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1. Introduction

In 1975, V. V. Lychagin introduced the application of singularity theory to the study
of the geometric theory of partial differential equations within the framework of contact
geometry [1]. In the following thirty years, there was significant progress in the study of
geometric partial differential equations and their geometric solutions [2-12].

In recent years, due to problems from many branches of mathematics and other disci-
plines, singularity theory has experienced rapid development and widespread application.
In bifurcation theory, studying the existence and number of branch solutions of param-
eterized nonlinear differential equations is a very important issue. It is also meaningful
to study the impact of nonlinear terms on the existence and number of branch solutions
of equations. When the nonlinear term in the parameterized equation is a differentiable
mapping germ, we can naturally use the singularity theory of differentiable mappings to
study the branching behavior.

M. Golubitsky and D. Schaeffer have used singularity theory and group theory meth-
ods to study bifurcation problems in [13,14]. This type of research mainly includes (1) the
unfolding of bifurcation problems, studying the change in the state of bifurcation problems
under general perturbation; (2) the identification of bifurcation problems, exploring under
what conditions a bifurcation problem is equivalent to a given standard form; (3) the classi-
fication of bifurcation problems; and (4) the application of bifurcation theory in physics
and chemistry. For example, M. Golubitsky and W.F. have used singularity theory to study
the bifurcation of the number of periodic solutions near equilibrium points in a first-order
autonomous differential equation, and obtained its normal forms and identification condi-
tions in [15]; H.W. Broer and others have studied the bifurcation of solutions of the inverted
pendulum equation and its normal forms and universal unfoldings in [16]; D.Y. Du and Y.
Tang have studied the bifurcation of solutions of differential-difference-algebraic equations
in [17].

Nonlinear nth-order systems are a very important class of mathematical model that
appear in a wide range of practical applications. There has been a significant amount
of work on the bifurcation problems of nonlinear second-order systems. For instance,
in [18], several types of nonlinear second-order systems with boundary value problems
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have been studied in terms of the existence and number of branch solutions. As an
important research tool, Legendrian unfoldings theory has been widely used in the study
of differential equations, differential geometry, variational calculus, and mathematical
physics [2,3,5,6,8,9,12,19-26]. Based on S. Izumiya and M. Takahashi’s studies, this article
uses Legendrian unfoldings theory to classify the bifurations of completely integrable
holonomic first-order differential equation germs, which satisfy that the corresponding
one-parameter integral diagrams are R *-simple and stable.

2. Preliminary Theorem

In this section, we give the classification of the generating family of one-parameter
complete Legendrian unfolding, and will utilize some general results of S.P-K-equivalence
of function germs [2,3,27]. The related terminologies are as in [3,10,11].

We define the equivalence relation of one-parameter unfoldings of holonomic equa-
tions as follows. Let F and F’ be one-parameter unfoldings of holonomic equations associ-
ated with f and f’, respectively, then F and F’ are equivalent if the diagram

(R™1 xR,0) —— (JU(R",R) xR, (z,0)) =4 (R" xR x R, 0)

v | lo
(R x R,0) —— (JY(R",R) xR, (z/,0)) —— (R" xR x R,0)

F’ txid

commutes; here, ¢, ® and ¢ are germs of diffeomorphisms, which satisfy the follow-
ing forms

ll)(ul, ceo Up, un+1/t) = (lpl(ul/ ceo Up, M?Z+1/t)/ q)(t))/
cD(xll e rxnryr Pl/ .. ‘lp'rl/ t) = ({b\t((xlr‘ . '/x'rl/y/ pl: .. 'rpn)/ q)(t))r
¢(x11 R /xn/ y/ t) = ((Pl(xll e /-xi’l/ yl t)/ (Pz(xll e /x}’l/ y/ t)/ (P(t))/

where ¢ is the unique contact lift of ¢;. Here, ¢ = ¢|pn «Rx{t} ¢ (R xR x {t},0) —
(R" x R x {g(£)},0).

Let (71, G) and (u/, G') be one-parameter unfoldings of integral diagrams. Then, (i, G)

~

and (u', G') are equivalent if the diagram

R R,0) <), (R x R" xR x R, 0)

0| K
(R"1 x R,0) ﬁ) (R x R" x R x R,0)
]/l/, !/

commutes for some diffeomorphism germs i and ¢, where

lp(”l/ cee Un, Upy, t) = (1/)1 (ul/ cee Un, Upyq, t)/ (P(t))/
4)(5/ X1,/ Xn, Y, t) = (K(Sr t)r ¢1(x1/ s Xn Y, t)/ ¢2(x1r e Xn Y, t)/ (P(t)>

If x(s,t) = s in the above second equality, then (y,G) and (y/,G’) are called
strictly equivalent.
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(co)e—1

(Cn+3)j :

(Cn+3)n+1 :

Lemma 1 (V. V. Goryunov [27]). Let f : (R x R¥,0) — (RR,0) be an S.P-K-simple germ. Then,
f is stably S-K-equivalent to one of germs in the following list:

Ap(0>1): Hs+qith By (£>2): +s'+43
Co(£>3): gt +sq; Dy(£>4): +s+ (@qa+q5h);
Eg : +s+ (43 £q3); Br: +5+ (45 + 193);
Eg: +s+ (g3 +493); Fa: 7 £s?

Theorem 1. Let G : (R x R” x R x R x RK,0) — (R,0) be the generating family of one-
parameter complete Legendrian unfolding €, py satisfying that £, p\ is one-parameter P-Legendre
stable and the corresponding one-parameter integral diagram (u, 7t o f) is Rt -simple and stable.
Then, G is stably one-parameter S.P*-K-equivalent to one of the members in the following list:

-1
isiq“quinqa—y(1§£§n+1);
i=1
1 I it . )
tstg T+ L gty + L xiagi—y(B3<L<n+2,2<j<l-1);
i=1 i=j+1
-1
j:sziq%%—‘ﬂxisl—y(2§€§n+1);

j:s/iqlnLsz + B(x, t)s/ + Z xi_18' —y,
i=j+1

whereﬁeimxt and(aﬁ/at)( )750(3<£<n+2 2<j<tl—-1);

+s"3 £ g2 + Ex,s + B(x, t)s/ + Z xi_1st —y, where B € My ) and (0B/0t)(0) #0 (2 <j<n+1);
i=j+1

q{isq1+iquify(3§€§n+l);
1
qi £sq1 + Zx1q1+[3(x t)q1+ Z+ xXi 19t —y,
i=]
where/&eimxt (0B/0t)(0) # 0and (0B/9rp)(0) #0, ro=1or{ —2 (4 <l <n+2,2<j<(-2);

qi £sq1 + Z xiqh + ﬁ(x,t)qf‘1 —y, where p € My ;) and (9B/0t)(0) #0 (3 <L <n+2);
i=1

]'7
q?*"’isqﬁxlqlfi Xyt + Blx g + Z+ gyt =y,
2 e

where B € My 4, (9B/0t)(0) # 0 and (3B/9x,)(0) # 0 (1 <j <n);
i3 £sqr +xq1 + Z xigy 4 B(x t)gy T —y, where p € My 1y and (9B/0t)(0) # 0;

/-1 .
+5 4 (g3g2 £q5 1) + X101 + X2q2 + X343 + by xigy 2 —y (A< L <n+1);
=
/-1 .
+5+ (g3g2 £ g5 1) + 11 + Xoq2 + v} + L Xiagy P—y (4<0<n+2);
1=

-t iy =1 .
ts+ (P2 £ 957 1) + x1q1 + X202 + X33 + ) xigh 2 +ygy A+ O Xi-10) -y
i= i=j+

(5<l<n+2,4<j<l-1);
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s+ (g5 £ g3) + x191 + X292 + X393 + Xaq192 + X59195 — Y5

£5+ (g7 £ 43) + X191 + X202 + yq3 + X3q192 + Xaq195 — Y;

£s+ (3 £q3) + X191 + X242 + X305 + Y4192 + Xaq1 5 — Y;

£s+ (7 £43) + x191 + X242 + X305 + Xz +yma; — v

5+ (47 +0193) + X191 + X202 + X307 + X403 + X50192 + Xeq102 — Vs

£5+ (47 + q143) + X191 + X202 + yq3 + X345 + Xaq1q2 + X59792 — V;

+s+ (g5 4+ 9145) + X191 + X292 + X397 + yq5 + xaq192 + x59392 — y;

£s+ (77 + q193) + X191 + X2q2 + X347 + X405 + yq192 + x59792 — Y5

£5+ (47 + q13) + x1q1 + X202 + xSql + 2403 + 5710z + yfmz ~V;

s+ (73 + q3) + x1q91 + X2q2 + X305 + Xaq1q2 + X505 + X6q195 + X7q195 — Y
5+ (43 +43) + x11 + X202 + Y45 + x391q2 + Xaq3 + X5q145 + Xeq1 3 — ;
+5+ (63 +q3) + X191 + X2q2 + X33 + yq142 + X443 + X5013 + X1 — v
£5+ (47 +43) + x1q1 + X202 + X303 + Xaq142 + Yq3 + X5q145 + X613 — i
5+ (47 +43) + x191 + X202 + X303 + Xaq142 + X5q3 + Yq195 + Xeq193 — ;
45+ (Lh + 43) + X191 + X242 + X393 + Xaq192 + X503 + X613 + Y13 — V;

q1 +s%2 + X141 + X28 + X351 — Y,
43 £ 5% + x1q1 + X25 + w(x, 1)sq1 — y, where w € My, (w/dt)(0) # 0 and (dw/dx2)(0) # 0.

Proof. By Theorem 3.3 in [10] and the definition of R " -simple and stable one-parameter in-
tegral diagram, the generating family G of £,, ) is the P-K-versal deformation of ¢ = G|;=o

and the S.P*-K-versal deformation of the S.P-K-simple function germ go = G | R 50 x RE-
Furthermore, by Theorem 4.2 in [10] and Lemma 4, there exists a diffeomorphism germ
¢: (R" xR x R,0) — (R"*2,0) such that G is stably one-parameter S.P*-K-equivalent to
one of the germs in the following forms:

(41 =1 . n+2
tstgi™ + ¥ vi(w)gi + L vi(w) (1< €< n+2);
i=1 i=0
n+2 ,
EsEqi T+ L v(w)g;
i=1
¢ (-1 . ont2
+sl £ @+ ¥ v(w)si+ ) o(w) 2 < £ <n+2);
i=1 i=/
n+1 ,
+s"3 £ q% + 121 v;(W)s' + vy 42(W);
i=
Y =1 . n+2
95 £sq1 + ‘21 v;(W)g + 'Ze vi(w) (3< < n+2);
i= i
n+1

9 Esq+ L oi(w)n' 4+ vuga(w);
i=

/-1 , n+2
+5 + (4392 £ 45) + 01(W)q1 + 02(W)g2 + v3(W)g3 + z vi(w)gy 2 + L oi(w) (4<C<n+2);
1=

n+2 .
+s+ (202 = 4512) + v1(W)g1 + v2 (W) g2 + v3(W)g2 + Z vi(w)gh %
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n+2

+5 4 (q; T q3) + 01(W)g1 + 02(W)q2 + v3(W)g5 + 04 (W) 192 + v5(W)q145 + ):6 vi(w) (n > 4);
i=

£s + (43 £ 43) + v1(W) g1 + 02(W) g2 + v3(W) g3 + 04(W) G192 + vs5(W)q143;

n+2

+5 4 (47 + q143) + 01(W)q1 + v2(W)q2 + v3(W)gT + v (W) g5 + v5(W)g192 + v (W)qig2 + ,;7 vi(w)

(n >5);

£5 + (73 + 0193) + 01(W)q1 + v2(W) g2 + v3(W) g3 + v4(W)q3 + v5(W) G192 + V6 (W) q392;
+5+ (45 + q3) + 01(W)q1 + 02(W) g2 + v3(W) g3 + va(W)q1q2

n—+2
+o5(W)q3 + v6(W)q143 + v7(W)q195 + ,28 vi(w) (n > 6);
i=

£5+ (43 + 43) + v1(W)q1 + v2(W)q2 + v3(W) g3 + v4(W) G192 + V(W) g3 + v6(W)q145 + v7(W)q143;

n+2

73 £ 52 + v1(w)q1 + 02(W)s + v3(w)sqq + 124 vi(w) (n>2);
i=

73 £ 52+ v1(w)q1 + v2(W)sqy + v3(w),

where w = (x,t,). Since G is of the form G — y, we fix y (for example, (9v,,2/dy)(0) # 0)
and perform a local coordinate change, so that v;(w) = v;(x,f) (i = 1,...,n+1) and
vn+2(W) = —y. Therefore, we classify these germs by one-parameter S.P"-K-equivalence
under the condition P-K-cod(g) < 1, where ¢ = G li=o and G satisfies the following
immersion condition (c.f. [10])

92G 9G 9°G
9sdq 0s 9sdx
%G %G
dqdq  0xdq

rank (0) =k+1. (1)

The germs of cases (2), (8), (10), (12) and (14) are not the P-K-versal deformation of
g = Gli—o. Case (16) does not satisfy the immersion condition (3.1). Hence, they do not all
appear in the list.

Cases (1), (7), (9), (11) and (13) can be considered by a similar method, and cases
(3)-(6) and (15) also can be treated by a similar method. Therefore, because of too many
types and the rather tedious process, we only discuss the cases (9) and (15) here.

Since (9) is also one-parameter S.PT-K-equivalent to £s + (43 £ q3) + v1(w)q1 +
02 (W) g2 +v3(W) g3 + 04 (W)q192 + 05 (W) 145 + Z;’ilz v;(w), by the immersion condition,we
can assume (9dv1/0x1)(0) # 0 and (dv2/0x2)(0) # 0. All the transformations performed
are local coordinate changes, so we have the following situations.

If (dv;/dt)(0) # 0 and (0vy,/9y)(0) # 0, where 6 < j,m < n+2andj # m, then
(9) is one-parameter S.P-K-equivalent to ef (n > 5).

If (dv;/9t)(0) # 0 and (9vy/dy)(0) # 0, where 3 < j < 5and 6 < m < n+2, then
(9) is one-parameter S.P-K-equivalent to one of the following germs:

+s+ (45 £ q3) + X191 + X202 + P(x, 143 + X3q142 + Xaq9145 — ;
£s+ (q; £ q3) + X191 + X292 + X305 + P(X, ) 192 + Xaq195 — ¥
£+ (g3 £ q3) + X191 + X202 + X35 + xaq1q2 + B(X, )q195 —
where (0B/0t)(0) # 0. They are P-K-versal deformations if and only if there exists

ip : 5 < iy < n such that (08/9x;,)(0) # 0. Therefore, they are all one-parameter S.P-K-
equivalent to ef (n > 5).
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SDAl .
SDAZ .

SDAg .

(SDA[)]' :

SDBz :

SDB[ :

(SDB[)]' :

(SDBp3); :

(SDCZ)l .

If (0v /9y)(0) # 0,3 < m < 5, then (9) is one-parameter S.P"-K-equivalent to either
of (€)1, (ef)2 and (e})3 (n > 4).

For case (15), by the immersion condition, we can suppose (dv;/9x1)(0) # 0 and
(0v2/9x2)(0) # 0. Since the form of G is G — y and ¢ is a diffeomorphism germ, we have
the following situations.

If (dvj/0t)(0) # 0,4 < j < n+2, then (15) is one-parameter S.P-K-equivalent to
(f})1 (n > 3), and it is a P-K-versal deformation.

If (dv3/9t)(0) # 0, then (15) is one-parameter S.P-K-equivalent to

73 £ 5%+ x1q1 + x25 + B(x, t)sq1 — v,

where (0/9t)(0) # 0. It is P-KC-versal deformation if and only if there exists ip : 2 < ip < n
such that (08/9x;,)(0) # 0. In the case of 3 < iy < n, (15) is also one-parameter S.P-
K-equivalent to (f}); (n > 3). In the case of iy = 2, the normal form (f}), (n > 2) can
be obtained. O

3. Classification Theorem

In this section, we give a generic classification of one-parameter unfoldings of complete
integral holonomic equations which have R *-simple and stable one-parameter integral
diagrams and prove it. The classification theorem is as follows.

Theorem 2. For a generic one-parameter unfolding of a holonomic equation with complete integral
(4, F) : (R"™ x R,0) — R x JL(R",R) xR

such that (u, 7t o f) is Rt -simple and stable, the one-parameter unfolding of the integral diagram
(u, (7t x id) o F) is strictly equivalent to one of the germs in the following list:

K= Unt1, G= (ulr- . -/un/un+1/t)}

= %u% g1, G= (U3, u,... Uyi1,t);

-2 . . (=2 .
= ﬁui+1ull+l =+ un+1)/ G= <:|:u117 + ‘21 ui+1ull,u2,. . .,un+1,f> (3 S é § n -+ 1),'
1= 1=

o~

&~

X
H,
g

=2 , )
_ 141 1 . i+1 ) — L . i . . .
=7t i(El i1 +u])+4xoG,Gf (iulJrEl u,+1u1,u2,...,u],l,uﬁl,...,unH,u],t),

wherea € My, (2<j<l—1,3<l<n+2);
Ho=ty i — %ul, G= (ul,...,un,u%H,t);

/-1 .
=1y, G= (ul,...,un,iuflﬂ + 121 uiulnﬂ,t) B3<t<n+1);
1=

=1 ; (-1 .
=1y, G= (ul,...,un,iuflﬂ + El ity 4 + B(ugy;, i‘)u{wrl + F]ZH u,-,lu;H,t),
where p € My, _yy and (9p/0t)(0) #0(2<j<l-1,3<{l<n+2);
i3 j=1 . j n+1 .
U=uyy1+aoG, G= (ul,...,un,iun+1 + El uiuy, 1+ ,B(uﬁ, By, 4+ i_]erl ui,lu’nﬂ,t),
where o € My, 1, P € Mty and (0B/0t)(0) #0 (2 <j<n+1);

_ (=2 (i4+1)(0—1 i (=2 i
U= :F(Kufwll + El ()l#uiﬂu;ﬁl +u1), G = (ul,...,un,uﬁJrl + El ui+1u’++11,t> B3<e<n+1);
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(z+1)(€ 1) (22(i+1)(0—1)

. . i—1 .
(SDCy); : U= :F(K n+1 +up + E : i1y g+ jB(ug;, t)u]nJrl + Ej e u;H)

=1
2 ' ; 02

: -1

S TR & U )]
where p € Myt (0B/0t)(0) #0, (9B/0ur,)(0) #0, ro=10r{ -2 (2 <

B+ -1
(SDCyp)y_1: n= :F(€u£+ll—|—u + Z M

j<l-2,4<0<n+2);

2
Uity + (= 1)B(ugy,t) n+1>

G= (ul, co U, n+1+ 2 1/l1+11/ln+1+£ 1‘3(11ﬁ,t) flJrll,t)

where p € My and (8[3/81‘)( ) 7& 03<l<n+2);

(SDCnyis)j:  p= ¢((n+3)uzﬁ+ (n+2)u; + 2 w

u;ut

, i+ 1)(n+2
G+ DBl D+ 3 R ) daog,
i=]

1 n+
C= (ul""’“”' up i+ E i + nLjLZB(uTn' ) 5;11 + Z ”z 1”1:—111ft>
where a € My, 1y, p €M -y (0B/9t)(0) # 0 and (aﬁ/aun)( )#0(1<j<n);
n
(SDChia)nt1: M= :F((n +3)ult T+ (n+2)ug + ¥ w

witt + (n+2)B(ugy t)ugﬂ) e

G = (11,3 + z uiath + L Blury i 1),

where & € My, 1y, P € im(uﬁ,t) and (0p/0t)(0) # 0;

(-1 .
SDDy : p=+2uduy + (£ — 2)14571 + uduz + '24(1' - 3)uiu1272 +Upi1,
i=

-1
G= (u1u2 +u1u3,u% + (£ - 1)u§_2 + Y (i—-2)uy ul2 3,u3,...,un+1,t) 4<l<n+1);
i=4

(-1 .
(SDDy); : po=+2uduy + (0 — Z)ugfl + 124(1' —3)u;_quly 2+ 1wty + U1 +a oG,
i=

G= (u1u2 +u1un+1,u% + (- 1) 24 Z U 1ul 3 us, ...,unﬂ,t),
where & € My, 1y (4 <L <n+2);

(-1 .
(SDDy); po=+2uduy + (€ —2)ub '+ 1ulus + 'Z (i — 3)uul 2 + ui+aoG,

G= (u1u2 + uquz, ut + (0 — 1)u 24 Z (i — 2)uub 3, us, . UG, U, U, U, t),
where « € im(x,w) 4<j<t-1,5< £ § n+2);
SDEg : U= 3u% + 2u1u%u5 + uqupuy + Zu? + M%M:}, + Uy,
G= (Bu% + upuy + u%u5,4ug + 2upus + gty + 2uq s, Uz, ..., Uy, t) (n >5);
(SDE}); : = 3uj + 2uquduy + uyusuz + Zu‘Ij + 1ty 1+ Uy oG,
G= (Bu% + uouz + u%u4,4ug + 2uqupuy + 2upty 1 + ugis, Uz, ..., Uy, t), wherew € My y0) (n>4);
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(SDER): u= 3uj + 2u1u2u4 + uqtputy g + 2u1 +uduz + Uy + oG,

G= (3u1 + uduy + uzun+1,4u2 + 2uqupuy + 2upuz + Uty g1, Uz, ..., Uy, t), wWhere a € M (1) (n>4);
(SDER)3: u= 3u2 + 2u1u2un+1 + 2u1 + Uqtpuy + u2u3 tu,1+aoG,

G = (u3up41 + 3u? + upug, 4u3 + 2ugugiiy 1 + uyig + 2uguz, us, ... Uy 41, t), where a € My y0) (n>4);
SDE7 : U= 2u? TUsug + 3u1u2 + u2u4 +u? Tuz + 2u1 + uqupus + Uy,

G= (u2 + 2uquoug + 3u1 + 2uqusz + u2u5,3u1u2 + 12 TUe + 2upuiy + uguis, Uz, . .. Uyq1, t) (n > 6);
(SDED);: u= 2u? TuoUs + 3u1u2 + uqupuy + 2u1 + udus + ulunH +up1+aoG,

G= (uz + 2uqupus + 3u1 + 2uqUy 1 + Uply, 3u1u2 + u1u5 + 2upuz + Ugg, Uz, ... Uy, ),

where o € My, 1y (1 > 5);

(SDER); :  p = 2uiupus + 3uqui + udus + 2u3 + uquipuy + udtiyyq + tiyy1 + 20 G,
G = (u3 + 2uyugus + 3u? + 2uquz + untig, uqu3 + udus + 2uty 1 + Uyig, U3, . .., Uy i1, t),
where & € My, 1y (1 > 5);

(SDED)3: u= 2u%u2u5 + 3u1u% + u%ug, + 214‘1j + uduy + ugugty 1 + iy +a oG,
G= (u% + 2uqupus + 3u% + 2uquz + Uy, u%u5 + 3u1u§ Uty 1+ 2uplig, U3, ... Ui, L),
where o € My, 1y (1 > 5);

(SDER)s:  p = 2uiuguyq + 3uqu + udus + 2u3 + uuy + uguous + tyyq + 20 G,
G = (U3 + 2uquguy 1 + Bu% + 2uquz + upus, u%unH + 3uqu3 + ugus + 2uiig, Uz, . .., Uy, t),
where & € My, 1y (1 > 5);

SDEg : U= 4ug + 3u1u§u7 + 2ugu5 + 2”1”%”6 + uqupuy + Zui’ + M%Mg + Uy,

G= (u%m + udug + 3u% + upug, 5ui + Suyuduy + 2uiunue + 3usus + 2usus + Ugiig, Uz, . . ., Uy i1, t) (1 >7);

(SDEg);: u= 4ug + 3u1u%u6 + 2ugu4 + 2ugudus + uyuguz + Zu% + 1ty g1 + Uy +0G,

G = (u3ue + usus + 3u? + uguz, 5uj + Suguiue + 3usty + ugtous + 2unliy 41 + Ugtiz, Uz, ..., Upi1, t),

where & € My, 1y (1 > 6);

(SDER) :  p = 4u3 + 3uqudue + 2uqudus + 2udug + 2u3 + uguigiiy 1 + uduz + 1 + 20 G,
G = (u3ue + usus + 3u? + ugty 1, 5u3 + 3ugusue + 2uytous + 3uzg + Uty 1 + 2uguz, us, . . .,
where & € My, 1y (1 > 6);

(SDER)3 : = 4u3 + 3uqudue + 2uqudus + 2udu, 1 + ugtigg + 2u3 + uduz + uysq + 20 G,

Up+1, t)/

G= (ugu6 + u%ug, + 31/1% + Uoly, 511% + 3”1”%”6 + 3u%un+1 4+ 2uqupus + 2upuz + Uiy, U3, ..., Upt1, t),

where & € My, 1y (1 > 6);

(SDER)s:  p = 4u3 + 3uqudue £ 2uquduy, 1 + 2udus + 2u3 + uquguy + uduz + uysq + 20 G,

G = (u3ue + Uty 11 + 3ud + upuy, 5uj + Sugusie + 2uguntty 11 + 3usus + uyiig + 2uaz, Uz, . .., Uy i1, t),
where & € My, 1y (1 > 6);

(SDER)s :  p = 4u3 + 2udus + 3uyudty 1 + 2uqudue + 2u3 + uqugiy + uduz + i1 + 20 G,
G = (U1 + udue + 3ud + upuy, 5uj + 3ugusi, 11 + 2uguaie + 3usus + uyig + 2uaUz, Uz, . .., Uy i1, 1),
where & € My, 1y (1 > 6);

(SDF})1: p=1uyi1, G= (3u3 + ughyi1,Un, ..., Un, uq3 + tp & 2uy11,t) (n > 3);

(SDFY)2: p=1uyy1, G = (BuS + tuyn — B(X1, 2, ... Upg1,b), U, .o U, Unllyyq — 203 + ufH_l,t),
where X1 = —3u3 — tuy,1, and B is a smooth function germ such that B(0) = 0 and satisfies the

condition B(X1,up, ..., ups1,t) = —y(X1 + B(Xq, Uz, ..., Upi1,t),Up, ... Up, t)Uyiq fOry € M

(97/9x3)(0) #0 (n = 2).

1y and
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Here, My , 1) is the unique maximal ideal of the set of all smooth function germs (R x
R,0) — (R,0), and denote (uy, ..., uy,) by uL—nfor the simpleness of mark.

Proof. The set of one-parameter P-Legendrian stable one-parameter complete Legendrian
unfoldings is an open and dense subset in L(U x V, J(R x R" x R, R)).Therefore, Theorem
2 gives a generic classification of one-parameter complete Legendrian unfoldings, which
satisfy the above condition and have the R "-simple and stable one-parameter integral
diagrams under the one-parameter S.P*-K (or, S.P-K)-Legendrian equivalence relation.

Let (1, f) be a one-parameter family of holonomic equations with complete integral,
such that the corresponding one-parameter complete Legendrian unfolding £, r) is one-
parameter P-Legendrian stable and (y, 7t o f) is R "-simple and stable. The generating
family é(s, x, t,y,q) of ﬁ(ylp) is stably one-parameter S.P*-K-equivalent to one of the
members in the list of Theorem 1.

The generating family of typesa; (1 < ¢ <n+1),by, (2 <
€§n+2,2§j§E—l),cé(B§€§n+1),(c€)]~(4§€§ ,
(it B<l<n+2),d (4<C<nt1),el(n=5),el(n>6) e (n>7), ()
(n >3)and (f} )2 (n > 2) are S.P-K-versal deformations of the corresponding germs, so
the corresponding integral diagrams have no functional moduli. However, the germs of
other cases are S.P1-K-versal deformations but not S.P-K-versal deformations. Hence, the
corresponding integral diagrams have functional moduli.

Next, we detect the corresponding normal forms of one-parameter integral diagrams.

el (n > 5): Choose +s + (73 £ q3) + x1q1 + X242 + X3q3 + x49192 + x59193 as a gener-
alized phase family. Then,

G
87 = 3@% + X1+ X442 + X5q%,
q1
G 3
% = +4q5 + xp + 2x3q2 + x4q1 + 2X54142.

By the above two formulas and

y =Es+ (] £43) + X141 + X242 + X35 + X4q1q2 + X5q15,

we have

C(G) =(£(y + x3q5 + 2937 + Xaq192 + 2x5q195) + 393, —34q7 — X4q2 — X555,

T 4q3 — 2x302 — X1 — 2X5G1G2, X3, - - -, X, £, 41, G2),

L =(£(y + x3q5 + 203 + Xaq192 + 2xX59193) + 393, —3q7 — Xaq2 — X503,

F4q3 — 2x302 — Xa1 — 2X59192, X3, - .-, X, b, Y, 01,92, 93, G192, 9193, 0, - ., 0).

Define a diffeomorphism germ by u1 = —qq, Uy = —qo, Uz = —X3, Uy = — X4, Uj = X;
(5 <i<n)and u, 1 = —y, and define the transformation X; = —x; (1 <i < 4), Xj = xj
(5<j<n),Y=-yand T = t, then (i, G) is strictly equivalent to the normal form

(ed)1 (n > 4): Since 1 — 43 is a unit in & , we have

8,%,t,Y,01,92)

(5 + (4 £ 08) + 100 +x202 + Y3 + X392 + Xaq103 — ),
(sxty.a1.42)

_ [ ES+ (@3 £43) + 1191 + 22 + 130192 + 14143 y
1- q% g(

sXtY,A1.02)
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Hence we can choose a function germ

+5 + (43 £ 43) + X191 + X202 + X39192 + Xaq145
1—q3

G(s,x,t,q1,q2) =

as a generalized phase family. Then, the normal form can be detected by the above method.
(f1)2 (n > 2): Choose g3 £ 52 + x141 + X258 + w(x, t)sq; as a generalized phase family.
So,
G

G 52
o0, 3q1 + x1 + w(x, t)s.

By this formula and y = g3 £ 5% + x141 + x25 + w(x, t)sq1, we have y = —2¢3 + s +
xps and 3q3 4 x1 + w(x,t)s = 0. Since (dw/dt)(0) # 0, there exists a function germ
¢(x,t) such that w(x,t) =t + ¢(x,t). Set X1 = x1 + p(x,t)s and X; = x; (2 <i < n), then
there exists a function germ (s, X, t) such that x; = X + (s, X, t) by the inverse function
theorem. Therefore, the following equation holds:

P(s, X, t) = —p(X1 + (s, X, 1), Xo, ..., X, b)s (2)

Also, X1 = =343 — tsand y = —2q3 & 5% + xs. Then, we have
C(G) = {(S,X1 —l—l/J(s,X,t),Xz,...,Xn,t,q1)| X; = —3¢7 —t5,X; = x;,2<i < n},
Lo = (s,X1 (s, X, 1), Xa, .., Xy t, =203 £ 5% + x5, £25 + x3,0,5,0, . .,0).

Setu; = g1, u; = x; (2 <i < n)and u,4; = s, and define the transformation of
R"xRby X7 = —x1, X; =x; (2<i<mn),Y =yand T = t. Then, we replace ¢ and ¢ by
B and 7, respectively. Finally, the normal form (SDF}), (n > 2) is obtained.

Because the calculations of other types are the same as those of the above cases,
but rather a tedious, then we omit the detail. [

4. Conclusions

The bifurcation theory has been applied to connect the dynamics of quantum sys-
tems and classical mechanical systems. It can be applied to atomic systems, molecular
systems, harmonic tunneling diodes, laser dynamics, and has also been applied to many
theoretical examples that are difficult to handle in experiments, such as kicked rotors and
coupled quantum wells. The main reason for connecting bifurcations in quantum systems
and classical mechanical motion equations is that the signature of classical mechanical
orbits becomes larger during bifurcation, as proposed by Martin Gutzwiller in his research
on quantum chaos. Many bifurcations have been studied to connect classical mechanics
and quantum mechanics, such as saddle-node bifurcations, Hopf bifurcations, cusp bi-
furcations, period-doubling bifurcations, reconnection bifurcations, tangent bifurcations,
and point bifurcations.
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