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1. Introduction

Even though the Bohr—Sommerfeld theory was very successful in predicting some physical results,
it was never accepted by physicists as a valid quantum theory in the same class as the Schrodinger
theory or the Bargmann-Fock theory. The reason for this was that the original Bohr-Sommerfeld
theory did not provide operators of transition between quantum states. The need for such operators in
the Bohr-Sommerfeld quantization was already pointed out by Heisenberg [1]. The aim of this paper
is to derive operators of transition between quantum states in the Bohr—Sommerfeld theory, which we
call shifting operators, from the first principles of geometric quantization.

The first step of geometric quantization of a symplectic manifold (P, w) is called prequantization.
It consists of the construction of a complex line bundle 77 : L — P with connection whose curvature
form satisfies a prequantization condition relating it to the symplectic form w. A comprehensive
study of prequantization, from the point of view of representation theory, was given by Kostant in
[2]. The work of Souriau [3] was aimed at quantization of physical systems, and studied a circle
bundle over phase space. In Souriau’s work, the prequantization condition explicitly involved Planck’s
constant h. In [4], Blattner combined the approaches of Kostant and Souriau by using the complex
line bundle with the prequantization condition involving Planck’s constant. Since then, geometric
quantization has been an effective tool in quantum theory.

We find it convenient to deal with connection and curvature of complex line bundles using the
theory of principal and associated bundles [5]. In this framework, the prequantization condition reads

where B is the connection 1-form on the principal C*-bundle 77 : L* — P associated to the complex
line bundle 77 : L — P, and C* is the multiplicative group of nonzero complex numbers.

The aim of prequantization is to construct a representation of the Poisson algebra (C*(P),{, },-)
of (P,w) on the space of sections of the line bundle L. Each Hamiltonian vector field X; on P lifts to
a unique C*-invariant vector field Z; on L™ that preserves the principal connection g on L*. If the
vector field X is complete, then it generates a 1-parameter group e'Xr of symplectomorphisms
of (P,w). Then, the vector field Z; is complete and it generates a 1-parameter group e'f of
connection preserving diffeomorphisms of the bundle (L*, B), called quantomorphisms, which cover
the 1-parameter group e'Xf. The term quantomorphism was introduced by Souriau [3] in the context
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of SU(n)-principal bundles and discussed in detail in his book [6]. The construction discussed here
follows [7], where the term quantomorphism was not used. In this case, e'*/ and e/*f are 1-parameter
groups of diffeomorphisms of P and L*, respectively. We refer to e’*/ and e'*/ as flows of X £ and
Z;. Since L is an associated bundle of L*, the action e!%f : L* — L*, induces an actione'%f : L — L,
which gives rise to an action on smooth sections ¢ of L by push forwards, o — @izf o ==8%rogoe s,
Although ézf o may not be defined for all sections ¢ and all ¢, its derivative at t = 0 is defined for all

smooth sections. The prequantization operator

Pro=ind| o

al,_, o, 1

where his Planck’s constant h divided by 27, is a symmetric operator on the Hilbert space ) of square
integrable sections of L. The operator Py is self adjoint if X is complete.

The whole analysis of prequantization is concerned with global Hamiltonian vector fields.
Since every vector field on (P,w) that preserves the symplectic form is locally Hamiltonian, it is
of interest to understand how much of prequantization can be extended to this case. In particular,
we are interested in the case where the locally Hamiltonian vector field is the vector field Xy of
the integer angle variable ¢ that is defined up to an additive term n, where n € Z. For a globally

Hamiltonian vector field X fr

,\th

e X
e, fo = e 2mitf/hg T o )

_tliftX
where e, f

o is the horizontal transport of section o by parameter ¢ along integral curves of
X¢. Replacing f by a multivalued function ¢, defined up to an additive 7, yields the multivalued
expression

1z it /h ~tLiftX
el g = e 0/hgite 3)

We observe that, for t = h, Equation (3) gives a single valued expression

/e\i‘lZ@a_ — e—zﬁ/e\}:lllfthU_' (4)
The shifting operator
_ ~hZy 9 ~hliftXy
ax,=¢e, " =e '"&, ®)

is an operator on §), which shifts the support of ¢ € §) by h along the integral curve of Xy. If the vector
field Xy is complete, then ay = 8% for every n € Z.

Our results provide an answer to Heisenberg’s criticism that in Bohr-Sommerfeld theory there
are not enough operators to describe transitions between quantum states [1].
e!08NliftXs see Equation (5), appears to be a
quantization of an angle 6 = 27td. It depends on 6 and has the factor e considered by Dirac [8].
However, the factor 1 X¢, describing the parallel translation by h along integral curves of Xy, makes
it nonlocal in the phase space. Therefore, ax, cannot satisfy local commutation relations with any
local quantum variable that is described by a differential operator. Hence, it cannot be the canonical

Superficially, the shifting operator ay, =

conjugate of the corresponding action operator, or any other operator, which is local in the phase space.

In our earlier papers [9-12], we followed an algebraic analysis, similar to that used by Dirac [8],
supplemented by heuristic guesses about the behaviour of the shifting operators at the points of
singularity of the polarization. In particular, we assumed that ax, vanishes on the states concentrated
on a set of limit points of e ¢ (
framework of geometric quantization, and extend our result to cases with a variable rank polarization.

p) as t — oo. In the present paper, we derive shifting operators in the

The second stage in geometric quantization consists of the choice of a polarization, which is an
involutive complex Lagrangian distribution F on the phase space. Suppose that P is the cotangent
bundle space of the configuration space. In this case, the choice of F containing the vertical directions,
leads the quantum mechanics of Schrodinger. If F leads to complex analytic structure on P, we have
the Bargmann—Fock theory. If F is spanned by the Hamiltonian vector fields of a completely integrable
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system, we have Bohr—-Sommerfeld theory. Each of these theories have specific structure, which is
helpful in formulation and solving problems. In the following, we restrict our investigation to the
Bohr-Sommerfeld theory in order to emphasize its membership in the class of quantum theories
corresponding to different polarization.

A common problem in arising in quantum theories is occurrence of singularities. Usually,
one studies the geometric structure of the theory in the language of differential geometry of smooth
manifolds, and then investigates the structure of singularities separately. The theory of differential
spaces, introduced by Sikorski [13,14], is a powerful tool in the study of the geometry of spaces with
singularities [15]. The main singularity encountered here corresponds to the fact that the polarization
F spanned by the Hamiltonian vector fields of a completely integrable system does not have constant
rank. This singularity is so well known that we do not have to use the language of differential spaces
to get results. It should be noted that the results in [9,11] rely on the theory of differential spaces.

In conclusion, it should be mentioned that the scientists, who used visual presentation of the
Bohr-Sommerfeld spectra in terms of dots on the space of the action variables, are familiar with
handling shifting operators. The line segments joining two dots corresponding to quantum states
represent the shifting operators between these states.

To make the paper more accessible to the reader, we have provided an introductory section with a
comprehensive review of geometric quantization. Experts may omit this section and proceed directly
to the next section on Bohr—Sommerfeld theory.

2. Elements of Geometric Quantization

Let (P,w) be a symplectic manifold. Geometric quantization can be divided into three steps:
prequantization, polarization, and unitarization.

2.1. Principal Line Bundles with a Connection

We begin with a brief review of connections on complex line bundles.

Let C* denote the multiplicative group of nonzero complex numbers. Its Lie algebra ¢* is
isomorphic to the abelian Lie algebra C of complex numbers. Different choices of the isomorphism
t: C — ¢ lead to different factors in various expressions. Here, to each ¢ € C we associate the

1-parameter subgroup t — e2™¢ of C*. In other words, we take

1:C— ¢ e uc) =2mic. (6)

The prequantization structure for (P, w) consists of a principal C* bundle 7* : L* — P and a
¢*-valued C*-invariant connection 1-form f satisfying

dp = ()" (—=fw), @)

where h is Planck’s constant. The prequantization condition requires that the cohomology class [—% w] is
integral, that is, it lies in H?(P,7Z), otherwise the C* principal bundle 7* : L* — P would not exist.
Let Y. be the vector field on L* generating the action of €™ on L*. In other words,

the 1-parameter group e'¥c of diffeomorphisms of L* generated by Y, is
elYe . X 5 LX . g% — pxe¥rite, (8)
The connection 1-form f is normalized by the requirement

(B|Y:) =c. )
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For each ¢ # 0, the vector field, Y. spans the vertical distribution ver TL* tangent to the fibers of
* ¢ L* — P. The horizontal distribution hor TL* on L* is the kernel of the connection 1-form §,
that is,

hor TL™ = ker B. (10)

The vertical and horizontal distributions of L* give rise to the direct sum TL* = ver TL* @ hor TL*,
which is used to decompose any vector field Z on L* into its vertical and horizontal components,
Z = verZ + horZ. Here, the vertical component ver Z has range in ver TL* and the horizontal
component has range in hor TL*.

If X is a vector field on P, the unique horizontal vector field on L*, which is *-related to X, is
called the horizontal lift of X and is denoted by lift X. In other words, lift X has range in the horizontal
distribution hor TL* and satisfies

T elift X = Xom™. (11)

Claim 1. A vector field Z on L™ is invariant under the action of C* on L* if and only if the horizontal
component of Z is the horizontal lift of its projection X to P, that is, hor Z = lift X and there is a smooth
function k : P — Csuch that verZ = Y, (,yon L; = ()~ (p).

Proof. Since the direct sum TL* = ver TL* @ hor TL* is invariant under the C* action on L%,
it follows that the vector field Z is invariant under the action of C* if and only if hor Z and ver Z are
C*-invariant. However, hor Z is C* invariant if T7t* chor Z = X °7t* for some vector field X on P,
that is, hor Z = lift X. However, this holds by definition. On the other hand, the vertical distribution
ver TL* is spanned by the vector fields Y. for ¢ € C. Hence, ver Z is C*-invariant if and only if for
every fiber L the restriction of ver Z to L coincides with the restriction of Y, to L, for some ¢ € C,
that is, there is a smooth complex valued function « on P such that ¢ = x(p). O

Let U be an open subset of P. A local smooth section 7: U C P — L* of the bundle 7* : L* — P
gives rise to a diffeomorphism

e L‘Xu = ((nx)_l(p)) = UxC*: 0% — (*(£*),b) = (p,b),
pelu

where b € C* is the unique complex number such that £* = 7(p)b. In the general theory of principal
bundles the structure group of the principal bundle acts on the right. In the theory of C* principal
bundles, elements of L* are considered to be one-dimensional frames, which are usually written on
the right, see [2]. The diffeomorphism 7. is called a trivialization of L‘Xu. It intertwines the action of
C* on the principal bundle L* with the right action of C* on U x C*, given by multiplication in
C*. If alocal section ¢ : U — L of 7t : L — P is nowhere zero, then it determines a trivialization
et L|Xu — U x C*. Conversely, a local smooth section T such that - is a trivialization of L* may be
considered as a local nowhere zero section of L.

In particular, for every ¢ € C, which is identified with the Lie algebra ¢* of C*, Equation (7) gives
efYe o1 = 27 ¢ T Differentiating with respect to t and then setting t = 0 gives

Y.or =2micT. (12)

For every smooth complex valued function « : P — C, consider the vertical vector field Y, such
that Y (£7) = Y (zx (¢x)) for every £* € L*. The vector field Yy is complete and the 1-parameter group
of diffeomorphisms it generates is

of Ve o [X Ly X . pX EXeZHitK(HX(fX)).



Axioms 2020, 9, 125 5 of 33

For every smooth section T of the bundle 77*, we have ef Yx o1 = > T 50 that
YeoT =2miKT. (13)

Let X be a vector field on P and let lift X be its horizontal lift to L*. The local 1-parameter
group e X of local diffeomorphisms of L* generated by lift X commutes with the action of C* on
L. For every £*, e!liftX (/X is called parallel transport of £* along the integral curve of X starting at
p = 70 (£*). For every p € P the map e X sends the fiber L to the fiber Letx(p)-

There are several equivalent definitions of covariant derivative of a smooth section of the bundle
m* in the direction of a vector field X on P. We use the following one. The covariant derivative of the

smooth section T of the bundle 7% : L* — P in the direction X is

Flift X
E— . 14
VxT T t:O(e )T (14)

Claim 2. The covariant derivative of a smooth local section of the bundle 7w : L* — P in the direction X is
given by
VxtT =2mi(t*B|X) 7. (15)

Proof. For every p € P, we have

— it X(r(p)) + Tr(X(p)
= —lift X(t(p)) + hor (T7)X(p) + ver (T7)X(p)

= ver (T7)X(p).

i * d —tli
(etlftX) T(p) — a O(e tlftXOTOetX)(p)
t=

The definition of the connection 1-form f and Equation (13) yield

ver (Tt(X(p)) = Ygjrrox)(1(p)) = 27i (| TT° X)T(p).

Hence,
Vxt =2mi (BTt X) T, (16)

which is equivalent to Equation (15). O

2.2. Associated Line Bundles

The complex line bundle 77 : L — P associated to the C* principal bundle 7* : L* — P is defined
in terms of the action of C* on (L* x C) given by

®:C* x (L*xC) = L* xC: (b, (£*,¢)) = (£Xb,b"'c). (17)

Since the action @ is free and proper, its orbit space L = (L* x C)/C* is a smooth manifold. A point
¢ € Lis the C* orbit [(¢*,c)] through (¢*,c) € (L* x C), namely,

C=1[(%c) ={(*bb7'c) e L* x C|b e C*}. (18)
The left action of C* on C gives rise to the left action

O:C* xL—L:(a[(%0)]) = [(£*ac)], (19)
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which is well defined because [(¢*,ac)] = [(¢*b,b~!(ac))] = [(£*b,a(b~'c))] for every £* € L, every
a,b € C* and every c € C. The projection map 7™ : L* — P induces the projection map

L= L/CX =P:l=[(0%,0)] — n(f) = n([(£*,c)]) = 7 (£¥).

Claim 3. A local smooth section o : U — L of the complex line bundle 7t : L — P corresponds to a unique
mapping o* : L|Xu — C such that for every p € U and every {* € L,

a(p) = [(€%,d*(£X))], (20)
which is C*-equivariant, that is, o* (£*b) = b~ (£*).
Proof. Given p € U there exists (£*,c) € L* x C such that c(p) = [(£*,c)]. Since the action of
C* on L is free and transitive, it follows that the C* orbit {(£*D, b-lc) € Ly x C| b € C*}isthe
graph of a smooth function from L to C, which we denote by ag. In particular, c = U,E(EX) so that
o(p) =[(£%,0)] = [(éx,af,(ﬁx))]. As p varies over U we get a map

ot L|Xu = C: 0 = ot () = afrx(gx)(ﬂx),

which satisfies Equation (20). For every b € C*, Equations (18) and (20) imply that
a(p) = [(€%, 0" ()] = [(€*b,b7 " (€X))] = [(£*b,0*(£*D))].

Hence, o (£*b) = b~ (¢£*). Thus, the function ¥ is C*-equivariant. [J

If T : U — L* is a local smooth section of the bundle 7> : L* — P, then for every p € P
we have o(p) = [(t(p),ct(t(p)))] or ¢ = [(t,0% °T)] suppressing the argument p. The function
¢ = ofor : U — C is the coordinate representation of the section T in terms of the trivialization
Nz L|Xu — UxC.

Let Z be a C*-invariant vector field on L*. Then, Z is 7™ -related to a vector field X on P, that is,
Tr* °Z = X°m*. We denote by /X and e'? the local 1-parameter groups of local diffeomorphisms
of P and L™ generated by X and Z, respectively. Because the vector fields X and Z are 7r*-related,
we obtain 7% cetZ = et X o % In other words, the flow e!Z of Z covers the flow e! X of X. The local
group e’ of automorphisms of the principal bundle L* act on the associated line bundle L by

€2 L Ll =[(L%,0)] — [(e'%(£7),0)], (21)
which holds for all £ = [(¢£*,c)] for which ef#(¢*) is defined.

Lemma 1. The map €7 is a local 1-parameter group of local automorphisms of the line bundle L, which covers
the local 1-parameter group e' X of the vector field X on P.

Proof. We compute. For ¢ = [(¢*,c)] € L we have
e = [(2(07), 0)] = [(e" (e (£9)), )]
=S ([ 20 o)) = &t 2w (1%, 0)]) =2 ow ().

tzZ

Hence, €' “ is a local 1-parameter group of local diffeomorphisms. Moreover,

et 2 () = m([(e#(£%),0)]) = (e (07)) = e X (7™ (£¥));

while
e Xom(0) = e X (n([(¢%, ) = e X (" (£¥)).
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This shows that e!# covers ef X. Finally, for every ¢ = [(£*,c)] € L and every b € C*
Py ('4(0)) = Dy([(e'*(€7),0)]) = [(Pp(e'* (£9)),0)] = [(e'*(@y(£7)), )],
since Z is a C*-invariant vector field on L*. Therefore,
Dy (7 (0)) =& A ([(@p(£7), 0)]) = &' By ([(¢7, ¢)]) = &7 oDy (0).
This shows that €/ is a local group of automorphisms of the line bundle 7w : L — P. [0

If Z = hor X, then et X(¢*) is parallel transport of * along the integral curve e X(p) of X
starting at p = 7 (¢*). Similarly, if ¢ = [(£*,c)] € L, then

/e\tliftX(g) — [(etliftX(EX)’C)] (22)

is parallel transport of ¢ € L along the integral curve e/ X (p) of X starting at p. The covariant derivative

of a section ¢ of the bundle 77 : L — P in the direction of the vector field X on P is

‘ d ‘
\V4 _ = Stlift Xy - Y ~—tliftX o o ot X ) 23
X0 = t:O(e )'o i t:O(e ooe'?) (23)
Since € ~HftX maps 171 (efX) onto 171 (p), Equations (22) and (23) are consistent with the definitions
p P), Eq
in [5].

Theorem 1. Let o be a smooth section of the complex line bundle 7t : L — P and let X be a vector field on P.
For every £* € L*

Vxo (7 (€4)) = [(€, Ligex (¢F (£9)) )] (24)

Here, Ly is the Lie derivative with respect to the vector field X.

Proof. Let p = 71 (£*). Equation (23) yields

d ST
Vxolp) = g (@ eoeXo(p)
t=

Recall that o(p) = [(£%,0%(£*))]. Hence,
U(etX(p)) _ [(etliftX(EX)lo.jj (etliftX(ZX)))]_
By Equation (22),

/é—tliftX(o,(etX(p))) :@—tliftX[(etliftX(gx),O,ji(etliftX(KX)))]
_ [(e—tliftX(etliftX) (EX),O'T: (etliftX(ZX)))] _ [(Exlo.ﬁ (etliftX(KX)))]

Therefore,
_ Al L hnfex X _d b HTEEX ( px
Vxop) = g| &) = g [ ERED))]
= (g ) = (%, L (0%() )
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2.3. Prequantization

Let 7t : L — P be the complex line bundle associated to the C* principal bundle 7* : L* — P.
The space 5*(L) of smooth sections of 7 : L — P is the representation space of prequantization. Since
C* C C, we may identify L* with the complement of the zero section in L. With this identification,
if 0 : U — L is alocal smooth section of 77 : L — P, which is nowhere vanishing, then it is a section of

the bundle n|XL|Xu : L|Xu — U.

Theorem 2. A C*-invariant vector field Z on L* preserves the connection 1-form B, on L if and only if there
is a function f € C*®(P) such that

Z = lift Xf — Yf/h/ (26)
where h is Planck’s constant.
Proof. The vector field Z on L* preserves the connection 1-form, that is, Lz = 0, which is
equivalent to
Z_1dp=—d(Z_B). (27)

Since horZ _1 = 0, it follows that Z_1 B = ver Z_1 . The C*-invariance of Z and p imply the
C*-invariance of ver Z _| . Hence, ver Z _|  pushes forward to a function 7, (ver Z _1 ) € C®(P).
Thus, the right hand side of Equation (27) reads

—d(Z1p) = ()" (d(7 (ver Z_1 B))). (28)
By definition Y. I B = ¢, for every c € ¢. This implies
Ye1dB =Ly B—d(Y.1pB)=0.
Thus, the left hand side of Equation (27) reads
Z_1dB =horZ_1dp. (29)
The quantization condition (7) together with (28) and (29) allow us to rewrite Equation (27) in the form
lift X 1 (7)) (—Lw)) = ()" (d(m«(ver Z_1 B))). (30)
Equation (30) shows that X is the Hamiltonian vector field of the smooth function
f=—-hmn.(verZ_1pB)) (31)
on P. We write X = X. This implies that
hor Z = lift X £ (32)

We still have to determine the vertical component ver Z of the vector field Z. For each £* € L*
there is a ¢ € ¢ such that verZ = Y;. Since Y, is tangent to the fibers of the C* principal bundle
* : L* — P, the element ¢ of ¢ depends only on 77 (¢*) = p € P. Therefore,

—(mi(verZ_1p)) () = = (7 (Ye(p) - B)(E7) = —c(p) = f(p)/h

by Equation (31). In other words, for every point £* € L* we have ver Z(¢*) = =Yy, (£*),
where p = % (£*). Thus, we have shown that
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Reversing the steps in the above argument proves the converse. [

To each f € C*(P), we associate a prequantization operator

PriS®(L) = S¥(L) 1o Pyo = ih% ©%),0, (34)
t=0
t2f . L* — L* on L, see (22). Note that the definition of covariant

where @'%/ is the action of e
derivative in Equation (23) is defined in terms of the pull back (&'%f)*¢ of the section o by &%,
tz
f.

while the prequantization operator in (34) is defined using the push forward (6'%f),o of o by €
Theorem 3. For every f € C®(P) and each o € S®(L)
Pf(T = (—ihVXf + f)o. (35)

Proof. Since the horizontal distribution on L* is C*-invariant and the vector field Y. generates
multiplication on each fiber of 7% by ¢, it follows that e ift Xy ot Ypm — ot Y/ ot iftXs  Gince fis
constant along integral curves of X,

eth — et(liftXffyjt/h) _ etliftXf eftyf/h

— e NiftXpo—2mit f/h _ o—2mitf/hetlift Xy (36)
and
d d ;
= ih— otZs — iho Hlift X JtYp/n
Pro =i T t:O(e )« =i T t:O(e e )
—ind @) g m ] @m0 37)
dt|;—o dt|;—o
Since (€'X), o = (€ i X)*¢ Equation (23) gives
L dl e x LAl X« ,
ih—| (e o =ih—| (e f)*o = —ihVx,0. (38)
dt};— £=0 /

Since 7t o@'Y~//n = roidp, where idp is the identity map on P, it follows that
@Ysm),o =e!V-fmogoidp =& -s/meg,

Let7: U C P — L* be a smooth local section of 7* : L* — P, then ¢ = [(T, ot °T)]. Thus, for every
peP

e Mimea(p) =&~ (x(p), ¥ (x(p)))] = (™1 (x(p)), o (x(p)))]
= [(t(p)e WM, o (2(p))] = [((p),e W) Mot (z(p)))],

since [(£*b,c)] = [(£Xb,b~1(bc))] = [(£*,bc)] for every £* € L*,b € C* and ¢ € C. It follows that
e " Mmeo(p) = [(t(p),e P Mot (2(p)))] = e 2PV g (p), (39)
Therefore,

(/e\th)*o_ — (/e\t (hftxffyf/h))*o-

_ (/e\tliftXf/e\—tYf/h>*0_ — e727'l’itf(p)/h (/étliftXf)*o_' (40)
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Since

s eIy = nd (et /Mgy — ih(—27ti f/h)o = fo (41)
dt|;_o dt|;o

Equations (37), (38) and (41) imply Equation (35). O

A Hermitian scalar product ( | ) on the fibers of L that is invariant under parallel transport gives
rise to a Hermitian scalar product on the space S (L) of smooth sections of L. Since the dimension of
(P,w) is 2k, the scalar product of the smooth sections o7 and 0; of L is

(i]on) = /P (1]02) . 42)

The completion of the space S°(L) of smooth sections of L with compact support with respect to the
norm ||| = \/(c|o) is the Hilbert space § of the prequantization representation.

Claim 4. The prequantization operator Py is a symmetric operator on the Hilbert space §) of square integrable
sections of the line bundle 7t : L — P and satisfies Dirac’s quantization commutation relations

[Pf, Pyl = ihPys g (43)

or every f, ¢ € C®(P). Moreover, the operator Py is self adjoint if the vector field X on (P, w) is complete.
YJ: 8 p f ] f p

Proof. We only verify that the commutation relations (43) hold. Let f, g € C®(P) and let o € S®(L).
We compute.

[va - %lf/ ng - %lg](f = [va/ ng]0+ i(va(g(T) - gva(T)
— %(ng (fO') — fVXgO')
= ([VXf/ng] + %(fog - Lng))(f
The quantization condition
[fo, ng] - V[Xf,Xg] = _ﬁw(Xf/ Xg)

yields
[Vx; = £, Ve = 18] = Vix, x,) — #@0(Xp, Xg) + §(Lx,8 — Lx, f)

However, {f,g} = Lx,f = —w(X;Xy). Thus, Ly,g - Lx,f = {g.f} - {f.g} = —2{f.g}.
Since X; | w = —dg, it follows that

[Xp, Xg] Jw = Ly, Xg Jw = —Lx,dg = —dLx,¢ = d{f, g}
Consequently, [Xf, X,] = —X{fg) Thus,
[va - %f/ ng - 11713] = vX{f,g} - %{f/g}
O

2.4. Polarization

Prequantization is only the first step of geometric quantization. The prequantization operators
do not satisfy Heisenberg’s uncertainty relations. In the case of Lie groups, the prequantization
representation fails to be irreducible. These apparently unrelated shortcomings lead to the next step of
geometric quantization: the introduction of a polarization.
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A complex distribution F C TCP = C ® TP on a symplectic manifold (P, w) is Lagrangian if for
every p € P, the restriction of the symplectic form wj, to the subspace F, C T;,FP vanishes identically,
and rankcF = % dim P. If F is a complex distribution on P, let F be its complex conjugate. Let

D=FNFNT®P and E = (F+F)NTEP.

A polarization of (P,w) is an involutive complex Lagrangian distribution F on P such that D and E are
involutive distributions on P. Let C®(P)r be the space of smooth complex valued functions of P that
are constant along F, that is,

C®(P)p = {f € C*(P)® P| (df|u) = 0 for every u € F}. (44)

The polarization F is strongly admissible if the spaces P/D and P/E of integral manifolds of D and E,
respectively, are smooth manifolds and the natural projection P/D — P/E is a submersion. A strongly
admissible polarization F is locally spanned by Hamiltonian vector fields of functions in C*®(P)f.
A polarization F is positive if i w(u, 1) > 0 for every u € F. A positive polarization F is semi-definite if
w(u, ) = 0 for u € F implies that u € DC.

Let F be a strongly admissible polarization on (P,w). The space S¥(L) of smooth sections of L
that are covariantly constant along F is the quantum space of states corresponding to the polarization F.

The space C’(P) of smooth functions on P, whose Hamiltonian vector field preserves the
polarization F, is a Poisson subalgebra of C*(P). Quantization in terms of the polarization F leads to
quantization map Q, which is the restriction of the prequantization map

P:C®(P) x S®(L) = S®(L) : (f,0) = Pso = (—ihVx, + f)o
to the domain Cf(P) x SP(L) € C®(P) x S*(L) and the codomain S¥(L) C S*°(L). In other words,
Q:Cp(P) x S¥(L) = SF(L): (f,0) = Qo = (—ihVXf + f)o. (45)

Quantization in terms of positive strongly admissible polarizations such that ENE = {0} lead to
unitary representations. For other types of polarizations, unitarity may require additional structure.

3. Bohr-Sommerfeld Theory

3.1. Historical Background

Consider the cotangent bundle T*Q of a manifold Q. Let 77 : T*Q — Q be the cotangent bundle
projection map. The Liouville 1-form ag on T*Q is defined as follows. For each g € Q, p € T;Q and
uy € Ty(T*Q),

(aglup) = (p|Trg(up)). (46)

The exterior derivative of ag is the canonical symplectic form dag on T*Q.

Let dim Q = k. A Hamiltonian system on (T*Q, dag) with Hamiltonian Hy is completely integrable
if there exists a collection of k — 1 functions Hy, ..., Hy_1 € C®(T*Q), which are integrals of X Ho»
that is, {Ho, H;} = O fori = 1,...,k — 1, such that {Hl-,H]-} =0fori,j=1,...,k—1. Assume
that the functions Hy, . .., Hy_ are independent on a dense open subset of T*Q. For each p € T*Q,
let M, be the orbit of the family of Hamiltonian vector fields {Xy,,..., X, ,} passing through p.
This orbit is the largest connected immersed submanifold in T*Q with tangent space T (M) equal to
spang{ Xy, (p'), ..., Xn,_,(p')}. The integral curve t — ' Xt (p) of XH, starting at p is contained in
M,,. Hence, knowledge of the family { M, | p € T*Q} of orbits provides information on the evolution
of the Hamiltonian system with Hamiltonian Hy.

Bohr-Sommerfeld theory, see [16,17], asserts that the quantum states of the completely integrable
system (H, ..., Hx_1, T*Q, da) are concentrated on the orbits M € { M, | p € T*Q}, which satisfy the
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Bohr-Sommerfeld Condition: For every closed loop y : S' — M C T*Q, there exists an integer n such that

F7(ag) = nh, (47)

where h is Planck’s constant.

This theory applied to the bounded states of the relativistic hydrogen atom yields results that
agree exactly with the experimental data [17]. Attempts to apply Bohr-Sommerfeld theory to the
helium atom, which is not completely integrable, failed to provide useful results. In his 1925 paper
[1], Heisenberg criticized Bohr-Sommerfeld theory for not providing transition operators between
different states. At present, the Bohr-Sommerfeld theory is remembered by physicists only for its
agreement with the quasi-classical limit of Schrodinger theory. Quantum chemists have never stopped
using it to describe the spectra of molecules.

3.2. Geometric Quantization in a Toric Polarization

To interpret Bohr-Sommerfeld theory in terms of geometric quantization, we consider a set
P C T*Q consisting of points p € T*Q where Xy, (p), ..., Xy, ,(p) are linearly independent and the
orbit My, of the family { Xy, ..., Xp, , } of Hamiltonian vector fields on (T*Q, dat+) is diffeomorphic
to the k torus TX = R¥/ZF. We assume that P is a 2k-dimensional smooth manifold and that the set
B={M, | p € P} is a quotient manifold of P with smooth projection map p : P — B. This implies that
the symplectic form dag on T*Q restricts to a symplectic form on P, which we denote by w. Let D
be the distribution on P spanned by the Hamiltonian vector fields Xy, ..., Xy, ,. Since {H;, Hj} =0
fori,j=0,1,...,k— 1, it follows that D is an involutive Lagrangian distribution on (P, w). Moreover,
F = DC is a strongly admissible polarization of (P,w).

Since the symplectic form dag on T*Q is exact, we may choose a trivial prequantization
line bundle

Lo =C*"xT'Q—=T"Q: (b(q,p)) — (4,p)
with connection 1-form g = L % + tag. Let L™ be the restriction of LX,FQ to P and let a be the
1-form on P, which is the restriction of ag to P, thatis, & = Q| p- Then, L* = C* x P is a principal C*
bundle over P with projection map

L =C*xP—P:(bp)—p
and connection 1-form f = ;% % + L a. The complex line bundle
m:L=CxP—P:(c,p)—p

associated to the principal bundle 77~ is also trivial. Prequantization of this system is obtained by
adapting the results of Section 2.

Since integral manifolds of the polarization D are k-tori, we have to determine which of them
admit nonzero covariantly constant sections of L.

Theorem 4. An integral manifold M of the distribution D admits a section o of the complex line bundle L,
which is nowhere zero when restricted to M, if and only if it satisfies the Bohr-Sommerfeld condition (47).

Proof. Suppose that an integral manifold M of D admits a nowhere zero section of L. Since ¢ is
nowhere zero, it is a section of L|XM. Lety : S' — Mbealoop in M. For each t € S!, let y(t) € T, yM
be the tangent vector to -y at t. Since ¢ is covariantly constant along M, Claim 2 applied to the section

c:M— L%

m=CxM:p= (b(p),p)
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gives
Vo (p) = 2mi{c"(B)(p)|X(p)) e(p) =0
for every p € P and every X(p) € Ty M. Taking p = (t) and X(p) = (t) gives

27ei (o By () 7(8)) o (v(t)) = O. (48)
Since f = 5 %b + taand (coy)(t) = (b(y(t),7(t))), we get

2mi (o (v (8))7(8)) = 27i (B(e(v(£)))] (1))

Hence, Equation (48) is equivalent to

%W’( (1) + 2Tm<oc('r(t))|~'r(t)> —0,

which integrated from 0 to 277 gives

27t

Inb(y(27)) ~ Inb(y(0)) = - /02”< K ()] () 2m%7 .

If v bounds a surface > C M, then Stokes’ theorem together with Equation (47) and the quantization
condition (7) yield
_%% _ 27'[1/d Zm/w_o

because M is a Lagrangian submanifold of (P, w). Thus, Inb(y(27)) = Inb(y(0)), which implies that
the nowhere zero section ¢ is parallel along <. If v does not bound a surface in M, but does satisfy the
Bohr-Sommerfeld condition § y*xg = nh (47) with ag replaced by its pull back « to P, then

In (b('y(Zn))) _2mi . 27ti

& = ———nh=-2min,
b(7(0)) A h

so that
b(’y(ZTC)) — e—27tin -1
b(7(0)) '

Hence, b(y(27)) = b(7(0)) and the nowhere zero section ¢ is parallel along . [

Note that the manifolds M that satisfy Bohr-Sommerfeld conditions (47) are k-dimensional toric
submanifolds of P. We call them Bohr—Sommerfeld tori. Since Bohr-Sommerfeld tori have dimension
k = 1 dim P, there is no non-zero smooth section oy : P — L that is covariantly constant along D.
However, for each Bohr-Sommerfeld torus M, Theorem 4 guarantees the existence of a non-zero,
covariantly constant along D, smooth section o : M — Ly, where L, denotes the restriction of L
to M.

Let S = { M} be the set of Bohr—Sommerfeld tori in P. For each M € S, there exists a non-zero,
covariantly constant along D), smooth section o) of L restricted to M determined up to a factor in
C*. The direct sum

6 = P {Coum} (49)

MeS
is the the space of quantum states of the Bohr-Sommerfeld theory. Thus, each Bohr-Sommerfeld torus
M represents a 1-dimensional subspace {C o } of quantum states. Moreover, {C oy} N {Coyy } = {0}
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if M # M’ because Bohr-Sommerfeld tori are mutually disjoint. Hence, the collection {c} is a basis
of &.

For our toral polarization F = DC, the space of smooth functions on P that are constant along
F, see Equation (44), is C’(P) = p*(C®(B)), see Lemma A3. For each f € C¥(P), the Hamiltonian
vector field Xy isin D, thatis, Vx oM = 0 for every basic state o)1 € &. Hence, the prequantization
and quantization operators act on the basic states o); € & by multiplication by f, that is,

QfO'M:PfU'MIfO'M:f|MO'M. (50)

Note that f|y; is a constant because f € C’(P). For a general quantum state o = Y yres cmom € 6,

Qo = Qy Z CMOM = Z cmMQfom = Z cMfimM M-

MeS MeS MeS

We see that, for every function f € C*(P), each basic quantum state o is an eigenstate of Qf
corresponding to the eigenvalue f|;. Since eigenstates corresponding to different eigenvalues of the
same symmetric operator are mutually orthogonal, it follows that the basis {o)} of & is orthogonal.
This is the only information we have about scalar product in &. Our results do not depend on other
details about the scalar product in &.

3.3. Shifting Operators

3.3.1. The Simplest Case P = T*T*

We begin by assuming that P = T*T* with canonical coordinates (p,8) = (p1, ..., Pk, 01, -, 0%)
where, for each i = 1, ..., k, 6; is the canonical angular coordinate on the ith torus and p; is the conjugate
momentum. The symplectic form is

k k
w = d( Z pidgi) = Z dp; A dé;.
i=1 i=1

In this case, action-angle coordinates (j,#) = (j1,...,jk, 01,..., ) are obtained by rescaling the
canonical coordinates so that, for every i = 1,...,k, we have j; = 27tp; and ¢; = 60;/27. Moreover,
the rescaled angle coordinate 8; : T*T* — T = R/Z is interpreted as a multi-valued real function,
the symplectic form

k
w =Y djjAdt;, (51)
i=1

and the toric polarization of (P,w) is given by D = span {%, cee, %} .

In terms of action-angle coordinates, the Bohr-Sommerfeld tori in T*T* are given by equation
j = (jll ""jk) = (nlh/ o ,leh) = nh, (52)

where 1 = (ny,...,n;) € Z¥. For each n € Z¥, we denote by T% the corresponding Bohr-Sommerfeld
torus in B. If § = % % + % YK | j;d0; is the connection form in the principal line bundle L* =
C* x Tk — TX, then sections

Ot TE = LX: (8y,...,0;) s e ZHlmOrtotmdy) (53)

form a basis in the space & of quantum states.
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For eachi =1, ..., k, the vector field a% is transverse to D and —a%, _lw = —dt;, so that — a@], is the
Hamiltonian vector field of ¢;. In the following, we write

0

X,

1

(54)

to describe the actual vector field X; without referring to its relation to the action angle coordinates (j, 9).
Equation (36) in Section 2.1, for f = ©¢;, is multi-valued because the phase factor is multi-valued, and

tZg.
el%y

1

_ o 2mitd;/h Hift X; (55)

Claim 5. Ift = h, then
hZyx, _ e—27‘fi19,-ehliftXl-' (56)

e
is well defined.
Proof. For every i =1,..., k, consider an open interval (a;, b;) in R such that 0 < b; —a; < 1. Let

W =0, (a1,b1) N0, (a2, b2) N... N0, (ag, by). (57)

Since the action—angle coordinates (ji, ..., jk, 01,..., %) are continuous, W is an open subset of P.
Let 7; be a unique representative of 9;y with values in (a;, b;). With this notation,

k
i=1

The restriction to W of the vector field Xy, is the genuinely Hamiltonian vector field of 77;, namely,

Xy = Xips- (59)
The vector field
Zy;, = lift Xy, — Yy (60)
is well defined. Equation (36) yields e/ 1 = e~271i/he!lift Xy Hence,
eh Zy]i — e—27Tl ﬂlehhft Xr’i . (61)

If we make another choice of intervals (a},b!) in R such that 0 < b, —a} < 1 and let W =
Nk_, 0.1 (al, b}). Then, i/ with values in (a’,b!) differs from 7; by an integer, so that 1/ = ; + n;, and,
in WN W', we have

o~ 2mi il

_ e—2m' (mi+n;) — e—27Tl'171'.

Moreover, Xg \wrw = X;y;\wmw/ = Xijwrwr, so that

h Zx. _ hZ,. _ s
e i = (e i = (e i
() e = =
Since we can cover P by open contractible sets defined in Equation (57), we conclude that M %%i s well

defined by Equation (56) and depends only on the vector field X;. O

Consequently, there exists a connection preserving automorphism Ay, : L* — L* such that,
if * € Lyyx, where W C P is given by Equation (57), then

Ax, (%) = "X (07). (62)
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Claim 6. The connection preserving automorphism Ax, : L* — L*, defined by Equation (62) depends only
on the vector field X; and not the original choice of the action—angle coordinates.

Proof. If (ji,...,ji., 0], .., ;) is another set of action-angle coordinates then
k k
ji=) apj; and 0; =) b0, (63)
=1 =1

where the matrices A = (a;;) and B = (b;) lie in Sl(k, Z) and B = (A~1)T. In the new coordinates,

d L ’
Ji =1 I =1
Clearly, .
oHlift X, _ X 00 pot) (64)

To compare the phase factor entering Equation (55), we consider an open contractible set W C P.
As before, for each i = 1, ..., k, choose a single-valued representative 171( of (191’) w- Then,

k
ni = Z ij 77] +l 2 b1]77] + Z sz ji= Z b1]77] +1, (65)
j= j=1
where each /; is an integer and thus | = Z;-‘:l bjjl; is also an integer. Hence,

e 27 — =27t (b +o bl 1) — =27t (bt -+ bigtfp) (66)

where bjy, . . ., by are integers. Since [ is constant,

Xﬁi\w = Xy = X(bi1’7{+~~-+hik77,/(+l)
= X+t b)) = X(bnl‘f‘i+---+bfkl9£>\w' (67)
Therefore, .
N7y — o2 Ghift Xy, _ =27 (b +.+byn}) ehhftX(hi1w5+...+biko;c>, (68)

which shows that the automorphism Ax 6 : L* — L* depends on the vector field X, and not on the
action angle coordinates in which it is computed O

Claim 7. For each i = 1, ..., k, the symplectomorphism e"Xi . P — P, where h is Planck’s constant, preserves
the set B of Bohr—Sommerfeld tori in P.

Proof. Since X; is complete, e/Xi : P — P is a 1-parameter group of symplectomorphisms of (P, w).
Hence, et Xi : P — P is well defined. By Equation (52), jil?r’,z = n;h for every Bohr—Sommerfeld torus
Tk, where n = (nl,a. o NE).

Since X; = a7

Ly, (ji dd;) = X; 1 dji AdO; +d(X; 1 j; do;) = —d¥;,

in(jl dﬁl) = X; 1dj;Ado; + d(Xl'_l Ji dﬁl) =0 forl #i.
This implies that, for every I # i, (e/Xi)*(j;dd;) = j,d®; and (e'Xi)*(j; d¥;) = (j; — t)dd;. Therefore,

if j = nh, then (eMX1)*j; = jy = n;, if | # i, and (e'Xi)*j; = (j; — h) = (n; — 1)h if £ = i. This implies
that e"%% (TX) is a Bohr—Sommerfeld torus. [



Axioms 2020, 9, 125 17 of 33

We denote by KXi : L — L the action of Ax, : L* — L* on L. The automorphism RX,» acts on
sections of L by pull back and push forward, namely,

(Ax,)«0 = (&%), 0 =8 hZiogoehX
69
(AXI)*U = (@hzl)*a :/e\hZ, Oo-oe—hX," ( )

Since Ax, : L* — L* is a connection preserving automorphism, it follows that, if o satisfies the
Bohr-Sommerfeld conditions, then (A x;)+0 and (A x;) 0 also satisfy the Bohr-Sommerfeld conditions.
In other words, (Ax,). and (Ax,)* preserve the space & of quantum states. The shifting operators ax,
and by, corresponding to X;, are the restrictions to & of (Ax,). and (Ax,)*, respectively. For every
n = (ny,...,n;) € ZF, Equations (53) and (56) yield

ax,o, = ¢ hZiog,oghXi = 0, = o 2mti(Lji ”/19/+("i—1)l9i)0n

1 (70)

_ehz o 27 ()i 10+ (ni+1)8;)

bx,on = og,ce hXi

L= n?’ = On.
Foreachi=1,...,k, ax,cbx, = bx,cax, = idg. In addition, the operators ay,, bX]. Jfori,j=1,...,k,
generate an abelian group 2 of linear transformations of & into itself, which acts transitively on the
space of one-dimensional subspaces of &.

Given a non-zero section ¢ € & supported on a Bohr-Sommerfeld torus, the family of sections
{(ay ---a¥ o) € &|ny, ..y € Z} (71)

is a linear basis of &, invariant under the action of 2. Since 2 is abelian, there exists a positive,
definite Hermitian scalar product (- | -) on &, which is invariant under the action of 2, and such that
the basis in (71) is orthonormal. It is defined up to a constant positive factor. The completion of &
with respect to this scalar product yields a Hilbert space §) of quantum states in the Bohr—-Sommerfeld
quantization of T*TX. Elements of 2 extend to unitary operators on $).

3.3.2. General Case of Toral Polarization

Hilbert Space and Operators

Let (P, w) be a symplectic manifold with toroidal polarization D and a covering by domains
of action—angle coordinates. If U and U’ are the domain of the angle-action coordinates (j, #) =
(i, rjioB1, ..., ) and (]'/,19’) = (1, jp 0y, ..., 0;), respectively, and UN U’ # @, thenin U N U’
we have

k k
ji=Y agj, and 8; =) b0, (72)
=1 =1

where the matrices A = (a;;) and B = (bj;) liein Sl(k,Z) and B = (A~1)T.
Consider a complete locally Hamiltonian vector field X on (P, w) such that, for each angle-action
coordinates (j, #) with domain U,

(X_l w)‘u = —d(C-l’) = —d(Clﬁl—f—...—f—Ckﬂk), (73)
for some ¢ = (cy, ..., cx) € ZF. Equation (72) shows that in U N U’, we have

a4 ...+ =¥ +...+ 9,

where ¢} = 2;‘:1 cjbji € Z, fori =1,..., k. As in the preceding section, Equation (36) with f = ¢- ¢ =

1% + ... + cx O, which is multi-valued, gives

eth, — e—?.ﬂitc‘t?/het liftX, (74)
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which is multivalued, because the phase factor is multi-valued. As before, if we set t = h, we would
get a single-valued expression el Zeo = e~27¢dehliftX hecayse ¢, ..., ¢, € Z. This would work along
all integral curves t — e X(x) for t € [0, 1], which are contained in U.

Now, consider the case when, for xo € U, e"*(x) € U’ and there exists t; € (0,h) such that
x; = el1¥X(xg) € UNU’, where U and U’ are domains of action-angle variables (j,#) and (j/,¢'),
respectively. Moreover, assume that e/X(xg) € U for t € [0,t] and e!X(x;) € U’ fort € [0,h —t;].
Using the multi-index notation, for I* € L?O, we write

AX(KX) _ e(h*t])ch,ol (etlzoﬂ(ex ))

_zm‘(h_tl)c/.ﬂ’/he(h—tl)liftX(e—27tit1c~0/het1 lftX (py) (75)

efzm'(hftl)c’-0’/he72nit1c-0/h)e(h7t1)liftX (etlliftX (gx )

[¢’] ~—~ 0

. Y c 7ol .
=2ty (c-9—c'-¥ )/hefzmc B ShliftX (£>< )

Let W be a neighborhood of x7 in P such that U N W and U’ N W' are contractible. Foreachi = 1,...,k,
let 6; be a single-valued representative of ; as in the proof of Claim 5. Similarly, we denote by 7!
a single-valued representative of 9. Equation (73) shows that in U N U’ N W, the functions ci1; +
-+ ¢ and cf 17y + - - - + c}17;, are local Hamiltonians of the vector field X and are constant along the
integral curve of X y. Hence, we have to make the choice of representatives 7; and 7] so that

C1171(X1) +---+ Ckﬂk(ﬁq) = C117{(X1) + -+ cm,’c(x1). (76)
With this choice, e=27ii(e:8—c"-#')/h — 1 and
Ax(l x ) _ e727ric’-19’ehliftX(l x ) (77)

is well defined. It does not depend on the choice of the intermediate point x1 in U N U'.

In the case when m + 1, action—angle coordinate charts with domains Uy, Uj, ..., Uy, are needed
to reach x,, = eMX(xy) € U, from xg € Up; we choose x; = e'1X(xg) € Uy N Uy, xp = e2X(x1) €
UyNUy, ... xy_1 = em1X(x,_5) € U,_; and end with x,, = eh—h—-—tu-1)X(x 1) € U,,. Ateach
intermediate point x, ..., x;,_1, we repeat the the argument of the preceding paragraph. We conclude
that there is a connection preserving automorphism Ay : L* — L* well defined by the procedure
given here, and it depends only on the complete locally Hamiltonian vector field X satisfying condition
(73). The automorphism Ay : L* — L* of the principal bundle L* leads to an automorphism A x of
the associated line bundle L. As in Equation (69), the shifting operators corresponded to the complete
locally Hamiltonian vector field X are

axi6—>610l—>(gx)*0',
N (78)
bx:6 - 6:0— (Ax)*0.

In absence of monodromy, if we have k independent, complete, locally Hamiltonian vector
fields X; on (P, w) that satisfy the conditions leading to Equation (73), then the operators ax,, b x; for
i,j = 1,..,k generate an abelian group 2 of linear transformations of &. If the local lattice & of
Bohr-Sommerfeld tori is regular, then 2 acts transitively on the space of one-dimensional subspaces of
G. This enables us to construct an -invariant Hermitian scalar product on &, which is unique up to
an arbitrary positive constant. The completion of & with respect to this scalar product yields a Hilbert
space §) of quantum states in the Bohr—-Sommerfeld quantization of (P, w).
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Local Lattice Structure

The above discussion does not address the question of labeling the basic sections ¢, in
by the quantum numbers n = (ny,...,n;) associated to the Bohr—-Sommerfeld k-torus T = M,
the support of oy,

These quantum numbers do depend on the choice of action angle coordinates. If (j/,¢') € V x Tk
is another choice of action angle coordinates in the trivializing chart (U’, '), where T C U’, then the
quantum numbers n’ of T in (j/, ¢') coordinates are related to the quantum numbers n of T in (j, 9)
coordinates by a matrix A € Gl(k,Z) such that n’ = An, because by Claim A2 in Appendix A on
U N U’ the action coordinates j' is related to the action coordinate j by a constant matrix A € Gl(k, Z).
LetL; = {n € 7k |Tn C U}. Then, Ly is the local lattice structure of the Bohr-Sommerfeld tori T,
which lie in the action angle chart (U, ). If (U, ) and (U’, ¢’) are action angle charts, then the set of
Bohr—Sommerfeld tori in U N U’ are compatible. More precisely, on U N U’ the local lattices Ly and
L)y are compatible if there is a matrix A € Gl(k,Z) such that L;;p = ALj;. LetUd = {U;};c; bea
good covering of P, that is, every finite intersection of elements of U{ is either contractible or empty,
such that for each i € I we have a trivializing chart (U, 1;) for action angle coordinates for the toral
bundle p : P — B. Then, {Ly, };., is a collection of pairwise compatible local lattice structures for the
collection S of Bohr—Sommerfeld tori on P. We say that S has a local lattice structure.

The next result shows how the operator (@hz"i )« of Section 3.3 affects the quantum numbers of
the Bohr—-Sommerfeld torus T = Th.

Claim 8. Let (U, ) be a chart in (P, w) for action angle coordinates (j, ©). For every Bohr—Sommerfeld torus
T = Ty in U with quantum numbers n = (ny, ..., ny), the torus e Xer (T) is also a Bohr-Sommerfeld torus
T, wheren' = (ny,...,np_1,ng —1,np4q,..., 7).

Proof. For simplicity, we assume that £ = 1. Suppose that the image of the curve y : [0,h] — B : t —
et (p(xp)) liesin V = ¢(U), where xg € T = Ty,. For x € T and t € [0,h] we have

X Xoh = —gh =1, ife=1
o Je = , ‘ .
1 Xojo = —3je = 0, if€=2,...,k

and Xy, 0 = —3%1194 = 0. Since x € T has action angle coordinates (j;(x), ..., jk(x),91(x),..., %(x))
in U, the point e’ %1 (x) has action angle coordinates (j; (x) —t,...,ji(x), %1(x),..., % (x)). In particular,
the point e’ %% (x() has action angle coordinates (j1(xo) — ..., jk(x0), %1(x0), ..., % (x0)). Thus,

hXgy - ) ji—h, ifl=1
(e 1)*”{ jo o ifl=2,...k

and (thﬁl)*ﬁg = ¢, for { = 1,2,...,k. Since T is the Bohr-Sommerfeld torus T,, we have
jo = Jy jedd; = ngh. Then,

[ a0 = [ G- mae,
:j1—h: (1’[1—1)1‘1.

Thus, the torus el Xoy (T) is a Bohr-Sommerfeld torus Ty withn' = (ny,...,np_1, 1y —1,n041,...,1%).

Now, consider the case when the image of the curve 7 : [0,h] — B : t — €' %1 (p(xp)) is not
contained in V. This means that e’ %?1 (UI), where U = p~1(V), does not contain the torus T. Since e’ Xoy
is a 1-parameter group of symplectomorphisms of (P, w), for every t € R, the functions ((e' Xo1).jo,
with ¢ = 1,...,k and (e'%%1),8,, ¢ = 1,...,k are action angle coordinates on (e’ Xo1), (U). Choose
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7 > 0so that ™ (T) C U. Suppose thath = 7+ 7, where 17 € [0, 7). Observe that for ¢ € [0, T) the
action angle coordinates (i, ..., px, %1, ..., 0) in U satisfy

. -t ifl=1
) g :{ 2 fi—2a j and (€7).0, =0

Hence, (e"%?1),j; = j; — T and

(" Xer).jy = (X )y = (e7F), ().

= (™). (1 — 1) = (e ) (j1) — 7,

because ¥ is constant. Moreover,

1 X . X 1 . 1. .
/0 (e ”1)*]1)d(e ‘91)*191) :/0 (]1—T)dl91=/(; ]1dl91—T:]1—T.

Similarly,

1 1
[ @FanaE o) = [0 - nd(e).0)
1 1
= [ @ d(e .0 —y [ d(e).0)
1 1
:/Opldﬁl—T—ﬂ:/Opldﬁl—h:(i/u—l)h,

because T is a Bohr—-Sommerfeld torus T, with quantum numbers (1, ..., ng). Thus, el Xoy (T)isa
Bohr-Sommerfeld torus corresponding to the quantum numbers (17 — 1, ny, ..., ny). This argument
may be extended to cover the case where h= kT + # for any positive integer kand € [0, 7). O

3.4. Singularity of Toral Polarization in Completely Integrable Hamiltonian Systems

A completely integrable Hamiltonian system on a symplectic manifold (P, w) of dimension 2k is
given by k functions Hjy, ..., Hy € C®(P), which Poisson commute with each other, and are independent
on the open dense subset Py of P. We assume that, for every i = 1, ..., k, and each x € Py, the maximal
integral curve of Xp, through x is periodic with period T;(x) > 0. The complement P\ Py of Py in P is
the set of singular points of the real polarization D = span{Xy,, ..., Xy, } of (P,w).

Applying the arguments of Section 3.1 and the beginning of Section 3.2, we obtain the set
S = {M} of Bohr-Sommerfeld tori M in P. Each M is an integral manifold of D, which admits a
covariantly constant section o : M — Lj. The section o) is determined up to a non-zero constant.
The direct sum

6 = D {Com}
MeS
is the space of quantum states of the Bohr-Sommerfeld theory. Each Bohr-Sommerfeld torus M
represents a one-dimensional subspace of quantum states. The collection {0} is a basis of &, and

Qu,om = Hyjpmom-
Let Sp = {M € S | M C Py} be the set of the Bohr-Sommerfeld tori in Py. Then,

o= P {Com}

MeS,
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is the space of quantum states of the system, which are described by the Bohr-Sommerfeld quantization
of Py. The collection {oy; | M C Py} is a basis of &, and

Qn,om = Hjjmom

for every M C P.

The restriction D|p, of D to Py is a toral polarization of (Po, w| p,) discussed earlier. The functions
Hy,...,Hy_1 € C®(P), which define the system, give rise to action-angle coordinates (j, #) on P,
where foreachi =0,...,k—1,j; = H;p |Tjp, and ¢; is the multivalued angle coordinate corresponding
to j;. Since we deal with the single set of action—angle coordinates, most of the analysis of Section 3.3.1
applies to this problem. As in Section 3.3.2, Equation (54), for i = 1,..., k we introduce the notation

)

Each X; is a locally Hamiltonian vector field on Py. However, since Py # T*T*, we cannot assume that
the vector field X; is complete.
In terms of action—angle coordinates (j, #) on Py, the Bohr—Sommerfeld tori in Py are given by
equation
j = (j1, N rjk) = (nlh, . .,leh) = nh,

where n = (ny,...,n;) € ZK. Forn € Zk,
My = M(nl,...,nk) = {x € R | ](x) = nh} (79)

denotes the Bohr-Sommerfeld torus in Py corresponding to the eigenvalue n of j. If nh is not in the
spectrum of j, then My = &. In a trivialization L|p, = C X Py of the complex line bundle L restricted to
Py, for each My, # @, we can choose

O s My = L (81,..., %) = ((01,...,9), e Zrilmbrttmdy (80)

form a basis in the space & of quantum states in P.
Claim 5 implies the following

Corollary 1. If, for every x € Py and each i = 1, ..., k, Planck constant h is in the domain of the maximal
integral curve 'Xi(x) of X; starting at x, then X = o2t hliftX; g gpp]] defined.

Under the assumptions of Corollary 1, we may follow the arguments of Section 3.3.1 leading
to Equation (70). Applied to the case under consideration, it may be rewritten as follows. For every
n=(ny,..ng) € ZFk, such that M,, C Py, one has

AXi (1) = O(n,eemiami—1nig1,mmi)

if My, ..., C Pp,and

i1 —1ni11,...1k)
bxia("lr-“r”k) = Oty ey i1 Mg ey
if M(n1/-~-,7’li—1/7’li+1/7’li+],---nk) c Po.

It remains to extend the action of ax, and by, given above to all states in &. This involves a study
of the integral curves of X; on P, which originate or end at points in the singular set P\ P.
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Suppose we manage to extend the action of the shifting operators to all states in . Monodromy
occurs when, there exist loops in the local lattice of Bohr-Sommerfeld tori such that for some
ay,...,0m € {1,...,k} the mapping

(e"Xam o ... Oth“'l)M : My, — M,
need not be the identity on M,,. In this case shifting operators are multivalued, and there exists a phase
factor e'? such that

Al
(aXam O ... Oasz] )O'n p— eqjo'n.

Given a non-zero section ¢ € & supported on a Bohr-Sommerfeld torus M. Any maximal family
B= {(a’;(’;( ~~-a';(11 o) € G| ny,..ng € Z} (81)

of sections in &, such that no two sections in B are supported on the same Bohr-Sommerfeld torus, is a
linear base of &. We can define a scalar product (- | -) on & as follows. First, assume that basic sections
supported on different Bohr-Sommerfeld tori are perpendicular to each other. Then, assume that for

every a?{k -~~a;1(11 o EB,

n n n n
<uX’;(---uX11(7|aX’;(--~aX11(T>:<(T|(7>. (82)
This definition works even in the presence of monodromy. The completion of & with respect to this

scalar product yields a Hilbert space $) of quantum states in the Bohr-Sommerfeld quantization of the
completely integrable Hamiltonian system under consideration.

Example: The 2-d Harmonic Oscillator

We consider the harmonic oscillator with 2 degrees of freedom, see [9]. Its configuration
space is R? with coordinates ¢ = (g1,92). Its phase space P = T*R? = R? x R? has coordinates
(p,q9) = (91,92, p1, p2) with symplectic form w = dp; A dq; + dpy A dgs. The 2-d harmonic oscillator is
completely integrable with integrals the Hamiltonian H with H(p,q) = % (P2 + p5 + g2 + q3) and the
angular momentum ] with J(p,q) = q1p2 — qap1.

The change of variables

7 G1 1 10 0 1 7
q2 62 . -1 0 0 1 q2
— = —
4 P mn V210 -1 1 0f|m
P2 2 0 -1 -1 0 P2

is symplectic, that is, w = di A dgy 4 dija A do, preserves the diagonal form of the Hamiltonian H =
(& + 172+ & +13) = ¢.H, and diagonalizes the angular momentum ] = 3 (&2 + 42 — &3 —13) = ¢.].
The functions .

A =5 (G +n)=H+],

Ay =3(B+m)=H-]
are action variables for the two-dimensional harmonic oscillator. The corresponding angle variables are
61 and 6,, respectively. In the variables (A, 0) = (A1, Ay, 61, 62), the symplectic form w is dA; A db; +
dAj A dbs. The rescaled action angle coordinates (7, #) = (ji, j2, %1, %2), used previously, are given by

(83)

ji=2mA; and ¢; =0;/2m for i =1,2.

The Bohr-Sommerfeld tori My, = {x € T*R? | j; = nh,j, = mh} are parameterized by two
integers n, m. The corresponding basic sections are

Tnm : Muym — L (01,02) — g~ 27i(ndy+mdy)



Axioms 2020, 9, 125 23 of 33

see Equation (80). Equations (83) yield

(Al + Az) =
(A1 — Ap) =

(j1/21+ j2/27),

H=
J= (j1/27 — ja/270).

1
2
1
2

Nl—= NI—=

Hence, the quantum operators Qy and Qj act on 0y, ,, as follows.

QH Opm = H|Mn’ml7'n,m = % (]1 /27 + ]‘2/2777)|1\/1n’m On,m

= 3 (nh/27 + m/270) 0 = % (n+ )My m,

where i = h/2m and
Q) Onm = I\ My Trm = % (n—m)hoy .

The regular part of P = T*R? is
Py = {x € T*R?| ji(x) > 0and jp(x) > 0}.
The singular part of P = T*R? consists of three strata

S; = {x € T*R?| ji(x) > 0 and jp(x) = 0},
Sy = {x € T*R? | ji(x) = 0and jo(x) > 0},
Sp = {x € T*R? | ji(x) = 0and jo(x) = 0}.

So is the origin of T*R?, while S; and S, are cylinders parameterized by (ji,¢1) and (ja, 9,),
respectively.
As before, for i = 1,2, we consider the locally Hamiltonian vector fields

)

The conditions of Corollary 1 are satisfied. Hence, in Py, we get shifting operators

ax,0nm = Oy—1,m, providedn > land m > 0,
bx,0nm = Oyt1,m, provided n > 0and m > 0,
ax,0nm = Oym—1, providedn > 0and m > 1,

bx,0u,m = Oy m+1, provided n > 0 and m > 0.

Next, we have to consider limits as integral curves of X;. Note that the integral curve eX1(xg)

of Xj, originating at x € M ,,, after time t = h reaches x| = elXa (x0) € My m. Moreover, the integral
curve elX1 (x0) of X; originating at x € M,, o, for n > 0, after time t = h reaches M,,_1 ¢ and after time
t = nh reaches the origin M. Similarly, the integral curve e**1(x) of —X; originating at x € M,
after time t = h reaches M,,;1 o and after time ¢ = kh it reaches M,, . for every k > 0. This argument
also applies to Xj. It enlarges the above table of shifting operators as follows.

ax,01,m = 0p,m, provided m > 0,

ax,0u1 = 0y, provided n > 0.

Since X;(x) is unbounded as j; — 0, it is not possible to discuss integral curves of X; starting at
points in My ,. However, for n > 0,

bxlan,m = On+1,m and ax,0n+1,m = On,m-
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Thus, by, shifts in the opposite direction to ay, . Similarly, by, shifts in the opposite direction to ay,.
It is natural to extend these relations to the boundary and assume that

bx,00,m = 01,1, provided m > 0,

bx,04,0 = 0,1, provided n > 0.

The actions of the lowering operators ax, on states 0y, and ax, on states 0,0 not defined, but they
never occur in the theory. Therefore, we may assume that

ax,00,m = 0, and ax,0n0 = 0.

3.5. Monodromy

Suppose that U = {U;},.; is a good covering of P such that for every i € I the chart (U;, ¢;) is
the domain of a local trivialization of the toral bundle p : P — B, associated to the fibrating toral
polarization D of P, given by the local action angle coordinates

oy Us = Vi x T s pos 94(p) = (7,0) = (b -, 8))

with (o)) «(w)y,) = i, dji, A do,. We suppose that the set S of Bohr-Sommerfeld tori on P has the
local lattice structure {Lyy, };_, of Section 3.3.

Let pand p’ € P and let y : [0,1] — P be a smooth curve joining p to p’. We can choose a
finite good subcovering {Uk},i\[:l of U such that y([0,1]) € UN_, Uy, where 7(0) C Uj and (1) € Uy.
Using the fact that the local lattices {Ly;, } 11\1:1 are compatible, we can extend the local action functions
jon V; = ¢;(U;) C B to a local action function jN on Viy C B. Thus, using the connection &
(see Corollary Al), we may parallel transport a Bohr—Sommerfeld torus T, C U along the curve 7 to
a Bohr-Sommerfeld torus T,y C Uy (see Claim 7). The action function at p’, in general depends on the
path <. If the holonomy group of the connection £ on the bundle p : P — B consists only of the identity
element in Gl(k, Z), then this extension process does not depend on the path . Thus, we have shown

Claim 9. If D is a fibrating toral polarization of (P,w) with fibration p : P — B and B is simply connected,
then there are global action angle coordinates on P and the Bohr-Sommerfeld tori Ty, € S have a unique quantum
number n. Thus, the local lattice structure of S is the lattice 7k,

If the holonomy of the connection £ on P is not the identity element, then the set S of
Bohr-Sommerfeld tori is not a lattice and it is not possible to assign a global labeling by quantum
numbers to all the tori in S. This difficulty in assigning quantum numbers to Bohr-Sommerfeld tori
has been known to chemists since the early 1920s. Modern papers illustrating it can be found in [18,19].
We give a concrete example where the connection £ has nontrivial holonomy, namely, the spherical
pendulum.

Example: Spherical Pendulum

The spherical pendulum is a completely integrable Hamiltonian system (H, J, T*S2?, dag.g),
where T*S? = {(q,p) € T*R3 | (q,9) =1 & (g, p) = 0} is the cotangent bundle of the 2-sphere S? with
(, ) the Euclidean inner product on R3, see [20]. The Hamiltonian is

H:T'S* = R:(q,p) = 3 (p.p) + (4,¢3),
where eg = (0,0,1) € R® and the e3-component of angular momentum is

J:T*S* = R:(q,p) — q1p2 — G2p1-
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The energy momentum map of the spherical pendulum is
EM:T*S> = RCR*: (q,p) — (H(q,p),](q,p)).

Here, R is the closure in R? of the set R of regular values of the integral map £ M. The point (1,0) € R
is an isolated critical value of £M. Thus, the set R has the homotopy type of S! and is not simply
connected. Every fiber of

. -1 2

over a point (k,j) € R is a smooth 2-torus TF%,]" see chapter V of [21]. At every point of T*S?\

(5/\/171(1,0) U 8M718§) there are local action angle coordinates (Ay, Ay, 91, 9,). The actions are
Al = Aj°EM and Ay = Ay ©EM. Here,

w200 —m)(1-73) - 2 ]

A=~ [

us 1- 7'[% e
where 1" € [—1,1] and 2(h — 7i7°) (1 — (7)) — j2 = 0, and
Ax(h, j) = j;
while the angles are ¢ = B1°EM and 8, = 9, °EM, where
- i 1
191(]’1,]) = % / ! dﬂ.’l

T (=) 20— ) (1 - )~ 2

and
t

El

where t is the time parameter of the integral curves of the vector field X; on the 2-torus T2 i which are

O(h,j) =

periodic of period 27, see Section 2.4 of [20]. The action map
A:RCR* = Rsg xR () = (Ar(h,j), Az(h, )

is a homeomorphism of R\ {(1,0)} onto (R> x R) \ {(2,0)}, which is a real analytic diffeomorphism
of R\ {j = 0} onto (R>¢ x (R \ {0}), see Fact 2.4 in [20].
For every (n,m) € Z>o x Z, the Bohr-Sommerfeld tori are

Tin = {(q,p) € T*S*| A1(q,p) = nh & Az(q,p) = mh}.

The fibers of £ M corresponding to the dark points in Figure 1 are the Bohr—Sommerfeld tori.
The basic sections of the quantum line bundle 7 : L — T*S? are

T = T2y C T*S? = L2 (91, 02) v (81, By, 2 (n01Hmb2))

The family of sections B = {(Tn,m| (n,m) € Zso x Z} forms a basis of quantum states of the
Bohr-Sommerfeld theory of the spherical pendulum. Let §j be the Hilbert space of quantum states for
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Figure 1. The Bohr-Sommerfeld quantum states of the spherical pendulum in R.

which 5 is an orthogonal basis. The Bohr-Sommerfeld energy momentum spectrum & of the spherical
pendulum is the range of the map

Afl

\Z>OX25220XZ§R20XR—>F5

(n,m) — (h(nh,mh),j(nh,mh)) = (hu(n)h,mh).

(n,m) € Z>q X Z are the quantum numbers of the spherical pendulum.
In terms of actions A; and Ay, we may write H = H(A1, Ay). Hence, the quantum operators Qg
and Qj act on the basic sections y,.,, as follows

Quoum = Hro 0nm = hm(n) hoym
ITn,m

and

Qioum = ]‘T;%,mgn'm = mhoy .
The regular part of T*S? is
So=EM HR)=EM (AT ({A; >0& Ay #0})).
The singular part of T*S? consists of six strata:

S; = EM(A({(0,0)}),

(
(A1,0)[0 < Ay < 4/7}),
(A1,0)[4/m < A1}),

(0, A2)| Az > 0}),

(

S¢ = Al O,A2)| Ay < 0}).
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The stratum S; is the point (0,0, —1,0,0,0) € T*S?; while the stratum S, is the point (0,0,1,0,0,0).
The stratum Ss is the subset of T*S?, where A; € (0,4/m) and A, = 0, which is a cylinder
parameterized by (A1, %1); while Sy is the subset where A; € (4/m, ) and A, = 0, which is a
cylinder parameterized by (A1, 91). The stratum Ss is the subset of T*S% where A; = 0and A, > 0,
which is a cylinder parameterized by (A, 9>); while S¢ is the subset where A; = 0 and A; < 0,
which is a cylinder parameterized by (Ay, 95).

The conditions of Corollary 1 are satisfied. Fori = 1,2 let X; = Xy,. In the regular stratum Sy we
get the shifting operators

ax,0nm = Op—1,m, providedn >1land m # 0
bx,0um = 0yt1,m, providedn >0and m # 0
ax,0nm = Opm—1, provided n > 0and m # 1

bx,0u,m = Oy m+1, providedn > 0and m # 0
Arguing as in the example of the 2-d harmonic oscillator, we can extend the above relations to

bx,00,n = 01,m, provided m # 0

bx,0,,0 = 0,1, provided m # 0.
In addition, we may assume that
ax,00,m = 0 and ax,0n0 = 0.

Since the are no global action angle coordinates, the action function .A; on R is multi-valued.
After encircling the point (1,0), the quantum number of the Bohr—-Sommerfeld torus represented by
the upper right hand vertex of the rectangle on the h-axis, see Figure 2, becomes the quantum number
of the upper right hand vertex of the parallelogram formed by applying M” :(é }) to the original
rectangle, which is the transpose of the monodromy matrix M of the spherical pendulum.

S e

e e 00000

------

Figure 2. Using the shifting operators to show that the quantized spherical pendulum has monodromy.

The holonomy of the connection £ is called the monodromy of the fibrating toral polarization D on
(P, w) with fibration p : P — B.
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Corollary 2. Let B be the universal covering space of B with covering map I1: B — B. The monodromy map
M, which is a nonidentity element holonomy group of the connection € on the bundle p sends one sheet of the
universal covering space to another sheet.

Proof. Since the universal covering space B of B is simply connected and we can pull back the
symplectic manifold (P, w) and the fibrating toral distribution D by the universal covering map to a
symplectic manifold (P, &) and a fibrating toral distribution D with associated fibration g : P — B.
The connection £ on the bundle p pulls back to a connection € on the bundle g. Let y be a closed
curve on B and let M be the holonomy of the connection £ on B along . Then, v lifts to a curve ¥
on B, which covers v, thatis, p°y = . Thus, parallel transport of a k-torus T = Rk /7Zk, which is
an integral manifold of the distribution D, along the curve 7 gives a linear map M of the lattice Z
defining the k-torus M(T). The map M is the same as the linear map M of ZF into itself given by
parallel transporting T, using the connection £, along the closed -y on B because the connection £ is the
pull back of the connection £ by the covering map p. The closed curve 7 in B represents an element of
the fundamental group of B, which acts as a covering transformation on the universal covering space
B that permutes the sheets (= fibers) of the universal covering map IT. [J

In the spherical pendulum, the universal covering space R of R \ {(1,0)} is R?. If we cut R by
the line segment ¢ = {(h,0) € R|h > 1}, then R* = R\ / is simply connected and hence represents
one sheet of the universal covering map of R. For more details on the universal covering map, see

[22]. The curve chosen in the example has holonomy M :(; 1) It gives a map of R into itself,

which sends R* to the adjacent sheet of the covering map. Thus, we have a rule how the labelling
of the Bohr-Sommerfeld torus T(,, ,,), corresponding to (h,j) € R*, changes when we go to an
adjacent sheet, which covers R*, namely, we apply the matrix M to the integer vector (:g ) Since our
chosen curve generates the fundamental group of R \ {(1,0)}, we know what the quantum numbers
of Bohr—-Sommerfeld are for any closed curve in R \ {(1,0)}, which encircles the origin.
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Appendix A

We return to study the symplectic geometry of a fibrating toral polarization D of the symplectic
manifold (P, w) in order to explain what we mean by its local integral affine structure, see [23].

We assume that the integral manifolds { MP}p <p of the Lagrangian distribution D on P form a
smooth manifold B such that the map

p:P—=B:p— M,y

is a proper surjective submersion. If the distribution D has these properties we refer to it as a fibrating
polarization of (P, w) with associated fibration p : P — B.

Lemma A1. Suppose that D is a fibrating polarization of (P, w). Then, the associated fibration p : P — B has
an Ehresmann connection € with parallel translation. Thus, the fibration p : P — B is locally trivial bundle.

Proof. We construct the Ehresmann connection as follows. For each p € P let (U, ¢) be a
Darboux chart for (P,w). In other words, (¢~1)* (w)y) is the standard symplectic form wy; on TV,
where V. = ¢(U) C R* with ¢(p) = 0. In more detail, for every u € U there is a frame &(u) of
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P at u, whose image under T, is the frame ¢(v) = {% e .,% v % v,...,aﬁv} of T,V = R%*,
where v = ¢(u), such that
0 0 0 0
wWo(V)(5—| ,=—| ) = wx(v)(5—| ,=—| ) =0
Zk( )(axi ; ax] v> Zk( )(ayl Y ay] ’

and 3 3

wo (V) (5| , 5| ) = dij.

Zk( )(axi ) a]/j U) ij

For u € M, NU, we see that A, = T,,y(T;,M}) is a Lagrangian subspace of the symplectic vector
space (T,V,wy(v)). Let {%| v}k ) be a basis of A, with {dz;(v) };.(71 the corresponding dual basis of A};.
] j= -

k
j=1

of A to a basis {de(v)};.(:1 of TV, where { {0 = ok g ! (0) : T,V = T3V is a linear

dZ/-(zv)Mv =0, forj=k+1,..., 2k.

Extend each covector dz;(v) by zero to a covector dZ;(v) in T;V, that is, extend the basis {dz;(v)}

isomorphism with inverse w}, (v) for every v € V, we see that the collection

(on] =Wk

ilv j=1

of vectors in T,V spans an k-dimensional subspace y,. We now show that y, is a Lagrangian subspace
of (T,V,wy(v)). By definition

9
awi

9
-U/ aw]

2
v aw]

= dZi@)i

=0.
v aw]

v

) =)

ka(v)(

d

The last equality above follows because W|v ¢ Av. To see this we note that
]

9

9
‘0’ aZ] v

d

) = dZ](U)afZ] J

az]‘

wzk(v)( = de(U)

v v
The Lagrangian subspace y, is complementary to the Lagrangian subspace A, thatis, T,V = A, ® uy
foreveryv € V.

Consequently, hor, = T,y !, is a Lagrangian subspace of (T, U, w(u)), which is complementary
to the Lagrangian subspace T, M. Since the mapping hor;; : U — TU : u — hory is smooth
and has constant rank, it defines a Lagrangian distribution hor;; on U. Hence, we have a
Lagrangian distribution hor on (P, w). Since T, M, is the tangent space to the fiber ! (o(p)) = Mp,
the distribution ver|;; : U — TU : u — ver, = T,Mp = A, defines the vertical Lagrangian distribution
ver on P. Because ver, = ker T,p, it follows that T,p(hor,) = TP(M)B . Hence, the linear mapping
TuPpnor, : hory — T,(,)B is an isomorphism. Since T,P = hor, © ver), for every p € P and the
mapping Tpp|ney, : hory — Ty (,)B is an isomorphism for every p € P, the distributions hor and ver on
P define an Ehresmann connection & for the Lagrangian fibrationp : P — B. O

Let X be a smooth complete vector field on B with flow e'X. Because the linear mapping TyPihor,
hor, — T, B is bijective, there is a unique smooth vector field liftX on P, called the horizontal lift of X,
which is p-related to X, that is, TppliftX(p) = X (o(p)) for every p € P. Let e'iftX be the flow of liftX.
Then, p(e!lifX) = e!X(p(p)). Let o : W C B — P be a smooth local section of the bundle p : P — B.
Define the covariant derivative V xo of o with respect to the vector field X by

(Vxo)(w) = —| e "X (g(e' X (w)))

dt};—o



Axioms 2020, 9, 125 30 of 33

forallw € W. Because the bundle projection map p is proper, parallel transport of each fiber of the bundle
p : P — B by the flow of liftX is defined as long as the flow of X is defined. Because the Ehresmann
connection £ has parallel transport, the bundle presented by p is locally trivial, see pp. 378-379, [21].

Claim A1. If D is a fibrating polarization of the symplectic manifold (P, w), then for every p € P the integral
manifold of D through p is a smooth Lagrangian submanifold of P, which is an k-torus T. In fact T is the fiber
over p(p) of the associated fibration p : P — B.

We say that D is a fibrating toral polarization of (P, w) if it satisfies the hypotheses of Claim Al.
The proof of Claim Al requires several preparatory arguments.

Let f € C*(B). Then, p*f € C*(P). Let X, be the Hamiltonian vector field on (P,w) with
Hamiltonian p* f. We have

Lemma A2. Every fiber of the locally trivial bundle p : P — B is an invariant manifold of the Hamiltonian
vector field X r.

Proof. We need only show that for every p € P and every q € My, we have X,«¢(q) € T;M,. Let Y be
a smooth vector field on the integral manifold M, with flow e'¥. Then,

e f(e™(9)) = f(p(e™ () = f(o(p)),

¥ maps M, into itself. So

since e

0= 5 _PIET@) =L’ ) =) @)Yia)

= —w(q)(Xp£(q),Y(q))-

However, T;M, is a Lagrangian subspace of the symplectic vector space (T;P, w(q)). Consequently,
Xy f(q) € TuMp. O

Since the mapping p : P — B is surjective and proper, for every b € B the fiber p~!(b) is a smooth
compact submanifold of P. Hence, the flow e’ Xo*f of the vector field X+ is defined for all € R.

Lemma A3. Let f, g € C®(B). Then, {p*f,p*g} = 0.

Proof. For every p € P and every q € M, from Lemma A2 it follows that X,«¢(q) and X,+¢(g) lie in
T;M,. Because M), is a Lagrangian submanifold of (P, w), we get

0= w(q)(Xp5(9), Xp£(0)) = {p"f.0"8}(q)- (A1)
Since P = l,cpM,, we see that (A1) holds for every p € P. [

Proof of Claim Al. From Lemma A3 it follows that (p*(C®(B)),{ , },-) is an abelian subalgebra t
of the Poisson algebra (C*(P),{ , },-). Since the bundle projection mapping p : P — B is surjective
and dim B = k, the algebra t has k generators, say, {p* fi}le, whose differentials at g span T, (p ' (b))
for every b € B and every g € p~1(b). Using the flow e'X¢"fi of the Hamiltonian vector field Xp+f, on
(P, w) define the R¥-action

D :REX P Py (t=(t,... 1), p) = (€7 (p),...,e" 5k (p)) (A2)

Since span; ;. { X, 7.(9)} = Ty (0~1(b)) and each fiber is connected, being an integral manifold of the
distribution D, it follows that the R¥-action @ is transitive on each fiber p~1(b) of the bundle p : P — B.
Thus, p~1(b) is diffeomorphic to R*/P,, where P, = {t € RF | ®i(q) = g} is the isotropy group at 4.
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If P; = {0} for some q € P, then the fiber p~!(p(g)) would be diffeomorphic to R¥ /P, = R¥. However,
this contradicts the fact the every fiber of the bundle p : P — B is compact. Hence, P; # {0} for every
q € P. Since R¥/ P, is diffeomorphic to p~1(b), they have the same dimension, namely, k. Hence, P, is
a zero dimensional Lie subgroup of R¥. Thus, P is a rank k lattice ZF. Thus, the fiber p~1(b) is R¥/ ZF,
which is an affine k-torus TF. [

We now apply the action angle theorem, see chapter IX of [21], to the fibrating toral Lagrangian
polarization D of the symplectic manifold (P, w) with associated toral bundle p : P — B to obtain a
more precise description of the Ehresmann connection £ constructed in Claim Al. For every p € P
there is an open neighborhood U of the fiber p~! (o(p)) in P and a symplectic diffeomorphism

p:U=p (V) CP—VxTkCRFxTk:
u— (]’19) = (jl/"'/jk/ﬂll'--rﬂk)

such that
pusUCP— VIR um (mey)(u) =],

is the momentum mapping of the Hamiltonian T*-action on (U, w|y)- Here, 7ty : V x T™F - V:(j,d) —
j. Thus, the bundle p : P — B is locally a principal T*-bundle. Moreover, we have (lp’l)*ww =
iy dji A dY;.

Corollary A1. Using the chart (U, ) for action angle coordinates (j, ), the Ehresmann connection &y gives
an Ehresmann connection &)y, n on the bundle 7ty : V' x TF — V defined by

3 d
ver, = Spanlgiék{aiﬂj‘vzlp(u)} and hOI'U = Spanlgiﬁk{aiji

o=p(u)

Proof. This follows because

] 0
Ty (ver,) = Spanlﬁiﬁk{ail%‘vzlp(u)} and T,y (hor,) = spanlgigk{a—ji‘v:lp(u)},

for every u € U. From the preceding equations for every u € U we have ver, = span; ., {X,«(;;) ()}
and hory, = span; ;< {X(x, o y)+(—s,) () }. Here, 15 : V x T = T5: (j, @) — @. O

Corollary A2. The Ehresmann connection & on the locally trivial toral Lagrangian bundle p : P — B is flat,
that is, Vxo = 0 for every smooth vector field X on B and every local section o of p : P — B.

Proof. In action angle coordinates a local section section ¢ of the bundle p : P — B is given by
c:V > VxTF:je (jo(j). Let X = % for some 1 < ¢ < k with flow efX. Let liftX be the

horizontal lift of X with respect to the Ehresmann connection &y, p+ on the bundle 71 : V x TK — V.
Thus, for every j € V we have

. d . e
(Vxo)() = 3| e (e(e ()
=0
= E etliftX(U(]’(_t))), where etX(j> =j(t)
di;g
= % t_oetliftX (j,o(j)), since j; for 1 < i < n are integrals of X
d 7 ; 3 1 . . R
= a (](t)/ U(](t))), smce 71 (ethftx(]lg’(]))) — etX(])
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This proves the corollary, since every vector field X on W C B may be written as Z?:l ci(f) ai], for some
ok k
c; € C*(W) and the flow {¢,'},_; of {a%}i_1 on V pairwise commute. [

Claim A2. Let p : P — B be a locally trivial toral Lagrangian bundle, where (P, w) is a smooth symplectic
manifold. Then, the smooth manifold B has an integral affine structure. In other words, there is a good open
covering {W;},cr of B such that the overlap maps of the coordinate charts (W, ¢;) given by

gic = o9, VinV, CR = VinV, C R,
where ¢;(W;) = V;, have derivative Dg;y(v) € Gl(k, Z), which does not depend on v € V; N V.

Proof. Cover Pby U = {Uj;};.;, where (U;, ;) is an action angle coordinate chart. Since every open
covering of P has a good refinement, we may assume that ¢/ is a good covering. Let W; = p(Uj;).
Then, W = {W;},.; is a good open covering of B and (W;, ¢; = 71 °4;) is a coordinate chart for B.
By construction of action angle coordinates, in V; N V; the overlap map ¢;, sends the action coordinates
jin V; NV, to the action coordinates j* in V; N V. The period lattices P () and P, w1(jt) re equal

since for some p € W; N W, we have y;(p) = j' and ,(p) = j’. Moreover, these lattices do not depend
k
on the point p. Thus, the derivative D¢;/(j) sends the lattice Z¥ spanned by {a%‘ } into itself.
Jmi=1

Hence, for every j € W; N W, the matrix of Dg;,(j) has integer entries, that is, it lies in_Gl(k, Z) and
the map j — D¢j(j) is continuous. However, Gl(k, Z) is a discrete subgroup of the Lie group Gl(k, R)
and W; N W is connected, since W is a good covering. Thus, D¢;¢(j) does not depend on j € W; N W,.
O

Corollary A3. Let y : [0,1] — B be a smooth closed curve in B. Let P,, : [0,1] — P be parallel translation
along < using the Ehresmann connection £ on the bundle p : P — B. Then, the holonomy group of the k-toral
fiber T, ) = T* is induced by the group Gl(k,Z) x Z* of affine Z-linear maps of Z into itself.
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