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Abstract: Our main goal of this research is to present the theory of points for relatively cyclic and
relatively relatively noncyclic p-contractions in complete locally K-convex spaces by providing basic
conditions to ensure the existence and uniqueness of fixed points and best proximity points of the
relatively cyclic and relatively noncyclic p-contractions map in locally K-convex spaces. The result of this
paper is the extension and generalization of the main results of Kirk and A. Abkar.
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1. Introduction

Let K be a non-archimedean valued field, i.e., K is neither R nor C, endowed with an absolute valued
function |.| such that

[x +y < max{|x[,[y]} (xy<cK)

Let X be a topological vector space over K. A seminorm on the K-vector space Xisamap p : X —
[0.00) satisfies

i pAx)=|Alp(x),x € Xand A € K.
(i) px+y) <max{p(x),p(y)} xyeX

For a seminorm p we have p(0) = 0 but p(x) is allowed to be 0 for non-zero x. Note that each norm
is a seminorm that vanishes only at 0.

Recall that a topological vector space (X, 7) over K is called a (non-archimedean) locally K-convex
space if T has a basis of absolutely convex neighborhoods (a subset A C X is called absolutely K-convex
if0 € Aandax+by € Aforallx,y € Xand a,b € Bg where Bx = {a € K : |a] < 1}). Every locally
K-convex topology can be generated in a natural way by some system of non-archimedean seminorms
I' = {pa}. Alocally K-convex space X is Hausdorff if and only if for each non-zero x € X there is a
continuous seminorm p on X such that p (x) # 0. A sequence {ay,4, ...} in X is called Cauchy net if and
only if lim,, p (a,+1 — a,) = 0 for any seminorm p. This follows from

p(am —ap) <max{p (am —ap-1),.., p (A1 —an)}, m>n.
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A subset S of a Hausdorff locally K-convex space is called complete if each Cauchy net in S converges
to a limit that lies in S.For details, see [1-4].

On the other hand, the most fundamental fixed point theorem is the so-called Banach contraction
principle (BCP for short), this result played an important role in various fields in mathematics. Due to its
importance and simplicity, several authors have obtained many interesting extensions and generalizations
of the Banach contraction principle. Ciric [5] introduced quasi-contraction map, which allowed him to
generalize the Banach contraction principle.

In the absence of a fixed point, i.e., the equation Tx = x has no solution, it is interesting to ask whether
it is possible to find (a,b) € A x B such that

p(a—Ta) = p(b— Tb) = Dy(A,B). M

A point (E, E) € A X B is said to be a best proximity pair for the mapping T: AUB — AU Bifitis
solution to the problem (1). Another interesting subject of the fixed point theory is the concept of cyclic
contractions maps and the best points of proximity provided by Kirk et al. [6,7].

(A; B) a nonempty pair of subsets of a locally K-convex space (X,I'), we say that a mapping T :
AUB — AU B is cyclic (resp. noncyclic) provided that T (A) C Band T (B) C A (resp. T (A) C Aand
T (B) C B).

There are many results in this area see [8-12].

2. Fixed Point Results for Relatively Cyclic P-Contractions
In this section, we derive some fixed point theorems of certain relatively cyclic-type p-contractions in

a complete locally K-convex space.

Definition 1. Let A and B be non empty subsets of locally K-convex space (X,T'). A relatively cyclic map
T: AUB — AU B is said to be relatively cyclic p-contraction if there exists 0 < vy, < 1 such that forallp € T
anda € Aand b € B we have

p(Ta—Tb) < ypp(a—b). 2)

Theorem 1. Let (X,T') be a complete Hausdorff locally K-convex space, A and B be non empty closed subsets of X
and T : AU B — A U B a relatively cyclic p-contraction map. Then T has a unique fixed point in AN B.

Proof. Taking a pointa € A since T is p-contraction, we have

p (Tza - Ta) =p(T(Ta) — Ta) < ypp (Ta —a)

and
p(T%a—T2) = p(T(T%a)—T(Ta))
< 7 (T?a—Ta)
< Pp(T-a)

Inductively, using this process for all n € N we have
p (T”“a - T”a) < pp (Ta—a)

Letn <m
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p(T"a — T"a) max {p (T"a—T" la),p (T" ta—T"2a),..,p (T"a— T"a)}

<
< max {’y’;’lp (Ta —a) ,’yg“zp (Ta —a) rer VPP (Ta — a)}
< 7pp(Ta—a)

Since 0 <1 < 1,75 — 0asn — oo, we get p (T"a — T"a) — 0, thus {T"a} is a p-Cauchy sequence.
Since (X, T) is complete, we have {T"a} — @ € X. We note, that { T*"a} is a sequence in A and {T?""!a}
is a sequence in B in a way that both sequences tend to same limit a. Since A and B are closed, we have
thata € ANB.Hence ANB # @.

We claim that Ta = 4. Considering the condition relatively cyclic p-contraction we have

p (T?"a — Ta) p (TT?"la — Ta)

< mp (T la—7)
Taking limit as n — oo in above inequality, we have
p(a—Ta) <ypp(a—Ta) <p(a—Ta)

This implies that p (@ — Ta) = 0. Since X is Hausdorff, Ta = a.
We shall prove that 7 is the existence of a unique fixed point of T. Clearly from (2) if 7 and b be two
fixed points of T we have

p (E—E) =p (Tﬁ— TE) < Tpp (E—E)
Since 0 < 1y, < 1 this implies 7 = b. Hence the proof is completed. [

Corollary 1. Let A and B be two non-empty closed subsets of a complete Hausdorff locally K-convex space X. Let
Ty : A— Band T, : B — A be two functions such that

p(Ti(a) = T2 (b)) < vpp(a—1D) ®3)
orallp €T, aec Aandb € B where 0 < < 1. Then there exists a unigue a € A N B such that
forall'p Tp q
Ty(a)=T(@) =a

Proof. Apply Theorem 1 to the mapping T: AUB — AU B defined by:

) Ti(a)ifac A
T(a) _{ T;(a) ifa € B.

Observe that condition (3) is reduced to condition (2). Then T has a unique fixed @ € A N B such that
Ty (a) =T, (a) =a.
O

Theorem 2. Let (X,T') be a complete Hausdorff locally K-convex space, A and B two non empty closed subsets of
Xand T : AUB — AU B be a relatively cyclic mapping that satisfies the condition

p(Ta—Tb) < ypmax{p (a—"0),p(a—Ta),p(b—Tb)} 4)
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forallp eT,a € Aandb € Band 0 < vy, < 1. Then, T has a unique fixed point in AN B.

Proof. Leta € A. By condition (4), we have

p (T?a — Ta) p (T (Ta) — Ta)
ypmax {p (Ta —a),p (Ta — T?a) }

Yop (Ta —a).

VAVANI|

Similarly, we get p (T%a — T?a) < y;p (Ta — a).
Inductively, using this process for all n € N we have

p (T”Ha - T”u) < ypmax {p (Ta—a),p (Ta - Tza)}

thus
p(T"a—T"a) < max{p(T"a—T" ta),p(T" 1a—T"2a),.,p(T"a—T"a)}
< max {'y;”_lp (Ta —a) ,')/Zi_zp (Ta—a),.,vpp(Ta— u)}
< yp(Ta—a)
Since 0 < 7p < 1,7, = 0asn — oo, we get p(T"a —T"a) — 0. Hence {T"a} is a p-Cauchy
sequence. As (X, I) is complete, we have {T"a} — @ € X. We note, that {T?"a} is a sequence in A and
{T?"~1a} is a sequence in B so that the two sequences tend to the same limit 7. Since A and B are closed,

we have thata € AN B thatis ANB # Q.
Considering the condition (4) we have:

p(T*a—Ta) = p(TT* 'a—Ta)
< ypmax{p (T*"ta—a),p (T la—T*a),p(a—Ta)}

Taking limit as # — co in above inequality, we have
p(z—T2) < pp(z—T2) < p(z - T2)

which implies that p (@ — Ta) = 0, since X is Hausdorff, Ta = a.
Clearly from (4) if u and v be fixed points of T we have

p (Tu — To)

rpmax{p (u—v),p(u—Tu),p(v—To)}
Tpp (4 —0)

p(u—0)

ININ I

Since 0 < 7, < 1 this implies u = v. [

Corollary 2. Let A and B be two non-empty closed subsets of a complete Hausdorff locally K-convex space X. let
Ty:A— Band T, : B— A be two functions such that

p(Ti(a) =Tz (b)) < ypmax{p(a—b),p(a—Ti(a),pb—T2(b)} ®)
forallp € Tanda € Aand b € B where 0 < 7y, < 1. Then there exists a unique a € A N B such that

T (@) =Ty (a) =a
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Proof. LetT: AUB — AUB defined by

) Ti(a) ifac A
T(a) { T;(a) ifacB

Then T satisfies condition (4), we can now apply Theorem 2 to deduce that T has a unique fixed point
a € AN B such that
T)(a)=Ty(a)=a

O

3. Fixed Points of Relatively Noncyclic Mappings

In this section motivated by Theorem 3.1 [13], we prove the existence of a best proximity point
of relatively noncyclic mappings and studied the existence of solution of problem (1) for relatively
p-nonexpansive mappings in locally K-convex.

Definition 2. Let (X,T') be a complete Hausdorff locally K-convex space, A, B C X, we set

Ag = {acA:p(a—b)=D,(A,B), forsomeb € B}
By = {a€B:p(a—b)=D,(AB), forsomeac A}

We extend the well known notion of p-property introduced in [5] for metric spaces to the case of
locally K-convex spaces.

Definition 3. Let (A, B) be a pair of nonempty subsets of a locally convex space (X,T') with Ag # @. The pair
(A, B) is said to have p-property iff

{ p (a1 —b1) = Dy (A, B) — p(ay—ay) =p (b —by) (Vpel).

p (a2 —b2) = Dp (A, B)
where ay,a, € Ag and by, by € Bg

Definition 4. Let (A,B) be a pair of nonempty subsets of a locally convex space (X,T). A mapping
T: AUB — AU B is called relatively p-nonexpansive iff p (Ta — Tb) < p (a —b) forall p € T and (a,b) € A
xB.If A = B, we say that T is p-nonexpansive.

Lemma 1. [14] Let (X, T') be a complete Hausdorff locally K-convex space if T : X — X is a p-contraction mapping
then T has a unique fixed point % in X, and T*x —x for every x € X.

Proof. Lety € X and k > 1 we have

(T"*ly - T’”y) s p (Ty — y)}

p (Tky — y) < maxqp (Tky — Tk’ly) ,
(Ty—y),-~,P(Ty—y)}

p
max Y p (Ty —y), v 'p

IN

then max {7";7 (Ty—vy), Y p(Ty—y),..,.p(Ty — y)} = p (Ty — y), which implies that for all x € X and
k>1
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p(Tkx—x) <p(Tx—x).

For every p € I' and k > 1, Choose # sufficiently large. Then for y = T"x, we have
p (Tn+kx _ Tnx> p (Tn+1x _ Tnx>

<
< 7pp (Tx —x)

Since 0 < 7y < 1, ’yZ — 0asn — oo, we getp (T”*kx — T”x) — 0. Thus {Tkx} is a p-Cauchy
sequence and so it converges to a point ¥ in X. Clearly Tx = X and uniqueness of the fixed point follows
as usual since X is Hausdorff. O

Theorem 3. Let (X, T) be a complete Hausdorff locally K-convex space and (A, B) be two nonempty closed subsets
of X. Assume that T : AU B — AU B is a relatively noncyclic mapping such that for some vy, € (0,1)

p(Tx —Ty) < ypp(a—Db)

or a c€Tl'and (a,b) € A XB then D , B) = 0. Moreover, the mapping T has a fixed point in A U B if an
IIp d(ab)e A h p(A he mapping T h ixed point in A if and
onlyif ANB # @.

Proof. Let {a,} and {b,} be two sequences in A and B respectively such that p (a, — b,) — D, (A, B).
Then
Dy, (A,B) < p(Tay — Tby) < ypp (an — bu) .

Taking limit when n tends to infinity, we see that necessarily D, (A, B) = 0. Suppose first that
ANB # @. If we apply the Theorem 1 in A N B, there exists a fixed point of T that in fact is unique
in ANB.

On the other hand, suppose that T has a fixed point b in A U B. Without loss of generality, suppose that
b € B. Then, given a point ap € A, if we denote a, = T"ag we have

p (an —5) < vpp (an_l —5) <P (an,z —E) << qlp (ao —5)

Since 0 < 7, < 1,7} — 0asn — oo, we get that {a,} converges to b. Since A is closed,a € ANB
and the result follows. [

Theorem 4. Let (X, T) be a complete Hausdorff locally K-convex space and (A, B) be two nonempty closed subsets
of X such that A} # ©. Assume that (A, B) satisfies the p-property. Let T : AUB — AUB be a relatively
relatively noncyclic mapping that satisfies the conditions

(i) T| A s p-contraction,
(ii) T is relatively p-nonexpansive.

Then the minimization problem (1) has a solution

Proof. Let a € A} then exists b € B such that p(a—b) = D,(A,B). Since T is relatively
p-nonexpansive; so
p(Ta—Tb) < p(a—b) = D, (A,B)
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Hence, Tu € Ag,therefore T (Ag) C Ag. Now let ag € Ag. By Lemma 1 if 2,41 = Tay, thena, —a

where 7 is a fixed point of T in A. Since ay € A}, then exists by € B such that p (a9 — by) = D, (A, B).
Again, since a1 = Tag € Al}, then there exists by € B such that p (a; — by) = D, (4, B).

Inductively, using this process for all n € N U {0} we have a sequence {b, } in B such that

p(an —by) = Dy (A, B).

Since (A, B) has the p-property, we get that for all n,m € N U {0}

p(an —bm) = p(an —bm).

This implies that {b,} is a Cauchy sequence, and hence there exists b € B such that a, — b.

We now have

p@—E):hmpmn—m):DMAﬁ)

n—oo

We know that T is relatively nonexpansive, so that

p@%ﬁ@ﬁp@—a:DﬂAm

Thus p (E - TE) =p (E - TE) , since (A,B) has property P. Hence (ﬁ — E) € A x Bisasolutionof (1). O
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