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Abstract: The pandemic caused by COVID-19 led to serious disruptions in the preventive efforts
against other infectious diseases. In this work, a robust mathematical co-dynamical model of
COVID-19, dengue, and HIV is designed. Rigorous analyses for investigating the dynamical prop-
erties of the designed model are implemented. Under a special case, the stability of the model’s
equilibria is demonstrated using well-known candidates for the Lyapunov function. To reduce the
co-circulation of the three diseases, optimal interventions were defined for the model and the control
system was analyzed. Simulations of the model showed different control scenarios, which could
have a positive or detrimental impact on reducing the co-circulation of the diseases. Highlights of
the simulations included: (i) Upon implementation of the first intervention strategy (control against
COVID-19 and dengue), it was observed that a significant number of single and dual infection cases
were averted. (ii) Under the COVID-19 and HIV prevention strategy, a remarkable number of new
single and dual infection cases were also prevented. (iii) Under the COVID-19 and co-infection
prevention strategy, a significant number of new infections were averted. (iv) Comparing all the
intervention measures considered in this study;, it is possible to state that the strategy that combined
COVID-19/HIV averted the highest number of new infections. Thus, the COVID-19/HIV strategy
would be the ideal and optimal strategy to adopt in controlling the co-spread of COVID-19, dengue,
and HIV.
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1. Introduction

Coronavirus disease 2019 (COVID-19) is a communicable respiratory disease driven
by severe acute respiratory syndrome-corona virus-2 (SARS-CoV-2) and belongs to the
family, Coronaviridae [1,2]. The emergence of COVID-19 in the latter months of 2019
signaled the start of a global pandemic with devastating effects. The Coronaviridae group
of viruses are diverse and cause serious illness. Characteristically, these groups of viruses
are protein-enveloped, roughly spherical with glycoprotein projections, possess helical
nucleocapsid, and a genome consisting of a positive-sense single-stranded RNA (4ssRNA).
Of all RNA viruses, the coronaviruses have the largest genome size of about 32 Kb [3,4].
The onset of COVID-19 infection is characterized by some or all of the following symptoms:
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sore throat, fever, dry cough, fatigue, headache, muscle ache, loss of taste, and loss of
smell. As experienced by many patients, COVID-19 infection quickly progresses from
a mild respiratory condition to acute respiratory distress syndrome (ARDS) and then to
grievous complications [1,4]. Since the first reports of COVID-19 in Wuhan, China, several
mutants of the virus have been detected in different populations around the globe. Due
to factors such as genome editing, mutations, and high adaptability, many variants of
SARS-CoV-2 have shown an increased spread and virulent activities across the globe, as
well as higher pathogenicity, leading to poor prognosis, increased morbidity, and a high
mortality rate [1,4]. The database of the World Health Organization (WHO) is dedicated
to informing the public about global health challenges, and their COVID-19 statistics are
ever-changing. As of 4 June 2023, global records hold that 767,364,883 confirmed cases
contracted COVID-19 infection, 6,938,353 deaths occurred due to COVID-19 complications,
and about 13,375,580,553 COVID-19 vaccine doses have been administered [5]. The patho-
genesis of COVID-19 begins with SARS-CoV-2 entry via infected droplets. The spike
proteins (s-proteins) surround the viral envelope and interact with the entry receptor,
ACE?2 (angiotensin-converting enzyme 2), found in the target cells of the respiratory tract.
The binding of COVID-19 and ACE2 and the subsequent interaction with the enzyme
TMPRSS2 (transmembrane protease serine subtype 2) triggers a surge in dendritic cells,
neutrophils, monocytes, and macrophages. The release of pro-inflammatory cells results
in increased levels of pro-inflammatory proteins such as cytokines. With the initiation
and promotion of this inflammatory cascade, pathological events such as pulmonary dam-
age, ARDS, sepsis, tissue damage, and multi-organ failure occur. Target organs include
the lungs, kidney, heart, small intestine, pancreas, liver, and brain [2,6,7]. Pre-existing
health conditions such as obesity, hypertension, diabetes, and lung disease may increase
the disease burden of COVID-19 and increase morbidity [6]. However, the development
of COVID-19-specific anti-viral drugs and global mass vaccination campaigns have the
potential to halt the spread of COVID-19 and reduce morbidity.

Dengue fever (DF) is a major public health problem that is caused by dengue virus
(DV) and pathologically transmitted by the vector Aedes Aegypti [8]. The dengue virus
is responsible for about 100 million dengue fever infections annually across the globe.
Symptoms include fever, headache, rash, and myalgia. DF is prevalent in tropical and sub-
tropical regions, such as the Middle East, Africa, Asia, and South America [8]. The mortality
rate for DF is high, at about 50% for untreated patients, and morbid complications such
as dengue hemorrhagic fever (DHF) and dengue shock syndrome (DSS) are known to
occur if poorly treated [9-11]. As a result of overlapping symptoms between COVID-19
and dengue, there is a high tendency for misdiagnosis of both diseases [12]. Co-infection
between dengue and COVID-19 has been reported in different parts of the world. Patients
suffering from dual infections of dengue and COVID-19 could suffer severe illness [13].

Human immunodeficiency virus (HIV) is a global public health problem that has
claimed the lives of over 40 million persons [14]. Currently, there is an estimated 39 million
people living with HIV across the globe [15]. HIV attacks human cells and their ability to
immunologically fight infections. In the event that the viral load increases uncontrollably
and the infection is not treated appropriately, acquired immunodeficiency syndrome (AIDS)
then occurs as the final stage of HIV [16]. Globally, people living with HIV are classed
in the at-risk demographic, due to their vitiated immunity [16]. It has also been reported
that HIV patients may have an increased potential to contract and suffer severely from
COVID-19 [17,18]. In tropical regions of the world, the co-circulation of COVID-19, dengue,
and HIV is prominent [19]. It is known that the COVID-19 pandemic led to serious
disruptions in the diagnosis, treatment, and prevention efforts against other infectious
diseases [20]. Moreover, the COVID-19 pandemic disrupted humanitarian aid and increased
pressure on already weakened healthcare systems, especially in dengue/HIV-endemic
countries, thus making it very difficult to handle simultaneous outbreaks of multiple
diseases, due to insufficient manpower and supplies [21].
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According to estimates, 0.4% of the sexually active population of Argentina is infected
with HIV. The prevalence is higher among transsexual women and men who have sex with
men (MSM), where it is respectively between 12% and 34% [22]. Additionally, roughly
37.5% of men and 30% of women receive late HIV diagnosis [22]. Arboviral disease
epidemics spread by Aedes mosquitoes have emerged in Argentina in the past 20 years [23].
The northern and central provinces of the country have reported cases of dengue fever,
chikungunya, and Zika [24]. The first-ever dengue outbreak in Argentina’s central area
occurred in 2009. Since then, incidences of frequent dengue outbreaks have been reported
every year, with the largest outbreak occurring in the year 2020, when more than 50% of all
cases in the nation occurred in that region [25].

In order to model the dynamics of multiple infectious diseases, optimal control has
proven to be a useful method. A thorough analysis of a dynamical model for the Zika virus
with optimal control was carried out by Khan et al. [26]. Jan et al. [27] analyzed a dengue
viral intervention model. Ullah et al. [28] examined a hepatitis B viral model with optimal
control. In addition, the authors in [29] studied a COVID-19 and dengue co-infection model
with optimal management, utilizing Brazilian data as a case study. They demonstrated that a
COVID-19- or dengue-specific preventive strategy would be sufficient to control both illnesses.
Using actual data from Yemen, Hezam [30] created a revolutionary dynamical optimum
control model for COVID-19 and chikungunya outbreaks. The authors of [31] investigated a
dynamical optimal control model for COVID-19 and Zika virus. Other models with optimal
intervention measures can also be found in previously published papers [32-37].

The rest of this paper is structured as follows: In Section 2, a novel mathematical model
for COVID-19, dengue, and HIV co-dynamics is developed. In Section 3, the designed
model is qualitatively analyzed using bifurcation and stability analyses. In Section 4,
optimal controls are incorporated into the model to adequately mitigate the co-spread
of the diseases. In Section 5, numerical experiments for assessing optimal intervention
strategies for curtailing triple infections are reported. The conclusions, limitations of the
study, and further research directions are presented in Section 6. This study is novel and
we hope it will open up further research in this area.

2. Model Formulation

The total population at any time ¢ is denoted by N, (t) and comprises susceptible or
vulnerable humans Sj,(t); COVID-19 infected Z(t); dengue infected Z;(t); HIV infected
Zy(t), COVID-19 and dengue infected Z ,4(t); COVID-19 and HIV infected Z(t); dengue
and HIV infected Zy,(t); and COVID-19, dengue, and HIV infected Z.4,(t), with R(t)
standing for COVID-19 or dengue recovered individuals. The total mosquito population
Ny (t)(t) comprises susceptible or uninfected mosquitoes: S, (t) and infected mosquitoes
with dengue, Z7(t). Recruitment into the human environment is represented by A;,. Sus-
ceptible or uninfected persons S;, can become infected with any of the three infections at

B1(Zc +Ia.i/\4/rfch +Zen ) 5}515 B3 (Tn+Zen+Zan+ZLean)
T b T

concurrent transmission of COVID-19 and HIV at the rate % The term py, is the natural
death rate. Individuals in the COVID-19-infected stage, dengue -infected, and HIV-infected
compartments may die due to the diseases at the rates ¢., ¢4, and ¢y, respectively. Indi-
viduals in the COVID-19-infected class can also become co-infected with either dengue

or HIV at the rates Pz, =it and B 3(1”+If’}\71”’h *Lea) , respectively. Similarly, those infected

h
with dengue or HIV can become infected with COVID-19 at the rate PrlLet T +IC" *Len)

Individuals co-infected with COVID-19 and dengue can become infected with HIV at the
rate £3Z +If’}\J/r LintTan) Those infected with COVID-19 and HIV can become infected with

h
ATy
;;h

the rates

, respectively. We have also assumed

dengue at the rate , while those infected with dengue and HIV can also become infected

with COVID-19 at the rate £ 1(IC+I”/’\J/F it Legn) . Recovery rates for dengue- and COVID-19-
infected individuals are defined by 74 and Z., respectively. We have also assumed that
after recovery from COVID-19, an individual has some immunity against re-infection [38],
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with x denoting the COVID-19 re-infection rate. However, recovery from dengue does not
confer any immunity, and an individual can become re-infected, just like the susceptibles.
Recovered individuals are also susceptible to HIV infection. In addition, we have assumed
co-infection with the three diseases, which is possible [39]. Moreover, concurrent trans-
mission of either COVID-19 and dengue or HIV and dengue is not captured in the model,
as it has not yet been clinically documented whether a mosquito or human can transmit
COVID-19 and dengue or HIV and dengue concurrently.

In order to avoid complications in the model, asymptomatic classes for either COVID-19
or dengue were not assumed. The model also considered only the HIV infection stage, without
assuming the full-blown AIDS stage. Although the authors recognize that asymptomatic
individuals could play a crucial role in the transmission dynamics of infectious diseases,
by omitting asymptomatic classes, the model fails to capture the full spectrum of disease
severity and transmission patterns. This could also result in an incomplete representation
of the interactions between the three viral diseases and their impact on the population.
By excluding asymptomatic individuals and those with full-blown AIDS, the model may
underestimate the true burden of each disease and their interactions. Individuals with full-
blown AIDS may experience different clinical outcomes and interactions with COVID-19 and
dengue compared to those with HIV infection alone. The authors also acknowledge that
the findings of this study may have limited generalizability to real-world scenarios, since
asymptomatic individuals and those with full-blown AIDS are excluded. Thus, future work
in this regard is desirable, to fill the research gap that this study has created. Moreover, there
is not much information available regarding vaccine or infection-acquired cross-protection
between COVID-19, HIV, and dengue. There is no detailed clinical information on whether
the currently available COVID-19 or dengue vaccines could cross-protect against infection
with HIV. It should be stated that understanding the potential cross-protection between
vaccines for COVID-19, dengue, and HIV is crucial. Future research will focus on evaluating
the potential cross-reactivity or immune interactions between vaccines, exploring whether
vaccination against one disease could provide a degree of cross-protection against the other
two, and assessing the potential impacts on disease severity and transmission dynamics. The
model parameters and flow chart (describing other transitions in the model) are presented in
Table 1 and Figure 1, respectively.

dsy, — Ay — <.Bl(Ic + Ty + Loy +chl1) + % n 133(Ih +Zep + Zan +Ifﬂh) + .Bifth +,llh>8hr
h

dt Ny n N
dz, I+ T, 7 Z hTY In+Z, T, 7
¢ _ Pr(Ze+ T+ T+ th)(8}1+KR>7(475+€L'+’471) B3 ”II Bs(Zn + Zon + Zan + cdh)IC’
dt Ni N
a7, T T+ Ty + Iy + T, T+ Len + Tap + Leg
4 _ (S;Z+R) (¢d+§d+#}z)fd—ﬁ1( ctZea+ Lo+ mh)zd_ﬁs( i+ Zen + Zan + 1h)l-d’
ar N N
dz Z +Zey + Ly + Z, Ie+Zog+Zy + I,
dth b g e+ Lear) (Sn+R) +GeZon + CaZan + GeaTean — (P + Hn)Tn — IES chh ch + Zeah) Iy
1
hIU
2Ly
— 7
N, D
dz, ATy T+ Tu+Za+ 1 T+ Ton + Zan + L,
«d _ B2 A7, Bi( cd +Zen th) (ot + Lot + ) Lot — Bs(Zn + Zen + Zan M)Im,
dt A/h h ‘/\/h
dZoy _ PraZan B3(Zn + Loy + Zan + chh) 4 Pr@et+ Tea + Ton + Zean)
i N (Sp+R)+ N N, Iy + CaZean 1)

h7v

T
- (‘Pch + Qe+ ,”}Z)Ich - ﬁz d Ten,
Ml

dZay  B3(Zn + Zon + Zan + Lean) Br(Te 4 Tea + Loy + Toan)

ﬁhIU
Iy + ﬂfh + &cZean — (Pan + Ca + ) Zan —

dat N N, Zan,
dZ, 3(Zn + Loy + Zan + It Ze +Zeg + Iy + 1,
dc:h _ Bs(Tn Ch/\/h ah dh)ZEd n 'sz\/dzch n B1(Ze ch ch fdlx)zh — (ot + Te + Ca + Lot + pn) Lo
4
dR Bi(Ze+ Ta+ Za+ Ten) | B3Zi | B3(Tu+ Zon + Zan + Zean) 4 Pula
== =T T T — R,
T, CeZe +CaZy + CeaZea <K N, + N, + N N +
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It Ay ( N, + 1y | S,
dZi  B5(Za+Zea + Zan + Lean)
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Table 1. Model parameters and description.

Ny

Parameter  Description Value Source
B5 Contact rate for human-mosquito

spread of dengue 0.60-0.70 day~'  [31]
R Dengue fever induced death rate 0.05 day ! [31]
Ce COVID-19 recovery rate 0.13978 day ! [40]
bc COVID-19-induced death rate 0.015 day ! [40]
Ay Recruitment rate for humans ggjégi'ggg day ! [41]
U Human natural death rate 78.071W day™ [41]
Ay Recruitment rate for mosquitoes 20,000 day ! [42]
Ho Mosquito removal rate % day~! [42]
Ca Dengue fever recovery rate 0.15 day ! [43]
B1 COVID-19 transmission rate 0.5642 day ! [44]

4 Contact rate for mosquito-human

spread of dengue 0.3427 day ! [44]
B3 HIV transmission rate 0.3425 day_1 [45]
B3 COVID-19/HIV dual-transmission rate 0.6 day ! Assumed
Ced COVID-Dengue recovery rate 0.15 day ! Assumed
o HIV induced death rate % day’1 [45]
Pcd Co-infection death rate 0.06 day’1 Assumed
Ocn Co-infection death rate 0.05 day’1 Assumed
Pan Co-infection death rate 0.05 day’1 Assumed
Pedn Co-infection death rate 0.07 day’1 Assumed
K Re-infection rate for COVID-19 0.7 day’1 [38]

Ce
v
@ BTt T Lo L) L
v h v
Figure 1. Flow chart of the model (1), where, A, = BrZetTe ':I“}‘+I“d’l) , Ay = ETI;’Y,

A = BTt ZontZantZean) 3 = BisTen

h

M h
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3. Analysis of the Model

A qualitative analysis of the formulated model without controls is carried out in
this section.

3.1. Non-Negativity of the Model Solutions

In order for system (1) to be epidemiologically meaningful, it is necessary to show that
the solutions are non-negative over the passage of time. This result is established thus:

Theorem 1. Given the initial states S;,(0) > 0,Z.(0) > 0,Z;(0) > 0,Z,(0) > 0,Z.4(0) > 0,
Zen(0) = 0,Zgy(0) = 0, Zegn(0) = 0,R(0) = 0,S,(0) = 0,Z5(0) = 0.
Then the solutions, (Sy,(t), Zc(t), Za(t), Tn(t), Zea(t), Loy (t), R(t), Su(t), Z3(t)) of system
(1) are non-negative for all time t > 0.
Proof. The 1st Equation of (1) is given by
asy(t
) Ay~ (helt) + 250 + 20(8) + Aeh(6) + 1), @
where,
PrlZe+Zea+Zon+Zean) o LTy B3(Zn + Zen + Zan + Lean) B13Zen
Ac(t) = , Ayt =—=, A= , Ag(t) = ———.
C( ) Nh d( ) Nh h Nh Ch( ) Nh
Upon the application of the integrating factor approach in (2) we obtain
p t t
T {Sh exp [/ o) +Ag(0) + Ap(0) + Agp(0) )do + pyt } Ajexp l/( 7) + AY(0) + Al ()
0 0

+)\Ch(0')>d(7+‘uht . 3)

Integrating both sides of (3) gives

t
Si(t) exp { J0cl0) + A5(0) + M) + Aan(0))d + gt | = 5(0)
0

t
— A, /0 exp [ / (Ae(0) + A2(0) + Ap(0) + Ach(e))dor + pupx | dx.

0

Thus,

t
Si(t) = Si(0) exp [— [ 0el0) + 25(0) 4+ 44(0) + Ay (0)der - yht]
0

t

_ / (Ae(0) + AY(0) + A(0) + Agp())do — yht]
0

+ exp

x Ay /Ot exp [/(/\C(U) +A5(0) + Ap(0) + Agy(0))do + }lhx] dx > 0.
0

Hence, Sj(t) > 0 for a sufficiently large time .
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A
D= {(ShrIc/Idth/chrIchrIdh/chhrR) €R, S+ T+ Ty + Ty +Leg + Loy + Loy + Lean + R < h}/

Similarly, it can be shown that
Ze(t) 2 0,Z4(t) = 0,Zy(t) 2 0,Zc4(t) = 0,Zey(t) = 0,Zan(t) = 0, Zean(t) = 0, R(t) = 0,
So(t) >0,Z5(t) > 0. O

3.2. Boundedness of the Solution
Theorem 2. The closed set D = D x D, with

Hn

Dy = {(sz,,zg) ER S, 4T < ’;}
v

is positively invariant relative to model (1).

Proof. If all the equations associated with human components are added up, this gives

AN,

T unNQ(t) = [9cZe + ¢aZa + ¢nTy + Pealea + denZen + banZan + PeanZean]- (4)

Equation (4) can be re-written as

AN,
dith < Ay — N, 5)
that is,
W) 4 Nl < A, ©

Upon application of the integrating factor approach in (6) and simplification, we obtain the
inequality

A A
A1) < B (w30) = B e
Hn Hn
which further implies that
lim sup NV, (t) < ﬂ 7)
t—o0 Hn

M . .
Thus, N, (t) < 0 for a sufficiently large £.

Similarly, NV, (t) < % Therefore, it is concluded that the system (1) is positively
invariant. [

3.3. The Basic Reproduction Number of the Model

The model’s DFE (disease-free equilibrium) is given by
Mo = (84, T, Lq, Ty, Tea: Lo Taw Tean R So, 1)
= (Ah,O,O,O,O,O,O,O,O, AU,O).
Hn

v

®)

The next generation operator approach [46] can be applied to system (1) to obtain the
reproduction number. The transfer matrices, whose dimensions correspond to the number
of infected classes of the model, that is: I, Iz, I, Iq, Ich, Lin, Ican, 13 are defined below:
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B 0 0 B B 0O P Oh #, 0 0 0 0 0 0 0
o 0 0 0 0 0 0 B 0 H, 0 0 0 O 0 0
0 0 ,33 0 153 183 133 0 0 0 Hs 0 _GC _gd _gcd 0
| ¢ 0o 0 0 0 0 0 v_|0 0 0 H 0 0 0 0 9
=10 0 0 0 B13 0 0 0| I ) 0 0 0 Hs 0 —Cs 0|
0 0 0 0 0 0 0 0 0 0 0 0 0 He —C O
0 ﬁvos ) 0 /3195 ) 0 ﬁvOS . ﬁUOS ) 0 0O 0 0 0 0 0 Hy; O
2°0v 2°0 2°0 2°0
0 FF 0 K 0 R R 0 0 0 0 0 0 0 0
where
Hi=¢c+Cc+pn, Ho=¢a+Ca+mun Hs=¢n+pn, Ha=¢Pa+Ccatpn Hs =P+ Cc+ Mn, (10)
He = Pan + Ca+1n, H7 = Pean + Gc + Ca + Cea + -
The reproduction number for system (1) is given by Ry = p(F V’l) = max

{Roc, Roa, Ron, Roci} where Roc, Roq, Ron and Ry, are the reproduction numbers for
COVID-19, dengue, HIV, and co-infection (of COVID-19 and HIV), respectively, given by

Roe — B1 _ \/ B3B3 o o = B3 Rou = P13
P+ Tt ) A3 (Pa+Ca+pn)’ (fn+mn)’ v

Ry = B
o Pen + G + 1)
3.4. Local Asymptotic Stability of the Disease Free Equilibrium (DFE) of the Model
Theorem 3. The model’s DFE, M, is locally asymptotically stable given that Ry < 1, and unsta-
ble given that Ry > 1.

Proof. The Jacobian matrix of system (1) computed at the DFE M is given by

—mn —h 0 s —B1 —(Bit+Pstpi) Pz —(Bitpy) O 0 —p
0 p1—Hi O 0 B B 0 B 0 0 0
0 0 —Hs 0 0 0 0 0 0 o B
0 0 0 Bs—Hs O B3 B3 B3+ Ce 0 0 0
0 0 0 0 —Hy 0 0 0 0o 0 0
0 0 0 0 0 B13 — Hs 0 T4 0 0 0 a1
0 0 0 0 0 0 —He 4 0o 0 0
0 0 0 0 0 0 0 My 0o 0 0
0 & G, 0 S 0 0. 0, o 0 0
0 0 —ﬁZT’ 0 —WZ? 0 —ZTIS —ﬁi 0 —u O
0 0 b 0 bes 0 bes fe 0 0 —p

The eigenvalues are given by

01=—(¢ed +Cca+1n), 0= —(Pan+8Ca+mn), 0= —(Pean+Gc+Ca+Teat+pn),
04 = —pp( with multiplicity of 2), 05 = —py,

and the zeros of the equations
0+Hi(1—Roc) =0, (12)
0+ Hs3(1—Ron) =0, (13)
0+ Hs5(1—Roen) =0, (14)
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0%+ (o + Ha)o + poHa (1 — RE,) = 0. (15)

Adopting the Routh-Hurwitz criterion, all four Equations (12)—(15) possess zeros hav-
ing negative real parts if, and only if, the reproduction numbers Ry, < 1, Rgg < 1, Rgy < 1
and Ry, < 1L Hence, the DFE M, is locally asymptotically stable if

Ro = max{Roc, Rog, Ron, Roen} < 1. O

3.5. Backward Bifurcation Analysis of the Model

In this section, we will carry out a backward bifurcation analysis of the model.
The center-manifold theory [47] (given in Appendix A) will be employed for this purpose.
We found the results below:

Theorem 4. The co-dynamical model (1) will exhibit backward bifurcation if

g 2wrtwst+wy)(Prwnvs — Bhwivs) + 2wy (kB1wava + Bawnva)
Ny
2By (w2 + we) [wav + wavy — w35 — wyVe + wrvy — Wy
Ny
_ Ba(ws + we)[wyvs + (w2 + w3 + Wy + We + w9 ) Vg — Wolg + wWsVs — wale — WaV7 — WsVg]
Ny
_ 2B13(ws +we)wevs  2P5x7p(ws + ws) (w1 + Wy + w3 + wy + wWe + wo) v
Ny Ny

B Zﬁgwu(a@m + w5 + wele — Wyvy) N 2B%wawigriy

Ny Ni

>0,

where w1, wy, w3, ..., w1 and v1,v,V3,. .., V11 represent the right and left eigenvector compo-
nents, associated with the simple zero eigenvalues of the Jacobian matrix (11) evaluated at the
infection-free equilibrium, Mg given in (8). The other parameters are the same as defined in Table 1.

Proof. Consider the case when Ry = max{Ro;, Ro4, Ron, Rocn} = 1. Suppose, further,
that a contact rate, say 13, is chosen as a bifurcation parameter. Solving for 813 = B35 from
Rocn, = 1 gives

P13 = P13 = Ms.
Using the approach in [47], the Jacobian matrix J(M) given in (11) has a right eigenvector
(linked with the zero eigenvalues of J(My)) given by w = [w1, wa, w3, .. .,wll]T, where
the components are

1 hwn
w1 = —— | B1 (W + ws + we) + B3(ws + we) + P13ws + Pheon | <0, wy = BLso w= Paom
Hn Hq Hy
1 1 85
wy=wy>0, ws=0, we=we>0,w7=wg=0, wy=—(lewr+lyw3)>0, wy= _7/32(4:3 =<0,
I Ho N
1 pyws
w = — > 0.
. N

The non-zero components of the left eigenvector of J(Mo)|p,=pr,, v = [v1,v2,...,v11],
satisfying w.v = 1 are

9Sy 1
=0 wm=v,>0, 1/3*'3271) 0, vpy=v4>0, 1/5—(,31V2+7-[hz>>0, Vg =V >0,

= >
poHo Ny Hy 4
1 H 1 H
vy = /Hé(ﬁ31/4+ ﬁhz) >0, Vg = 7{7(ﬁﬂ/z+(ﬁ3+€c)l/4+€d1/6+§cv7+‘B}%) >0, Vg = Vg =0,
2 2

_ Ny
BLBISS

V11
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Applying Theorem 4.1 in [47] and by computing the non-trivial partial differentiations of
f(x) (evaluated at DFE, (M)), the coefficients defined as

a= i vkwiwjﬁ(o,m and b= i Vw; asz*(o,o),
ki j=1 0X;0%; ki=1 0x;0P3

are computed to be

2(ws + w3 + wy) (Brwrvs — Phwiva) + 2we (kPrwavy + Pawrrvs)
Ny
2By (w2 + we) [wavs + wavy — w35 — waVe + wrvy — Wy
Ny
 Ba(wy + we)[wavs + (w2 + w3 + wy + we + Wy ) vy — wyly + W5V5 — Wl — W37 — WsVg)
Ny
~ 2B13(ws +we)wevs  2P5S; (w3 + wg) (w1 + wa + w3 + wy + we + wo)vn
Ny Ny
3 2B w11 (wavs + wavs + wele — wavy) n 2B5wawiovit

Ny NP

a=—

b = wevg > 0.

It can be observed that the backward bifurcation coefficient b is strictly greater than
zero. Thus, it is concluded, following [47], that the model (1) would undergo backward
bifurcation when the coefficient 2 > 0. The epidemiological significance of the backward
bifurcation phenomenon of system (1) is that the classical necessity of having the repro-
duction number R less than unity, even though still necessary, is no longer sufficient for
effective elimination of the diseases. [

3.6. Global Asymptotic Stability (GAS) of the Disease-Free Equilibrium for a Special Case

Studying the global properties of a full co-infection model can be difficult, due to the
strong non-linearity of the model. We shall thus consider a special case of the model when
there is no co-infection or re-infection with the same or a different disease. The reduced
model under this scenario is given below:

ds;, BiZ. BT | BTy
= Ay - Sy,
h ( TN, TN, THe e

dt N,
aZ, 7
7: = 'B/b-hc Sp— (e + G + pn)Le,
dz, hTY
T: = 5/2\/: Sp— (¢a +Ca+ pn)Za
dl, _ B3Iy (16)
i = N, o @t )T
dRrR
= bede +0ala — pR,
as °T,
di’v = Ay — ﬁji/-hdsv - ,quv/
dIg _ :BgId v
at =Ny T eh
Furthermore, consider the Lyapunov function candidate defined below:
1 °Sy 1 R
Z1=In[(S), —=S)) + L+ Ly + I + R+ (So — S)) + Z3] + et Paoy i+ T+ 217, (17)
1 ot Hs3 Mo

where S;, S, H1, Ha, and H3 are given by Equations (8) and (10).
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The Lyapunov time derivative of (17)

; 1 BiZc | BZy | BTy
Z) = Ay, —
TS =S F L+ g+ Iy + R+ (S0 5*)+Iv]< h (/\/h N, T, THe S

,Blzc ﬁh d .B
N S — (e + e+ pp)Ze + N, Sp— (¢q+Ca+mn)Zy + T'Sh —(fn + pn) Ty

“'chc +€dId _ﬂhR+Av - ('82 a "'ﬂU)SU ﬁf\/‘d‘gv VUIU)

215* th
2 (sz h—(47d+Cd+Vh)>

o

1 (Bslug Roa (Polag v)
+'H3( Nh Sy, (4>/1+,uh)1h)+ ” (Nh Sy ]led ,

4

,Blzc
(N Sp = (@c + Ge + 1)L )4‘#%2

which can be further simplified into

1
(Sh=S)+Te+Ty+ T+ R+ (S —

I v G th
— (pZe + PpaLy + 4>hIh)> (ﬁ/i/h Sy — HiZ, ) ﬁijz (ﬁ/\/h Sp— HZId>

B3Ly ) Rod <ﬁ31d v>
—_— Sy, — H3T, =S, —u,IY |.
+H3<N e e N VA A

Z = Ap— 1y (S +Te + Ty + T +R) + Ap — 1p(Sy + I¢
1 S;)+I§]< W= W (Sh+Ze+Za+ I+ R) + Ao — po(So + Z)

Simplifying further (noting that S, +Z. +Z; + I, + R < %, Sy +I7 < ;\;’
and Sy < §;), we have

< (9cZc + paZy + $nZn) (
T S =S AT AL AT R+ (So—Sp) + T3] T Ha\ N

B3ZLy S, ) Roa ( B5LaSy o
Z — —uoly |,
- ?—l3< Ny — o \ N Herd

_ (¢cZc + paZa + dnZn) n ( B1 B 1)1
[(Sh_S;)+Ic+Id+Ih+R+(SU_S;;)"‘I;H (¢c+€c+yh) ‘

5Ss BaBS N Ay BaBs 1A B3
+ 2% 2172 1|z, + 272 - R Iv+< _1)1
Mo (\/Ahﬂ%(% +Za + pn) SN AE(Pa+ Cat ) )T\ () "
B (¢cZc + paZa + ¢nln)
(Sh =S+ T+ T+ T+ R+ (So — Si) + TY|

7T S* 0S¥ hz'vs*
piZe Wc) /52Hvz (ﬁzj\/* szd>

(N
+ (Roc =1 Zc + ; “(Rog —1)Zg + Roa(Roa — 1)Z7 + (Rop, — 1) I
0
Noting that all the parameters and variables are not less than zero, it can be concluded
that Z; < 0 for Ry = max{Roc, Ros, Ron, Roer} < 1. Thus, L is an appropriate Lyapunov
candidate on Q (the DFE of model (16)). As a result, the DFE is globally asymptotically
stable [48].

3.7. Global Asymptotic Stability (GAS) of the Endemic Equilibrium Point (EEP) of the Model (1)

Theorem 5. Suppose that we assume infection-acquired immunity against re-infection with the
same or a different disease and the absence of co-infection and super-infection in the model (1). Then,
the model’s endemic equilibrium, given by Q,, is GAS in D, given that Ry > 1.

Proof. Consider the non-linear Lyapunov function:
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U Qk*
P Ll RS Sh)+z T zg*m(z G-I — T 2 ) 4 T, — T — T In ﬂ)
HZ $k *k SU v Uk Uk Iv
s (&S () e m ()|
where the terms in ** denote the solutions of system (16) at the endemic equilibrium:
piI | BRIET | BTy >
< N N;, N
I** -
ﬁ/\/’** = (¢C + gC + .uh)I
:Bh Uk
[53 (19)
N** = (¢h + ]’lh)
0L + Caly" = uR™
U **
A'U: ( J\/’** +yy)8**
v **
The Lyapunov time derivative of (18) is given by:
2= i | (=39 (- ) (=28 s e (509 (7))
Zy = 1— Sp+(1— 2 )T+ (1 -2 |y +———— |1 Sy + 7Y (20
27 ot AL i 7, )7t pigs sy 5. ) iz 20)
Substituting the derivatives in (16) into Z,, we have
. 0 Gk S** ,B T th ‘B T v Gk T ‘B T
_ M2%0 _ 1+c 274 3+h 29 _*c 14c o
Zz‘mz< ){Ah ( N TN, “‘)5 At zc)[/v S 0o & ]
‘Bvs** I** 132 v ,Bgs** I** ‘331-;1 21
STC O Nl 510
v — + o | So| + 1- So — poZly |
/338**8**( ){ (Nh : e N A AN
Substituting the expressions in (19) into (21) gives
ﬁgs** S** 11'** ‘BhIg** ‘B?,Ih ,Blz-c nBZ v 133 ’
1— Si* — S
2 FU,HZ N** N;* + N}T* V h Nh** + N** + N** +I’lh h
'US** I**
‘[:lzf}_[z <1 >|:.‘[/3\}*:Sh_ ¢C+€C+Vh) :|
[
L B2So” ;"\ | B L Basy” Zy"\ [ BsZn
1-— Sy — 7 1-— S, — 7
#ﬂb 7, ) | N7 n— (Pa+ Ca+1n)la TR I, ) | N = (@n+ pn) Ly
D)o~ (o) s ) (o)
+ o | S5 — + 4o |So| + 1- So — 1oLy |,
ﬁES**S**( ) [T o= (5 o) i3S, St A e e

which can be re-written as



Axioms 2023,12,773

13 of 30

‘Bgs** *ok U** ok *k h~v
%= ot b Sh ﬁlI FPALYT 4 BT+ Vh)sh (5110 +BaZy + B3Iy + Hh)Sh]
US** I**
52 1o Ho (1 ) [B1ZeSn — (e + Ce + pn) L]
Z)
S** ** Z)S** I**
1-— Li AR 7, y .S, — T
Hsz( 7, ) BATESh — ($a+ Ca+ n) d} H2< h)[ﬁ3h 5 — (P + 1) Zn)
,838**8** d Ho)oy 24d T Ho)oo Z,BZS;;K*S;* 7 2Lgov — Holy),
which after some algebraic manipulations is simplified to
255" *k hS**z Kok QKoK Kok ** 12**8**2 *k
— Bo 290" — S — - +2B1 TS + 2BAT St + 2B T CPEST B1Z* Sy
HoH2 Sh Sy,
BATySir  BATYVILS, B3I Spt? "
- = - — BT, 22
S, 7, S, PsZy" S (22)
'HZ |: ‘uvg**Z 72)1'2;*8;;*2 gIdIEzlJ**Svil
BipsS; sy |10 T MeSv T g, ARk S, 5
The above can be simplified to
2, = BP9 20 g (5 p Mt (h S0T
? poHo Sh - S) T BlByS Sy S
PSSy ST <2_ SS) BRSNS 8) o
HoH2 Sh Sh HoH2 S Sh
| BAB3SI STy (s-5 S0 STL S
poHo Sp So SITI, SPLLY

S,;‘* B
Sh

Sh
SZ*

As the arithmetic mean is greater than the geometric mean, the following inequalities
from (23) hold:

x *ox *k VT Rk
<0, 2—8 So <0, 4_SL_SU STl
S S Sp S SULII

Hence, Z, < 0 for Ro > 1. Therefore, 2, is a Lyapunov candidate in D\ Dy and it is
concluded that the GAS of EEP is globally asymptotically stable for Rg > 1. [

SIP I _
Sy IiT ) =

4. Optimal Control Analysis
In this section, time dependent controls will be considered for the model (1), in order

to obtain the optimal strategies for the control of the three diseases. They are defined

as follows:

¢ u;: COVID-19 prevention control: this represents all the efforts towards COVID-19
prevention (and these include COVID-19 vaccination, face-mask usage in public, use
of personal protective equipment (PPE) by health personnel, etc.);

*  uy: Dengue prevention control: this represents all the efforts to prevent mosquito
transmission of dengue disease. These include minimizing, as much as possible,
the contacts between mosquitoes and humans, use of treated bed nets, and also
receiving dengue vaccination;

¢ u3: HIV prevention control: This involves efforts to prevent HIV transmission via
abstinence and effective condom use by sexually active individuals;

*  uy: Control against co-infection: this involves combined efforts against all co-infections
(COVID-19/dengue, COVID-19/HIV, dengue/HIV as well as COVID-19/dengue/HIV).
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The optimal control problem assesses the scenarios where the number of infections,
as well as the cost of implementing the above preventive controls, 11, u, u3, and uy, are
minimized subject to system (24). We have assumed that the above defined controls may
or may not be 100% effective in preventing infections. Therefore, they are bounded thus:
0 < uy,up,u3,us <1.0. However, it is recommended that policies should be put in place to
step up preventive efforts at a very high level, so as to sufficiently reduce the co-spread of
the diseases under investigation.

The optimal system is thus given by

dsy B1(Ze +Zeg + Loy + Lean) BTy B3 (Zn + Zep + Zap + Zean)
A - (- 1—up)P2d (1 -
() o +1-u) P2 (1) -
B13Zen
1-— = S
+ ( u4) Nh + Up hr
a7, To+Tog + I + I, 7o
e () U T 0 P T) (54 ) — (g g e — (1) PR T,
1
(- uy) Bs(Zn + Ichj\';l TLan + Zean) I,
dT, hTY T+ T+ Ty + 7
T (=) (S 4 R) — (gu €+ ) T — (1 — ) BT T T H o) g
_ (1 _ u4) 133 (Ih + Ich‘/\‘/i';Idh + Irdh) Idr
dT, Ih+Zep + Loy + Z,
aTh = (1—us) Po(T ChN} an + Taan) (Sh+R) + CcZen + CaZan + CecaZean — (P + pn)Tn
1
B1(Ze + Tog + Loy + Lean) BTy
—a1- Ty — (1-uy)P2dg,

( u4) Nh h ( u4) /\/'h h
dT, hTY T+ T+ T +71
L (1w Blig o 1 PO T T W T) 7, (g )T

h h
B3(Zy + Loy + Lap + Lean)
—(1—u Ted,

(1 —uy) N, od (24)
dZ, 7 I+ I+ Loy + Z, Te+Zg+Zo+Z,
d;h _ (1_u4)ﬂ1/?(/ch (S/1+R)+(1—u4)ﬁ3( I rhN ah cdh)Ic+(1_u4)ﬁ1( c ch ch cdh)Ih_i_ngEdh

W ! T
hz‘v
- (‘PCh +lc+ .”h)Ich - (1 - ”4)Mzch/
N
T, Ty + Zop + Lap + I, v
Tfh = (1—uy) Polda ChNh ah th)Id +(1—uq) ﬁjz\/hd T+ CcZean — (Pan + Ga + vn) Zan
—(1—uy) Br(Zc + ICd/\J/E,ICh + Ith)Idh/
dZa B3 (T + Zen + Zap + Zean) BATY B1(Ze + Zog + Loy + Zean)
=(1- T 1-— 7 1-— T
dt ( u4) Ml ed + ( u4) -/\[h ch + ( u4) -/\/h dh
= (Pedn + G+ Ca + Cea + ) Lean,
dR B1(Zc + Zoa +Zap + Zean) BALY
dt = gczc + gdzd + gcd-zcd <K(1 ul) Mz + (1 uz) Mt
Iy, + 1, 7 T, 7
+(17143)%( nt chj\'}‘ an + Lean) +(17u4)ﬁb?\>[ch +Plh>73,
W W
ds, WLy +ZLog+ Ly, + I,
dtv A, <(1 7u2)l32( 4 chh an + Zean) +Hv>3m
dr? NLg+ZLog + Ly + Z,
dtd - uz)ﬁz( d chh dn cdh)Sv .

subject to the initial conditions

Sno = Su(0), Lo =Zc(0), Zgo =Z4(0), Zno =Zy(0), Zego = Zea(0), Zeno = Zen(0),  Zano = Zan(0),

(25)
Zeano = ZLedn (0)/ Ro = R(O)/ Svo = 81;(0), fi}() = Ig(o)'

We will consider the objective functional as follows:

T w w w w
J[ur, u, u3, 4] = /0 Ze+Ti+ Ty + Zeg + Zop + Ly + Lean + So + I3 + 7111% + %M% + 73M§ + %uﬁ]dt, (26)
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where T is the final time. The total cost consists of the cost for COVID-19, dengue, and
HIV preventive efforts, such as COVID-19 vaccination, treated bed nets for dengue, and
condoms for HIV prevention. Thus, the nonlinear cost function has been assumed. We seek
to find an optimal control quadruple, (u},u;, u},u}), such that

J(ui, uy, u3,uy) = min{J(uy, up, us, ug)|uq, up, us, ug € U}, (27)

where the control set U = {(uy, up, u3,us) : 0 < up(t) < 1,0 < up(t) < 1,0 <ug(t) <1,
0 <uy(t) <1lforte0,T] }, with 11, up, uz, us being Lebesgue measurable.
The Hamiltonian is defined by

X=Tc+Ts+Ty+Zeg +Len + Zan + Loan + So + I3 + %M%Jr %u§+ %ung %M
I.+ 1, 7 7 77 Iy + 1, T, 7
+01<Ah_<(1_u1)ﬁ1( ctZa+Zg+ cdh)+(1_u2)ﬁz d+(1_u3)53( i+ Zen + Zan + Lean)
Mi Nh -/\/h

+ (1 —uy) ﬁl/i/ h Vh)8h>

T+ Ty +Ty+1,
+Q2<(1*u])ﬁl( + dj\’/" n+ dh)(Sh+KR)7(¢c+€c+]’4h)ch(1 )ﬁ/Zv'd
h h
S (1-w) B3(Zn + Zon + Zan +chh)L>
N
h7o T+ T+ T + 1,
+Qs<(1fuz)ﬁf\/—d(SthR)*(¢d+§d+ﬂh)zd*(1fu4)ﬁl( . dN ok th)Id
i T
(1= Bs(Zy + Zen + Zap +chh)Id>
N,
I, + 1, T, 7,
+Q4<(1—113)ﬁ3( nt Ch/\J/; an C'”’)(S +R) 4 CcZen + TaZan + CcaZean — (P + #n)Tn
B1(Ze + Tea + Zay + Lean) BATY )
—(1-— Z,— (1— 7
(1—uy N, n— (1 — 1) N, D
Te+Zeg+Zog+1,
+0s5 ((1*144)52 47 +(1- )ﬁl( Eth h th)Id*(%deCchrﬂh)ch

—(1-

o (1) PRI (S, 4 R) 4 (1 - )

\ B3(Zn + Loy + Zap + Zean)

o Z) (28)

B3(Zy + Loy + Lan + Lean) B1(Ze + Log + Loy + Lean)
Ml M‘

T+ (1—uy) Ty + CaZean

th
(¢ch + gc + Vh) ch — (1 - u4) :B/Z\/_hd Ich)

+Q7<(17u
—(1-

+Qs<(17u

) B3(Zy + Loy + Zap + Lean)

th
N i+ (- M4)ﬁ/2\/’7:1h +CcZean — (Pan + Ca + tn) Zan

4) _N’h

Le+Tog+ Ty +Z,
u4) ﬁl( c cd ch cdh)Idh)

Ny
B3(Zn + Zep + Zap + Zean) B1(Ze + Loy + Loy + Lean)

N,

[
Zog+ (1 —uq) N, o+ (1 —ug) Zin
1

— (¢ean + G+ Ta + Cea + 1) cdh)

T4+ Tg+Ty+7T hTo
+Q9<Cc1c+CdZd+Cchcd— <K(1—u1)ﬁ1( . ch on + L) +(1—uz)ﬁ/2\/d
! !
B3 (T + Loy + Zan + Zean) B13Zen
1-— 1-—
+(1—us3 N +(1—ug) = N, + up
9(Z;+ T, 7, 7,
+Q10<Av* <(1*u2)ﬁ2( at ch‘/’: dn + th) +Vv>$v>/
)
Ly + Log + Ly + I,
+011<(1—u2)ﬁ2( d chh dh cdh)Sv_va;)),

where, 01, 02, . . ., 011 represent the adjoint variables.



Axioms 2023,12,773

16 of 30

fx,u)

(1- ”4)/3%?’(&: +R)+ (1—uy) ﬁS(Zh+Ic}}\J/ElIdh+chh)Ic +(1— uy) ‘Bl(IcJFIa.i/\J[;IchJFchh)Ih 8yt - -

T+ Lo+ T+, 7o Tt Tog+ Loy + Lot
(1 — uy) B2t Chﬁh — “ih)zchr(1—u4)ﬁ2Th"’Ich+(1—u4)ﬁ1( + ‘j\J/rh it 7,

Existence

We report the results below:

Theorem 6. Let | be defined on the control set U, subject to system (24) with non-negative
initial conditions at t = 0, then there exists an optimal control quadruple u* = (uj, u},u3z, u})
such that J(u*) = min{J(uy, up, uz, us)|u, up, us, usy € U}, if the following conditions proposed
by [49] hold:

(i) The admissible control set U is convex and closed.

(ii)  The state system is bounded by a linear function in the state and control variables.

(iii) The integrand of the objective functional in (26) is convex with respect to the controls.

(iv) The Lagrangian is no less than 1 |u|®3 — @,, where @1 > 0, > 0,03 > 1.

Proof. Let U = [0,1]* be the control set, u = (uj,us,uz,ug) € U, x = (S, L,
T4, Tno Zeas Lens Lans Lean, R, Sv, IJ) and f(x, u) be the right hand of (24), that is

T+ Zoy+ T+ 1, hto Ty oy +Lan+ Lo
Ay — ((1_u1)51( z.i/\/h nt+Zedn) +(1_u2)%+(1_u3)ﬁ3( h ;}Vh antTean)

(11— unﬁlafm + P‘h)sh,

hz—v
(1- ”1)ﬁ1(IE+L‘j\Z’Lh+Ldk) (S +KkR) — (e + Le + ) Te — (1 — u4)ﬁ2T;,dIC o

Ty T+ Zan+ Lean
.._(1_u4)ﬁ3(h ot a7

th
(1= u2) B2 (Sy + R) — (¢ + Ca + )Ty — (1 — ug) LIt Tt Tl 7,

h
B3(Zy+Zop+Lyp+1,
_(|_u> (h E?/\/’hdh cdh)I’

Ry O
(1 — ug) BBt TadTactLean) (S, 4 R) + Ty + LT + GeaZean — (b + 1) T -
TeAZog+ I+, 7o
= (1- u4)ﬁ1( + Ij\z nt dh)Ih .yl _u4)5zhd1-h,

Iy T+ T+ T+ I,
(1 - ) BET, 1 (1 — ) BEAL LT T, (01 0y ) o
o= (1= uy) /33(Ih+Ic}}\'[*‘Idh+chh)ch,

(29)

th
o= (pen + G+ pn) Loy — (1 - u4>/32ThdIchr

T+ Lo+ T+ 7o
(1 — uy) B Lot L) 7 4 (1 — 0y) BEAT 4 0 Ty — (pan + Ca + 1) T - -
co— (1= uy) B (Ic'*‘Icnle'Z’Ich'*'chh)Idh,

T cdh c d cd h)+cdhs
(Pedn + Cc + Ca+ Cea + pn)Z,

T+ T g+ T+, o
CeZe +CaZy~+ Cealea — (K(lul)ﬁl( ot 2! + (1 —u) 3t

(1 —u3) /33(Ih+qu/\J[rhIdh+chh) + (1= uy) ,Blsfch + Vh) R,

Ap — ((1 — ) ﬁg(Id'i‘Iaj\‘/_f‘Idh"rchh) + Plv) So,

h

(Tt Tog+ Ly 4T,
(1 _”2)'82( 4 f-i/\/h h dh)Sv

— Mol

To prove Theorem 6, we proceed as follows:

(i). The convexity of set U is obvious since it is 4D parallelepiped [50].
(if). The control system (24) can be expressed as a linear function of control variables
(u1,up, uz, uy), with the coefficients as functions of time and state variables:

flx,u) = 6(x) + ¢(x)u

with
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A c T4 c cdh 5Ty c h TLe c

W (.Bl (Z, Zz.i/\[h-z ntZLean) ﬁZZhd Bs(Zy+Z i}\[hldl Tean) /913:Z h ﬂh) Sh/

B1(Ze+Zog+Zep+Z, R g 7T ﬁh‘zv:Z B3 Il Tepn+Zan+Z, _Z
( ’j\[h ’ dh) (Sh K ) ((PC c ‘uh) C zwhd c ( , {/\G = dh)

[ (S +R) = (g + Ta+ un)Ty — /51(IC+IC{:1/\J/:’ICh+chh)Id _ ﬁ3(Ih+Ic}}\J;Idh+chh)Id

Cr

4

h
IIII TeA T g+ T+ Toan
Pl i) (8 4 R) - {eLon+ Laan + LoaTean — (9 + juy) Ty — PETATEar el 7,

%Ih
hTov
BrZy I + B1 (ZC+IC%Ich+ICdII — (ped + Cea + 11) Lo ﬁs(IthIc;}\ZIthchdh) T,
0(x) = ﬁlﬂch (Sp+R)+ .BB(ZhJFIcF}\J;IthFchh)I + /51(Ic+1c3\7fzch+zcdh)1'h + CiZegh - .-
— (¢en + Cc + 1n)Ten — ﬂTIch/
Blhitfug f Sl 7, 5 BTy + G — (an -+ Ca + po) Ty — B Tt Tl 7,
T+ Lo+ T+ 1, Tt Lo+ Ty + Lo
P BRI T 2 Bt gy, + Bt Lot L) 7 — (g + Ce + Ca + Coa + 1) Tean
CeTe 4 CaTy + CogTog — ( ﬁ (IC+ICL;\Z’Ich+ch}z) + % + .53(Ih+Ic}}\'ElIdh+chh) + .313Ich + Vh)R
T+ T+ T+ T
Ay — B5(Zat+ Ctj\z ant+Lean) +Ilv) S,
:312)(Id+Icz.i/\J[FhIdh+chh) Sy — T2
/S (IC+IC + ) /52 /S (I +ICI+I +Ic )
o ;'/\[ I dh S 8 3\Lh I/\[h dh dh Sh Al
ﬁ ( c+ a.i/\‘[; ch T cdh) (Sh+KR) 0 0 AZ
0 ~Bl(s,+R) 0 As
0 0 _ BTy JFIc}}\J[;Idh +Zean) (Sp+7R) A,
0 0 0 As
P(x) = 0 0 0 Ay |
0 0 0 Ay
0 0 0 Ag
<P (Ic+1c%lfch+zcdh) R ﬁZTZh; R /53(ZI1+Ich-i;Idh+chh) R PrsZen 7o
0 /312’(Id+fc%qfdh+1cdh) S, 0 0
0 _ ﬁS(Id-Fch-i:Idh*-chh) S, 0 0
where,
Ap = Bljifzch Sy Ay — ﬁjz\fdz n B3(Zy +Ichj\"/f: m +Ith)Ic,
h I
I, +T4+ZTy+7T Ty + Loy + Ly, + 1, Te+Tog+ Ty + 1, h7o
As = Pr(Zc + cd/\z ch + cdh)Id+ B3(Zn + ch/\‘/; dn + cdh)Id Ay = Pr(Zc + chﬂ/:l ch + cdh)l—h+ ﬁjz\/hdzh’
BATY B1(Ze +Teg+ Loy + Legy) B3 (T + Loy + Lap + Lean) BATY
As = — I — Iy + Tea + Zen,
N, N, N, ¢ N, ~¢
B13Zcn B3(Zy, + Loy + Zap, + Lean) B1(Zc +Zeg + Lo + Lean)
A = -8 +R) — I — Iy,
6 N, (S +R) Ny ¢ N, h
B3 (T + Loy + Ly + Lean) BATY B1(Ze +Teg+ Loy + Legy)
Ay =— Ti— T Lan
7 N, d N, n+ N, dh
 B3(Tu+Top + Ty + Lean) BATY B1(Ze + Loy + Loy + Lean)
Ag = — Tea— L

N, N, Lo~ N,
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In addition, it can be deduced that
1f e u) || < [[0Cx) |+ [l (o) [
< a+blul,
wherea >0, b > 0.
(iii). The optimal system’s Lagrangian is given by
1&, ,
L=Tc+Tyj+Ty+Zeg+Lep+ZLap+Legn +So+ L5+ 5 Y gz, (30)

(iv).

> @3 _ — 21 9 99 9%
L > wo1|u| @, where ;= mzn(2 2,2,2>>0, @y = 5

i=1

which is also convex.

There exists constants @, @,, and @3, such that the Lagrangian of the problem
L > o |u|® —wy, 01 >0,0, >0,03 > 1.

We now establish the bound on £. We note that g4ui < g4 since uy € [0,1], so that

36413 < 364. Now,
€1 2,6 2,83 2 G4 o
£>E 1—.—?1124‘? 3‘.‘?”4
C1. 2,62 2,83 2,64 2 G4
_? 1+Eu2+5u3+?u4—5
Zmin(il,iz,%,%>(u%+u%+”3+”4)_624
>mm((§21 %,% i)lm,uz,us/uz; —Q
Hence,

8 -0 and @3=2>1.

O

Theorem 7. Suppose the set u = {uy,uy, us, g} minimizes | over U , then there exist adjoint
variables 01, 02, - . ., 011, satisfying the adjoint equations

_9%0i _ oX
ot  9i’
with
0i(ty) =0,  where, i=8y,Le, L4, Ty Tear Zens Zans Loans R, Su, L5 (31)
Furthermore,
{1 T (0 B1(Zc +Zea + Zep + Zean) [Sn02 — 01) + xR (02 — 09)] > }
’ ’ &Ny ’
ind 1, max| 0 ﬁngjSh(Qg —on)+ ﬁgIgR(% —09) + B5(Za + Lea + Zan + Zoan) So(011 — 010)
7 7 62./\/']1 7 (32)
in{l max (O B3(Zn + Zen + Zan + Zean) [Sn(04 — 01) + R(0a — Q9)]) }
, ' &N, ’
{1 max (0 B1(Ze + Zea + Zen + Zean)[Za(05 — 3) + Tn(Q6 — @4) + Zan(@s — @7)] + P1 + Pa + P3
’ ’ CaN, ’
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where
@1 = BAZY[Z(05 — 02) + (07 — 04) + Zen(0s — 06))]
@ = B3(Zy + Zen + Zan + Zean)[Zc(06 — 02) + Za(07 — 03) + Zea(0s — 05)]
D3 = B13Zen[Sn(06 — 01) + R (06 — 09)]
Proof of Theorem 7. Consider U* = (uj, u3,u},u}) and S;{,Ih* 15,1y, 1,1, Loy L,

R*,S;, 17" being the associated solutions. Pontryagin’s maximum prmc1ple [51] (stated in
Appendix B) is applied, such that there exist adjoint variables satisfying

dQ1 _ oX sz _ oX ng oX

“ar as,y al) =0 G =an et) =0 5 =g al) =0

dQ4 _ 87/\? _ dQ5 _0X _ dQ6 oX _

ar ~ag,; U =0 Ty Tary el =0 mgs =gy el =0 (33)
_dor _ oX _o s _ oX _o _Y0 _oX _

dt - aIdh, Q7(tf) — Y dt = aIthr QS(tf) _0/ dt = aR/ Q9(tf) _O/

doyg _ 0X doj; o0&

TTdt asy Qu(tf) =0, 77:815' on(ts) =0

On the interior of the set, where 0 < uj <1 VY (j=1,...,4), we have that

0= 5= aNuug = [B1(Ze + Lea + Lon + Lean) [Sh(@2 — @1) + kR (02 = 09)1],

0=5,= &N — [BSZ5S) (03 — 01) + BAZIR(03 — 09) + B5(Za + e + Lan + Lean) Su(011 — 010)], a0
0= 2)7/\? = GaNuu3 — [B3(Zn + Zon + Zan + Zean) [Sn(0a — 01) + R(0s — 09)]],

0=5.,= CaNuy — [Br(Ze + Zea + Zen + Zean) [Za(05 — 03) + Zn(06 — 04) + Zan(0s — 07)] + P1 + P2 + D3,

where ® = 13745y, (06 — 01) + B13Zch R (06 — 07).

Therefore,
ul = B1(Zc+Zy+ Ty +chh)[3h(02 —01) +xR(02 — Q9)}
&N,
uE = BAZYS (03 — 1) + ,331573( 03— 09) + B5(Zg + g + Lap + Lean)Sv(011 — 010)
2 §2M1 ’ (35)
o P (Zn + Zep + Zap, + Zean) [Sn(04 — 01) + R(04 — 99)}
3=
&Ny
yt = P1Ze+ Zoa+ Lop + Lean) [Za(05 — 03) + Zu(@6 — 04) +Zan(0s — 07)] + P1 + P2 + B3
N &Ny '
g min{l T (0 Br(Ze + Lo + Zep + Lean) [Sn(02 — 01) + kR (02 — 09)] > }
! ’ ’ &N, ’
i — mind Lmax |0 BALyS(03 — 01) + B3T3 R(03 — 09) + B5(Za + Tea + Lan + Lean)So(@11 — e1o)
z ’ ’ N ’ 36)
S min{l o (0 B3(Zn + Lo + Zan + Zean) [Sn(0a — €1) + R(04 — Q9)]) }
3 ’ ’ G3N, ’
u = min{l o (0 B1(Zc + Zey + Zen + Zean) [Za(05 — @3) + Zn(06 — 04) + Zan(0s — 07)] + P1 + P2 + P3
7 7 C4Nh .

O

5. Numerical Simulations

For the simulations carried out in this paper, demographic data and initial condi-
tions were related to the sexually active population in Argentina. All parameter values
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used were as presented in Table 1, except otherwise stated. The initial conditions used
were: Sp,(0) = 28,000,000, Z.(0) = 80,000, Z;(0) = 240, Z,(0) = 70, Z,4(0) = 100,
Z4(0) = 100, Z,,(0) = 100, Z.q;,(0) = 80, R(0) = 1000, S,(0) = 1,000,000, Z7(0) = 500,000.
Numerical experiments were carried out with the optimized system (24), adjoint
Equations (33), as well as control characterizations (36) and implemented in MATLAB
using the forward backward sweep method in [52]. It is worth mentioning that the weight
constants have a theoretical function, just to illustrate the control strategies adopted in this
work. The weight constants are assumed thus: w; = 50, wp = 50, w3 = 80, w4 = 100.

5.1. Strategy A: Assessment of COVID-19 and Dengue Combined Preventive Controls
(uq #0,uy #0)

Numerical experiments to assess COVID-19 and dengue combined preventive controls,
when the reproduction number is given by Ry = 2.8480, are depicted in Figure 2a-g. It
is observed that, when this intervention measure was adopted, 6,999,856 new cases of
COVID-19 were averted (as shown in Figure 2a). The strategy also averted 62,800 new
dengue cases (as noticed in Figure 2b). This control scenario saved 384,200 new HIV cases
(see Figure 2c). A total of 768,845 new co-infection cases were prevented using this strategy
(as seen in Figure 2d—g). In general, this control scenario saved a total of 8,215,701 single
and co-infection cases. The profiles for the combined effects of controls u; and u; that
constitute this strategy are given in Figure 2h. It can be observed that the control #; was
at its peak for more than half of the simulation period, while the control 1, had a longer
peak value for almost all the simulation period. It is also interesting to mention that these
conclusions were reached based on the parameter values given in Table 1.

5.2. Strategy B: Assessment of COVID-19 and HIV Combined Preventive Controls
(uy # 0,u3 #0)

Numerical experiments to assess COVID-19 and HIV combined preventive controls
when the reproduction number is given by Ry = 2.8480, are depicted in Figure 3a—g. It
can be observed that this experimental scenario had a large positive impact on most single
and co-infection cases. In particular, a total of 6,999,860 COVID-19 cases were averted
under this intervention scheme (Figure 3a). The detrimental impact of this control scheme
can be observed for dengue infection (Figure 3b). In addition, this intervention scheme
saved 928,085 new HIV cases (Figure 3c). Co-infection cases averted were 769,235, as can
be observed in Figure 3d—g. The combined single and co-infection cases prevented using
this strategy were 8,697,180. The control profiles for the combined preventive efforts are
given in Figure 3h. It is observed that control #; was at its peak for about 75 days from the
onset of simulation, before decreasing gradually to zero at the final time. Similarly, control
uz was at its peak for about 112 days, before steadily reducing to zero at the end of the
simulation period. It is also interesting to note that these conclusions were reached based
on the parameter values given in Table 1.

5.3. Strategy C: Assessment of COVID-19 and Co-Infection Combined Preventive Controls
(u1 7 0,us 7#0)

Numerical experiments to assess COVID-19 and co-infection combined preventive con-
trols when the reproduction number was given by R = 2.8480 are depicted in Figure 4a—g.
For instance, this intervention scheme saved a total of 6,999,843 new COVID-19 cases
(as seen in Figure 4a). The detrimental impact of this control measure was observed for
dengue infection (as noticed n Figure 4b). A total of 665,700 new HIV cases were also
averted using this measure (as seen in Figure 4c). In addition, 770,536 co-infection cases
were averted with this intervention scheme, as can be observed in Figure 4d—g. The control
profiles for the combined preventive efforts are given in Figure 4h. It can be observed that
control u; was at its peak for the first 70 days from the beginning of the simulation, while
control 14 was also at its peak value for about 87 days before gradually declining at the end
of the simulation period.
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Figure 2. Assessment of COVID-19 and dengue combined preventive controls for human epidemio-
logical compartments. Here, 1 = 0.2642; B3 = 0.1425; 13 = 0.1541;[%3 = 0.7427; B5 = 0.60, so that
RO = max{ROC, ROdi ROh/ROCh} =2.8480 > 1.
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Figure 3. Assessment of COVID-19 and HIV combined preventive controls for human epidemio-
logical compartments. Here, 1 = 0.2642; B3 = 0.1425; 13 = 0.1541;[‘33 = 0.7427; B5 = 0.60, so that
R() = max{ROc, ROdi ROh/ROCh} =2.8480 > 1.
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Figure 4. Assessment of COVID-19 and co-infection combined preventive controls for human
epidemiological compartments. Here, B1 = 0.2642; B3 = 0.1425; B3 = 0.1541; B = 0.7427; B3 = 0.60,
so that Rg = max{Roc, Rod, Ron, Rocn } = 2.8480 > 1.

5.4. Strategy D: Assessment of Dengue and HIV Combined Preventive Controls (up # 0,u3 # 0)

Numerical experiments to assess dengue and HIV combined preventive controls when
the reproduction number was Ry = 2.8480 are depicted in Figure 5a—g. In particular, this
control strategy had no positive impact on COVID-19 prevention, as noticed in Figure 5a.
Moreover, this intervention scheme saved a total of 62,800 new dengue and 927,381 new
HIV cases, respectively, as can be seen in Figure 5b,c. A total of 757,087 co-infection cases
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were averted, as observed in Figure 5d—g. A total of 1,747,268 single and co-infection
cases were averted using this intervention scheme. The control profiles for the combined
preventive efforts of this strategy are given in Figure 5h. It can be observed that the control
1y was at its peak for almost all of the simulation period, while the control 1, showed the
highest impact for about 118 days, before declining to zero at the final time.
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Figure 5. Assessment of dengue and HIV combined preventive controls for human epidemiological
compartments. Here, f; = 0.2642; B3 = 0.1425; 813 = 0.1541; ,Bg = 0.7427; B5 = 0.60, so that
Ro = max{ROC,ROd, ROhIROCh} =2.8480 > 1.
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5.5. Strategy E: Assessment of HIV and Co-Infection Combined Preventive Controls
(M3 ;’5 0, Uy 7+— 0)

Numerical experiments to assess HIV and co-infection combined preventive controls,
when the reproduction number was Ry = 2.8480, are depicted in Figure 6a-g, respectively.
It can be seen from Figure 6a,b that this intervention scheme had a marginal or detrimental
impact on COVID-19 and dengue prevention. As expected, this intervention had a large
impact on HIV prevention, as it averted 912,600 new HIV cases (observed in Figure 6c).
The control strategy also had a marginal or detrimental impact on COVID-19 and dengue
co-infection prevention (as can be noticed in Figure 6d). The control scheme averted a total
of 727,252 new co-infection cases (involving HIV) (as seen in Figure 6e-g). In general, a total
of 1,639,852 single and co-infection cases were averted using this intervention measure.
The control profiles for the combined preventive efforts under this intervention scheme
are presented in Figure 6h. It is observed that the control u3 had a significant impact up
to about 87 days, while the control u4, showed a large impact for about 145 days, before
declining to zero at the end of the simulation period.
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Figure 6. Assessment of HIV and co-infection combined preventive controls for human epidemio-
logical compartments. Here, 1 = 0.2642; B3 = 0.1425; 13 = 0.1541;ﬁg = 0.7427; 85 = 0.60, so that
Ro = max{Roc,ROd, ROh/ROCh} = 2.8480 > 1.
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6. Conclusions

In this work, a new mathematical model for COVID-19, dengue, and HIV co-dynamics
was proposed. Qualitative analyses to assess the dynamical behavior of the model were
performed. A bifurcation analysis of the model showed that parameters accounting for
re-infection and susceptibility to additional infection could cause backward bifurcation
in the proposed model. For the scenario when the causes of backward bifurcation were
neglected, the model’s equilibria were shown, using well-constructed Lyapunov function
candidates, to be globally stable (in the asymptotic sense). To slow down the co-spread
of the three infections, time-dependent intervention measures were incorporated into the
model and analyzed using Pontryagin’s maximum principle. Numerical assessments of
the complete co-dynamical model revealed that efforts against incident infection with each
disease could reduce the burden and co-spread of all the diseases within the community.
We hope to study stochastic, delayed, and agent-based versions of the modified model in
future studies. Highlights of the simulations include:

(i) Upon implementation of the first intervention strategy (control against COVID-19 and
dengue), it was observed that a significant number of single and dual infection cases
were averted (as can be seen in Figure 2a-g).

(ii) Under the COVID-19 and HIV prevention strategy, a good number of new single and
dual infection cases were prevented (as can be observed in Figure 3a—g).

(iii) Under the COVID-19 and co-infection prevention strategy, a remarkable number of
new infections were averted (as presented in Figure 4a—g).

(iv) Comparing all the intervention measures considered in this study, it is concluded
that the strategies combining COVID-19/HIV averted the highest number of new
infections. Thus, this strategy would be the most ideal and optimal to adopt for
controlling the co-spread of COVID-19, dengue, and HIV.

The findings from this study can also guide public health agencies and policy makers
in developing integrated approaches for managing the co-infections of the three viral
diseases. For example, targeted interventions for COVID-19, dengue, and HIV, such
as increased surveillance, vaccination campaigns, and vector control measures could be
implemented. In addition, by integrating data on COVID-19, dengue, and HIV cases,
public health authorities could establish comprehensive surveillance systems to identify
trends, hotspots, and patterns of co-infection. Early detection and timely intervention
could also help prevent severe disease outcomes, reduce transmission, and improve patient
outcomes. Public health authorities and policy makers could also support health education
and awareness campaigns to promote knowledge about co-infections among high-risk
populations and the general public. Educating individuals about the risks, symptoms,
prevention, and available interventions can empower them to take appropriate action,
seek timely medical care, and adopt preventive behaviors. Furthermore, by providing
sufficient resources for testing, diagnosis, treatment, and supportive care for individuals
with COVID-19, dengue, and HIV co-infections, the co-circulation of the three diseases can
be reduced within the population and overall health outcomes improved.

This study is not without limitations. In order to avoid complications in the model,
asymptomatic classes of COVID-19 and dengue were not assumed. The model also only
considered the HIV infection stage, without considering the full-blown AIDS stage. In a
further study, we hope to incorporate these assumptions for the purpose of capturing reality.
Moreover, there is not much information available regarding vaccine or infection-acquired
cross-protection between COVID-19, HIV, and dengue.No detailed clinical information
yet exists as to whether the currently available COVID-19 or dengue vaccines could cross-
protect against infection with HIV. We realize that a lack of detailed clinical data may
have limited the accuracy and precision of the model’s predictions. Detailed clinical data,
such as disease progression, symptom severity, immune responses, and co-morbidities, are
important for capturing the complex interactions between COVID-19, dengue, and HIV.
Future research will aim to collect and analyze comprehensive clinical data, including
longitudinal studies, to better understand the interactions between the diseases and refine
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the model’s parameters. Therefore, with more detailed and reliable information about the
co-interactions of the three diseases, further research in this direction is much desired by the
authors. Further research on these viral infections’ interactions with other diseases is also
anticipated, noting that mutations of diseases such as dengue and COVID-19 could occur.
Thus, a model for the co-dynamics of multiple COVID-19 and dengue strains with HIV
might be taken into consideration in the near future. Additionally, it was challenging to
obtain proper documented records for the three viral diseases. In a subsequent investigation,
we intend to fit the model to three sets of data (corresponding to the three diseases), as
this will provide better and more precise estimates of the parameters. In future, the co-
infection model’s findings will be validated using real-world data from diverse populations
and geographical locations. By comparing the model’s predictions with observed data,
researchers can assess its accuracy and reliability. Future research will also emphasize data
collection from different settings and population groups, to enhance the generalizability
of the model’s conclusions. Furthermore, future research will explore the effectiveness
of intervention strategies, such as vaccination campaigns, antiretroviral therapy, vector
control, and public health measures, within the context of co-infections. Investigating the
synergistic or antagonistic effects of interventions on the three diseases could help inform
the development of integrated strategies for optimal control of these three viral diseases.
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Appendix A. Center-Manifold-Theory
Theorem A1 ([47]). Consider the following system of ordinary differential equations with a
parameter ¢

%:h(y,(p), h:R"xR— Rand h € C2(R" x R), (A1)

where 0 is an equilibrium point of the system (that is, h(0, ¢) = 0 for all @) and assume that

(A1): A = Dyh(0,0) = (%(0, 0)); linearization of system (A1) in the neighbourhood of the
equilibrium 0 with ¢ evaluated at 0. The matrix A has zero eigenvalue and other eigenvalues
have negative real parts;

(A2): Matrix A has a right eigenvector { and a left eigenvector @ (each corresponding to the
zero eigenvalue).

Let hy be the kth component of h and

" 2y
a= Qi —(0,0),
k,,-,jzil " 9y;0y;
" Rh,

ki=1



Axioms 2023,12,773

28 of 30

The local dynamics of the system in the neighborhood of 0 are completely determined by the
signs of a and b.

(i). a>0,b>0. When ¢ < 0with |p| < 1, 0is locally asymptotically stable and there exists an
unstable equilibrium; when 0 < @ < 1, 0 is unstable and there exists a locally asymptotically
stable equilibrium;

(ii). a <0,b<0. When ¢ < 0with |p| < 1, 0is unstable; when 0 < ¢ < 1, 0 is locally
asymptotically stable equilibrium, and there exists an unstable equilibrium;

(iii). a>0,b < 0. When ¢ < 0with |¢| < 1, 0 is unstable and there exists a locally asymptoti-
cally stable equilibrium; when 0 < ¢ < 1, 0 is stable and an unstable equilibrium appears;

(iv). a <0,b> 0. When ¢ changes from negative to positive, 0 changes its stability from stable to
unstable. Correspondingly, an unstable equilibrium becomes locally asymptotically stable.

In particular, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

Appendix B. Pontryagin’s Maximum Principle
Theorem A2 ([51]). Consider the optimal control problem:

T
max/ Flx(t), u(t))dt

u to
subject to

X' (t) = g(x(t), u(t))

X(to) = X0,
where f : R" — R", x : [0,00) = R", u:[0,00) > ACR"and g: R" x A - R.

Suppose further, that the Hamiltonian is defined by

H(x(t), u(t), A(t)) = g(x(t),u(t)) + i:l)\i(t)ﬂ(x(t)r”(t))~

For the optimality of control u*(t) and corresponding trajectory x*(t) with t € [0, T], it
is necessary that there exists a nonzero adjoint vector function A*(t) that is a solution to the
adjoint system:

V(o) _BH(t,x(t)é;t(t),)\(t)),
AMT) =0,

so that the Hamiltonian

H(x™(8),u™ (1), A™(8)) =gty H(E x7(8), u(t), A (1))

Thus, the necessary conditions for optimizing the Hamiltonian are

oH Lo )
= =0 = &t ; Ai(t)(fi)u = O (optimality equation),
() = _aH(x(t)é;:(t),)t(t) () = —ga, — Z () (fy)x, (adjoint equation),
i

A(T) = 0, transversality condition.

In addition, in a maximization problem, for each t € [0, T],

o*H

W S 0 at u*(t)

must hold from concavity.
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