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Abstract: The questions of the one-value solvability of an inverse boundary value problem for a
mixed type integro-differential equation with Caputo operators of different fractional orders and
spectral parameters are considered. The mixed type integro-differential equation with respect to the
main unknown function is an inhomogeneous partial integro-differential equation of fractional order
in both positive and negative parts of the multidimensional rectangular domain under consideration.
This mixed type of equation, with respect to redefinition functions, is a nonlinear Fredholm type
integral equation. The fractional Caputo operators’ orders are smaller in the positive part of the
domain than the orders of Caputo operators in the negative part of the domain under consideration.
Using the method of Fourier series, two systems of countable systems of ordinary fractional
integro-differential equations with degenerate kernels and different orders of integro-differentation
are obtained. Furthermore, a method of degenerate kernels is used. In order to determine arbitrary
integration constants, a linear system of functional algebraic equations is obtained. From the
solvability condition of this system are calculated the regular and irregular values of the spectral
parameters. The solution of the inverse problem under consideration is obtained in the form of Fourier
series. The unique solvability of the problem for regular values of spectral parameters is proved.
During the proof of the convergence of the Fourier series, certain properties of the Mittag—Leffler
function of two variables, the Cauchy—Schwarz inequality and Bessel inequality, are used. We also
studied the continuous dependence of the solution of the problem on small parameters for regular
values of spectral parameters. The existence and uniqueness of redefined functions have been justified
by solving the systems of two countable systems of nonlinear integral equations. The results are
formulated as a theorem.

Keywords: integro-differential equation; mixed type equation; small parameter; spectral parameters;
Caputo operators of different fractional orders; inverse problem; one value solvability

1. Introduction

Fractional calculus plays an important role in the mathematical modeling of many natural and
engineering processes (see [1]). We can gladly refer to many examples of applied research works,
where fractional integro-differential operators are successfully and widely used. For example, in [2]
some applications of basic problems in continuum and statistical mechanics are considered. In [3],
the mathematical problems of an Ebola epidemic model by fractional order equations are studied.
In [4,5], fractional models of the dynamics of tuberculosis infection and novel coronavirus (nCoV-2019)
are studied, respectively. The construction of various models for studying problems of theoretical
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physics by the aid of fractional calculus is described in [6] (vol. 4, 5), [7,8]. A specific physical
interpretation of the fractional derivatives, describing the random motion of a particle moving on the
real line at Poisson-paced times with finite velocity, is given in [9]. A detailed review of the applications
of fractional calculus in solving practical problems is given in [6] (vol. 6-8), [10]. More detailed
information, as well as a bibliography related to the theory of fractional integro-differentiation and
fractional derivatives, can also be found in [11-18].

We also note the special role of generalized special functions, such as polynomials, in solving
fractional differential equations. In [19], using Hermite polynomials of higher and fractional order,
some operational techniques to find general solutions of extended forms to d’Alembert and Fourier
equations. In [20], the solutions of various generalized forms of the Heat Equation, by means of
different tools ranging from the use of Hermite-Kampé de Fériet polynomials of higher and fractional
order to operational techniques, are discussed. In [21], the combined use of integral transforms and
special polynomials provides a powerful tool to deal with fractional derivatives and integrals. The real
need to know the properties of such special functions in solving direct and inverse problems for
fractional partial differential equations has been shown in [22].

Applications for equations of mixed type are studied in the works of many researchers.
For example, in [23], an example of gas motion in a channel surrounded by a porous medium was
studied, with the gas motion in a channel being described by a wave equation, while—outside the
channel—a diffusion equation was posed. In [24], a problem related to the propagation of electric
oscillations in compound lines, when the losses on a semi-infinite line were neglected and the rest
of the line was treated as a cable with no leaks, was investigated. This reduced the problem under
consideration to a mixed parabolic-hyperbolic type equation. In [25], a hyperbolic—parabolic system,
in relation to pulse combustion, is investigated. Mixed type fractional differential equations are studied
in many works by scientists—particularly in [26-35].

The theories of integral and integro-differential equations are important in studying the large
directions of the general theory of equations of mathematical physics. The presence of an integral
term in differential equations of the first and second order has an important role in the theory of
dynamical systems of automatic control [36,37]. Boundary value problems for integro-differential
equations with spectral parameters have singularities in studying the questions of one-value
solvability [38,39]. Mixed type integer order integro-differential equations with degenerate kernels
and spectral parameters are studied in [40,41].

To find the solutions of direct mixed and boundary value problems of mathematical physics, it is
required to set the coefficients of the equation, the boundary of the domain under consideration,
and the initial and boundary data. It usually happens that, in solving the applied problems
experimentally, the quantitative characteristics of the object under study are not available for direct
observation, or it is impossible to carry out the experiment itself for one reason or another. Then,
in practice, the researchers can obtain some indirect information and draw a conclusion about the
properties of the studied object. This information is determined by the nature of the object under study
and here requires mathematical processing and the interpretation of research results. Nonlocal integral
conditions often arise when the experiment gives averaged information about this object. When the
structure of the mathematical model of the studying process is known, the problem of redefining the
mathematical model is posed. Such problems belong to the class of inverse problems. By inverse
problems we mean problems whose solution consists of determining the parameters of a model
based on the available observation results and other experimental information. Inverse problems for
equations of mixed type are studied relatively rarely due to the complexity of the studying process.

In the present paper, we study the questions of the one-value solvability of an inverse boundary
value problem for a mixed type integro-differential equation with Caputo operators of different
fractional orders and spectral parameters in a multidimensional rectangular domain.

The rest of this paper is organized as follows. In Section 2, we state the problem, which we will
investigate in this work. Section 3 is devoted to formally expanding the solution of the direct problem
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into Fourier series. In Section 4, we formally determine the redefinition functions. Section 5 contains
the proof of existence and uniqueness of Fourier coefficients of redefinition functions from a countable
system of nonlinear integral equations. Section 6 is devoted to the justification of convergence and the
possibility of the term by term differentiation of the obtained Fourier series. Section 7 contains the
proof of the continuous dependence of the solution on the small parameter. In the last Section 8, as a
conclusion, we formulate the theorem, which we have proved in this paper.

2. Statement of the Problem

We recall that the Caputo differential operator of fractional order m —1 < & < m has the form

t
D3f (1) = gy [ =" (9)ds

where I' (z) is Euler gamma function.
In the multidimensional domain Q = {-T <t < T, 0 < x1,...,x» < I}, a mixed type
integro-differential equation of the following form is considered:

va1(t, s)U(s, x)ds+F1(t, x), t>0,

Ae(U) —By,(U) = % 1
v [ Ko(t,s)U(s, x)ds+Fa(t, x), t<0,
=T

where

Filt ) =ki() [si0+fi | % [ @gindy ||, i=12,
ar

~ 14sgn(t) o o 92 B
As(u) - f CDOt _81; WCDW U(t, x)
1—sgn (f) 5 o 92 B
+— cDy? e; BxiaxiCDOt u(t, x),
m
. ux,»x,»/ t> 0/
Bo(U) =14 =

m

(,UZ Z uxixi/ t<0/

i=1

T and [ are given as positive real numbers, w is a positive spectral parameter, ¢ is a positive small

parameter, v is a real non-zero spectral parameter, 0 # K;(t, s) = a;(t) bj(s), a;(t) € C*[=T; T], bj(s) €

I l

C[-T;T), fi € C2(QF' xR), [ |0i(y)|dy < oo, [ [®i(y)|dy=[...[]0i(y)|dy1-...-dym,
ary o 0 0

i,j =1,2,ki(t) € C?[0; T], ko(t) € C?[—T; 0], while g1(x) and g»(x) are redefinition functions,

R=(-00;00), xcQ"=[0;1]",0< B <a; <1, 1< pr<ap <2

Problem. Find in the domain () a triple of unknown function

U(t, x) € C(Q)NCO () NC2(QL)NC22Q-) NCE QL) NPT ()

a1 +2+0+...+0 xp+2+0+...4-0 a1 +0+24-0+...4+0
mct,xlszmzxm (Q+) N Ct/xl,x2,~-~,xm (Q_) a Ct,xl,xz,X3,...,x,,l (Q+) (2)

N 062+0+2+0+...+0(Q_) n...N Ca1+0+.--+0+2 (Q+) N Ca2+0+ et 0+2 (Q_)

£, X1, X2, X3, .., Xm £ X1,y Xy —1, Xm £ X1,y Xp—1, Xm
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and redefinition functions g;(x) € C (Q"), i = 1,2, satisfying the mixed integro-differential
Equation (1) and the following boundary conditions

U(-T, %) = 91(x), DU (-T, %) = pa(x), x €O, )
U0 =U(1)=0, -T<t<T )
and additional conditions .
/d>1(t) Ut x) = 1 (x), xeQr, 5)
0
0
/ (Ut x) = Po(x), x€QF, ©)
-
where 0 < 6 < 1, ¢i(x), ¥;i(x) are given smooth functions, ¢;(0) = ¢;(I) = 0, ¢;(0) =
Ppi(l) =0, i=1,2, C"(Q) is a class of functions U (t, x1, ..., x;y) with continuous derivatives
%’—},’, g%}, .. a 1r1 0, Cr $(Q)) is a class of functions U (¢, x1, ..., X;;) with continuous derivatives
a"'U  d9°U

r+r+0+ 40
in Q Ct X1, X2, s Xm

Cr+0+ A0+7
X1, e X—1, Xm

(Q) is a class of functions U (¢, x1, ..., xy;) with continuous

9t ax]S/ sty

. 2r . . .
derivative % in O, ... (Q)) is a class of functions U (¢, x1, ..., xy) with
1
. . . 2r e =
continuous derivative %Tg, in (), r, s are positive real numbers, () = {—T <t<T, x€ Q;"},
Q' =0U{xy, ..., 2 =0}U{xy, ..., xm=1}, O = {-T <t < 0,0 < xq,...,xm < I},

Qr={0<t<T, 0<xq, ..., %y <I}.

3. Expansion of the Solution of the Direct Problem (1)-(4) into Fourier Series

Our investigation is based on the application of sine Fourier series to the mixed type
integro-differential Equation (1) of the complicated form. Hence, the solution of the mixed
integro-differential Equation (1) in domain ) is sought in the form of the following Fourier series

e

Ut,x)= Yty () By, (), @)
ny, ..., nm=1
where
U o (8) = [ Ut %)y, o, (x)dx, t>0,

+ a7
t) = 8
Uity (1) U, (£) = J Ut x) 8. n,(x)dx, t<0, ®

Qm

1

/U(t, x)ﬂnl,,,,,nm(x)dx:/.../U(t, %) Oy () A1 - d
0

Qn 0

m
2
Ony, i (X) = (\/7) sin ? X1+...-sin yxm, ny, ...,y =1,2,...

In this order, we also suppose that the redefinition functions and nonlinear functions on the
right-hand side of the integro-differential Equation (1) are representable as the following Fourier series

[e)

§i) =" Y SinyymnOn, (%), filx, Vi) = Z fing,eeomn (Vi) Oy, (), 9)

M1, e =1 n1, e =1
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where

ing,tm = / 8i(%) Ony,on (X)d X, fing, . n, (Vi) = / fily, Vi) Oy, nn () dy,

m m
Qf Qf

i V) =i | v [ @@a@dz|, i=12

m
Ql

Substituting series (7) and (9) into mixed Equation (1), we obtain two fractional countable systems
of ordinary integro-differential equations

DRt (8 Fepd o eDbtut () k()

T (10)
=v [ar(t) bi(s) tr,, ., (8)d5 + Frn, m, (£), >0,
0
€D 1 (6) + €1 COG i () F 1R P (8)
0 (11)
=v [ ay(t)ba(s) tty,, . u,,(s)dS+ Fany, .y (t), £ <0,
-T
where pin,, . n, = Fr/ni+ ... 413,
Pinl,..‘,nm(t) = ki(t) [ginl,‘..,nm ‘|‘fin1,.‘.,nm(vi)} ’ i= 1, 2. (12)
We use the method of degenerate kernels. In this order, by the aid of designations
T
= [ D)1, (), 13)
0
"1/ S /bz nl, LN ( )ds (14)

we present the countable systems of ordinary integro-differential Equations (10) and (11) as follows

Dbt (8 Fepd Dbt (8 pd k()

=var(t) 55+ Fingon,(t), £>0,

(15)

cDRuy o () Fepd DR () 42 @y () )
=vay(t) T, Ty, nyy T F2ny, . n (1), £ <0.

The solutions of the countable systems of differential Equations (15) and (16), satisfying conditions

_ _ d _ _
”;T nm( ) C+ s ”nl,...,nm( ) C U C

17 eer 1nq,..,n, 1nq, ... nm’ dt ﬂ1,-.~,nm( ) 217, ..., Ny

have the following form:

”E,..,,nm (t) =v T;;,‘,,,nmlfllnl,...,nm (t/ 8) + Tlan,...,nm (t/ 8) + Ci‘rn],m,nml}rll%nl,...,nm (tr 8); t>0, (17)
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ura,..‘,nm(t) = VTJ],...,nm‘Yﬂ M1y e i (t/ g W) +T22n1,...,nm(t/ g w)
(18)
+CIH1,...,an23n1/'--1nm(t’ & CL]) - CEH],...,HmT24n1/"'1nm(t/ & w)’ t < 0/
where CJ{nb ot C i_nl, T (i =1, 2) are for unknown constants to be uniquely determined,

t
‘I"llnl,...,nm(tr €) = /al(t—s) g1 E(ﬂqfﬁwq),ﬂq (—EH%],‘..,nms"‘l*ﬁl, _V%],...,nms‘xl) ds,
0

£
_ w1 —1 2 o — 2 ®
Yi2m,, ., n, (€)= /Flm,___,nm(t—s)s 1 E(oq—ﬁl,oq), “ <_£Vm,...,nm5 1 /51, —HWai, .. ny,S 1) ds,
0

2 - 2
Tlf}nl,m/nm(t/ S) = E(‘Xl_ﬁlral)'l (_S ynlr---r”mtle ﬁl’ _anr---rnmtlxl) !

0

TZ] n],.“,nm(tl g w) - /az(s - t) (_S)“271T25}’11,.4.,ﬂm (tl g, w)d S,
t

0
TZan,.‘.,nm (t/ 8/ (U) = /Fan,...,nm (S - t) (_S)a2_1T25n1,...,nm(t/ 8/ (U)d S/
t

2 — 2 2
‘F23Vl1r---,nm (t/ & (/J) = E(IJQ*,BQ, ay),1 (_S Ky, .., nm(_t)az ﬁzr “Hny, . nm W (_t)a2> 7
a

T24ﬂ1,...,nm<tl g CU) = tE((Xz—ﬁz, 0(2),2 (_S ;’l%ll,...,t’lm(_t)a27ﬁ2’ _yzll,...,l’lm (U2(—t) ) 4

2 — 2 2
‘Y25”11---,nm (t, g w) = E(oQ—,Bz,zxz), ay (_S .unl,...,n,,,(_s)az ﬁz/ W, .. n, W <_S)’X2) ’

The function E(, g) (z1, z2) is a Mittag—Leffler function of two variables:

%) Zle?z
E (z1, 22) = ,
(& B)y ) ml,;zzor(7+lxm1 + pmy)

where z;, &, B, vy € C, Re(a) >0, Re(B) > 0.

From the statement of the problem (properties in (2)), it follows that the continuous conjugation
condition is fulfilled for the main unknown function: U (040, x) = U (0 — 0, x). Therefore, by taking
Formula (6) into account, we have the conditions for Fourier coefficients of the main unknown function

M,Tl,m/nm(o—‘—()) = f u(0+0/ X) l9”1x~-~/”m(x)dx

o . (19)
= f u (0 -0, x) 197!1,~-‘,nm (x) dx = Upy, i (0 - 0)'

o

We put
Ping,..,ny = / (Pi(x) ﬁ”l/m/”m (x) dx, i=1,2.
ar
Then, taking (8) into account, from the conditions in (3), we obtain
g (=T) = [ U T, 2) 00y, () dx = [ 91(3) B0ty ()X = 1y (20)

ar o
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cDfun o (=T) = [ DS, U(=T, x) Ony,..,m,(x)dx
aQr
21
= f q)z(X) ﬂ”lw-vnm('x)dx: q)anrmlnm' ( )
Qr

By the aid of the continuous conjugation condition (19) from (17) and (18), we have the relation

that CT = C7 . To find the unknown coefficients of the integration C7 and
1nq, .., 0, 1ny,..., W, g 1nq, ..,
2m1, i in (18), we use the conditions (20) and (21) and deduce the following system of linear

algebraic equations:

VTn_l,.‘.,anﬂ nlr---r”m(iT/ & (U) +\Ij22”1/~wnm(7T’ & C(J)+

+CIn1,...,nm\Ij23”1/~vnWl(_T’ g CU) - anl,...,nm‘fQA 7’11,--~,nm(_T/ & (U) = q)l ny, ..., Ny

VG D01 Y210, o (—T, € @) + DG Y220y, o n (=T, € @)+ @)
+Cf,,],m,angt‘stnl,...,nm(—T/ gw)—Cyp 0 D8 Y 24ny,.. i (=T, €& @) = @2ny,.. s
where by DY ¥ (—T) is denoted D%t‘I’(t)‘ t—_1. We assume that
Oy ooy (W) = Youny, . on (=T, & @) - DY ¥z, my (=T, & w) o)
~Y230y,. (T, & W) - DY ¥our,, n,(—T, & w) #0.
If the condition (23) is fulfilled, then the system (22) with respect to C Ty, i and anl,..., .

is uniquely solvable. By solving this system (22), we arrive at the following presentations for these

unknown coefficients 1

! M e B (7711, o m (w)

9 —
X {(Pl N, e i DOt‘Ij24n1,...,nm(*T/ g w)+ (/’2n1,...,an24n1,--.,nm(*Tf €& w)— VT,

,,,,,,

1
21y, ..,y m

0
X |:¢1111,...,1’lm DOt‘P:ZS?Zl,...,flm (_ T/ E/ CU) + (Pan,...,nm‘PZSnl,...,nm (_T/ Sl (U) -V Tnl,...,nm
X (Y231’11,...,71m (7T/ g (JJ) Dgt‘FZD’l],...,nm (7T/ g (JJ) - TZlnl,...,nm (7T/ g, (U) Dgt‘lj23n1,...,n,,, (7T/ g, (U))
+ ‘FZan,...,nm (_T/ g, w) DgtquBm,...,nm (_T/ g, w) - lIr23m,...,n,,, (—T, £ w) DgtlFZZn],,..,n,,, (—T, £ w)] .

By substituting these results into (18) and taking into account CJ{nl oty = CInl ot in (17)
and designation (12), we obtain the following representations for the Fourier coefficients of the main
unknown functions in the positive and negative parts of the domain:

”iz,...,nm(tr g w, V) = [‘Pl 0y, ey tty + (P2n1,...,nm] N1 nl,...,nm(t/ £ w)

+v Tn+1,,,,, i Nip M1, ooy i (t/ 8) -V T;Ill,,,,nm N13n1,..., o (t/ & w) + [gl M1, ooy i + fl M1, oo i (Vl)] (24)

XN1any, nn(t €) 4 [§201, s + 211, nn (V2)] Nisny, . nn (€ @), >0,

unl,,,., M (t/ g w, V) = @1 n1,.A.,nmN21 n],...,nm(t/ g, (U) + (P2n1,...,nmN22n1,...,nm(t/ g (U) ( )
25

VT N2, (b € @)+ (8200, + f2m1, oy (V2)] Noang, oy (B & @), £ <0,
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where
1

anl,n-/nm

N12n1,...,nm (t/ 8) =%n nl,...,nm(t/ 5)/

1
N13n1,...,nm(t/ g w) = m {"Fzzlnl,...,nm(_T/ £ CU) Dgtq{Zl n1,-~.,nm(_T/ (A fU)
177 m

~Y¥o1uy,nn (=T, & @) D8 ¥ouny, . nn (=T, &, w)] Y130y, nw (t, €),

N14n1,...,nm (t, 8) = ?12711,...,;1,,, (tl 8)/

N15711,...,nm(tr £ w) = |:W227’11,...,71m(_T/ £ w) Dgtllj24n1,...,nm(_T/ g, w)

Ony, i ((U)

_‘P24t’ll,...,nm (_T/ & (,U) Dgthzn],...,nm (_T/ & CU)] lIJ13nl,...,1’lm (t/ E)/

1
NZlnl,...,nm(tr g, C(J) = m [11!23}’[1,...,71,” (tl g, (,U) Dgtly24n1,...,nm(_T/ g, (,U)
17+esm
~Youny, .., ny(t, & W) DSthanl,...,nm(—T, g, w)} ,
1
N22n1,...,nm(t/ & w) - 0_7() [‘Y23H1,.‘.,11m(t/ g, CU) ‘F24n1,...,nm(_T/ g, w)
Ny, .., Mm

+‘P24n1,...,nm(t/ £ W)‘P23n1,.‘.,nm(_T/ & WH /N23n],...,nm(t/ & (,d) =¥y nl,...,nm(t/ g, w)

B [‘P24n1,...,nm(_T/ g (.d) Dgt‘ljﬂnl,...,nm(_T/ £ (U)

1

_’_7
U”lr e i (CU)

|:‘P23711,...,7Zm(_T/ g, CL)) Dgt‘lj21n1,...,nm(_T/ g, CU)

_‘P21 nl,...,nm(_T/ & CU) DgtTZSn],..A,nm(_T/ g, CU)] T24n1,...,nm(t/ g (U),

N24711,..‘,7lm(t/ 8/ CU) = ?22111,...,}’[”1 (tl E/ (A))
1

Unl/ ey Mm (C(J)

~Youny,ny (=T, & @) D§ Fazuy, ny (T, &, w)} Y30, ... nm (£, & @)

+ [?ZZH],.‘.,HWI(_T/ g CU) Dgt‘fﬂnl,...,nm(_T/ & w)

1 .
— ¥ ~T,¢ w)DE, ¥ ~T, ¢,
+Jn1,...,n,n(w) [ 22n1,...,nm( g W) 0t 23n1,...,nm( g W)
_T23n1,‘..,nm(_T/ g (U) Dgt?22n1,...,nm(_T/ g (U):| IF241’11,...,1’1,,1(t/ g C(J),
t
?lznlrwznm (t/ E) = /kl(t - S) Sa171 E(al_ﬁlzﬁl)rlxl (_8 ‘u’%l/m’nmsulflgll _‘uglw--/nmsml) dS,
0

0

W227’11,...,'rlm(t/ 8/ CU) - /kZ(S - t) (_S)“271 ‘Ij25711,...,nm(t/ S/ (U) dS.
t



Axioms 2020, 9,121 9 of 24

According to the degenerate kernels method, we substitute these presentations, (24) and (25),
into designations (13) and (14):

+
Tt |1 =V X125,

= I:q)l Ny, ey + q)znll

+ [gz n1, ety + f2n1,‘.

Tnlr---/nm [1 - UX23”1/

+ [82n1,--~,ﬂm +f2711,

where

Xlinl,...,nm (‘S/ (U) - /bl (S) Nliﬂl,...,n,n (S, S/ (U) dS, l - 1/ 5/

X2ing, .., np (8, w) = / bz(S) NZinl,...,nm (S/ g, CU) ds, i

e (& ) FV T X130y, (65 @)

...,nm} X11 nl,...,n,,,(sl w) + [glnl,...,nm +f1 nl,...,nm(vl)] X14n1,...,nm (81 w)

i (V2)] X150y, . (65 @),

(26)

o i (51 w)] = P1ng,..nuX21ny,..., 0y (51 w) + P2nq, . X211, ..., (5/ w)

o (V2) ] Xoany, s (€, @),

T

0
0

-T

(27)

1, 4.

We solve the linear algebraic Equations (26) and (27) as a system of algebraic equations with
respect to quantities 7,/ , ‘and 7,  , .If the following conditions are fulfilled

VXlan,...,nm (S/ CU) 7é 1/ VXZ?)H],...,nm (S/ (,U) 7é 1/ (28)
then, from (26) and (27), we derive
T;j;,...,nm = @1y, .. n M1 nl,...,n,,,(gr w) + P21,y M1211, o 1 (e, w)
(29)
+ [glnl,m,n,,, +f1n1,...,n,,, (Vl)] M13n1,...,n,,, (S/ w) + [anl,...,nm + f2n1,...,nm (VZ)] M14n1,m,n,,, (s,w),
T;;l,,,,,nm =@ nl,...,an21 11, ooy M (81 (,(J) + q)an,...,anZan,A..,nm (E/ w)
(30)
+ [anl,...,nm +f2n1,...,nm(v2)] M23n1,...,nm (51 W)/
where
1 X13ny,...m, (& W) X2iny,...n,, (€, W)
M . ’ — ; _ 1seeerMm 1s--/Mm ,
1ing .. i (€ UJ) 1= v X120, (e, w) {Xllm,...,nm (5 (U) v T (e, w)
: X14ny, ..., n, (& W)
1= 1/ 2/ M131’11,...,ﬂm (S’ C()) = : 4
1—-vxn 11, ooy M (5; a))
1 X13ny,...n (8,(4]) X24ny,...n (8,60)
Muap,,..n, (6, w) = |:X15 oy (W) —V Yoot Lol ,
et (610) 1 —v X120y, (& W) et (61 ) 1 —vx23m,...m, (& W)
X2iny,..,n (8, w) . X24ny,..,n (E/ w)
M‘ , — 1ssMm , :1,2,M , — 1s-sm .
2011, .., Ny (S C()) 1— VXBny (8, LU) 1 2311, o0y iy (S w) 1— VX231, (E, w)
Substituting presentations (29) and (30) of T;LL . n, Into (24) and (25), we derive
”r—;,...,nm(tf 8’ (U, V) = (Pl Ny, .., Nm Qll Vll,...,nm(tl 8/ CU, V) + 992n1,...,an12n1,...,nm(t/ 3, (U, 1/)
+ [81 M1, e i +f1 nl,...,nm(Vl)] Q13n1,..., nm(t/ g W, V) (31)

+ [anl,...,nm +f2n1,...,nm(v2” Q14711,...,7Zm(tl 8/ wl V)/ t > 0/
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un1/~--;nm(t’ g/ wl V) - 4)1 Ny, ..., Ny QZl nl,.i.,ﬂm(t/ 8/ (U, V) + 4)211],...,1’1"1 Q22n1,...,nm(t1 8/ wl V)

(32)
+ [anl,...,nm "‘onl,...,nm(VZ)] Q23n1,...,nm (t/ 8/ wl 1/)/ t < 0/

where
Qlinl,‘..,nm(tr & W, V) = Ny nl,...,nm(t/ <y (U) + VNl2n1,...,nm(t/ <y (U) Mlinl,...,nm (sr (U)
-V N13n1,...,nm (tr g OJ) MZinl,...,nm (el (U), i= 1/ 21
Ql3n1,...,nm(t/ E/ (,d, V) = N14n1,...,n,,,(t/ E/ (,U) + VNlan,...,nm(t/ E/ (,U) M13n1,...,nm (E/ (,U),
Q14n1,...,nm (tr g w, V) = N15n1,...,n,,, (tr £ (U) +v N12n1,...,n,,, (i’, £ w) M14n1,...,nm (8, CL))
-V N13 ny, ...,y (t/ S, (A)) M23 ny, ..., Ny (E/ w)/
QZinl,...,nm (t/ £ w, V) = N2in1,...,n,,,(tr £ w) + VN23n1,...,nm(t/ £ w) Mzinl,...,nm (er w)/ i=1,2,

Q23n1,...,nm(t/ £/ (U, V) - N24n1,...,nm(t/ ‘S/ (U) + VNZB'H],...,HW(t/ ‘S/ (U) M231’l],...,1’1m (‘S/ (U)

Now, we substitute presentations (31) and (32) into the Fourier series (7) and obtain the following
formal solution of the direct problem (1)—(4)

[e9)
u (t, X, & W, V) = r 19771/~~/nm (x) [(Pl N1, e Wi Qu N1, ooy My (t/ g W, V)

Ny, e, Np=1

+§02n1,...,nm Q12n1,..4,nm(t/ £ W, V) + (gl ny, ..., Ny +f1 Ny, ., My (Vl)) Q13n1,...,nm (t/ & W, V) (33)

+ (anl,...,nm +f2n1,...,nm(V2)) Q14H1,...,ﬂm(tl & w, V)} , t>0,

[e®)
u (t/ X, € W, V) = Y 19/71,...,11,1, (x) [q)l 11, eeey M Qn nl,.“,n,,,(tr £ W, V) + P2nq,.. 1
ny, ..., Ny =1 (34)

XQZZm,...,nm(t/ g w, V) + (an],“.,nm +f2n1,.4.,n,,,(v2)) Q23n1,.4.,nm (t/ g w, V)] , t<0.

We suppose that the conditions of (23) were violated for some values of spectral parameter w. So,
we have to consider the algebraic equation with respect to spectral parameter w

Ony, .oty (w) = ‘P24n1,...,n,,, (*T/ & (U) : D%[T23n1,...,nm(*T/ £ (U) (35)
_T23Tl1,...,ﬂm(_T/ [H (U) : DgtT24n1,..., l’lm(_T/ &, (U) =0.

The set of positive solutions of this algebraic Equation (35) with respect to the spectral parameter
w, we denote by ¥1. We call these values w € < as irregular values and, for these values,
the condition (23) is violated. Another set A1 = (0; 00) \ I is called the set of regular values of
the spectral parameter w and, for these regular values, the condition (23) is fulfilled.

Now, we assume that the conditions in (28) are violated v X121, n,, (& @) =1, VX3, .., n, (& @) = 1.

Hence, we have
1 by — 1

V1= 2= .
X23nq, ..., (S/ (,d)

N X121y, ..., (81 w) ’

For regular values w € Ay there hold X124y, n, (& @) #0, X23n,,...,n, (& w) # 0. So, we denote
the set {v1, 12} by 5. Thenaset Ap = (—o0; 0) U (0; 00) \ ¥ is called the set of regular values of
the spectral parameter v. Therefore, for all values of v € A, condition (28) is satisfied. We use the
following notation X = {nq, ..., n,, € N; w € Aq; v € Ay}, where N is the set of natural numbers.
This is the set on which all values of the spectral parameters w and v are regular. Therefore, in this case,
we study the solution of the direct problem (1)—(4) in the domain (2 as Fourier series (33) and (34).
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4. Redefinition Functions

Suppose that the functions 1;(x) expand in the Fourier series

l/Ji(x) = Z ¢in1,...,nml9n],...,nm(x)/ (36)

ny, e, =1

where
Bimom = [ B0 Oy (), 1 =12, 1 =1,2,
o

By virtue of series (33), (34) and (36), we apply conditions (5) and (6):

(o) o0
Z 1‘/)1 Vll,---r”ml?”lr-wnm (x) = Z 19”1/“-/”"1 (X)
ny, ..., hm=1 ny, ..., nm=1
T
X /<D1(f) (P10, 1 Q11 ny, oy (b € W, V) + @20y, 1y Q12 oy (£ € W, V)
0

+ (glnl,...,n,,, =+ f1n1 44444 T (Vl)) Q13110 (t & w, V) + (anl,...,nm + f2n1 ..... T (VZ)) Qdny, i (te,w, V)] dt,

[e¢] [ee]
Z l/)2n1,...,nm7-9n1,...,nm (x) = 2 197’11/-~~/71n1(x)
ny, ..., nm=1 ny, ..., nm=1
0
X / Do (t) [ @111y, Q21my, oy (b € W, V) + P2,y Q22ny, oy (£ €, W, V)
T
+ (anl,.‘.,nm +f2n1,...,nm(v2)) Q23n1,...,nm (tl g w, V)] dt.

Hence, we obtain
lplnl,...,nm = (Plnl,...,nmYllnl,...,nm (S, w, V) + (P2n1,...,an12n1,...,nm (Sr w, V)
+ (81 1y ooyt T S0, (Vl)) Y13, ..., 1 (&, w, v) (37)

+ (8200, s+ f2110, s (V2)) Y1amy, . (6 w, V),

¢2n1,...,nm =@ nl,...,an21 N1, e M (5/ w, V) + 4’2n1,...,an22n1,...,nm(Sr w, V)

(38)
+ (anl,..., i +f2n1,...,nm(V2)) Y23n1,...,nm (81 w, V)/
where
T
Ylinl,...,nm (8/ w, V) - / (I)l(t) Qlinl,...,nm (t/ g w, V) dtr i= 1r 4r
0
0
Yoing,..n,(& w, V) = / Dy (t) Qaing,..nm(t, & w,v)dt, i=1,3.
-T

The relations of (37) and (38) we consider as a system of functional algebraic equations with respect
to coefficients of redefinition functions. By solving this system, we obtain the following representations

81ny,... i (8, w, V) + flnl,...,nm (Vl) = wlnl,...,nm Allnl,...,nm (81 w, V) + lPan,...,nmA12n1,...,nm (81 w, V)
39)

+§01 nl,...,n,,,ABnl,..., Nm (‘S/ (U, U) + §02n1,...,nmA14n1,...,nm (81 (U, V)/
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821y, ...,y (E/ w, V) +f2n1,...,nm(v2) = l/Jan,...,nmAﬂ M1, e i (E/ w, V)
(40)

+q)l nl,...,nmA22n1,...,nm(S/ w, V) + q)znlr---rnmAZ'}n],---r”m (‘C” w, V)’

where
-1
Ming,..nn (& @, V) = Y1zn,, . n, (6, w0, V),

1
Mony,nm (& @, V) = =Yz, (& @, V) Y13y, mp (€ @, V),

.....

-1
A21 Ny, ..., iy (8/ wl V) - (Y23n],‘..,nm (81 wl V)) 7

-1
A22111,...,717,1 (8/ w, V) = —Yy 11, ey Mo (8r w, V) (Y23n1,...,nm (81 w, V)) ’

-1
Aoz, nn (& W, V) = =Yoo, (6 @, V) (Yozuy, . on (€, @, V) .
We rewrite Formulas (39) and (40) in the form of countable systems of nonlinear integral

equations (CSNIE)
&8ing, .., i (8, w, V) =1 (ginl,...,nm) =Cing,..,np (sr w, V)

0 (41)
- f fl Y f @1‘(2) Z ginl/---rnm (S’ w, V) ﬁnll"'!nnl (Z) dz 19nlu--,nm (y) dy’ i= 1/ 2/

Q;n Q;’l ny, ...,y =1
where
Clny, ... nm (5/ w, V) =1 nl,...,nmAll M1y e M (5/ w, V) + 1/J2n1,...,nmA12n1,‘..,nm (S/ w, V)
+(P1 711,...,11mA13n1,...,nm (S/ w, V) + q)an,...,nmAléln],...,nm (‘C'r w, V)r
oy, (& W, V) = P2y D1 ny, .o 1y (€ W, V)
F Py, 1 D221y, o (& W, V) + P20y, 1 D231y, (€ W, V).

5. Unique Solvability of CSNIE (41)

We use the concepts of the following well-known Banach spaces, including a Hilbert coordinate

[e0] .
space ¢, of number sequences {by,, .. u, } n, ... ny—1 With the norm

o)

2
||be2 = 2 |bn1/"-1nm‘ < oo,

Ny, e, =1

We also use the space L(Q)]") of square-summable functions on the domain )} with the norm

19 ) Ly =

In the process of proofing the unique solvability of CSNIE (41), we need the following conditions.
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Smoothness conditions. Let functions

Pix), $ix) € CXQP), fi | % [ @ly)giy)dy | € CHOP xR), i=1,2
o
in the domain )" have piecewise continuous third order derivatives.

Then, by integrating them in parts three times over all variables x1, x5, ..., x s, we obtain the
following formulas [41]

r 12
> 2 2\ ™ 93M . (x
r [qvfii”n] S(l) / 53 ;Pl() =| dx, (42)
Ny, .o, =1 T " xlaxz axm
ar bt -
> roem 12 (2\" [ ]
<\{7 dx, 43
Z:l (s —(l> Q/ 9x39x3 ... 0x%| 43
mo L i
(3m) (3m)
| i | = i”M | = ismh (44)
q)ll’ll,...,i’lm - T 7’1:{) Tl:;)n 7 e | T = ni; n3m ,
where s
(3m) 0 m(p
(Plnl, /e / E)x3ax2 : 319n1,...,nm(x)dx/
5m
(3m) d 4)1 .
Piny, . /ax3ax2 mﬂnl,..-,nm(x)dx/ i=1,2
We obtain also that
(3m)
3m f (x’ V)
’fznl nm ) ‘ — (l) ’ lﬂ];g,ﬂm - 1 ) (45)
7T ny...Mnmy
5 e ] ( ) / 93" fi(x, Vi) zdx »
Ny, e, Np=1 i et ax3ax2 axm !
l
where 5 ( |
(3m) o 0 mf' x, V; .
Fing, o (Vi )—m axfaxlg ...alx% Oy (X)dx, i=1,2.

1

We use also the following well known properties of the Mittag—Leffler function:
(1) For all k > 0, agp, Bo, Y0 € (O,‘ 2], g < Bo < 0, t = 0 the function
tPo—1E —kt*, —ktP) is complete and monotonous and there holds
0o 0 p

(—=1)° {tﬁo’lE(QO,ﬁo),% (—kt”‘ﬂ, —ktﬁO)] ) >0, s=0,1,2,... (47)

(2) Forall ag, Bo € (0, 2), ¥ € Rand argz; = 7, there hold the following estimates

Cq
1+|Zl|

‘ E(lxozﬁo)/% (21, 22) ’ < ’ (48)

Co

E (0o, o), 70 (81215 22) = Eag, o), 5o (€221, 22) ’ < e e 1+ |z1]

(49)
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where 0 < C; = const does not depend on z, ¢; € (0; &9), 0 < &g = const, i =1, 2.

According to the properties of the Mittag—Leffler function (Formulas (47) and (48)) the quantities
Ajng,ynn(& @, v) (j=1,4)and Ayjy, . 4, (e w, v) (j =1, 3) are uniformly bounded. So, for any
positive integers 1y, ..., 1y, there exist finite constant numbers Cg; (i = 1, 2), by which the following
estimates take place

max_max | A1y, (€ @, v) | < Cor, j=T4, (50)
ny,...nmeN j

maxXx max | Ay ; g W, v < C =1 3 51
1y, ot fmathbbN ] ’ 2,]n1,...,nm( , W, ) ‘ = Co2, ) 7 9 ( )
where 0 < Cyp; = const, i =1, 2.

Lemma 1. Suppose that the smoothness conditions are fulfilled and

| filx, Vi) — filx, Vi) | < Kqi(x) | Vi = Vi |, p < 1,

3m
where p = Coavs || ©:(x) || Ly 73 =Cos (1) ()",

[ee)
1 93K q;(x ,
CO3 - Z ﬁ < 00, max 43 3 11( ) 3 S CO4 < OO, 1= l/ 2
" Ny ...npy i ||9xy0x5 ...0xy,
1o M= 1 1 2 LZ(QZm)

Then, for regular values of spectral parameters w and v, CSNIE (41) is uniquely solvable in the space £ 5.
In this case, successive approximations are defined as follows:
gionl,...,nm (8, w, V) = Cing, ..,y gik;;,lm,nm (8, w, V) = Iinl,...,nm (gf), i=12 (52)
Proof. We apply the method of successive approximations and the method of compressive mappings.
We use Formulas (42)—(44) and estimates (50) and (51). By the aid of the Cauchy-Schwartz inequality
and the Bessel inequality for the zeroth approximation of the coefficients of the redefinition functions
from successive approximations (52), we obtain

oo
0
g8 w v)],, < L lctn, n.(ew v)|
1oy M=
oo oo
< Y | /2] nl,m,n”,Allnl,m,nm (S, w, V) | + Y | 1P2n1,...,nmAlznl,...,nm (51 w, V) |
Ny, e, By=1 My, e =1
co c0
+ ) | (Plnl,...,nn,ABnl,...,nm (Sr w, V) | + Y | (Pan,...,nmA14n1,...,n,,, (51 w, V) |
M1y =1 1, ey =1
oo oo oo oo
< COl Z |1P1n1,...,nm| + Z |1I'72n1,---,l’lm| + Z |901n1/~~~/11m| + Z |‘P2n1,---,nm|
ny,e.., M= ny,ee., M= Ny, M= ny,...,Nypy=
o (Y] 2 [ I
>L01\ 7w r P + r PERRTE (53)
M1, e My =1 Lom M1, e My =1 Lo
(3m) (3m)
x Piny, .., fac Pony, ...,
v § ldtel, § loial
N, e =1 1o N1, ey My =1 Loetm
<cn (&) at o ] e )
0t\m 11, ey =1 ng..nf, 1 123 2 123 1 Ly 2 Ly
%" (x) 9%y (x)
< T H ax?ax;...axﬁ, LZ(Q;”) + axfaxg...axﬁ, LZ(Q;”)
aSm(Pl(x) aquDz(x)
JrH ax‘?ax%ax?n LZ(Q;n) Jr Bxiaxg...ax?,z LZ(Q;”) < o,
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where Y1 = C01C03 (%) " (

1
T

(o] o0
H 38(’3 w, v) H 0, < o lean, (6w v)] < r | Y201, nu D21y, ., (& W, V) |
Ny, e, = nl/m/nm:l
(o] (o]
+ X etm,m B2, & @ V) [+ L | 2n, . nB23m,.m, (8 w, V) |
M1, e My =1 M1, e =1 ( 4)
5
3m ||y o |ei, R
cco(t)"] § el polmial, g lebal
1, ey My = 1o tm My, e =1 170N Ny, e =11 770M
83"‘1/Jz(x) aSrrqul(x) aan(Pz(x)
<72 ’ 0x3023..0%3, L2<Q;“) + ‘ 0x70x3..0%3, ||, (Q}") + 9x7023..0%3, ||, (an,) < 00,

3m
where 7, = CpCo3 (%) " (%)

By Formulas (45) and (46), using the Cauchy-Schwartz inequality and Bessel inequality for the
first difference of approximation (52), we obtain

[ fi (x, | ©i(y) g?(y/&ww)dy> Gy, (%) d

lsi (e, v) =gl wll,, < %
n

1t =1 | oy
3 w0 om (o) - 0 %9)
< (1 m Singosn Vi ) < d fi(X,V,-)
=\ L n3..nd >3 9x%9x3 010 <o,
n],---,nm:1 1 m 1 2 m LZ(Q;”)

3
where y3 = Cg3 (%) " (%) " V? = [ ®l-(x)g?(x, g, w,v)dx, i=1,2.
QW!

Analogously, by the condition of the lemma and expansion (9), using the Cauchy-Schwartz
inequality and Bessel inequality for an arbitrary difference of approximation (52), we obtain

|8 e @ v) ~ghe w,v)|

Ly

3m filx, VEY = fi(x, VETT) ‘ H L2 (")

<73 H 9x39x3...0x3,

<73 [ 16©:i(y)]-
A

1

k k-1 _Ky(x)
il & wv)=gi (v 8w, V)‘ dy H Ix]9x3...0x3,

L)) (56)

<Couvs [10)] T ek, @) =gkl L (6w v)|1On,.n ) ldy

Q;" 1, e, Ny =1

<p gk @) -gF e w,v)

’ i:1121

where

93Ky, (x)
dxJox3 ...0x3

§C04<OO, i=1,2.

P =Coa73 [ @) () max )
Ly (O

1

By the condition of the lemma, p < 1. Therefore, it follows from estimate (56) that the operators
on the right-hand side of (41) are contracting. From the estimates (53)—(56), it is implied that there
exists a unique pair of fixed points {g1n,,.., 1, (& @, V); &2y, .., ny (&, w, v)}, which is a solution of
CSNIE (41) in the space £;. The Lemma 1 is proved. O
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6. Convergence of Fourier Series (57)

Now, we determine the redefinition functions. In this order, we substitute representations (41)
into the Fourier series (9) and obtain

(e )

gilv e, w,v)= L By, n,(X) [Cing, (€ @, V)
ny, .., ip=1
o (57)
- f fl y’ f ®i(z) E ginl,-~-,nrn(€’w’1/) ﬂnlw-rnm (Z)dz 19711/~~/7’lm (y)dy ’ i= 1’2
Q;n Q;n nyee im=1

We prove that the following lemma holds.

Lemma 2. Assume that the conditions of Lemma 1 are satisfied. Then for reqular values of spectral parameters
w and v, the series (57) converge absolutely.

Proof. We use estimates (53)—(55). Using the Cauchy-Schwartz inequality and Bessel inequality for
series (57), we obtain the following estimates

(o)

amew|< T |%mwuﬂpmmemmw|

Ny, e, M=

+

f fi (y/ f 1(z) E 811, ey (& W, V) Ouy, my, (z)dz) Oy, n(y)dy H

Qp Qy M1, e, Ny =1
<o (1) (5" [cufl o], +co |45
> L0317 pra 01 1 A 01 2 s
58
co |l oBm collo@m (3m) (. °8)
+Co |l @y ||, FCou o2 |, AT (),
2 2 2
83”‘lp1(x) 83”11/)2(9() 33”14)1()()
S T4 H axf’ax%...ax;’;, ’ LZ(Q;”) + H ax?axgax;} LZ(QIW) + H ax?axgax;} LZ(Q;”)
aqu)Z(x) aSmfl(x’V1>
+ H 9x39x3..0x3, Lz(Q}") + H 9x39x3..0x3, Lz(Q}") < oo,
oo
B o@n < E (o m®] |2 6@ v
ny, ..., Nyy=
+1 /£ (% [ ©a(2) Y 8, (& @, V) Oy, (z)dz) By, (y)dyH
(OF8 ar N1y ey M= (59)

asmlﬁz(x)

aBﬂX(pl(x)
ST H 9x30x3..0x3,

LZ(Q/") Jr H ax?axg...axﬁ,,

L:(ay)

aGmfz(x, )

aSm(Pz(x)
+ H 2 LZ(Q[") + H axﬁax%..ﬁxﬁn

353 3
x70x3...0x35,

< 0

7

)

where

2
Hammmw> ix

axi’ax% ...0x3,

_ /[ 3" fi(x, V;)

axi’ax% ..0x3,

Ly (0

~—

m
QZ

e =1

‘/i - / ®z(]/) Z ginl,...,nm (‘S/ a}/ V) 1911],...,1’17” (Z) dZ/ Z - 1/ 2/
Q;n n

3m

2 l l 3m
74 = Cop3Cos (l) (71) , Cos = max {Cp1; Cop; 1}.

From (58) and (59) the convergence of series (57) is implied. Lemma 2 is proved. O



Axioms 2020, 9,121 17 of 24

So, we determined the redefinition functions as a Fourier series (57). Using representations (39)
and (40),we can present Fourier series (33) and (34) of the main unknown functions as

(o)
u(tl X, Sr (,U, V) = Z 19‘711,...,‘!1”1 (X) [lplnl,...,nm Wllnl,...,nm(tr & w, V) + 1/’2711,...,an12n1,...,n,,,(t/ S/ wl V)
Ny, =1 (60)

+(P1 nl,...,n,,,wl3n1,...,nm (tl €, (U, V) + 902n1,...,nn,wl4n1,...,n,,,(t/ 8/ (U, V)] ’ t > Or

oo
U (t/ x/ 8/ (U, V) = Z 191’11,...,71,,, (x) [lPZTll,...,anZl nl,...,nm(tr e/ Cl), V)
Ny, ., Ny=1 (61)
JF(Plnl,...,n,,,VV22nl,“4,;1",(l'/ & w, V) + P2ny,.. 1 W23n1,...,nm (t/ £ W, V)} , £<0,
where
Wil nl,...,nm(t/ g w, V) = Ail N1, ..., N (81 w, U) QiBnl,...,nm(t/ g w, V)/ i= 1/ 2/
W12n1,...,nm (tl 8/ (U, V) = A12n1,...,nm (81 (U, V) Ql?ﬂ’l],...,?lm (t/ 8/ (U,V) + AZl‘rl],m,nm (81 (U, V) Q14l’l1,...,1’lm (t/ 8/ wlv)/
lenl,...,n,,,(tl £ W, V) = Qlj—an,...,n",(t/ £ W, V) + Aljnl,...,n,,, (S/ w, V) Q13n1,...,nm(t/ £ w, V)
+A2]‘71 Ny, .., Ny (Sl Cl), V) Q14n1,...,n,,,(t/ g/ OJ, V)/ ] = 3/ 4/

W2kn1,...,nm(t18/ w,v) = Q2k71n1,...,nm(t/£/ w,v) + Aan],...,n,,, (8,(4],1/) Q23n1,m,n,,,(t/ S/(U/V)/ k=23

To establish the uniqueness of the function U (t, x, ¢, w, v), we suppose that there are two
solutions U; and Uy to this problem. Then, their difference U = U; — U, is a solution of Equation (1),
satisfying conditions (2)—(6) with functions ¢;(x) = 0, ¢;(x) = 0 (i = 1, 2). Then, for @;,,,  n, =
Ying,..,nm =0 (i =1, 2), it follows from Formulas (60) and (61) in the domain () that

/ Ut x, e w,v)O,,.  n,(x)dx=0.

m
Ql

Hence, by virtue of the completeness of the systems of eigenfunctions { %sin ﬂlnlxl},

I ! i
xeQ'=[0;1]"andt e [-T; T].
Therefore, for regular values of spectral parameters w and v, the function U (t, x, ¢, w, v) is a
unique solution tp the mixed type integro-differential Equation (1) with conditions (2)—(6), if this

%sin %%, ..., 2 gin [l xm} in L, (Q]"), we deduce that U (t, x, ¢, w, v) = 0 for all

function exists in the domain Q).

Lemma 3. Let smoothness conditions hold. Then, for reqular values of spectral parameters w and v, series (60)
and (61) converge. At the same time, their term by term differentiation is possible.

Proof. According to the properties of the Mittag—Leffler function (Formulas (47) and (48)), the functions
Wiing, .., nn (£ & @, v) (i = 1,4) and Wojp, . . (t € w,v) (j = 1, 3) are uniformly bounded on
the segment [-T; T]. So, for any positive integers ny, ..., 1y, there exist finite constant numbers
Cik (k =1, 2); then, the following estimates take place

max max | Wi, n, (L€ w,v)| <Ci1,  max max | Wiy, o, (e w,v)| <Crp  (62)
ny, M €N =14 1y, i €N =13

where Cq; = const, k=1, 2.
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Analogously to the estimates (58) and (59), by applying estimates (62), the Cauchy-Schwartz
inequality and Bessel inequality for series (60) and (61), we

(o]
| u (i, X, € W, V) ‘ < Z ‘ u?:l,...,nm(tl & w, V) ’ : |19711,m,71m (x) |

Ny, e Ny =1

m oo
s(ﬁ) Cit 5 Utmm |+ W20 |+ @10 |+ @201, |

ni, ..., ny=1

(63)
aSmlp 2 a3mlp 2
[\/f [a;ﬁaxgl axﬁ,] dx+ f {axgar; 0x3 ] dx
Q;ﬂ in
o3m Q3m
f {ax*ax(m ax3] dx+ f [ax33xfz a;ﬁ} dx] < %
Qn’ QIYI
3m
2 2 I 3m
where 75 = 7 C11Co3 (E) ,
©
ut, v ewv)| < L fug, u, (e @ v) || O, n,(x)]|
ny, ... hp=1
< aSmwz(x) zd
=76 Qfm axdoxs.oxg | X (64)
1

+

- 5 :

_98meq(x) _3mpa(x)

Qj;n ax?axg-"ax?n dx+ Qj;” ax%ax%...ax% dx| <o,
P 1

where ¢4 = (ﬁ) ® C12Co3 (%)3]“

It follows from estimates (63) and (64) that the series (60) and (61) are convergent absolutely and
uniformly in the domain Q for the

(n1, ..., iy, w, V) EX={ny, ..., nu €N; w e Ay; veEA}.

Therefore, for the (11, ..., ny, w, v) € X functions, (63) and (64) formally differentiate in Q) the
required number of times

o)

cDyiU(t, x, 6, w,v) = ¥ Ony,.n, (%)
ny, ..., =1
X [1/11 'rll,...,?lmCDg}}Wll nl,.‘.,nm(t/ E/ CU, V) + 1/r’2n1,...,nmCDgltW12n1,...,nm(t/ 8/ (,U, U) (65)

o o
+@1ny, . Dy Wisny, . (b € @, V) + @21y, Do Widny, . (£ &, w, V)], >0,

[e9)

cDRAU(L x, 6, w,v) = X By, iy (X) [$2ny, o nmcDgiWat ny, o (£ € @, V)
ny, ..., hm=1 (66)
+§01 nl,...,nmCDg%WZan,...,nm(t/ E/ wl U) + ¢2n1,‘..,nmCDg%W23n1,...,nm(t/ ‘S/ (U, U)] 7 t < 0/
ad mn
ux1x1 (tr X, € W, V) = - 2 1 ( 1) 191’11 oMy (x) I:l)bl N1, .., N Wll nl,...,nm(tl & w, V)
ny, ..., Ny=
FY2u,. Wiz 11 yeee i (i’, & w, V) + @1y, Wi M1, (t/ g w, V) (67)

+(l72n1,.‘.,nm W14711,...,1’1m (t/ E/ CU, U)] 7 t > 0/

o0
2
ux1x1 (tr X, & w, V) = — Y (%) ﬁnl,...,nnl(x) [lPan,.‘.,nm W1 nl,...,nm(t/ g w, V)
ny, ..., My =1 (68)
+ P1ny, . W22n1,...,nm (t/ & w, V) + P2nq, ... 1 W23n1,...,nm(t/ & w, V)] , t<0,
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o
2
UXQXZ(t/ x/ £/ (U, V) - - Z 1 (%) l9n1,...,nnl(x) I:lpl ny, ..., Ny Wll Yll,.“,?’lm(t/ ‘S/ (‘J/ 1/)
ny, .. Min=
+¢2n1,...,nm W12n1,...,nm (t/ 8/ CL), U) + (Plnl,...,nm W137’11,...,1’1m (t/ S/ CL), V) (69)

+(P2n1,...,nm W14n1,“.,nm (t/ 8/ (U, V)] 7 t > 0/

o)

2
uxzxz(tf X, & W, U) = - Z (%) l9711;~~-rnm (x) [ll)an,,‘.,an21n1,,,,,nm(t/ & w, V)
ny, ..., nim=1 (70)

+ q)l Ny, e, W22 Ny, .o Mim (t’ € W, V) + ¢2 Ny, e m W23 Ny, e m (tl g w, V)] ’ F< 0.
The expansions of the following functions into Fourier series are defined in the domain () in a
similar way

Uy (8, X, 6, w, V), ..., Uy, (X, 8, w, V), ¢ Dg‘ltu,qx1 (t, x, ¢ w,v),

14 n 4
c DyiUxyx, (8, x, 6, w, V), ¢ Dyt (t, X, €, w, V), ..., c Dgily,, (t, X, &, w, V), ...,
/4 4
c Dy Uyx, (t, %, 6, w, V), ¢ Dgily,x, (L, X, & w, v).

The convergence of series (65) and (66) is proved similarly to the proof of the convergence of
series (60) and (61). So, it is enough to show the convergence of series (67) and (70). Taking into
account Formulas (42)—(44) and estimates (62) and applying the Cauchy-Schwartz inequality and
Bessel inequality, we obtain

[eo)

TNy 2
| uxlxl(t/ X, € W, V) | S Z (T) ‘ u'r—:_l,...,nm(t/ & W, V) | ’ | l9nll~--,nn1(x) |

ny, ..., =1

m
2 T 2 o
<< l) (F) Xm0t |+ im0 |+ 19104y |+ 10201,cm, ]
ny, e, Ny =1
(Vi) en0) 75 3
< -] Cn (7) Z —3 3 ‘ 1P1 + Z _— ‘ 1/;2
: " =1 P13 - e =1 113 nl
- 1 (3m) ad 1 (3m)
D S PR FUD v
n. Zn _ nlng Tl?n Ny, ..., Mm Z 1”1”% n3m 211, ..., Ny

a3m(P2

2
3m 3m
8x38x2 me ayc?’ax2 ax
a
2
d
l 38x2 8x] o I

N /[ 231 (x) ]
38 ..0x3
ap dx70x; . o
3

7\ 7 1)3m2 > 1
where 77 = 7 C11Cos ( 7 , Cos = Z 28
ny, ..., ny=1 iy -
s bm—

[e)

T\ 2, _
Utz g 00| 8 (52) Jum, (& @, v) ]| Bag,n, (2)]

ny, ..., hm=1

m
2 2 >
< ( l) (TT[) C12 Z i’l% H lp2n1,...,nm + ’ 1 nl,...,nm’ + ‘ (Pan,...,nm H

11, e =1
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2 m Z3I’I172 0o
< - C — I —
(V) (&) B e

n i 1 Gm |, i 1 (3m)
S | Pluy, S5 | Pamn
11, e =1 ningny ... My " 11, ooy =1 ninany ... My m

|

2
<78 /laMlPZ() 31 dx
Ql

8xlax2 dxy,

2
+ /[amq)l() ] dx+

3
o d xla x2 dxy,
1

a3m () 2
P2 -
/laxax 8x3] dx| <eo
l 2 m
o

3m

2 3m—2 o
where 7g = <\/?) C12Co7 (%) ,Co7 = \/ L W

ny, ..., np=1
The convergence of series (68) and (69) is similar to the convergence of series (67) and (70).
The convergence of Fourier series for functions

o
ux X (t/ x/ €, wl V)/ sy uxmxm(t/ x/ 8/ CU, V)/ CD 1ux X (t/ x/ 8/ wl V)/
343 0t 11

4 e e
cDyilUy x, (t, x, 6 w, V), c Dyt Uxyx,(t, X, 6, W, V), ..., c DyiUxyx, (t, X, 6, w, V), ...,
14 14
C D(]tluxmxm(t’ X, & W, V)/ CDOtzuxmxm(t’ X, & W, V)

is proved in a similar way in the domain Q. It follows from these last estimates that functions (60)
and (61) possess the properties of (2) for the regular values of spectral parameters w and v. O

7. Continuous Dependence of Solution on the Small Parameter

We consider the continuous dependence of the solution to the problem (1)—(4) on small-parameter
€ > 0 for regular values of spectral parameters w and v. Let €1 and ¢, be two different values of small
positive parameter ¢. It is easy to check from (47)—(49) that the following estimates hold

N e loT] | Wing,...n,, (£, €1,@0,0) = Whjny,_n,, (t€2,0,0) | < Co1 |1 — 2], i=1,4,  (71)

nlrfr’l;i;GN terfanxo] | Waing,.n (€1, 0,V) = Wain, o (t€2,0,v) | < Cple1 —€2|, i=1,3,  (72)

where 0 < Co; = const, €; € (0; &), 0 <eg=const, i =1, 2.
Then, taking estimates (63), (64), (71) and (72) into account and applying the Cauchy-Schwartz
inequality and Bessel inequality, from series (60) and (61), we obtain

|[U(t x, €1, w,v)—U(t, x, €3, w, V|

o
< X : |y o (e, w,v)—ul o (ten, w, V)| By, (X) ]
ny, ..., My=

m o0
<(VE) caler=eal B (0immn |+ 120 5101 |+ 10200 |
1y, e =1 (73)

Q3m 2 93m 2
<79|81_€2| |:\/j ax38x¢] Bx“] dx+ f [aﬁaxfz 0x3 } dx

() _rax) —le;—eo]-
Qf [axi“ax2 axs} dx+ Qf [axsaYz XrE) “dx =le1—e2]-Ca,
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where 79 = (ﬁ)

|U(t, x, 61, w,v)—U(t x, €2, w, V|

3m
2 3m
C2Cos (%) ,0 < C31 = const < oo;

[e°]

S Z | ura,...,n,n(tr €1, W, V) - u;;l,...,nm (t, €2, W, V) | ' | 19”1/-~-,71m (x) |
ny, ... hp=1

2
93y (x) (74)
< 10le1—e 9 | gy
< moler —e2f e 757031057 +
N O I R 2 |7, c
et X 9 lx) x| =|e;—eo| Ca,
le;n ox30x3..0x sz;" 9x39x3..ax3, 1 2 32

b 3
m
where y19 = < %) Cx»Cos (%) ,0 < Czp = const < o0.

It follows from estimates (73) and (74) that |U (t, x, €1, w, v) — U (t, x, €2, w, V| is small
if |e1 — €5 | is small in the domain Q) for the (11, ..., 1y, w, v) € X.

8. Conclusions and Statement of the Theorem

In the present paper, we study the questions of the one-value solvability of an inverse boundary
value problem (1)—(6) for a mixed type integro-differential equation with Caputo operators of
different fractional orders and spectral parameters in a multidimensional rectangular domain.
For (ny, ..., nm, w, v) € X, we proved four lemmas under the following conditions A: Let functions

Pix), $i(x) € CXQP), fi | %, [ @i gilw)dy | € CHOP xR), i=1,2
ay

in the domain )" have piecewise continuous third order derivatives.
We will formulate a theorem as generalizing the above four proved lemmas. Thus, the following
theorem is true.

Theorem 1. Let the conditions of A be fulfilled. Then, for the possible numbers ny, ..., n, and regqular values
of spectral parameters w and v from the set N, the inverse boundary value problem (1)—(6) is uniquely solvable
in the domain Q) and the triple of solutions is represented in the form of series (57), (60) and (61). Moreover, it is
true that

lim U (f, x, ¢, w,v) =U(t x,0, w, v),
e—0

where U (t, x, 0, w, v) is the solution of the mixed type fractional integro-differential equation of the form

T
v [Ky(t,s)U(s, x)ds+ Fi(t, x), t>0,
0

0
v [ Ka(t, s)U(s, x)ds+ Fa(t, x), t <O,
T

1 —sgn(t .
1o o 12580 pee i r, ), oy = 1,
w? Y Uyy, t<0

i=1

1

m
uxixi/ t > O/
=1
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with boundary value conditions (3)—(6) under consideration,

Filt, x) = ki) |gix) + i [ x [ @giwdy ||, i=12
Qr

As a conclusion, we say that the numerical methods for solving fractional differential equations
are important in the implementation of applied problems. In the future, we will also try to consider the
applications of the numerical solution to the problems that we are solving. There are many methods
for the numerical implementation of fractional differential equations. In this regard, we note the work
done in [42]. In this paper, a new class of (C, G)-invex functions is introduced and given nontrivial
numerical examples, which justify the existence of such functions. Moreover, we construct generalized
convexity definitions (such as, (F, G f)-invexity, C-convex etc.).
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