x)

(13)

where:
c̃11 = − 1440(4γ3

1+18α1γ1)

h5
x(10α3

1γ2
1+42α4

1)
, c̃12 = − 360(28α1γ2

1+6γ4
1+6α1

2)

h4
x(10α3

1γ2
1+42α4

1)

c̃13 = − 1440(7α2
1+2α1γ2

1)

h5
x(10α3

1γ2
1+42α4

1)
, c̃14 = − 360(11α2

1γ1+3α1γ3
1)

h4
x(10α3

1γ2
1+42α4

1)

(14)

To derive the later formulas, we show the linear combination of the fifth and sixth
derivatives from Equation (2) and (3) as follows:

T11u(5)
x + T12u(6)

x = (T11 c̃12 − T12 c̃11)δxu + (T12 c̃13hx − T11 c̃14hx)δ2
xu + (T12 c̃11 − T11 c̃12)ux

[T11h2
x(2c̃14γ1 − c̃12α1)/6 + T12h2

x(c̃11α1 − 2c̃13γ1)/6]δxuxx + (T11 c̃14hx − T12 c̃13hx)uxx{
T11h3

x(2c̃14(α1 + γ2
1)− c̃12α1γ1)/24 + T12h3

x[c̃11α1γ1 − 2c̃13(α1 + γ2
1)]/24

}
δ2

xuxx

(15)

In addition, we define

d̃11 = T11 c̃12 − T12 c̃11, d̃16 = −d̃11, d̃12 = T12 c̃13hx − T11 c̃14hx, d̃15 = −d̃12

d̃13 = [T11h3
x(2c̃14(α1 + γ2

1)− c̃12α1γ1) + T12h3
x(c̃11α1γ1 − 2c̃13(α1 + γ2

1))]/24

d̃14 = [T11h2
x(2c̃14γ1 − c̃12α1) + T12h2

x(c̃11α1 − 2c̃13γ1)]/6

(16)

Then, the result is

T11u(5)
x + T12u(6)

x = d̃11δxu + d̃12δ2
xu + d̃13δ2

xuxx + d̃14δxuxx + d̃15uxx + d̃16ux (17)
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2.1. The Fifth-Order Compact Schemes for the First Derivatives
{

ux, uy, uz
}

Since

(ux)i,j,k = δx(u)i,j,k +
(α1γ2

1+6α2
1)h

4
x

1080 (u(5)
x )i,j,k +

(α1γ3
1+7α2

1γ1)h5
x

4320 (u(6)
x )i,j,k

+ α1γ1h3
x

72 δ2
x(uxx)i,j,k −

α1h2
x

6 δ2
x(ux)i,j,k + O(h6

x)
(18)

Substituting Equation (17) into Equation (18), we obtain

(ux)i,j,k =
1+d̃11
1−d̃16

δxui,j,k −
α1h2

x
6(1+d̃11)

δ2
x(ux)i,j,k −

d̃15
1+d̃11

(uxx − δ2
xu)i,j,k

+ α1γ1h3
x+72d̃13

72(1+d̃11)
δ2

x(uxx)i,j,k −
d̃14

1+d̃11
δx (uxx)i,j,k+(h6

x)
(19)

Substituting Equations (6) and (7) into Equation (18), we obtain the fifth-to-sixth-order
scheme for the first derivative ux on nonuniform grids.

θl
3β1(1+d̃11)

(ux)i+1,j,k +
2+3d̃11

3(1+d̃11)
(ux)i,j,k +

θr
3β1(1+d̃11)

(ux)i−1,j,k

= [
θ2

l (1+d̃11)

α1β1hx(1−d̃16)
+ 2θl d̃15

α1β1h2
x(1+d̃11)

]ui+1,j,k + [ γ1(1+d̃11)

α1hx(1−d̃16)
− 2d̃15

α1h2
x(1+d̃11)

]ui,j,k

−[ θ2
r (1+d̃11)

α1β1hx(1−d̃16)
− 2θr d̃15

α1β1h2
x(1+d̃11)

]ui−1,j,k

+[ θl(α1γ1h3
x+72d̃13)

36α1β1h2
x(1+d̃11)

− θ2
l d̃14

α1β1hx(1+d̃11)
](uxx)i+1,j,k

−
[

γ1 d̃14+α1hx d̃15
α1hx(1+d̃11)

+ α1γ1h3
x+72d̃13

36α1h2
x(1+d̃11)

](uxx)i,j,k

+[ θ2
r d̃14

α1β1hx(1+d̃11)
+ θr(α1γ1h3

x+72d̃13)

36α1β1h2
x(1+d̃11)

](uxx)i−1,j,k

(20)

Similarly, we also obtain the fifth-to-sixth-order schemes for the first derivatives uy
and uz on nonuniform grids, as follows:

θb
3β2(1+d̃21)

(uy)i,j+1,k +
2+3d̃21

3(1+d̃21)
(uy)i,j,k +

θ f

3β2(1+d̃21)
(uy)i,j−1,k

= [
θ2

b (1+d̃21)

α2β2hy(1−d̃26)
+ 2θb d̃25

α2β2h2
y(1+d̃21)

]ui,j+1,k + [ γ2(1+d̃21)

α2hy(1−d̃26)
− 2d̃25

α2h2
y(1+d̃21)

]ui,j,k

−[
θ2

f (1+d̃21)

α2β2hy(1−d̃26)
− 2θ f d̃25

α2β2h2
y(1+d̃21)

]ui,j−1,k

+[
θb(α2γ2h3

y+72d̃23)

36α2β2h2
y(1+d̃21)

− θ2
b d̃24

α2β2hy(1+d̃21)
](uyy)i,j+1,k

−
[

γ2 d̃24+α2hy d̃25

α2hy(1+d̃21)
+

α2γ2h3
y+72d̃23

36α2h2
y(1+d̃21)

](uyy)i,j,k

+[
θ2

f d̃24

α2β2hy(1+d̃21)
+

θ f (α1γ1h3
y+72d̃23)

36α2β2h2
y(1+d̃21)

](uyy)i,j−1,k

(21)

where:
δyui,j,k = (θ2

b ui,j+1,k + β2γ2ui,j,k − θ2
f ui,j−1,k)/α2β2hy (22)

δ2
yui,j,k = 2(θbui,j+1,k − β2ui,j,k + θ f ui,j−1,k)/α2β2h2

y (23)

δzui,j,k = (θ2
dui,j,k+1 + β3γ3ui,j,k − θ2

uui,j,k−1)/α3β3hz (24)

δ2
z ui,j,k = 2(θdui,j,k+1 − β2ui,j,k + θuui,j,k−1)/α3β3h2

z (25)
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d̃21 = T21 c̃22 − T22 c̃21, d̃22 = T22 c̃23hy − T21 c̃24hy, d̃25 = −d̃22,

d̃23 = [T21h3
y(2c̃24(α2 + γ2

2)− c̃22α2γ2) + T22h3
y(c̃21α2γ2 − 2c̃23(α2 + γ2

2))]/24

d̃24 = T21h2
y(2c̃24γ2 − c̃22α2)/6 + T22h2

y(c̃21α2 − 2c̃23γ2)/6, d̃26 = −d̃21

(26)

c̃21 = − 1440(4γ3
2+18α2γ2)

h5
y(10α3

2γ2
2+42α4

2)
, c̃22 = − 360(28α2γ2

2+6γ4
2+6α2

2)

h4
y(10α3

2γ2
2+42α4

2)

c̃23 = − 1440(7α2
2+2α2γ2

2)

h5
y(10α3

2γ2
2+42α4

2)
, c̃24 = − 360(11α2

2γ2+3α2γ3
2)

h4
y(10α3

2γ2
2+42α4

2)

(27)

T21 = (6α2
2 + α2γ2

2)h
4
y/1080, T22 = (7α2

2γ2 + α2γ3
2)h

5
y/4320

d̃31 = T31 c̃32 − T32 c̃31, d̃32 = T32 c̃33hz − T31 c̃34hz, d̃35 = −d̃32,

d̃33 = [T31h3
z(2c̃34(α3 + γ2

3)− c̃32α3γ3) + T32h3
z(c̃31α3γ3 − 2c̃33(α3 + γ2

3))]/24,

(28)

d̃34 = T31h2
z(2c̃34γ2 − c̃32α3)/6 + T32h2

z(c̃31α3 − 2c̃33γ3)/6, d̃36 = −d̃61, (29)

c̃31 = − 1440(4γ3
3+18α3γ3)

h5
z(10α3

3γ2
3+42α4

3)
, c̃32 = − 360(28α3γ2

3+6γ4
3+6α2

3)

h4
z(10α3

3γ2
3+42α4

3)
,

c̃33 = − 1440(7α2
3+2α3γ2

3)

h5
z(10α3

3γ2
3+42α4

3)
, c̃34 = − 360(11α2

3γ3+3α3γ3
3)

h4
z(10α3

3γ2
3+42α4

3)
,

(30)

T31 = (6α2
3 + α3γ2

3)h
4
z/1080, T32 = (7α2

3γ3 + α3γ3
3)h

5
z/4320. (31)

2.2. The Fifth-Order Compact Schemes for the Second Derivatives
{

uxx, uyy, uzz
}

It is noted that

uxx = 2α1
α1−γ2

1
δ2

xu− (γ2
1+α1)

α1−γ2
1

δxux − 2α1γ1hx
3(α1−γ2

1)
δxuxx +

h3
xα1γ1(31α1+3γ2

1)

360(α1−γ2
1)

u(5)
x

+
h4

xα1(10α1γ2
1+γ4

1+α2
1)

360(α1−γ2
1)

u(6)
x + O(h5

x)

(32)

Substituting Equation (15) into Equation (33), the fifth-order compact scheme for the
second derivative uxx on nonuniform grids is obtained as follows:

+(
Ẽ12θ2

l
α1β1hx

− 2Ẽ13θl
α1β1h2

x
)(uxx)i+1,j,k + (1− γ1 Ẽ12

α1hx
− 2Ẽ13

α1h2
x
)(uxx)i,j,k

+( Ẽ12θ2
r

α1β1hx
− 2Ẽ13θr

α1β1h2
x
)(uxx)i−1,j,k = ( 2Ẽ11θl

α1β1h2
x
− Ẽ14θ2

l
α1β1hx

)ui+1,j,k

−( 2Ẽ11
α1h2

x
+ Ẽ14γ1

α1hx
)ui,j,k + ( 2Ẽ11θr

α1β1h2
x
+ Ẽ14θ2

r
α1β1hx

)ui−1,j,k

+
Ẽ16θ2

l
α1β1hx

(ux)i+1,j,k + ( Ẽ16γ1
α1hx

+ Ẽ14)(ux)i,j,k − ( Ẽ16θ2
r

α1β1hx
)(ux)i−1,j,k

(33)

Similarly, the fifth-order schemes for the second derivatives
{

uyy, uzz
}

on nonuniform
grids are also obtained as follows:

(− hy Ẽ22θ2
b+2Ẽ23θb

α2β2h2
y

)(uyy)i,j+1,k + (1− γ2 Ẽ22
α2hy
− 2Ẽ23

α2h2
y
)(uyy)i,j,k

+(
Ẽ22θ2

f
α2β2hy

− 2Ẽ23θ f

α2β2h2
y
)(uyy)i,j−1,k = ( 2Ẽ21θb

α2β2h2
y
− Ẽ24θ2

b
α2β2hy

)ui,j+1,k

−( 2Ẽ21
α2h2

y
+ Ẽ24γ2

α2hy
)ui,j,k + (

2Ẽ21θ f

α2β2h2
y
+

Ẽ24θ2
f

α2β2hy
)ui,j−1,k

+
Ẽ26θ2

b
α2β2hy

(uy)i,j+1,k + ( Ẽ26γ2
α2hy

+ Ẽ24)(uy)i,j,k −
Ẽ26θ2

f
α2β2hy

(uy)i,j−1,k

(34)
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(− Ẽ32δ2
d

α3β3hz
− 2Ẽ33δd

α3β3h2
z
)(uzz)i,j,k+1 + (1− γ3 Ẽ32

α3hz
− 2Ẽ33

α3h2
z
)(uzz)i,j,k

+( Ẽ32θ2
u

α3β3hz
− 2Ẽ33θu

α3β3h2
z
)(uzz)i,j,k−1 = ( 2Ẽ31θd

α3β3h2
z
− Ẽ34θ2

d
α3β3hz

)ui,j,k+1

−( 2Ẽ31
α3h2

z
+ Ẽ34γ1

α3hz
)ui,j,k + ( 2Ẽ31θu

α3β3h2
z
+ Ẽ34θ2

u
α3β3hz

)ui,j,k−1

+
Ẽ36θ2

d
α3β3hz

(uz)i,j,k+1 + ( Ẽ36γ3
α3hz

+ Ẽ34)(uz)i,j,k − ( Ẽ36θ2
u

α3β3hz
)(uz)i,j,k−1

(35)

where:
Ẽ11 =

d̃12α1−d̃12γ2
1+2α1

(α1−γ2
1)(1−d̃15)

, Ẽ12 =
3d̃14(α1−γ2

1)−2hxα1γ1

3(α1−γ2
1)(1−d̃15)

, Ẽ13 = d̃13
1−d̃15

,

Ẽ14 = d̃16
1−d̃15

, Ẽ15 = d̃11
1−d̃15

, Ẽ16 = − α1+γ2
1

(α1−γ2
1)(1−d̃15)

(36)

Ẽ21 =
d̃22α2−d̃22γ2

2+2α2

(α2−γ2
2)(1−d̃25)

, Ẽ22 =
3d̃24(α2−γ2

2)−2hyα2γ2

3(α2−γ2
2)(1−d̃25)

, Ẽ23 = d̃23
1−d̃25

,

Ẽ24 = d̃26
1−d̃25

, Ẽ25 = d̃21
1−d̃25

, E26 = − α2+γ2
2

(α2−γ2
2)(1−d̃25)

(37)

Ẽ31 =
d̃32α3−d̃32γ2

3+2α3

(α3−γ2
3)(1−d̃35)

, Ẽ32 =
3d̃34(α3−γ2

3)−2hzα3γ3

3(α3−γ2
3)(1−d̃35)

, Ẽ33 = d̃33
1−d̃35

,

Ẽ34 = d̃36
1−d̃35

, Ẽ35 = d̃31
1−d̃35

, Ẽ36 = − α3+γ2
3

(α3−γ2
3)(1−d̃35)

.
(38)

2.3. BCD Schemes of the 3D CDE on Nonuniform Grids

By Taylor series expansion, we obtain

ux = δxu− α1h2
x

6 uxxx − α1γ1h3
x

24 u(4)
x − α1h4

x
120 (γ2

1 + α1)u
(5)
x

− α1γ1h5
x

720 (γ2
1 + 2α1)u

(6)
x + O(h6

x)
(39)

uy = δyu− α2h2
y

6 uyyy −
α2γ2h3

y
24 u(4)

y −
α2h4

y
120 (γ2

2 + α2)u
(5)
y

− α2γ2h5
y

720 (γ2
2 + 2α2)u

(6)
y + O(h6

y)

(40)

uz = δzu− α3h2
z

6 uzzz − α3γ3h3
z

24 u(4)
z − α3h4

z
120 (γ2

3 + α3)u
(5)
z

− α3γ3h5
z

720 (γ2
3 + 2α3)u

(6)
z + O(h6

z)
(41)

Substituting Equations (40)–(42) into Equation (1), we obtain

−auxx − buyy − cuzz + pδxu + qδyu + rδzu

− pα1h2
x

6 uxxx − pα1γ1h3
x

24 u(4)
x − pα1h4

x
120 (γ2

1 + α1)u
(5)
x − pα1γ1h5

x
720 (γ2

1 + 2α1)u
(6)
x

− qα2h2
y

6 uyyy −
qα2γ2h3

y
24 u(4)

y −
qα2h4

y
120 (γ2

2 + α2)u
(5)
y −

qα2γ2h5
y

720 (γ2
2 + 2α2)u

(6)
y

− rα3h2
z

6 uzzz − rα3γ3h3
z

24 u(4)
z − rα3h4

z
120 (γ2

3 + α3)u
(5)
z − rα3γ3h5

z
720 (γ2

3 + 2α3)u
(6)
z

+O(h6
x + h6

y + h6
z) = f (x, y, z)

(42)

With the differentiating Equation (1) concerning x, y, and z, we obtain

uxxx =
1
a
(−buyyx − cuzzx + puxx + pxux + quyx + qxuy + ruzx + rxuz − fx) (43)

uyyy =
1
b
(−auxxy − cuzzy + puxy + pyux + quyy + qyuy + ruzy + ryuz − fy) (44)

uzzz =
1
c
(−auxxz − buyyz + puxz + pzux + quyz + qzuy + ruzz + rzuz − fz) (45)
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Substituting Equations (44)–(46) into Equation (43), we obtain

(−a− p2α1h2
x

6a )uxx + (−b− q2α2h2
y

6b )uyy + (−c− r2α3h2
z

6c )uzz + pδxu + qδyu + rδzu

+(− ppxα1h2
x

6a − qpyα2h2
y

6b − rpzα3h2
z

6c )ux + (− pqxα1h2
x

6a − qqyα2h2
y

6b − rqzα3h2
z

6c )ux

+(− prxα1h2
x

6a − qryα2h2
y

6b − rrzα3h2
z

6c )uz + (− pqα1h2
x

6a − qpα2h2
y

6b )uxy + (− qrα2h2
y

6b − qrα3h2
z

6c )uyz

+(− prα1h2
x

6a − rpα3h2
z

6c )uzx +
bpα1h2

x
6a uyyx +

cpα1h2
x

6a uzzx +
aqα2h2

y
6b uxxy +

cqα2h2
y

6b uzzy

+ arα3h2
z

6c uxxz +
brα3h2

z
6c uyyz − pα1γ1h3

x
24 u(4)

x − pα1h4
x

120 (γ2
1 + α1)u

(5)
x − pα1γ1h5

x
720 (γ2

1 + 2α1)u
(6)
x

− qα2γ2h3
y

24 u(4)
y −

qα2h4
y

120 (γ2
2 + α2)u

(5)
y −

qα2γ2h5
y

720 (γ2
2 + 2α2)u

(6)
y

− rα3γ3h3
z

24 u(4)
z − rα3h4

z
120 (γ2

3 + α3)u
(5)
z − rα3γ3h5

z
720 (γ2

3 + 2α3)u
(6)
z

+O(h6
x + h6

y + h6
z) = f − pα1h2

x
6a fx −

qα2h2
y

6b fy − rα3h2
z

6c fz

(46)

In addition, after rearranging the sequence of terms, we obtain

B1uxx + B2uyy + B3uzz + pδxu + qδyu + rδzu + B4ux + B5uy + B6uz + B7uxy + B8uyz

+B9uzx + B10uyyx + B11uzzx + B12uxxy + B13uzzy + B14uxxz + B15uyyz + B16δ2
xuxx

+B17δ2
yuyy + B18δ2

z uzz + W1 + W2 + W3 + O(h6
x + h6

y + h6
z) = F

(47)

where:

B1 = −a− α1h2
x p2

6a , B2 = −b− α2h2
yq2

6b , B3 = −c− α3h2
zr2

6c ,

B4 = − α1h2
x ppx
6a − α2h2

yqpy
6b − α3h2

zrpz
6c , B5 = − α1h2

x pqx
6a − α2h2

yqqy
6b − α3h2

zrqz
6c ,

B6 = − α1h2
x prx

6a − α2h2
yqry

6b − α3h2
zrrz

6c , B7 = − α1h2
x pq

6a − α2h2
yqp

6b ,

B8 = − α2h2
yqr

6b − α3h2
zrq

6c , B9 = − α1h2
x pr

6a − α3h2
zrp

6c , B10 = α1h2
x pb

6a , B11 = α1h2
x pc

6a ,

B12 =
α2h2

yqa
6b , B13 =

α2h2
yqc

6b , B14 = α3h2
zra

6c , B15 = α3h2
zrb

6c , B16 = − pα1γ1h3
x

24 ,

B17 = − qα2γ2h3
y

24 , B18 = − rα3γ3h3
z

24 , F = f − h2
x pα1
6a fx −

h2
yqα2
6b fy − h2

zrα3
6c fz

W1 =
ph4

x(2α1γ2
1−3α2

1)
360 u(5)

x +
ph5

x(3α1γ3
1+α2

1γ1)
1440 u(6)

x

W2 =
qh4

y(2α2γ2
2−3α2

2)

360 u(5)
y +

qh5
y(3α2γ3

2+α2
2γ2)

1440 u(6)
y

W3 =
rh4

z(2α3γ2
3−3α2

3)
360 u(5)

z +
rh5

z(3α3γ3
3+α2

3γ3)
1440 u(6)

z

(48)

To obtain a fifth-order compact formulation for Equation (48), we consider the follow-
ing approximations.
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uxx = 2α1
α1−γ2

1
δ2

xu− (γ2
1+α1)

α1−γ2
1

δxux − 2α1γ1hx
3(α1−γ2

1)
δxuxx +

h3
xα1γ1(31α1+3γ2

1)

360(α1−γ2
1)

u(5)
x

+
h4

xα1(10α1γ2
1+γ4

1+α2
1)

360(α1−γ2
1)

u(6)
x + O(h5

x)

uyy = 2α2
α2−γ2

2
δ2

yu− (γ2
2+α2)

α2−γ2
2

δyuy −
2α2γ2hy

3(α2−γ2
2)

δyuyy +
h3

yα2γ2(31α2+3γ2
2)

360(α2−γ2
2)

u(5)
y

+
h4

yα2(10α2γ2
2+γ4

2+α2
2)

360(α2−γ2
2)

u(6)
y + O(h5

y)

uzz =
2α3

α3−γ2
3
δ2

z u− (γ2
3+α3)

α3−γ2
3

δzuz − 2α3γ3hz
3(α3−γ2

3)
δzuzz +

h3
xα1γ3(31α1+3γ2

3)

360(α3−γ2
3)

u(5)
z

+
h4

z α3(10α3γ2
3+γ4

3+α2
3)

360(α3−γ2
3)

u(6)
z + O(h5

z)

(49)

uxy = δxuy + δyux − δxδyu + O(h3
x + h3

y + hyh2
x + hxh2

y)

uyz = δzuy + δyuz − δzδyu + O(h3
z + h3

y + hyh2
z + hzh2

y)

uxz = δxuz + δzux − δxδzu + O(h3
x + h3

z + hzh2
x + hxh2

z)

uxxy = δ2
xuy + δyuxx − δyδ2

xu + O(h3
x + h3

y + h2
xhy)

uyyx = δ2
yux + δxuyy − δxδ2

yu + O(h3
x + h3

y + h2
yhx)

uxxz = δ2
xuz + δzuxx − δzδ2

xu + O(h3
x + h3

z + h2
xhz)

uzzx = δ2
z ux + δxuzz − δxδ2

z u + O(h3
x + h3

z + h2
zhx)

uyyz = δ2
yuz + δzuyy − δzδ2

yu + O(h3
z + h3

y + h2
yhz)

uzzy = δ2
z uy + δyuzz − δyδ2

z u + O(h3
z + h3

y + h2
zhy)

(50)

Substituting Equations (50) and (51) into Equation (48), and using the conclusion of
Equation (15) again, we obtain

( 2α1B1
α1−γ2

1
+ d̃12)δ

2
xu + (p + d̃11)δxu + ( 2α2B2

α2−γ2
2
+ d̃22)δ

2
yu + (q + d̃21)δyu

+( 2B3α3
α3−γ2

3
+ d̃32)δ

2
z u + (r + d̃31)δzu− B7δxδyu− B8δzδyu− B9δxδzu

−B10δxδ2
yu− B11δxδ2

z u− B12δyδ2
xu− B13δyδ2

z u− B14δzδ2
xu− B15δzδ2

yu

− B1(γ
2
1+α1)

α1−γ2
1

δxux + (B4 + d̃16)ux + B7δyux + B9δzux + B10δ2
yux + B11δ2

z ux

+(d̃14 − 2B1α1γ1hx
3(α1−γ2

1)
)δxuxx + B12δyuxx + B14δzuxx + B16δ2

xuxx + d̃13δ2
xuxx + d̃15uxx

− B2(γ
2
2+α2)

α2−γ2
2

δyuy + (B5 + d̃26)uy + B7δxuy + B8δzuy + B12δ2
xuy + B13δ2

z uy

+(d̃24 −
2B2α2γ2hy

3(α2−γ2
2)
)δyuyy + B17δ2

yuyy + B15δzuyy + B10δxuyy + d̃23δ2
yuyy + d̃25uyy

− B3(γ
2
3+α3)

α3−γ2
3

δzuz + (B6 + d̃36)uz + B8δyuz + B9δxuz + B14δ2
xuz + B15δ2

yuz

+(d̃34 − 2B3α3γ3hz
3(α3−γ2

3)
)δzuzz + B18δ2

z uzz + B13δyuzz + B11δxuzz + d̃33δ2
z uzz + d̃35uzz

+O(h5
x + h5

y + h5
z + h2

xh3
y + h2

xh3
z + h2

yh3
x + h2

yh3
z + h2

zh3
x + h2

zh3
y) = F

(51)
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where, the differential operators
{

δxδy, δ2
xδy, δ2

yδx, δyδz, δ2
yδz, δ2

z δy, δxδz, δ2
xδz, δ2

z δx

}
can

be referred to Appendix A. Neglecting the truncation error terms, the 19-point fifth-order
BCD scheme on nonuniform for the 3D CDE is demonstrated as follows:

C̃0ui,j,k + C̃1ui+1,j,k + C̃2ui,j+1,k + C̃3ui−1,j,k + C̃4ui,j−1,k + C̃5ui,j,k+1 + C̃6ui,j,k−1

+C̃7ui+1,j+1,k + C̃8ui−1,j+1,k + C̃9ui−1,j−1,k + C̃10ui+1,j−1,k + C̃11ui+1,j,k+1 + C̃12ui,j+1,k+1

+C̃13ui−1,j,k+1 + C̃14ui,j−1,k+1 + C̃15ui+1,j,k−1 + C̃16ui,j+1,k−1 + C̃17ui−1,j,k−1 + C̃18ui,j−1,k−1

C10(ux)i,j,k + C11(ux)i+1,j,k + C12(ux)i,j+1,k + C13(ux)i−1,j,k + C14(ux)i,j−1,k

+C15(ux)i,j,k+1 + C16(ux)i,j,k−1 + C20(uy)i,j,k + C21(uy)i+1,j,k + C22(uy)i,j+1,k

+C23(uy)i−1,j,k + C24(uy)i,j−1,k + C25(uy)i,j,k+1 + C26(uy)i,j,k−1 + C30(uz)i,j,k

+C31(uz)i+1,j,k + C32(uz)i,j+1,k + C33(uz)i−1,j,k + C34(uz)i,j−1,k + C35(uz)i,j,k+1

+C36(uz)i,j,k−1 + C40(uxx)i,j,k + C41(uxx)i+1,j,k + C42(uxx)i,j+1,k + C43(uxx)i−1,j,k

+C44(uxx)i,j−1,k + C45(uxx)i,j,k+1 + C46(uxx)i,j,k−1 + C50(uyy)i,j,k + C51(uyy)i+1,j,k

+C52(uyy)i,j+1,k + C53(uyy)i−1,j,k + C54(uyy)i,j−1,k + C55(uyy)i,j,k+1 + C56(uyy)i,j,k−1

+C60(uzz)i,j,k + C61(uzz)i+1,j,k + C62(uzz)i,j+1,k + C63(uzz)i−1,j,k + C64(uzz)i,j−1,k

+C65(uzz)i,j,k+1 + C66(uzz)i,j,k−1 = Fi,j,k

(52)

The above coefficients are placed in Appendix B. We noticed that the proposed BCD
scheme for the 3D CDE on nonuniform grids can achieve fifth-order accuracy on a compact
template with 19 grid points and include seven unknowns

{
u, ux, uy, uzuxx, uyy, uzz

}
. All

of the first and second derivatives
{

ux, uy, uz, uxx, uyy, uzz
}

can be approximated by the
difference Equations (20)–(22) and (34)–(36), respectively, with fifth-order accuracy.

2.4. The High-Order Boundary Schemes on Nonuniform Grids

Next, we will derive high-order boundary schemes for the first and second deriva-
tives. For problems with non-periodic boundaries, Ma and Ge [22] have developed sixth-
order boundary formulations for the first and second derivatives on uniform grids. This
derivation method can be extended to obtain boundary schemes for the first and second
derivatives on nonuniform grids. As an example, we consider the left boundary of the first
derivative. The discrete template for the left boundary scheme is depicted in Figure 2. We
assume that the unknown variable and its first derivative share the following relationship:

(ux)0,j,k + α0(ux)1,j,k = (b0u0j,k + b1u1,j,k + b2u2,j,k + b3u3,j,k + b4u4,j,k)/hl (53)



b0 + b1 + b2 + b3 + b4 = 0

b1 + b2(1 + k1) + b3(1 + k1 + k2) + b4(1 + k1 + k2 + k3) = 1 + α

b1 + b2(1 + k1)
2 + b3(1 + k1 + k2)

2 + b4(1 + k1 + k2 + k3)
2 = 2α

b1 + b2(1 + k1)
3 + b3(1 + k1 + k2)

3 + b4(1 + k1 + k2 + k3)
3 = 3α

b1 + b2(1 + k1)
4 + b3(1 + k1 + k2)

4 + b4(1 + k1 + k2 + k3)
4 = 4α

b1 + b2(1 + k1)
5 + b3(1 + k1 + k2)

5 + b4(1 + k1 + k2 + k3)
5 = 5α

(54)



Axioms 2023, 12, 651 12 of 29

Figure 2. Grid-point discretization for a left boundary on non-uniform grids.

The relationships among coefficients b0, b1, b2, b3, b4, b5,α are derived by matching the
Taylor series coefficients of various orders. We can also obtain linear equations as shown in
Equation (55). By solving the system of linear Equation (55), the left boundary fifth-order
scheme for the first derivative ux is easily obtained. With a similar method, we can also
get the fifth-order boundary schemes for the first derivatives

{
uy, uz

}
and the sixth-order

boundary schemes for the second derivatives
{

uxx, uyy, uzz
}

.

(ux)i,j,k + αn (ux)i−1,j,k = (bnui,j,k + bn−1ui−1,j,k + bn−2ui−2,j,k + bn−3ui−3,j,k + bn−4ui−4,j,k)/hr,

i = Nx; j = 0, 1, · · · , Ny; k = 0, 1, · · · , Nz.
(55)

(uy
)

i,j,k + α0 (uy
)

i,j+1,k = (b0ui,j,k + b1ui,i+1,k + b2ui,j+2,k + b3ui,j+3,k + b4ui,j+4,k)/hb

j = 0; i = 0, 1, · · · , Nx; k = 0, 1, · · · , Nz.
(56)

(uy
)

i,j,k + αn (uy
)

i,j−1,k = (bnui,j,k + bn−1ui,j−1,k + bn−2ui,j−2,k + bn−3ui,j−3,k + bn−4ui,j−4,k)/h f

j = Ny; i = 0, 1, · · · , Nx; k = 0, 1, · · · , Nz.
(57)

(uz)i,j,k + α̃0 (uz)i,j,k+1 = (b̃0ui,j,k + b̃1ui,i,k+1 + b̃2ui,j,k+2 + b̃3ui,j,k+3 + b̃4ui,j,k+4)/hd

i = 0, 1, · · · , Nx; j = 0, 1, · · · , Ny; k = 0.
(58)

(uz)i,j,k + α̃n (uz)i,j,k−1 = (b̃nui,j,k + b̃n−1ui,j,k−1 + b̃n−2ui,j,k−2 + b̃n−3ui,j,k−3 + b̃n−4ui,j,k−4)/hu

i = 0, 1, · · · , Nx; j = 0, 1, · · · , Ny; k = Nz.
(59)

(uxx)i,j,k + α̂0(uxx)i+1,j,k = (b̂0ui,j,k + b̂1ui+1,j,k + b̂2ui+2,j,k + b̂3ui+3,j,k)/h2
l
+ [b̂4(ux)i,j,k

+b̂5(ux)i+1,j,k + b̂6(ux)i+2,j,k]/hl i = 0; j = 0, 1, · · · , Ny; k = 0, 1, · · · , Nz.
(60)

(uxx)i,j,k + α̂n(φxx)i−1,j,k = (b̂nui,j,k + b̂n−1ui−1,j,k + b̂n−2ui−2,j,k + b̂n−3ui−3,j,k)/h2
r

+[b̂n−4(ux)i,j,k + b̂n−5(ux)i−1,j,k + b̂n−6(ux)i−2,j,k]/hr

i = Nx; j = 0, 1, · · · , Ny; k = 0, 1, · · · , Nz.

(61)

(uyy)i,j,k +
_
α 0(uyy)i,j+1,k = (

_
b 0ui,j,k +

_
b 1ui,j+1,k +

_
b 2ui,j+2,k +

_
b 3ui,j+3,k)/h2

b
+ [

_
b 4(uy)i,j,k

+
_
b 5(uy)i,j+1,k +

_
b 6(uy)i,j+2,k]/hb j = 0; i = 0, 1, 2 · · · , Nx; k = 0, 1, · · · , Nz.

(62)

(uyy)i,j,k +
_
α n(uyy)i,j−1,k = (

_
b nui,j,k +

_
b n−1ui,j−1,k +

_
b n−2ui,j−2,k +

_
b n−3ui,j−3,k)/h2

f

+[
_
b n−4(uy)i,j,k +

_
b n−5(uy)i,j−1,k +

_
b n−6(uy)i,j−2,k]/h f

j = 0; i = 0, 1, 2 · · · , Nx; k = 0, 1, · · · , Nz.

(63)

(uzz)i,j,k + α′0(uzz)i,j,k+1 = (b′0ui,j,k + b′1ui,j,k+1 + b′2ui,j,k+2 + b′3ui,j,k+3)/h2
z + [b′4(uz)i,j,k

+b′5(uz)i,j,k+1 + b′6(uz)i,j,k+2]/hzk = 0; i = 0, 1, · · · , Nx; j = 0, 1, · · · , Ny.
(64)
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(uzz)i,j,k + α′n(φzz)i,j,k−1 = (b′nui,j,k + b′n−1ui,j,k−1 + b′n−2ui,j,k−2 + b′n−3ui,j,k−3)/h2
z

+[b′n−4(uz)i,j,k + b′n−5(uz)i,j,k−1 + b′n−6(uz)i,j,k−2]/hz

i = Nx; j = 0, 1, · · · , Ny; k = 0, 1, · · · , Nz

(65)

The above coefficients are placed in Appendix C.

3. Numerical Experiments

We utilize the following three test problems with exact solutions to verify the accuracy
and reliability of the BCD scheme on nonuniform grids. These test problems are defined on
the unit cube Ω = [0, 1]3. Considering the asymmetry of the coefficient matrix induced by
the BCD scheme on nonuniform grids, we employ the BICGSTAB (k) iterative method with
k set to 2 to address the issue. This value (k = 2) has previously been demonstrated to be the
most efficient step count before a restart [35,36]. All iterative procedures are started with
zero initial guesses and are terminated when the Euclidean norm of the residual vector is
reduced by 1010. All calculations are conducted on a personal computer with an Intel(R)
core (TM) i3-5005U double 2.0 GHz CPU and 4 GB memory. The numerical results of the
BCD scheme on nonuniform grids are compared with those in Refs. [33,34]. The maximum
absolute error and convergence rate are defined as follows:

Error(N) = Max
0≤i,j,k≤N

∣∣∣∣u(xi, yj, zk)− ui,j,k

∣∣∣∣ Rate =
log(Error(N1)/Error(N2))

log(N2/N1)

where, the symbols u(xi, yj, zk) and ui,j,k represent the exact solution and the numerical solu-
tion at the point (xi, yj, zk), respectively. Error(N1) and Error(N2) represent the maximum
absolute errors for two different numbers of grids with N1 and N2, respectively.

3.1. Problem 1

Considering the 3D Poisson equation

−(uxx + uyy + uzz) = f (x, y, z), 0 ≤ x, y, z ≤ 1

with the exact solution and source term

u(x, y, z) = (1− e(x−1)/ε)(1− e(y−1)/ε)(1− e(z−1)/ε)/(1− e−1/ε)
3

f (x, y, z) = ε−2(1− e−
1
ε )
−3

[e
x−1

ε (1− e
y−1

ε )(1− e
z−1

ε )

+e
y−1

ε (1− e
x−1

ε )(1− e
z−1

ε ) + e
z−1

ε (1− e
x−1

ε )(1− e
y−1

ε )]

The Dirichlet boundary condition is determined by the exact solution. We first discuss
the Poisson equation. It was used as a numerical example to test the performance of the
HOC schemes on nonuniform grids in Refs. [33,34], respectively. ε is a parameter that
adjusts the exact solution. When ε is significantly small, the solution of Problem1 exhibits
boundary layers along x = 1, y = 1, and z = 1. Consequently, a nonuniform grid along
three coordinate directions with clustering near x = 1, y = 1, and z = 1 is employed using
the following grid-stretching functions:

xi =
i

Nx
+

λ

π
sin(

iπ
Nx

), yj =
j

Ny
+

λ

π
sin(

jπ
Ny

), zk =
k

Nz
+

λ

π
sin(

kπ

Nz
)

where Nx, Ny, and Nz are the number of the sub-interval in the x, y, and z direction,
respectively. λ is the stretching parameter controlling the density of grid points in the three
coordinate directions. When λ = 0, the grids are converted to a uniform grid, and when λ
is closer to 1, more grid points are distributed near x = 1, y = 1, and z = 1. Table 1 displays
the maximum absolute error and convergence rate with different ε and λ for Problem 1,
which are calculated by the BCD scheme on the uniform and nonuniform grids. We choose
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stretching parameters λ = 0.5, 0.7, 0.9 according to the value of ε = 0.1, 0.05, and 0.01,
respectively. It can be observed that for ε = 0.1 and ε = 0.05, the BCD schemes on both
uniform and nonuniform grids maintain their respective theoretical accuracy. However,
when ε is reduced to 0.05, the convergence rate of the BCD scheme on uniform grids
declines to almost half of their theoretical accuracy, while the theoretical convergence rate
of the BCD scheme on nonuniform grids is preserved. Furthermore, the computations
on nonuniform grids attain notably better accuracy compared to those on uniform grids.
Tables 2 and 3, respectively, demonstrate the maximum absolute error and convergence rate
obtained by solving Problem 1 with the BCD schemes on nonuniform grids and uniform
grids and are compared with the results of the HOC scheme on nonuniform grids with
λ = 0.3, 0.5, 0.8, and on uniform grids in Ref. [34]. The numerical results show that under
the nonuniform grids, the calculation results of the BCD scheme are more accurate than
those of the HOC scheme [34]. It is not difficult to find that schemes on uniform grids have
similar conclusions. Figure 3 shows grid distribution, the contours of the exact solution,
and the contours of the numerical solution on uniform grids and nonuniform grids with
323 grids when ε = 0.01 and λ = 0.9, while Figure 4 demonstrates the maximum absolute
errors of the presented BCD scheme under the same conditions. We can also observe that
for steeper boundary layers, the BCD schemes on nonuniform grids have higher accuracy
and resolution than the BCD scheme on uniform grids, and the maximum absolute errors
on nonuniform grids in the boundary layer are much smaller than that on uniform grids.

Figure 3. The number results for Problem 1 on Gird 323, ε = 0.01 in the plane z = 0.8125 (for uniform
grid) and z = 0.8163 (for nonuniform grid): (a) Stencil of grids (λ = 0.9); (b) Exact solution, as well as
the numerical solutions of (c) Uniform grids; and (d) Nonuniform grids.
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Figure 4. When ε = 0.01 : (a) The absolute error on uniform grids in the plane z = 0.8125, (b) The
absolute error on nonuniform grids in the plane z = 0.8163 (λ = 0.9) for Problem 1 with 323 grids.

Table 1. Comparison of the maximum absolute error and convergence rate of the BCD schemes
between uniform grids and nonuniform grids for Problem 1.

Grid Number
BCD on Uniform Grids BCD on Nonuniform Grids

Error Rate Error Rate

ε = 0.1
163 4.50 × 10−4 1.38 × 10−5

243 4.33 × 10−5 5.77 6.08 × 10−7 7.70
323 7.54 × 10−6 6.07 8.88 × 10−8 6.69
403 1.82 × 10−6 6.37 1.98 × 10−8 6.72
643 8.57 × 10−8 6.50 8.12 × 10−10 6.79

ε = 0.05
163 1.64 × 10−2 3.94 × 10−5

243 2.32 × 10−3 4.82 4.47 × 10−6 5.37
323 4.92 × 10−4 5.39 8.83 × 10−7 5.64
403 1.37 × 10−4 5.73 2.44 × 10−7 5.76
643 7.82 × 10−6 6.09 1.49 × 10−8 5.95

ε = 0.01
163 8.94 × 10−1 3.59 × 10−3

243 6.18 × 10−1 0.91 4.21 × 10−4 5.28
323 3.74 × 10−1 1.74 8.54 × 10−5 5.54
403 2.17 × 10−1 2.44 2.38 × 10−5 5.73
643 4.45 × 10−2 3.37 1.87 × 10−6 5.41

Table 2. Comparison of the maximum absolute error and convergence rate between the BCD scheme
and the HOC scheme in Ref. [34] on uniform grids for Problem 1.

Grid Number
HOC [34] on Uniform Grids BCD on Uniform Grids

Error Rate Error Rate

ε = 0.1
163 3.28 × 10−4 4.50 × 10−4

323 2.13 × 10−5 3.94 7.54 × 10−6 5.92
643 1.36 × 10−6 3.97 8.57 × 10−8 6.44

ε = 0.05
163 5.01 × 10−3 1.64 × 10−2

323 3.26 × 10−4 3.94 4.92 × 10−4 5.06
643 2.12 × 10−5 3.94 7.82 × 10−6 5.97

ε = 0.01
163 6.65 × 10−1 8.94 × 10−1

323 1.45 × 10−1 2.20 3.74 × 10−1 1.26
643 1.38 × 10−2 3.39 4.45 × 10−2 3.07
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Table 3. Comparison of the maximum absolute error and convergence rate between the BCD scheme
and the HOC scheme [34] on nonuniform grids for Problem 1.

Grid Number
HOC [34] on Nonuniform Grids BCD on Nonuniform Grids

Error Rate Error Rate

ε = 0.1
163 5.05 × 10−5 1.38 × 10−5

323 3.19 × 10−6 3.98 8.88 × 10−8 7.28
643 2.00 × 10−7 4.00 8.12 × 10−10 6.77

ε = 0.05
163 3.60 × 10−4 3.94 × 10−5

323 2.24 × 10−5 4.01 8.83 × 10−7 5.48
643 1.39 × 10−6 4.01 1.49 × 10−8 5.89

ε = 0.01
163 8.46 × 10−3 3.59 × 10−3

323 5.06 × 10−4 4.06 8.54 × 10−5 5.39
643 3.12 × 10−5 4.02 1.87 × 10−6 5.50

3.2. Problem 2

Next, considering the 3D convection–diffusion equation with variable coefficients with
the exact solution and source term

−ε(uxx + uyy + uzz) +
1

1 + y
uy = f (x, y, z), 0 ≤ x, y, z ≤ 1

u(x, y, z) = z(ey−x + 2−1/ε(1 + y)1+1/ε)

f (x, y, z) = −2εzey−x +
z

1 + y
ey−x + 2

−1
ε (1 +

1
ε
)(1 + y)(1− z)

1
ε
− 1

The Dirichlet boundary condition is determined by the exact solution, where ε is the
diffusion coefficient and is also a parameter to adjust the exact solution. When ε is small, the
solution to Problem 2 produces a vertical boundary layer at y = 1. As a result, a uniform
grid along the x and z directions is employed, and a nonuniform grid with clustering near
y = 1 is employed along the y direction by the following stretching function:

yj =
j

Ny
+

λ

π
sin(

jπ
Ny

)

If λ = 0, the grids are changed to uniform. Tables 4 and 5, respectively, display the
maximum absolute error and convergence rate obtained by solving Problem 2 with the BCD
scheme on nonuniform grids with λ = 0.1, 0.5, 0.92 and on uniform grids, and compared
with the results of the HOC scheme on nonuniform grids with λ = 0.1, 0.2, 0.55, and on
uniform grids in Ref. [34]. The numerical results show that under the nonuniform grids,
the calculated results of the presented BCD scheme are more accurate than those of the
HOC scheme [34]. In addition, the BCD scheme on uniform grids has similar conclusions.
When ε is equal to 0.1, 0.05, and 0.01, the maximum absolute error, convergence rate,
and CPU time, which are calculated by the presented BCD scheme on uniform grids and
nonuniform grids for Problem 2, are displayed in Table 6. It can be found that the computed
accuracy on uniform grids deteriorates dramatically with the decrease of ε. Especially for
ε = 0.01, a low-quality solution is obtained by the BCD scheme on uniform grids, while an
accurate solution is obtained by the BCD scheme on nonuniform grids, and the fifth-order
convergence rates are kept for all cases on nonuniform grids. However, the BCD scheme
on nonuniform grids consumes slightly more CPU time than that on uniform grids under
the same convergence conditions. To demonstrate the accuracy of the presented BCD
scheme, Figure 5 displays grid distribution, the contours of the exact solution, and the
contours of the numerical solution on uniform grids and nonuniform grids with 323 grids.
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To demonstrate the accuracy of the proposed BCD scheme, Figure 5 displays the grid
distribution, contours of the exact solution, and contours of the numerical solution on both
uniform and nonuniform grids, when ε = 0.01 and λ = 0.85. We can also observe that the
BCD scheme on nonuniform grids exhibits higher accuracy and resolution compared to the
BCD scheme on uniform grids. Additionally, the maximum absolute errors in the boundary
layers on nonuniform grids are significantly smaller than those on uniform grids.

Figure 5. When ε = 0.01 in the plane z = 0.5625 : (a) Stencil of the nonuniform grids (λ = 0.92);
(b) The exact solution on nonuniform grids; (c) The absolute error on uniform grids, (d) The maximum
absolute error on nonuniform grids for Problem 2 with 323 grids.

Table 4. Comparison of the maximum absolute error and convergence rate between the BCD scheme
and the HOC scheme [34] on nonuniform grids for Problem 2.

Grid Number
HOC [34] on Nonuniform Grids BCD on Nonuniform Grids

Error Rate Error Rate

ε = 0.1
163 1.23 × 10−6 1.20 × 10−6

323 7.57 × 10−8 4.02 1.27 × 10−8 6.56
643 4.72 × 10−9 4.00 1.21 × 10−10 6.71

ε = 0.05
163 1.58 × 10−5 1.71 × 10−5

323 9.37 × 10−7 4.08 7.73 × 10−8 7.79
643 5.79 × 10−8 4.02 6.97 × 10−10 6.79

ε = 0.01
163 1.24 × 10−3 1.56 × 10−4

323 6.08 × 10−5 4.35 7.08 × 10−6 4.46
643 3.86 × 10−6 3.98 1.39 × 10−7 5.67
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Table 5. Comparison of the maximum absolute error and convergence rate and convergence rate
between the BCD scheme and the HOC scheme [35] on uniform grids for Problem 2.

Grid Number
HOC [34] on Uniform Grids BCD on Uniform Grids

Error Rate Error Rate

ε = 0.1
163 5.89 × 10−6 2.30 × 10−6

323 3.67 × 10−7 4.00 2.56 × 10−8 6.49
643 2.29 × 10−8 4.00 2.46 × 10−10 6.70

ε = 0.05
163 1.25 × 10−4 3.57 × 10−4

323 7.95 × 10−6 3.97 6.01 × 10−6 5.89
643 4.95 × 10−7 4.01 7.04 × 10−10 6.42

Table 6. Comparison of the maximum absolute error, convergence rate, and CPU time of the BCD
scheme between uniform grids and nonuniform grids for Problem 2.

Grid Number
BCD on Uniform Grids BCD on Nonuniform Grids

Error Rate CPU Error Rate CPU

ε = 0.1
163 2.30 × 10−6 377.02 1.20 × 10−6 368.76
243 1.71 × 10−7 6.41 945.70 8.65 × 10−8 6.48 935.80
323 2.56 × 10−8 6.60 1979.74 1.27 × 10−8 6.67 1938.75
403 5.84 × 10−9 6.62 3294.52 2.88 × 10−9 6.65 3267.10
643 2.46 × 10−10 6.73 11,497.21 1.21 × 10−10 6.74 11,607.82

ε = 0.05
163 3.57 × 10−4 370.28 1.71 × 10−5 349.66
243 3.46 × 10−6 5.75 1434.50 5.28 × 10−7 8.58 892.31
323 6.01 × 10−6 6.08 1881.50 7.73 × 10−8 6.68 1948.70
403 1.48 × 10−6 6.28 3121.33 1.69 × 10−8 6.81 3184.98
643 7.04 × 10−8 6.48 11,867.19 6.97 × 10−10 6.78 12,392.76

ε = 0.01
163 2.59 × 10−1 1.37 449.88 1.56 × 10−4 7.59 534.23
243 9.99 × 10−2 2.35 1085.34 2.99 × 10−5 4.07 1041.01
323 3.99 × 10−2 2.70 2191.68 7.08 × 10−6 4.46 2360.45
403 1.71 × 10−2 3.80 3647.55 2.08 × 10−6 5.49 3771.67
643 2.00 × 10−3 4.32 21,577.83 1.39 × 10−7 5.76 22,842.95

3.3. Problem 3

Last, considering the 3D convection–diffusion equation with variable coefficients

−(uxx + uyy + uzz) + pux + quy + ruz = f (x, y, z), 0 ≤ x, y, z ≤ 1

in which

p = −x(1− y)(2− z), q = −y(1− z)(2− x), r = −z(1− x)(2− y)

f (x, y, z) = ε−1(1− e1/ε)
−1

[ex/ε(ε−1 − p)

+ey/ε(ε−1 − q) + ez/ε(ε−1 − r)]

for which the exact solution is

u = (e
x
ε + e

y
ε + e

z
ε − 2)/(e

1
ε − 1)

The Dirichlet boundary condition is determined by the exact solution, where ε is a
parameter that adjusts the exact solution. When ε is small, this problem has thin boundary
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layers near x = 1, y = 1, and z = 1. Thus, a nonuniform grid along the three directions
with clustering near x = 1, y = 1, and z = 1 is used by the following stretching function:

xi =
i

Nx
+

λ

π
sin(

iπ
Nx

), yj =
j

Ny
+

λ

π
sin(

jπ
Ny

), zk =
k

Nz
+

λ

π
sin(

kπ

Nz
)

If λ = 0, the grids result in uniform. Tables 7 and 8, respectively, display the maximum
absolute error and convergence rate obtained by solving Problem 3 with the presented BCD
scheme on nonuniform grids with λ = 0.48, 0.7, 0.9, and on uniform grids, and compared
with the results of the HOC scheme on nonuniform grids with λ = 0.4, 0.6, 0.8, and on
uniform grids in Ref. [34].

Table 7. Comparison of the maximum absolute error and convergence rate between the BCD scheme
and the HOC scheme [34] on nonuniform grids for Problem 3.

Grid Number
HOC [34] on Nonuniform Grids BCD on Nonuniform Grids

Error Rate Error Rate

ε = 0.1
163 3.13 × 10−5 1.30 × 10−5

323 1.97 × 10−6 3.99 1.25 × 10−7 6.70
643 1.23 × 10−7 4.00 1.12 × 10−9 6.80

ε = 0.05
163 2.28 × 10−4 4.38 × 10−5

323 1.40 × 10−5 4.03 9.09 × 10−7 5.59
643 8.68 × 10−7 4.01 1.82 × 10−8 5.64

ε = 0.01
163 5.54 × 10−3 3.63 × 10−3

323 3.37 × 10−4 4.04 8.68 × 10−5 5.39
643 2.11 × 10−5 4.00 1.52 × 10−6 5.84

Table 8. Comparison of the maximum absolute error and convergence rate between the BCD scheme
and the HOC scheme [34] on uniform grids for Problem 3.

Grid Number
HOC [34] on Uniform Grids BCD on Uniform Grids

Error Rate Error Rate

ε = 0.1
163 6.17 × 10−4 5.09 × 10−4

323 3.91 × 10−5 3.98 8.01 × 10−6 5.99
643 2.46 × 10−6 3.99 8.96 × 10−8 6.48

ε = 0.05
163 9.90 × 10−3 1.74 × 10−2

323 6.48 × 10−4 3.93 5.10 × 10−4 5.09
643 4.10 × 10−5 3.98 8.01 × 10−4 5.99

Table 9 demonstrates the maximum absolute error and convergence rate calculated by
the BCD scheme on uniform grids and nonuniform grids for Problem 3. As the parameter
ε decreases, the boundary layer becomes thinner, necessitating a more clustered grid
arrangement to accurately capture the local singular behavior within the boundary layer.
The numerical results show that for ε = 0.1, ε = 0.05, the BCD scheme on both nonuniform
and uniform grids can achieve their theoretical accuracy, and the computed result of the
BCD scheme on nonuniform grids is the most accurate. Especially when ε = 0.01, the
accuracy of the two schemes on uniform grids decreases to almost less than half of their
theoretical accuracy, while the two schemes on nonuniform grids can keep their theoretical
accuracy for all cases. Figure 6 demonstrates grid distribution, the contours of the exact
solution, and the contours of the numerical solution on both uniform grids and nonuniform
grids with 323 grids when ε = 0.01 and λ = 0.9, respectively. It is determined that the
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numerical results on uniform grids are unsatisfactory, whereas an extremely accurate
solution is achieved on nonuniform grids, which is nearly indistinguishable from the exact
solution. In addition, the maximum absolute error of the BCD scheme on nonuniform grids
is the smallest.

Table 9. Comparison of the maximum absolute error and convergence rate on uniform grids and
nonuniform grids for Problem 3.

Grid Number
BCD on Uniform Grids BCD on Nonuniform Grids

Error Rate Error Rate

ε = 0.1
163 5.09 × 10−4 1.30 × 10−5

243 4.66 × 10−5 5.89 8.58 × 10−7 6.70
323 8.01 × 10−6 6.12 1.25 × 10−7 6.69
403 1.92 × 10−6 6.40 2.74 × 10−8 6.80
643 8.96 × 10−8 6.52 1.12 × 10−9 6.80

ε = 0.05
163 1.74 × 10−2 4.38 × 10−5

243 2.35 × 10−3 4.94 5.84 × 10−6 4.97
323 5.10 × 10−4 5.30 9.09 × 10−7 6.47
403 1.39 × 10−4 5.82 1.77 × 10−7 7.33
643 8.01 × 10−6 6.07 1.82 × 10−8 4.84

ε = 0.01
163 8.97 × 10−1 3.63 × 10−3

243 6.60 × 10−1 0.76 4.45 × 10−4 5.18
323 3.79 × 10−1 1.93 8.68 × 10−5 5.68
403 3.80 × 10−1 0.01 2.52 × 10−5 5.54
643 4.49 × 10−2 4.54 1.52 × 10−6 5.97

Figure 6. Results for Problem 3: when ε = 0.01 in the plane z = 0.8125 (for uniform grids) and
z = 0.8163 (for nonuniform grids): (a) Stencil of grids (λ = 0.9); (b) Exact solution, the absolute errors
of (c) Uniform grids; (d) Nonuniform grids with 323 grids.
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4. Concluding Remarks

In this paper, we have employed Taylor series expansion and remainder modification
techniques of Truncation error to devise a high-order BCD scheme for the 3D convection–
diffusion equation on nonuniform grids. The characteristics of the BCD scheme are easy
to understand and implemented, as the scheme only requires a stencil with 19 points to
enable it to achieve its theoretical accuracy (fifth-to-sixth order) for those problems with
boundary layers and local large gradients. To ensure consistency in accuracy with interior
points, we have formulated fifth- and sixth-order boundary schemes for first and second
derivatives, respectively. The resulting equations are efficiently solved using the hybrid
bi-conjugate gradient stabilized method.

To validate the efficacy and accuracy of the BCD scheme, we have solved three
numerical examples with exact solutions and compared the numerical results with those
in the literature. The numerical results indeed reveal the superiority of the BCD scheme,
which can reach fifth-to-sixth-order accuracy and is better than the BCD scheme on uniform
grids, as well as the high-order compact scheme on nonuniform grids in the literature. This
scheme is considered to be very effective in capturing the boundary layers or local large
gradients present in the solution domain.

In future research, we are planning to extend the BCD scheme to solve other 3D partial
differential equations, such as the 3D Helmholtz equation, 3D parabolic equations, 3D
incompressible Navier–Stokes equations, etc. These equations have various applications
in science and engineering, such as image reconstruction by hypoelliptic diffusion [37],
mathematical neuroscience [38], etc.

Furthermore, since all the computations discussed in this paper were conducted on
a personal computer, an exciting avenue for future research lies in exploring how these
techniques could be adapted or scaled to tackle more computationally demanding problems.
This would likely involve the use of multiprocessor computers, allowing for significant
increases in processing power and speed.
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Appendix A

The coefficients of the high-order BCD scheme on nonuniform grids for the 3D CDE
are demonstrated as follows:

C̃0 = − 2C1
α1h2

x
+ C2γ1

α1hx
− 2C3

α2h2
y
+ C4γ2

α2hy
− 2C5

α3h2
z
+ C6γ3

α3hz
− B7γ1γ2

α1hxα2hy
− B8γ3γ2

α3hzα2hy
− B9γ1γ3

α1hxα3hz

+ 2B10γ1
α1hxα2h2

y
+ 2B11γ1

α1hxα3h2
z
+ 2B12γ2

α1h2
xα2hy

+ 2B13γ2
α2hyα3h2

z
+ 2B14γ3

α1h2
xα3hz

+ 2B15γ3
α2h2

yα3hz

C̃1 = 2C1θl
α1β1h2

x
+

C2θ2
l

α1β1hx
− B7γ2θ2

l
α1β1hxα2hy

− B9γ3θ2
l

α1β1hxα3hz
+

2B10θ2
l

α1β1hxα2h2
y
+

2B11θ2
l

α1β1hxα3h2
z

− 2B12γ2θl
α1β1h2

xα2hy
− 2B14γ3θl

α1β1h2
xα3hz

,

C̃2 = 2C3θb
α2β2h2

y
+

C4θ2
b

α2β2hy
− B7γ1θ2

b
α1hxα2β2hy

− B8γ3θ2
b

α1β1hxα3hz
− 2B10γ1θb

α1hxα2β2h2
y
+

2B12θ2
b

α1h2
xα2β2hy

+
2B13θ2

d
α2β2hyα3h2

z
− 2B15γ3θd

α2β2h2
yα3hz

,

C̃3 = 2C1θr
α1β1h2

x
− C2θ2

r
α1β1hx

+ B7γ2θ2
r

α1β1hxα2hy
+ B9γ3θ2

r
α1β1hxα3hz

− 2B10θ2
r

α1β1hxα2h2
y
− 2B11θ2

r
α1β1hxα3h2

z

− 2B12γ2θr
α1β1h2

xα2hy
− 2B14γ3θr

α1β1h2
xα3hz

,

C̃4 =
2C3θ f

α2β2h2
y
−

C4θ2
f

α2β2hy
+

B7γ1θ2
f

α1hxα2β2hy
+

B8γ3θ2
f

α1β1hxα3hz
− 2B10γ1θ f

α1hxα2β2h2
y
−

2B12θ2
f

α1h2
xα2β2hy

−
2B13θ2

f

α2β2hyα3h2
z
− 2B15γ3θ f

α2β2h2
yα3hz

,

C̃5 = 2C5θd
α3β3h2

z
+

C6θ2
d

α3β3hz
− B8γ2θ2

d
α2hyα3β3hz

− B9γ1θ2
d

α1hxα2β2hz
− 2B11γ1θd

α1hxα3β3h2
z
− 2B13γ2θd

α2hyα3β3h2
z

+
2B14θ2

d
α1h2

xα3β3hz
+

2B15θ2
d

α2h2
yα3β3hz

,

C̃6 = 2C5θu
α3β3h2

z
− C6θ2

u
α3β3hz

+ B8γ2θ2
u

α2hyα3β3hz
+ B9γ1θ2

u
α1hxα2β2hz

− 2B11γ1θu
α1hxα3β3h2

z
− 2B13γ2θu

α2hyα3β3h2
z

− 2B14θ2
u

α1h2
xα3β3hz

− 2B15θ2
u

α2h2
yα3β3hz

,

C̃7 = − B7θ2
l θ2

b
α1β1hxα2β2hy

− 2B10θbθ2
l

α1β1hxα2β2h2
y
− 2B12θlθ

2
b

α1β1h2
xα2β2hy

,

C̃8 =
B7θ2

r θ2
b

α1β1hxα2β2hy
+ 2B10θbθ2

r
α1β1hxα2β2h2

y
− 2B12θrθ2

b
α1β1h2

xα2β2hy
,

C̃9 = −
B7θ2

r θ2
f

α1β1hxα2β2hy
+

2B10θ f θ2
r

α1β1hxα2β2h2
y
+

2B12θrθ2
f

α1β1h2
xα2β2hy

,

C̃10 =
B7θ2

l θ2
f

α1β1hxα2β2hy
− 2B10θ f θ2

l
α1β1hxα2β2h2

y
+

2B12θl θ
2
f

α1β1h2
xα2β2hy

,

C̃11 = − B9θ2
l θ2

d
α1β1hxα3β3hz

− 2B11θdθ2
l

α1β1hxα3β3h2
z
− 2B14θl θ

2
d

α1β1h2
xα3β3hz

,

C̃12 = − B8θ2
dθ2

b
α2β2hyα3β3hz

− 2B13θdθ2
b

α2β2hyα3β3h2
z
− 2B15θbθ2

d
α2β2h2

yα3β3hz
,

C̃13 =
B9θ2

r θ2
d

α1β1hxα3β3hz
+ 2B11θdθ2

r
α1β1hxα3β3h2

z
− 2B14θrθ2

d
α1β1h2

xα3β3hz
,

C̃14 =
B8θ2

f θ2
d

α2β2hyα3β3hz
+

2B13θdθ2
f

α2β2hyα3β3h2
z
− 2B15θ f θ2

d
α2β2h2

yα3β3hz
,

C̃15 =
B9θ2

l θ2
u

α1β1hxα3β3hz
− 2B11θuθ2

l
α1β1hxα3β3h2

z
+ 2B14θlθ

2
u

α1β1h2
xα3β3hz

,
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C̃16 =
B8θ2

b θ2
u

α2β2hyα3β3hz
− 2B13θuθ2

b
α2β2hyα3β3h2

z
+ 2B15θbθ2

u
α2β2h2

yα3β3hz
,

C̃17 = − B9θ2
r θ2

u
α1β1hxα3β3hz

+ 2B11θuθ2
r

α1β1hxα3β3h2
z
+ 2B14θrθ2

u
α1β1h2

xα3β3hz
,

C̃18 = −
B8θ2

uθ2
f

α2β2hyα3β3hz
+

2B13θuθ2
f

α2β2hyα3β3h2
z
+

2B15θ f θ2
u

α2β2h2
yα3β3hz

,

C10 = B4 + d̃16 +
B1(γ

2
1+α1)γ1

α1hx(γ2
1−α1)

+ B7γ2
α2hy

+ B9γ3
α3hz
− 2B10

α2h2
y
− 2B11

α3h2
z
,

C11 =
B1(γ

2
1+α1)θ

2
l

α1β1hx(γ2
1−α1)

, C12 =
B7θ2

b
α2β2hy

+ 2B10θb
α2β2h2

y
,

C13 = − B1(γ
2
1+α1)θ

2
r

α1β1hx(γ2
1−α1)

, C14 = −
B7δ2

f
α2β2hy

+
2B10θ f

α2β2h2
y
,

C15 =
B9θ2

d
α3β3hz

+ 2B11θd
α3β3h2

z
, C16 = − B9θ2

u
α3β3hz

+ 2B11θu
α3β3h2

z
,

C20 = B5 + d̃26 +
B2(γ

2
2+α2)γ2

α2hy(γ2
2−α2)

+ B7γ1
α1hx

+ B8γ3
α3hz
− 2B12

α1h2
x
− 2B13

α3h2
z
,

C21 =
B7θ2

l
α1β1hx

+ 2B12θl
α1β1h2

x
, C22 =

B2(γ
2
2+α2)θ

2
b

α2β2hy(γ2
2−α2)

,

C23 = − B7θ2
r

α1β1hx
+ 2B12θr

α1β1h2
x
, C24 = −

B2(γ
2
2+α2)θ

2
f

α2β2hy(γ2
2−α2)

,

C25 =
B8θ2

d
α3β3hz

+ 2B13θd
α3β3h2

z
, C26 = − B8θ2

u
α3β3hz

+ 2B13θu
α3β3h2

z
,

C30 = B6 + d̃36 +
B3(γ

2
3+α3)γ3

α3hz(γ2
3−α3)

+ B8γ2
α2hy

+ B9γ1
α1hx
− 2B14

α1h2
x
− 2B15

α2h2
y
,

C31 =
B9θ2

l
α1β1hx

+ 2B14θl
α1β1h2

x
, C32 =

B8θ2
b

α2β2hy
+ 2B15θb

α2β2h2
y
,

C33 = − B9θ2
r

α1β1hx
+ 2B14θr

α1β1h2
x
, C34 = −

B8θ2
f

α2β2hy
+

2B15θ f

α2β2h2
y
,

C35 =
B3(γ

2
3+α3)θ

2
d

α3β3hz(γ2
3−α3)

, C36 = − B3(γ
2
3+α3)θ

2
u

α3β3hz(γ2
3−α3)

C40 = d̃15 +
2B1hxα1γ2

1+3γ1(γ
2
1−α1)d̃15

3α1hx(γ2
1−α1)

− 2(B16+d̃13)

α1h2
x

+ B12γ2
α2hy

+ B14γ3
α3hz

C41 =
2B1hxα1γ1+3(γ2

1−α1)d̃15
3α1β1hx(γ2

1−α1)
δ2

l +
2(B16+d̃13)θl

α1β1h2
x

, C42 =
B12θ2

b
α2β2hy

,

C43 = − 2B1hxα1γ1+3(γ2
1−α1)d̃15

3α1β1hx(γ2
1−α1)

δ2
r +

2(B16+d̃13)θr
α1β1h2

x
, C44 = −

B12θ2
f

α2β2hy
,

C45 =
B14θ2

d
α3β3hz

, C46 = − B14θ2
u

α3β3hz
,

C50 = d̃25 +
2B2hyα2γ2

2+3γ2(γ
2
2−α2)d̃25

3α2hy(γ2
y−αy)

− 2(B17+d̃23)

α2h2
y

+ B10γ1
α1hx

+ B15γ3
α3hz

C51 =
B10θ2

l
α1β1hx

, C52 =
2B2hyα2γ2+3(γ2

2−α2)d̃25

3α2β2hy(γ2
y−αy)

θ2
b +

2(B17+d̃23)

α2β2h2
y

θb,

C54 = − 2B2hyα2γ2+3(γ2
2−α2)d̃25

3α2β2hy(γ2
y−αy)

θ2
f +

2(B17+d̃23)

α2β2h2
y

θ f ,

C53 = − B10θ2
r

α1β1hx
, C55 =

B15θ2
d

α3β3hz
, C56 = − B15θ2

u
α3β3hz

,

C60 = d̃35 +
2B3hzα3γ2

3+3γ3(γ
2
3−α3)d̃34

3α3hz(γ2
z−αz)

− 2(B18+d̃33)

α3h2
z

+ B11γ1
α1hx

+ B13γ2
α2hy

,
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C61 =
B11θ2

l
α1β1hx

, C62 =
B13θ2

b
α2β2hy

, C63 = − B11θ2
r

α1β1hx
, C64 = −

B13θ2
f

α2β2hy
,

C65 =
2B3hzα3γ3+3(γ2

3−α3)d̃34
3α3β3hz(γ2

z−αz)
θ2

d +
2(B18+d̃33)

α3β3h2
z

θd,

C66 = − 2B3hzα3γ3+3(γ2
3−α3)d̃34

3α3β3hz(γ2
z−αz)

θ2
u +

2(B18+d̃33)

α3β3h2
z

θu.

where:
C1 = 2α1B1

α1−γ2
1
+ d̃12, C2 = p + d̃11, C3 = ( 2α2B2

α2−γ2
2
+ d̃22),

C4 = q + d̃21, C5 = ( 2B3α3
α3−γ2

3
+ d̃32), C6 = r + d̃31.

Appendix B

The coefficients of the high-order BCD scheme on nonuniform grids for the 3D CDE
are demonstrated as follows:

δxδyui,j,k =
1

α1β1α2β2hxhy
(θ2

l θ2
b ui+1,j+1,k − θ2

r θ2
b ui−1,j+1,k + θ2

r θ2
f ui−1,j−1,k

−θ2
l θ2

f ui+1,j−1,k + β1γ1β2γ2ui,j,k + θ2
l β2γ2ui+1,j,k + θ2

b β1γ1ui,j+1,k

−θ2
r β2γ2ui−1,j,k − θ2

f β1γ1ui,j−1,k),

(A1)

δxδ2
yui,j,k =

2
α1β1hxα2β2h2

y
(θbθ2

l ui+1,j+1,k − θbθ2
r ui−1,j+1,k − θ f θ2

r ui−1,j−1,k

+θ f θ2
l ui+1,j−1,k − β2β1γ1ui,j,k − β2θ2

l ui+1,j,k + θbβ1γ1ui,j+1,k + β2θ2
r ui−1,j,k

+θ f β1γ1ui,j−1,k),

(A2)

δyδ2
xui,j,k =

2
α1β1h2

xα2β2hy
(θlθ

2
dui+1,j+1,k + θrθ2

dui−1,j+1,k − θrθ2
uui−1,j−1,k

−θlθ
2
uui+1,j−1,k − β1β2γ2ui,j,k + θl β2γ2ui+1,j,k − βxθ2

dui,j+1,k + θrβ2γ2ui−1,j,k

+θ2
uβ1ui,j−1,k),

(A3)

δxδzui,j,k =
1

α1β1α3β3hxhz
(θ2

l θ2
dui+1,j,k+1 − θ2

r θ2
dui−1,j,k+1 + θ2

r θ2
uui−1,j,k−1

−θ2
l θ2

uui+1,j,k−1 + β1γ1β3γ3ui,j,k + θ2
l β3γ3ui+1,j,k + θ2

dβ1γ1ui,j,k+1

−θ2
r β3γ3ui−1,j,k − θ2

uβ1γ1ui,j,k−1),

(A4)

δxδ2
z ui,j,k =

2
α1β1hxα3β3h2

z
(θdθ2

l ui+1,j,k+1 − θdθ2
r ui−1,j,k+1 − θuθ2

r ui−1,j,k−1

+θuθ2
l ui+1,j,k−1 − β3β1γ1ui,j,k − β3θ2

l ui+1,j,k + θdβ1γ1ui,j,k+1 + β3θ2
r ui−1,j,k

+θuβ1γ1ui,j,k−1),

(A5)

δzδ2
xui,j,k =

2
α1β1h2

xα3β3hz
(θlθ

2
dui+1,j,k+1 + θrθ2

dui−1,j,k+1 − θrθ2
uui−1,j,k−1

−θlθ
2
uui+1,j,k−1 − β1β3γ3ui,j,k + θl β3γ3ui+1,j,k − βxθ2

dui,j,k+1 + θrβ3γ3ui−1,j,k

+θ2
uβ1ui,j,k−1),

(A6)

δyδzui,j,k =
1

α3β3α2β2hzhy
(θ2

dθ2
b ui,j+1,k+1 − θ2

uθ2
b ui,j+1,k−1 + θ2

uθ2
f ui,j−1,k−1

−θ2
dθ2

f ui,j−1,k+1 + β3γ3β2γ2ui,j,k + θ2
dβ2γ2ui,j,k+1 + θ2

b β3γ3ui,j+1,k

−θ2
uβ2γ2ui,j,k−1 − θ2

f β3γ3ui,j−1,k),

(A7)
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δzδ2
yui,j,k =

2
α3β3hzα2β2h2

y
(θbθ2

dui,j+1,k+1 − θbθ2
uui,j+1,k−1 − θ f θ2

uui,j−1,k−1

+θ f θ2
dui,j−1,k+1 − β2β3γ3ui,j,k − β2θ2

dui,j,k+1 + θbβ3γ3ui,j+1,k + β2θ2
uui,j,k−1

+θ f β3γ3ui,j−1,k),

(A8)

δyδ2
z ui,j,k =

2
α2β2hyα3β3h2

z
(θdθ2

b ui,j+1,k+1 − θdθ2
f ui,j−1,k+1 − θuθ2

f ui,j−1,k−1

+θuθ2
b ui,j+1,k−1 − β3β2γ2ui,j,k − β3θ2

b ui,j+1,k + θdβ2γ2ui,j,k+1 + β3θ2
f ui,j−1,k

+θuβ2γ2ui,j,k−1).

(A9)

Appendix C

The coefficients of the fifth-order left boundary scheme for the ux:

a0 = (3k1 + 2k2 + k3 + 4k1k2+2k1k3 + k2k3 + k1k2
2+2k2

1k2 + k2
1k3+3k2

1 + k3
1 + k2

2 + k1k2k3 +1)

/(k3
1+2k2

1k2 + k3k2
1 + k1k2

2 + k1k2k3
)
,

b0 = −(12k1 + 8k2 + 4k3 + 12k1k2+6k1k3+3k2k3+2k1k2
2+4k2

1k2+2k2
1k3+9k2

1+2k3
1+3k2

2

+2k1k2k3 +5)/(3 k1 + 2k2 + k3 + 4k1k2+2k1k3 + k2k3 +5)

/(3 k1 + 2k2 + k3 + 4k1k2+2k1k3 + k2k3 + k1k2
2+2k2

1k2 + k2
1k3+3k2

1 + k3
1 + k2

2 + k1k2k3 +1),

b1 = −(−2k6
1 − 8k5

1k2 − 4k5
1k3 − 3k5

1 − 12k4
1k2

2 − 12k4
1k2k3 − 10k4

1k2 − 2k4
1k2

3 − 5k4
1k3

+3k4
1 − 8k3

1k3
2 − 12k3

1k2
2k3 − 12k3

1k2
2 − 4k3

1k2k2
3 − 12k3

1k2k3 + 8k3
1k2 − 2k3

1k2
3 + 4k3

1k3

+7k3
1 − 2k2

1k4
2 − 4k2

1k3
2k3 − 6k2

1k3
2 − 2k2

1k2
2k2

3 − 9k2
1k2

2k3 + 8k2
1k2

2 − 3k2
1k2k2

3 + 8k2
1k2k3

+14k2
1k2 + 2k2

1k2
3 + 7k2

1k3 + 3k2
1 − k1k4

2 − 2k1k3
2k3 + 4k1k3

2 − k1k2
2k2

3 + 6k1k2
2k3 + 9k1k2

2

+2k1k2k2
3 + 9k1k2k3 + 4k1k2 + 2k1k2

3 + 2k1k3 + k4
2 + 2k3

2k3 + 2k3
2 + k2

2k2
3 + 3k2

2k3 + k2
2

+k2k2
3 + k2k3)/(k6

1 + 4k5
1k2 + 2k5

1k3 + 6k4
1k2

2 + 6k4
1k2k3 + k4

1k2
3 + 4k3

1k3
2 + 6k3

1k2
2k3

+2k3
1k2k2

3 + k2
1k4

2 + 2k2
1k3

2k3 + k2
1k2

2k2
3),

b2 = (2k1 + 2k2 + k3 + 2k1k2 + k1k3 + k2k3 + k2
1 + k2

2 +1)/(k3
1k2

2 + k3
1k2k3 + k2

1k2
2 + k2

1k2k3
)
,

b3 = −(2k1 + k2 + k3 + k1k2 + k1k3 + k2
1 +1)/(k3

1k2k3+3k2
1k2

2k3 + k2
1k2k3+3k1k3

2k3+2k1k2
2k3

+k4
2k3 + k3

2k3
)
,

b4 = (2k1 + k2 + k1k2 + k2
1 +1)/(k3

1k2k3 + k3
1k2

3+3k2
1k2

2k3+6k2
1k2k2

3 + k2
1k2k3+3k2

1k3
3 + k2

1k2
3+3k1k3

2k3

+9k1k2
2k2

3+2k1k2
2k3+9k1k2k3

3+4k1k2k2
3+3k1k4

3+2k1k3
3 + k4

2k3+4k3
2k2

3 + k3
2k3+6k2

2k3
3+3k2

2k2
3

+4k2k4
3+3k2k3

3 + k4
3 + k5

3
)
.

(A10)

The coefficients of the fifth-order right boundary scheme for the ux:



Axioms 2023, 12, 651 26 of 29

αn = (3v1 + 2v2 + v3 + 4v1v2+2v1v3 + v2v3 + v1v2
2+2v2

1v2 + v2
1v3+3v2

1 + v3
1 + v2

2 + v1v2v3 +1)/(
v3

1+2v2
1v2 + v3v2

1 + v1v2
2 + v1v2v3

)
,

bn = (12v1 + 8v2 + 4v3 + 12v1v2+6v1v3+3v2v3+2v1v2
2+4v2

1v2+2v2
1v3+9v2

1+2v3
1+3v2

2+2v1v2v3 +5)

/(3 v1 + 2v2 + v3 + 4v1v2+2v1v3 + v2v3 + v1v2
2+2v2

1v2 + v2
1v3+3v2

1 + v3
1 + v2

2 + v1v2v3 +1),

bn−1 = (−2v6
1 − 8v5

1v2 − 4v5
1v3 − 3v5

1 − 12v4
1v2

2 − 12v4
1v2v3 − 10v4

1v2 − 2v4
1v2

3 − 5v4
1v3 + 3v4

1 − 8v3
1v3

2

−12v3
1v2

2v3 − 12v3
1v2

2 − 4v3
1v2v2

3 − 12v3
1v2v3 + 8v3

1v2 − 2v3
1v2

3 + 4v3
1v3 + 7v3

1 − 2v2
1v4

2 − 4v2
1v3

2v3

−6v2
1v3

2 − 2v2
1v2

2v2
3 − 9v2

1v2
2v3 + 8v2

1v2
2 − 3v2

1v2v2
3 + 8v2

1v2v3 + 14v2
1v2 + 2v2

1v2
3 + 7v2

1v3 + 3v2
1 − v1v4

2

−2v1v3
2v3 + 4v1v3

2 − v1v2
2v2

3 + 6v1v2
2v3 + 9v1v2

2 + 2v1v2v2
3 + 9v1v2v3 + 4v1v2 + 2v1v2

3 + 2v1v3 + v4
2

+2v3
2v3 + 2v3

2 + v2
2v2

3 + 3v2
2v3 + v2v2

3 + v2
2 + v2v3)/(v6

1 + 4v5
1v2 + 2v5

1v3 + 6v4
1v2

2 + 6v4
1v2v3 + v4

1v2
3

+4v3
1v3

2 + 6v3
1v2

2v3 + v2
1v4

2 + 2v3
1v2v2

3 + 2v2
1v3

2v3 + v2
1v2

2v2
3),

bn−2 = −(2v1 + 2v2 + v3 + 2v1v2 + v1v3 + v2v3 + v2
1 + v2

2 +1)/(v3
1v2

2 + v3
1v2v3 + v2

1v2
2 + v2

1v2v3
)
,

bn−3 = (2v1 + v2 + v3 + v1v2 + v1v3 + v2
1 +1)/(v3

1v2v3+3v2
1v2

2v3 + v2
1v2v3+3v1v3

2v3+2v1v2
2v3 + v4

2v3 + v3
2v3
)
,

bn−4 = −(2v1 + v2 + v1v2 + v2
1 +1)/(v3

1v2v3 + v3
1v2

3+3v2
1v2

2v3+6v2
1v2v2

3 + v2
1v2v3+3v2

1v3
3 + v2

1v2
3+3v1v3

2v3

+9v1v2
2v2

3+2v1v2
2v3+9v1v2v3

3+4v1v2v2
3+3v1v4

3+2v1v3
3 + v4

2v3 + v3
2v2

3 + v3
2v3+6v2

2v3
3+3v2

2v2
3+4v2v4

3

+3v2v3
3 + v4

3 + v5
3
)
.

(A11)

The coefficients of the sixth-order left boundary scheme for the uxx:

α̂0 = −(3 k1 + k2+2k1k2 + k2
1k2+3k2

1 + k3
1 +1)/(k3

1 + k2
1k2
)
,

b̂0 = −2(6 k4
1+12k3

1k2+33k3
1+6k2

1k2
2+51k2

1k2+69k2
1+18k1k2

2+74k1k2+63k1+15k2
2+35k2

+21)/(k4
1+2k3

1k2+4k3
1 + k2

1k2
2+6k2

1k2+6k2
1+2k1k2

2+6k1k2+4k1 + k2
2+2k2 +1),

b̂1 = 2(6 k7
1+18k6

1k2+9k6
1+18k5

1k2
2+24k5

1k2 − 3k5
1+6k4

1k3
2+21k4

1k2
2 − 7k4

1k2 − 3k4
1

+6k3
1k3

2 − 7k3
1k2

2 − 6k3
1k2+9k3

1 − 3k2
1k3

2 − 2k2
1k2

2+15k2
1k2+6k2

1+11k1k2
2+8k1k2+3k3

2

+3k2
2)/(k

7
1+3k6

1k2+3k5
1k2

2 + k4
1k3

2
)
,

b̂2 = −2(− k3
1+5k2

1k2 − 2k2
1+6k1k2

2+8k1k2 − k1+3k2
2+3k2)/(k6

1k2
2+2k5

1k2
2 + k4

1k2
2

)
,

b̂3 = −2(k2
1+2k1 +1)/(k5

1k2
2+5k4

1k3
2+2k4

1k2
2+10k3

1k4
2+8k3

1k3
2 + k3

1k2
2+10k2

1k5
2+12k2

1k4
2

+3k2
1k3

2+5k1k6
2+8k1k5

2+3k1k4
2 + k7

2+2k6
2 + k5

2
)
,

b̂4 = −2(9 k1+5k2+3k1k2+3k2
1 +6)/(2 k1 + k2 + k1k2 + k2

1 +1),

b̂5= 2(− 3k5
1 − 6k4

1k2 − 6k4
1 − 3k3

1k2
2 − 10k3

1k2 − 4k2
1k2

2+6k2
1 + k1k2

2+6k1k2+3k1+2k2
2+2k2

)
/(k5

1+2k4
1k2 + k3

1k2
2
)
,

b̂6= 2(k1 + k2 +1)/(k2k4
1 + k2k3

1

)
.

(A12)
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The coefficients of the sixth-order right boundary scheme for the uxx:

α̂n = −(3 v1 + v2+2v1v2 + v2
1v2+3v2

1 + v3
1 +1)/(v3

1 + v2
1v2
)
,

b̂n = −2(6 v4
1+12v3

1v2+33v3
1+6v2

1v2
2+51v2

1v2+69v2
1+18v1v2

2+74v1v2+63v1+15v2
2

+35v2 +21)/(v4
1+2v3

1v2+4v3
1 + v2

1v2
2+6v2

1v2+6v2
1+2v1v2

2+6v1v2+4v1 + v2
2+2v2 +1),

b̂n−1 = 2(6 v7
1+18v6

1v2+9v6
1+18v5

1v2
2+24v5

1k2 − 3v5
1+6v4

1v3
2+21v4

1v2
2 − 7v4

1v2

−3v4
1+6v3

1v3
2 − 7v3

1v2
2 − 6v3

1v2+9v3
1 − 3v2

1v3
2 − 2v2

1v2
2+15v2

1v2+6v2
1+11v1v2

2

+8v1v2+3v3
2+3v2

2)/(v
7
1+3v6

1v2+3v5
1v2

2 + v4
1v3

2
)
,

b̂n−2 = −2(− v3
1+5v2

1v2 − 2v2
1+6v1v2

2+8v1v2 − v1+3v2
2+3v2)/(v6

1v2
2+2v5

1v2
2 + v4

1v2
2

)
,

b̂n−3= 2(9 v1+5v2+3v1v2+3v2
1 +6)/(2 v1 + v2 + v1v2 + v2

1 +1),

b̂n−5 = −2(− 3v5
1 − 6v4

1k̃2 − 6v4
1 − 3v3

1v2
2 − 10v3

1v2 − 4v2
1v2

2+6v2
1 + v1v2

2

+6v1v2+3v1+2v2
2+2v2)/(v5

1+2v4
1k2 + v3

1v2
2
)
,

b̂n−6 = −2(v1 + v2 +1)/(v2v4
1 + v2v3

1

)
.

(A13)

where:

hl = x1 − x0, k1 = (x2 − x1)/hl , k2 = (x3 − x2)/hl , k3 = (x4 − x3)/hl ,

hr = xNx − xNx−1, v1 = (xNx−1 − xNx−2)/hr, v2 = (xNx−2 − xNx−3)/hr,

v3 = (xNx−3 − xNx−4)/hr.

If we assume
hb = y1 − y0, k1 = (y2 − y1)/hb, k2 = (y3 − y2)/hb, k3 = (y4 − y3)/hb,
h f = yNy − yNy−1, v1 = (yNy−1 − yNy−2)/h f , v2 = (yNy−2 − yNy−3)/h f , v3 = (yNy−3 − yNy−4)/h f ,
and allow hl = hb, hr = h f substituting hl and hr into (A10)–(A13), we obtain the coefficients of
high-order boundary schemes for the first and second derivatives

{
uy, uyy

}
:

α0 = α0, αn = αn; b0 = b0, b1 = b1, b2 = b2, b3 = b3, b4 = b4, bn = bn, bn−1 = bn−1,

bn−2 = bn−2, bn−3 = bn−3, bn−4 = bn−4;
_
α 0 = α̂0,

_
α n = α̂n,

_
b 0 = b̂0,

_
b 1 = b̂1,

_
b 2 = b̂2,

_
b 3 = b̂3,

_
b 4 = b̂4,

_
b n = b̂n,

_
b n−1 = b̂n−1,

_
b n−2 = b̂n−2,

_
b n−3 = b̂n−3,

_
b n−4 = b̂n−4.

Similarly, if we assume
hd = z1 − z0, k1 = (z2 − z1)/hd, k2 = (z3 − z2)/hd, k3 = (z4 − z3)/hd,
hu = zNz − zNz−1, v1 = (zNz−1 − zNz−2)/hu, v2 = (zNz−2 − zNz−3)/hu, v3 = (zNz−3 − zNz−4)/hu,
and allow hl = hd, hr = hu, substituting hl and hr into (A10)–(A13) again, we also obtain the
coefficients of high-order boundary schemes for the first and second derivatives {uz, uzz}:

α̃0 = α0, α̃n = αn; b̃0 = b0, b̃1 = b1, b̃2 = b2, b̃3 = b3, b̃4 = b4; b̃n = bn, b̃n−1 = bn−1,

b̃n−2 = bn−2, b̃n−3 = bn−3, b̃n−4 = bn−4; α′0 = α̂0, α′n = α̂n; b′0 = b̂0, b′1 = b̂1, b′2 = b̂2,

b′3 = b̂3, b′4 = b̂4; b′n = b̂n, b′n−1 = b̂n−1, b′n−2 = b̂n−2, b′n−3 = b̂n−3, b′n−4 = b̂n−4.
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