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1. Introduction and Preliminaries

The quasi-pseudo metric space, which is obtained by relaxing the symmetry condition, is one of
the refinements of the notion of metric space. In the point view of fixed point theory, the lack of the
symmetry axiom leads to consider the orientation in this new structure. Roughly speaking, fixed points
for mappings are usually limits of the Picard sequence, which is constructed by the recursive iteration
of the operator by starting with an arbitrarily chosen point. On the other hand, in this new structure,
the distance function is not symmetric. Consequently, for an arbitrary initial value ¢, the value of the
distance from its n-th iteration, T" x, to its limit, say x* (if exists), and the value of the distance from its
limit, x* (if exists), to its n-th iteration, T"x(, need not be equal. Under this motivation, the notions of
start-point, end-point, e-start-point, and e-end-point were defined in [1]. In other words, fixed point has
been investigated in the oriented structure, quasi-pseudo metric space, under the names of start-point
and end-point. It is clear that, under the condition symmetry, the start-points and end-points coincide
with the fixed points [2-5].

An initial result in the theory of start-point was given in [1] in order to extend the idea of fixed
points for multi-valued mappings defined on quasi-pseudo metric spaces. A series of three papers,
see [1,6,7], has given a more or less detailed introduction to the subject. The theory of start-point came
to extend the idea of fixed points for multi-valued mappings that are defined on quasi-pseudo metric
spaces. More detailed introduction to the subject can be read in [1,6-13].
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In this paper, we investigate the existence of start-points and end-points for a class of mappings,
which are known as generalized weakly contractive multi-valued maps, in the context of left
K-complete quasi-pseudo metric space.

Intuitively, as we mentioned above, the appropriate framework for the theory of start-point
is the quasi-metric setting. For the sake of completeness, we recollect, in the present manuscript,
the necessary notations and fundamental concepts from the literature. We first recall the basic notions
regarding quasi-metric spaces as well as some additional definitions that are related to multi-valued
maps on these spaces[14-16]. For a general approach in metric fixed point theory for multi-valued
operators, see [17-19].

Definition 1 (See [1]). Let g : X x X — [0, 00) be a function where X is a non-empty set. The function is
called a quasi-pseudometric (respectively, Ty-quasi-metric) on X if (q1) and (qy) (respectively, (q1)* and
(q2)) hold, where

(q1) q(& &) =0 forall ¢€X,
(q1)* q(&,m) = 0=q(y,) implies ¢ =y, and
(72) q(¢,¢) <q(&n)+q(n ) forallg,neX

Note that the condition (g7)* is known as the Ty-condition. Furthermore, for a quasi-pseudo metric
g on X, the function g1 : X x X — [0, 00), which is defined by g=1(&, 1) = q(4,&) forall &,y € X,
forms a quasi-pseudo metric on the same set X and is named as the conjugate of 4. For a Ty-quasi-metric
d on X, a distance function d; : X x X — [0, 0), defined by d;(¢, 1) = max{q(¢,1),q(n,¢)} for all
(¢, n) € X x X, becomes a metric on X.

Remark 1. In some sources, the quasi-pseudo metric is called hemi-metric (see [20]). Moreover, Ty-quasi-metric
is known also as a quasi-metric in the literature.

In what follows, we consider three well-known examples in order to illustrate the validity of
Definition 1.

Example 1 (Truncated difference). Set Ry := [0,00) and § : R x RJ — Ry be given, for any &, 1 € X, by

5(6/ 77) = max{O,C - 77}

Under these conditions, § forms a To-quasi-metric. Further, the pair (R§, 8) becomes a Ty-quasi-metric space.

Example 2 (cf. [21]). Let A, B be two non-empty set, such that ANB # @. Set X = AUB and
g: X x X — [0,00) be given, for any a,b € X, by

ifa=2>,

ifae A,beB,
ifbe A,a € B,
otherwise.

q(a,b) =

— N O

Under these conditions, q forms a Ty-quasi-metric. Further, the pair (X, q) becomes a Ty-quasi-metric space.

Example 3 (cf. [22]). Set1:= [0,1], and define 6 : 1 x I — Ry be defined as

wn-{ i gz

Under these conditions, 6 forms a quasi-pseudo metric that is obviously not Ty.
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For a quasi-pseudo metric space (X, ), we define an open ¢-ball at a point ¢ as follows: For ¢ € X
and ¢ > 0,

By(C ) = {nn € X:q(g,m) <e}.

Let (X, q) be a quasi-pseudo metric space. We say that the sequence {, } is g-convergent to & (or
left-convergent to ¢), if

q(¢n, &) — 0,

and we denote this fact by &, 1, & More precisely, {, } converges to ¢ with respect to 7(g).
In a similar manner, a sequence {¢, } is 4~ !-convergent to ¢ (or right-convergent to ¢), if

q(8,Gn) — 0, )

-1
fact denoted by ¢, e Actually, {¢,} converges to & with respect to 7(471)

A sequence {¢, }, in the setting of a quasi-pseudo metric space (X, g), is said to be d;-convergent
to ¢ in the case the sequence converges to ¢ from left and right, which is,

~1
9 9
¢n — ¢ and ¢ — C.
oy s dfi . . .
Moreover, it is denoted as ¢, — ¢ (or, &; — ¢, if there is no confusion).
Remark 2. From the definition of dg-convergence, we have
dg-convergence implies g-convergence.

The reverse implication does not hold in general, as demonstrated in the following example.

Example 4 (cf. [22]). Set1:= [0,1], and define q : 1 x T — R be defined as

q(é,m:{ﬁ’ s

Subsequently, it is evident that (X, q) forms a quasi-pseudo metric space.

Consider
Li2-n  yisodd
g — 2
" %+3_" s 1 is even

It is easy to see that the sequence {&,} is right-convergent (to 1/3) and left-convergent (to 1), but not
dg-convergent.

Definition 2 (See e.g., [1]). A sequence {&,} in a quasi-pseudo metric space (X, q) is called left K-Cauchy if
for every € > 0, there exists ny € N, such that

forall n,k:ng<k<mn q(&,&)<¢

Similarly, we define right K-Cauchy sequences and observe that a sequence is left K-Cauchy with
respect to g if and only if it is right K-Cauchy with respect to g~ 1.

Example 5 (See [8]). Set I := (0,1), and define 6 : © x O — Ry be defined as

_ ) G- 8=y
q(éﬂv)—{l E<y
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Let us define the sequence {¢, } given by &, = (n + 1)L, Subsequently,

q(¢r Gs) < rt

for all s > r; hence, {Cn} is left K-Cauchy. However, {,} is not right K-Cauchy, since whenever
¢ € X,q(¢m, &) = 1 after a certain stage. On the other hand, if one considers the sequence {1, } where
n =1 — (n+1)"1, one could easily see that it is right K-Cauchy.

Definition 3 (See [1,13]). We say that (X, q) is left-K-complete if any left K-Cauchy sequence is q-convergent.
Furthermore, we say that quasi-pseudo metric space (X, q) is Smyth complete if any left K-Cauchy sequence is
dg-convergent.

It is easy to see that every Smyth-complete quasi-metric space is left K-complete [13], and the
converse implication does not hold.

Definition 4 ([1]). We say that a Ty-quasi-metric space (X, q) is said to be bicomplete if the corresponding
metric dg on X is complete.

Example 6. Let us again consider Example 1. In that case, for any ¢, € X = [0,00), we have that
dg(&, 1) = max{& —#n,1—C} = | —n|. Weknow that (R, | . |) is a complete metric space; hence, ([0,00),|.|)
is an example of bicomplete Ty-quasi-metric space.

However, if we take the quasi-pseudo metric that is defined in Example 3, it is clear that (X, ) is not
bicomplete, since (X, 8) is not even T.

Definition 5 ([1]). Let A be a subset of a quasi-pseudo metric space (X, q). We say that A is bounded if there
exists a A > 0, such that q(&,17) < A whenever ¢, 11 € A.

Example 7.

1. Let X = {a,b,c}. Themap q : X x X — [0,00) defined by q(a,b) = q(a,c) =0, q(ba) =q(b,c) =1,
q(c,a) = q(c,b) =2and q(&,&) = 0 for all § € X is a bounded Ty-quasi-metric on X. Indeed, for any

¢ e X q(Gn) <2
2. The quasi-pseudo metric presented in Example 4 is bounded, as for any ¢, € X, q(¢, 1) < 1.

Let (X, q) be a quasi-pseudo metric space. We set Z)(X) := Zy(X) \ {@}, where Z,(X) denotes
the power set of X.

Pp(X): ={A e Py(X) : Aclosed and bounded },
P(X): ={A e Py(X): Acompact },
P (X): ={A € Py(X): Aclosed }.

For¢ € Xand A € Z)(X), we set:

q(g, A) = inf{g(¢,a),a € A}, ¢(A, ) :=inf{g(a,{),a € A}.
We also define the map H : 2(X) x Zy(X) — [0, ] by

H(A,B) = max ¢ sup 4(a,B), sup q(A,b) p whenever A, B € Z)(X).
acA beB

Subsequently, the distance function H is called the Hausdorff extended quasi-pseudo metric on Zy(X).

Notice that, here, the word "extended" is use to emphasize that H can attain the value co as it appears

in the definition.
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Finally, we recall some concepts that are related to the classical fixed point notions in the setting
of a quasi-pseudo metric space.

Definition 6 (cf.[1]). Let (X, q) be a quasi-pseudo metric space and F : X — Py(X) be a multi-valued map.
Suppose that H is a Hausdorff quasi-pseudo metric on Zy(X). We say that ¢ € X is

(i) afixed point of Fif ¢ € F¢,

(ii)  a strict fixed point if F¢ = {¢},

(iii) a start-point of F if H({}, FE) = 0, and
(iv) an end-point of F if H(FE,{¢}) = 0.

In this context, we can also write H(y,Fy) := H({n},Fy), n € X. Notice that H({n},Fn) =

sup q(1,¢), while H(Fn, {n}) = sup q(¢, 7).
YeFy PpeFy

2. Main Results

In this section, we give a new start-point theorem for a generalized weakly contractive
multi-valued map.

As we dive into the topic, it could be very interesting to point out this known fact, which is always
good to remember. That is, if ¢ is both a start-point and an end-point of a multi-valued F, then ¢ is a
fixed point of F. In fact, F{ is a singleton. Observe that a fixed point of a multi-valued F need not be a
start-point or an end-point. We provide the following three examples in order to illustrate that fact.

Example 8. Consider the Ty-quasi-pseudo metric space (X,q), where X = {a,b,c} and q defined by
q(a,b) = q(a,c) =0, q(ba) = q(b,c) =2, q(ca) = q(c,b) =4 and q(&,&) = O for = a,b,c. The multi-valued
map F : X — Py(X) is considered by Fa = {a,b} and F¢ = X \ {C} for & = b,c. Obviously, a is a fixed
point for F. Moreover, since

H({a}, Fa) = max{q(a,a), 4(a,b)} = 0,

we derive that a is a start-point, but, since

H(Fa,{a}) = max{q(a,a),q(b,a)} =2 #0,
we derive that a is not an end-point. Furthermore, there is no other start-point or end-point for F.

Example 9. Consider the Ty-quasi-pseudo metric space (X, q), as defined in the previous example (Example 8).
The multi-valued map F : X — Py(X) is considered by F§ = {a, b} for ¢ = a, b, c. Obviously, a, b are fixed
points for F. Again, a is a start-point, but not an end-point. Observe this time around that b is an end-point,
but not a start-point.

Example 10. Consider the Ty-quasi-pseudo metric space (X, q), as defined in the previous example (Example 8).
The multi-valued map F : X — Py(X) is considered by Fa = {b}, Fb = {c}, Fc = {a}. The map F does not
have any fixed point. However, we can easily that a is the only start-point and c the only end-point for F.

Remark 3. So far in the examples, we have been obtaining fixed points. Let us observe what happens when we
are in the presence of a strict fixed point.

Example 11. Consider the Ty-quasi-pseudo metric space (X, q), where X = {a, b, c} and q defined by q(a,b) =
g(a,c) = q(b,c) =0, q(b,a) =2, q(c,a) = q(c,b) = 4and q(¢,&) = 0 for ¢ = a,b,c. We define, on X,
the multi-valued map F : X — P(X) by Fa = {a} and Fb = Fc = {b,c} for { = b, c.

H({a},Fa) =q(a,a) =0,
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and
H(Fa,{a}) =q(a,a) =0,

i.e., a is is both a start-point and an end-point for F.
The point b is both a fixed point (which is not strict) and end-point for F, while c is neither a (strict) fixed
point nor a start-point nor an end-point for F.

In fact, the above example illustrates the following fact:

Lemma 1. Let X be non-empty set and H the Hausdorff quasi-pseudo metric that is derived by a quasi-pseudo
metric q. Let F : X — Py(X) be a multi-valued map. If § € X is a strict fixed point, then ¢ is both a start-point
and an end-point.

Proof. The result is immediate, since, for F¢ = {{}, we have

H({¢}, FE) = q(8, &) = 0=14(¢,¢) = H(FE, {¢}) = 0.
O

We begin with the following intermediate result.

Lemma 2. Let (X, q) be To-quasi-metric space and A C X. If A is a compact subset of (X, dy), then it is a
closed subset of (X, q). That is, Z(X) C Zc(X).

Proof. Let {,} be a sequence in A, such that g(¢,,) — 0 for some ¢ € X. Because A is a compact
subset of (X, d;), there exists a subsequence {y, } of {¢,} and a point { € A, such that dy(Z, ) — 0.
Thus, we have q(Gy,, ) — 0. While using the triangle inequality, we have

q(gl 6) S Q(gz an) + q(an, g)

Letting k — oo in above inequality, we obtain § = { and ¢ € A. Thus, A is a closed subset of (X, q). O

The concept of weakly contractive maps that appeared in [23] (Definition 1) is one of the
generalizations of contractions on metric spaces. In [23], the authors defined such maps for single
valued maps on Hilbert spaces and proved the existence of fixed points. Later, it was shown that most of
the results of [23] still hold in any Banach space, see e.g., Rhoades[24-29]. As it is expected, this notion
was extended to multi-valued maps and it was characterized in the setting of quasi-metric spaces.

In the literature, one of the useful auxiliary function is the comparison function that is initiated
by [30], and, later, discussed and investigated densely by Rus [31] and many others. A function
¢ :[0,00) — [0,00) is called a comparison function [30,31] if it is increasing and ¢" () — 0 as n — oo
for every t € [0,00), where ¢" is the n-th iterate of ¢. A simple example of such mappings is ¢(t) = %,
wherek € [0,1) and n € {2,3,--- }.

Let I be the family of functions 1y : [0,00) — [0, 00) satisfying the following conditions:

(I'1) 7 is nondecreasing;

+00
(T2) Y 7"(t) < ocoforallt > 0.
n=1
Subsequently, a function ¢ € I'is called (c)-comparison function, see also [31,32].

Lemma 3 ([31]). If v : [0,00) — [0, 00) is a comparison function, then

1. eachiterate v* of v, k > 1 s also a comparison function;
2. v is continuous at 0; and,
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3. () <tforallt>D0.

The listed properties above are also valid for (c)-comparison functions, since the class of
(c)-comparison functions is a subclass of comparison functions.
For our own purpose, we introduce the (c)*-comparison function, as follows:

Definition 7. A function 7y : [0, 00) — [0, 00) is called a (c)*-comparison function if
(71) 7y is nondecreasing with v(0) = 0and 0 < y(t) < t for each t > 0; and,

(v3) for any sequence {t,} of (0, c0), OZO‘, vY(tn) < oo implies E ty < o0,
n=1 n=1

Definition 8. Let (X, q) be Ty-quasi-metric space.

1. Amulti-valued map F : X — Py(X) is called weakly contractive if there exists a (c)*-comparison function
7y, such that, for each ¢ € X there exists nj € F( satisfying

H(y, Fn) < q(¢, 1) —v(q(&,n))- 2

2. Asingle-valued map f : X — X is called weakly contractive if there exists a (c)*-comparison function vy,
such that

q(f¢, f1) < q(&n) —(q(g,n)), forevery &, 1 € X. 3)

The following is the main result of the paper.

Theorem 1. Let (X, q) be a left K-complete quasi-pseudo metric space, F : X — P.,(X) be a weakly
contractive multi-valued mapping. Subsequently, F has a start-point in X.

Proof. Let ¢y € X be arbitrary. By (2), there exists ¢ € F¢o, such that, for every ¢, € F¢q, we have

q(¢1,82) < H(Z1,F¢1) < q(80,81) — v(q(Go,C1))-

Again, by (2), there exists an element ¢, € F(j, such that, for every ¢3 € F¢p, we have

q(¢2,¢3) < H(G2, F&2) < q(81,82) — 7(q(81,62)) < q(81,82) < H(S1, Fér)-

Continuing this process, we can find a sequence {¢,} C X, such that, for n € {0,1,2,---},
we have

‘:nJrl € F‘:n

and

q(Cn+1,Cnt2) < H(Gns1, FEni1) < 4(Gn Cur1) = 1(4(Cns Gnr1)) < q(8ns Enir) < H(Gn, FEn)-

Thus, the sequence {g(n, ¢y+1)} is non-increasing and so we can conclude that
nlg{}o q(Cn,Cnr1) = | for some I > 0. We show that I = 0. Suppose that I > 0. Subsequently, we have

q(En Gnt1) < 4(Gn-1,6n) = 1(4(Cn-1,8n)) < 4(Gn1,6n) — v(D),

and so
q(€n+N/ €n+N+1) S Q(én—lr ‘:n) - N"}’(l)r

which is a contradiction for N large enough. Thus, we have

}}gl;lo q(gnl €H+l) =0.
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For m € Nwith m > 3, we have

q(Cm—1,Sm) < q(Em—2,Cm-1) — Y(q(Cm—2,Gm-1)) - -~
<q(61,82) —v(q(81,82)) — - — v(q(Em—2,Gm—1))-

Hence, we get

m—2
Y Gk Crr1)) < q(G1,82) — q(Em-1,Em)-
=1

Letting m — oo in above inequality, we obtain

[e9)

Z q(8x Cry1)) < q(81,82) <

which implies, using (73 ), that

Z (ks Ghr1) <

We conclude that {,} is a left K-Cauchy sequence. On account of the left K-completeness,

there exists ¢* € X, such that ¢, N éx.

Given the function h¢ := H({, FE), observe that the sequence {h¢,} = {H(¢n, F¢y)} is decreasing
and it converges to 0. Recall that & is 7(g)-lower semicontinuous (as supremum of 7(g)-lower
semicontinuous functions), which yields

0 < h&* < liminfh&, = 0.
n—o0
Hence, h¢* = 0,i.e. H({¢*}, F¢*) = 0. This completes the proof. [
Remark 4. It is clear that, if we replace the condition (2) by the dual condition

H(Fyp,n) <q(1,¢) — v, %)), (4)

then the conclusion of Theorem 1 would be that the multi-valued function F possesses an end-point. Moreover for
the multi-valued function F to admit a fixed point, it is enough that

H%(Fy, %) < min{q(&n) —v@(&n)),q9(1,&) —v(q(1,8))}, ®)

where

H% (A, B) = max {sup dg(a,B), sup dg(A, b)} whenever A, B, € Py(X).
acA beB

Iflet y(t) = (1 — k)t for k € [0,1) in Theorem 1, then we obtain the following version of Nadler’s
theorem in the setting of left K-complete quasi-pseudo metric space.

Theorem 2. Let (X, q) be a left K-complete quasi-pseudo metric space and F : X — P, (X) be a multi-valued
mapping. If there exists k € [0,1), such that, for each & € X, there exists € F¢ satisfying

H(n, Fn) <kq(,7),

then F possesses a start-point in X.

We conclude this part of the paper with the following illustrative example:
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Example 12. Let
1
X = {Zn:n:o,m,.--}um}
and let

_ =5 ifn > ¢,
&) {2(6—17), ifg > .

Subsequently, (X, q) is a left K-complete To-quasi-metric space. Set y(t) = % forallt > 0. Let F : X —
Py (X) be a multi-valued map defined as

F¢ = {2”%’0} ifgzzi":nzolllzr"',
{0}, if¢=o.

We now show that F satisfies condition (2).

Case1. & =0, thereexistsy =0 € F¢ = FO = {0} such that
0= H(y, Fn) = H(0,F0) < ¢(0,0) — (q(0,0)) =0.

Case2. &= 3, thereexists y =0 € FE = {zio} such that

0=H(y,Fn)=H(0,F0) <gq (2111,0) — (q (2111,0)) .

The map F satisfies the assumptions of Theorem 1, so it has a start-point, which, in this case, is 0.
In the case of a single-valued mapping, Theorem 1 produces the following existence result.

Theorem 3. Let (X, q) be a left K-complete quasi-pseudo metric space and f : X — X be a weakly contractive
single-valued mapping. Subsequently, f possesses at least one start-point in X, i.e., there exists ¢* € X,
such that q(&*, f&*) = 0.

We conclude the paper with a start-point result for a multi-valued mapping satisfying a
stronger weakly contractive type condition. In this case, we can obtain a stability result for the
start-point problem.

Definition 9. Let (X, q) be To-quasi-metric space. A multi-valued mapping F : X — Py(X) is called s-weakly
contractive if there exists a (c)*-comparison function vy, such that, for each & € X, there exists y € F¢ satisfying

H(y, Fv) < q(&,v) = v(q(&,v)), for every v € X. ©)

Notice that any s-weakly contractive multi-valued mapping is weakly contractive,
but not reversely.

The following existence and stability result holds for s-weakly contractive multi-valued mappings.
For the sake of simplicity, we will present the result when (t) = (1 — k)t,t € [0,00), with some
ke [0,1).

Theorem 4. Let (X, q) be a left K-complete quasi-pseudo metric space and F : X — P, (X) be a multi-valued
mapping. Suppose that there exists k € [0,1), such that, for each { € X, there exists y € F¢ satisfying

H(n,Fv) <kq(g,v), foreveryv € X.
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Then:

(a)

F possesses a start-point in X; and,

(b)  the start-point problem for F is Ulam—Hyers stable with respect to the end-point problem for F, in the sense
that there exists C > 0, such that, for any ¢ > 0 and any p* € X with H(Fp*,p*) < ¢, there exists a
start-point {* € X of F, such that q(&*, p*) < Ce.

Proof.

(a) follows by Theorem 1. Denote, by {* € X, a start-point of F.

(b) Forany u € FC*, we can write

q(¢",0%) < H(G", FC") + H(u, Fo") + H(Fo", p%) = H(u, Fo") + H(Fp", 0°).
For ¢* € X, there exists u* € FZ*, such that H(u*, Fp*) < kq(&*, p*).
Thus,
1
* * < i
(6" p") = T3¢
O
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