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Abstract: In this paper, active disturbance rejection control (ADRC) is applied to the vibration control
of the all-clamped plate structure with an inertial actuator. Knowing that modeling uncertainties,
dynamic nonlinearities and multivariable couplings are often the major causes of a downgrading
performance and instability, a cascade ADRC controller is, hence, utilized to mitigate the effects
of these issues. The dynamics regarding the all-clamped plate structure and inertial actuator are
obtained through theoretical analysis and experimental testing. Furthermore, the real-time control
experimental verification is carried out on the hardware-in-the-loop platform based on the NI PCIe-
6343 data acquisition card. The comparative experimental results show that the proposed cascade
ADRC controller has a better vibration suppression performance, disturbance rejection performance
and decoupling ability.

Keywords: cascade active disturbance rejection control; extended state observer; active vibration
control; inertial actuator

1. Introduction

Electrodynamic inertial actuators (shortly, inertial actuators) have been widely used in
active vibration control (AVC) to meet stringent performance requirements due to their high
bandwidth capabilities, large effective stroke, good control of complex periodic vibration
and so on [1–3]. Composed of an inertial actuator and a collected accelerometer pair with
a time integrator, a control unit behaves as a configuration of a ‘virtual’ skyhook damper
when direct velocity feedback (DVFB) is implemented on the device [4]. Along similar lines,
control strategies can be designed to make inertial actuators act as any virtual devices based
on the philosophy of virtual passive control [5]. Furthermore, the strategies of modern
control theory, including optimal control, sliding mode control, nonlinear control law, etc.,
can be applied to inertial actuators [6,7].

In practical applications, the performance of the control method is affected by the
complex dynamics of the inertial actuators, in particular, the phenomena of the phase shift
below the first natural frequency of actuators, saturation and hysteresis [8]. Moreover,
the control–structure interaction between the inertial actuator and the structure must
necessarily be considered because ignoring it will cause the performance of the active
control system to not be fully utilized, reduce the control effect or even make the system
unstable [9]. In addition, the structure vibration dynamics are always uncertain and
vary based on boundary conditions, installation positions of actuators, etc. [10] Therefore,
various robust controllers have been proposed. In Ref. [11], an adaptive mechanism was
introduced to address uncertainties. Methods based on a disturbance observer also received
a lot of attention, such as the time delay estimation [12], disturbance observer [13] and
extended state observer (ESO) [14].
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An ESO is the core link in the frame of active disturbance rejection control (ADRC),
which was first proposed by Han [15]. ADRC has became an effective tool to study non-
linear systems, and it has been rapidly popularized and applied in theoretical research,
experiments and engineering [16–19]. In addition, many composite control methods com-
bined with an ESO have been proposed, which can generally inherit the advantages of
the baseline controller and ESO simultaneously. For example, a hybrid data-driven fuzzy
ADRC algorithm was proposed to obtain the automatic optimal tuning in a model-free man-
ner of the parameters in Ref. [20]. ADRC can estimate and compensate the total disturbance
effect of various external disturbances and internal disturbances determined by the sys-
tem’s own mechanism during operation in real time. The advantages of ADRC include fast
corresponding speed, high control precision and a strong disturbance rejection ability [21].
In recent years, ADRC has also been applied in structural vibration control [22,23].

The performance of ADRC critically depends on how accurately the ESO can estimate
the total disturbance [16]. The establishment principle of an ESO points out that for an
n-order system, an n+1-order ESO needs to be established [24]. Unfortunately, due to
the high order of the system caused by the coupling between the inertial actuator and
the all-clamped plate, a high-order ESO will increase the amount of calculation and the
application cost, which is not expected. Therefore, in order to establish a new model to
facilitate the study, this paper studies the connection between the actuator and the structure
and introduces the virtual control variable to establish the system as a cascade system
composed of a series of low-order systems. The novelty of the model is two-fold: first, the
concept of total disturbance is introduced under the control framework of ADRC; second,
with the help of cascade control technology, the system is modeled as a cascade system to
avoid the high-order observer.

In this paper, combining classical ADRC and cascade control technology, a cascade
ADRC controller with low model dependence is designed based on virtual control variables
to solve the multivariable and strong coupling in the vibration control based on inertial
actuators. Compared with some of the previous literature, such as Refs. [4,5], etc., this is an
attempt to apply advanced control theory. In addition, different from the direct application
of ADRC in Ref. [8], this paper improves the control strategy according to the characteristics
of structural vibration combined with cascade control in the process of application. The
main advantages of the proposed controller are: (a) disturbances from inertial actuators are
added to the secondary loop, which is suppressed by the inner loop; (b) the influence of the
dynamics of the inertial actuator in the inner loop on the plate is greatly weakened; and (c)
the response speed of the whole system is improved.

The paper is organized as follows: The dynamic characteristics of the system and the
electromechanical coupling model are analyzed in Section 2. In Section 3, a cascade ADRC
controller is established for the plate structure. In Section 4, experiments are carried out on
the actual all-clamped plate experimental platform to verify the superiority of the method.
The conclusion is indicated in Section 5.

2. Preliminaries

The dynamics regarding the all-clamped plate structure and inertial actuator will now
be introduced.

2.1. Linear Dynamics of All-Clamped Plate

Based on the dynamic theory of elastic thin plates and applying modal analysis
technology, the i-th vibration of plates can be constructed as follows:

η̈i + 2ζiωiη̇i + ω2
i ηi = bi fci + fdi, (1)

where ωi, ζi and ηi are the natural angular frequency damping and displacement of the i-th
modal, respectively, fdi is the external modal force after conversion, bi denotes the control
gain, fci denotes the control force. The high-order modes are appropriately ignored, and
the movement of the structure can be represented by the first n-order modal. Therefore, the
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transfer function between point force fdi + bi fci (input) and the displacement ηi (output)
can be obtained as follows [25]:

Gp(s) =
n

∑
i=1

bi

s2 + 2ζiωi + ω2
i

. (2)

2.2. Linear Dynamics of Inertial Actuator

The schematic representation of the electrodynamic inertial actuator is shown in
Figure 1a.

am

ak ac

aR

aL

uau

iaf

af

ax

sx

cf

(a) Lumped model of the inertial actuator

u 1

a asL R

i af+

Transfer function G(s)

au

Input Output

Inertial 

actuator

(b) Block diagram of the inertial actuator

-50

-40

-30

-20

M
a
g
n
it
u
d
e
 (

d
B

)

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

-90

-45

0

P
h
a
s
e
 (

d
e
g
)

Bode Diagram

Frequency  (Hz)

(c) Bode diagram of transfer function G(s)

Figure 1. Characteristics of the inertial actuators.

An electrodynamic inertial actuator is composed of a proof-mass ma attached to the
base via a spring ka and damper ca.

A current i is generated when a voltage u is applied across an inertial actuator. Ac-
cording to Lorentz’s law, the control force fa is proportional to the current i. Therefore,
Equation (3) can be expressed by

fa = φi

ua = φv = φ(ẋa − ẋs)

u = Le
di
dt

+ Rei + ua

, (3)
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where φ represents the transduction coefficient and ua is called the electromotive force
(back-emf). The parameters of the inertial actuator used in this paper are Le = 0.05 mH,
Re = 7.5 Ω and φ = 7.6. Therefore, the influence of the electromagnetic system is shown in
Figure 1b. The Bode diagram of the transfer function G(s) is shown in Figure 1c. It can be
seen from Figure 1c that the frequency response of the electromagnetic system is flat for the
interest frequency bandwidth. The actuator force fa can be considered proportional to the
input voltage via a constant gain ga. The electrodynamic inertial actuator can be described
as a linear second-order lumped-parameter model [26]:

fa = gau

fc = fa + ca(ẋa − ẋs) + ka(xa − xs)

fc = mẍa

. (4)

Now, the transfer function between the reaction force fc and the input voltage u can
be expressed as:

Fc(s) =
(

ga
mas2

mas2 + cas + ka

)
U(s) +

(
macas3 + makas2

mas2 + cas + ka

)
Xs(s)

= GaU(s) + Gs(s)Xs(s),
(5)

in which U(s) and Xs(s) are the Laplace transform of u and xs, respectively. Ga(s) denotes
the transfer function of the inertial actuator when its base is rigid and Gs(s) represents the
coupling force between, caused by structure displacement.

2.3. Nonlinear Dynamics of the System

For the intractable nonlinearity existing in the system, the experimental method is
applied to study it. The research method is to start from the input and output characteristics.
First, the experimental device is configured as shown in Figure 2a. Because the sensor
voltage has a linear relationship with the acceleration, the output force fc is, therefore,
represented by sensor voltage according to Equation (4). When the signal generator applies
a small sinusoidal excitation signal whose amplitude varies linearly with time, the hys-
teresis characteristics of the inertial actuator can be obtained as shown in Figure 2b. Then,
the signal generator is still made to generate a time-varying signal, but its amplitude is
amplified to a large sinusoidal excitation. The saturation phenomenon caused by the stroke
of the inertial actuator can be seen in Figure 2c.

The ADRC method used in this paper is a model-free control strategy. Therefore, when
studying the nonlinear characteristics of the inertial actuator, different from the existing
literature, such as Ref. [9], this paper focuses not on the establishment of nonlinear models
but on the display of nonlinear phenomena. The advantage of doing this is that there are
few instruments required. The sensor required by the test method in this paper is only an
accelerometer, and the accuracy requirements of the sensor are not high. Future work will
focus on using a sensor to identify the nonlinear parameters of the actuator.

Remark 1. Multiple sources of uncertainties in real all-clamped plate with an inertial actuator
are briefly explained here. The control objective is to design the control voltage u with parameter
uncertainties under the influence of the external/internal disturbances that will make structure
displacement xs attenuate rapidly.
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Figure 2. Experimental research on system nonlinearity.

3. Control Scheme
3.1. System Re-Modeling

The displacement of the all-clamp plate xs = η1 + η2 + · · · + ηn is the controlled
quantity. By taking xs as the basic state variable yields a reconstructed system model:

ẍs = −2ζ0ω0 ẋs −ω0xs + b fc + w(η, η̇), (6)

where b =
n
∑
1

bi denotes control gain and w(η, η̇) = −
n
∑
1

[
2(ζiωi − ζ0ω0)ẋi +

(
ω2

i −ω2
0
)

xi
]

is treated as external disturbance. In this way, the multi-modal plate structure can be
simplified to a single-input single-output system. Therefore, the system can be established
as a cascade form as Equation (7). The control quantity u directly drives ma ẍa, and ma ẍa
then directly drives xs to achieve the control purpose.

ẍs = −2ζ0ω0 ẋs −ω0xs + bma ẍa + w(η, η̇)

ẍa = fc/ma = [gau + f (xa, xs, N)]/ma

y = xs

, (7)
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where f (xa, xs, N) represents the characteristics of the inertial actuator, including linear
and nonlinear.

3.2. Cascade Active Disturbance Rejection Vibration Controller

Consider the state variable ẍa as a ’virtual control variable’ u1 that controls the state
variable xs. Once the virtual control quantity u1 is determined, it is regarded as the ’target
trajectory’ to be tracked by the state variable ẍa, so that the final actual control quantity u
can be determined. This turns a higher-order problem into a lower-order problem to solve.

Rewrite ẍs = −2ζ0ω0 ẋs −ω0xs + bma ẍa + w(η, η̇)1 to ẍs = b0 ẍa + f1, where b0 is a de-
signed parameter and f1 represents all uncertain information. f1 is defined as an extended
state variable. Therefore, the state variable [x11 x12 x13]

T = [xs ẋs f1]
T is introduced. Next,

a second-order ADRC1 is applied to obtain the virtual control variable u1 as follows:

ż11 = z12 + β11(x11 − z11)

ż12 = z13 + b0u1 + β12(x11 − z11)

ż13 = β13(x11 − z11)

u1 =
kp1(r− z11)− kd1z12 − z13

b0

, (8)

where z11 and z12 are the estimation of state variable x11 and x12, respectively; x13 is the
estimation of f1; and kp1, kd1, β11, β12 and β13 are the positive gains. Then, similarly, rewrite
ẍa = [gau + f (xa, xs, N)]/ma as ẍa = g0ma + f2 and expand f2 to a state variable. The state
variable [x20 x21 x22]

T = [ẋa ẍa f2]
T is introduced. At this time, the ADRC2 that tracks the

virtual control quantity u1 can be designed as follows:

ż20 = z21 + β20(x20 − z20)

ż21 = z22 + g0u + β21(x20 − z20)

ż22 = β22(x20 − z20)

u =
kp2(u1 − z21)− z22

g0

, (9)

where z20 and z21 are the estimation of state variables x20 and x21, respectively; x22 is
the estimation of f2; and kp2, β20, β21 and β22 are the positive gains to be designed. The
schematic representation of the control structure is presented in Figure 3.

Remark 2. Different from the design of ADRC1, ADRC2 expands the integral of the controlled
quantity x20 to a new state, which is to reduce the influence of measurement noise. More details can
be found in [27].
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Figure 3. Schematic representation of the cascade ADRC control structure.
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3.3. Parameter Selection Guidelines

The parameters in the cascade ADRC include the parameters kp1, kd1, β11, β12 and β13
of ADRC1 and the parameters kp2, β20, β21 and β22 of ADRC2. In order to make the cascade
ADRC of the inner and outer loops control form achieve better vibration suppression
performance, when designing the outer-loop ADRC1, the output u1 should be changed as
slowly and smoothly as possible, and the purpose of designing the inner-loop controller
ADRC2 is to make ẍa as far as possible. It is possible to realize the virtual control quantity
u1 given by the outer loop well, so the rapidity is particularly important. The parameter
tuning guidelines are summarized as follows.

(1) First, the design parameters can follow the bandwidth method as kp1 = 2ωc1,
kd1 = ωc1

2, β11 = 3ωo1, β12 = 3ωo1
2, β13 = ωo1

3, kp2 = ωc2, β20 = 3ωo2, β21 = 3ωo2
2

and β22 = ωo2
3, where ωo1 and ωo2 are the bandwidth of the ESO, and ωc1, ωc2 are the

bandwidth of the controller.
(2) Then, the bandwidth of the inner-loop ESO and controller is selected empirically.
(3) Moreover, the ADRC1 parameters are adjusted according to the method of single-

loop adjustment system.
(4) Finally, observe the adjustment process and properly adjust the ADRC parameters

of the inner and outer loops to make the parameter quality the best.
Finally, the control parameters are configured as ωc1 = 5, ωo1 = 30, ωc2 = 10 and

ωo2 = 1200, which will be validated in the forthcoming tests. Note that the selection of
parameters is based on empirical methods, and the automatic selection of parameters is the
direction of future improvement.

3.4. Stability Analysis

Assumption 1. The derivatives of f1 and f2 exist and are bounded.

Remark 3. In practical terms, each frequency division is an attenuated oscillation, so the distur-
bance in the anti-disturbance process always changes within a bounded range.

Definition 1. The estimation error e of ESO2 is defined as e =

e1

e2

e3

 =

x20 − z20

x21 − z21

x22 − z22

.

Therefore, the observation error state equation can be written as:

ė = Aee + Beh, (10)

where

Ae =

− β20 1 0

− β21 0 1

− β22 0 0

, Be =

0

0

1

, h = ḟ2. (11)

The characteristic equation of matrix Ae is:

|λI − Ae| = (λ + ωo2)
3 = 0. (12)

According to the parameter selection guidelines in Section 3.3, it can be seen that
Ae is Hurwize. Thus, for any given symmetric positive-definite matrix Q, there exists a
symmetric positive-definite matrix P that satisfies the following Lyapunov equation:

AT
e P + PAe + Q = 0. (13)
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Define the Lyapunov function of the observer as V = eT Pe, then

V̇ = ėT Pe + eT Pė

= (Aee + Beh)T Pe + eT P(Aee + Beh)

= eT AT
e Pe + (Beh)T Pe + eT PAee + eT PBeh

= eT
(

AT
e P + PAe

)
e + 2eT PBeh

≤ −eTQe + 2‖PBe‖ · ‖e‖ · |h|
≤ −λmin(Q)‖e‖2 + 2L‖PBe‖ · ‖e‖,

(14)

where λmin(Q) is the smallest eigenvalue of Q and L is the maximum value of h. Thus, the
parameters can be adjusted so that

‖e‖ ≤ 2L‖PBe‖
λmin(Q)

. (15)

The convergence of inner loop LESO is proofed. According to the theorem
in [28], there exists ωo1 for ∀ωo1 ∈ [ωo1, ∞) such that the close-loop stability is satisfied.

4. Experimental Verification
4.1. Experimental Set Up
4.1.1. Design of the Hardware Components

The experimental platform is shown in Figure 4, and the geometrical properties of
the plate are summarized in Table 1. The signal transmission process is briefly described
as follows. The excitation signal is given by the signal generator (Tektronix AFG1062) to
simulate the external disturbances. An acceleration sensor is applied to collect the vibration
signal, which passes through the constant current-source conditioner (YE3821) and the
signal-conditioning circuit. In the Simulink desktop real-time simulation environment,
the input value is calculated and output by the module port of PCIe to complete the
vibration control.

Signal generator 

Power amplifier  1 

Shaker

Collected inertial 

Actuator/Accelerometer pair 

All-clamped plate

Power amplifier  2 
Integral circuit

Constant current

source adaptor

NI PCIe-6343 I/O module

Computer

Simulink desktop

real-time environment  

Figure 4. Photo of the hardware-in-the-loop experiment platform.

Table 1. Values of model parameters.

The dimensions of the plate Lx × Ly 0.5 × 0.5 m
The thickness of the plate Lz 0.001 m
The mass density of the plate ρ 2700 kg/m3

The Young’s modulus of the plate E 7.1 × 1010 N/m
The Poisson ratio of the plate νs 0.33
First resonant frequency f 48.6 Hz
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4.1.2. Software System Development

The software part is designed to create a real-time simulation. The main software
required is MATLAB/Simulink R2018b, which requires a desktop real-time toolbox to be
installed. The default compiler is Microsoft Visual C++ 2017. Some key configurations are
as follows: The Analog Input and Analog Output modules configure the input and output
of the NI PCIe-6343, which is set to 10 kHz here, that is, the sampling time is 0.0001 s. The
operating mode is selected as external mode. The system target file selection is sldrt.tlc.
Therefore, the controller of Section 3.2 can be built in Simulink as shown in Figure 5.
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Figure 5. Real-time simulation model of cascade ADRC in Simulink.

4.2. Experimental Results

The traditional second-order ADRC and cascade ADRC are adopted to control the
vibration of the all-clamped plate experimental device. First, whether this particular system
satisfies the stability conditions in Section 3.4 is checked. In the process of plate vibration,
the changing rate of the structure state has a physical limit. For example, the sudden
impact force is related to the change in the plate velocity with inertia. In brief, in the plate
with the studied inertial actuator, the signals are differentiable with bounded derivatives,
i.e., assumption 1 is satisfied. Therefore, under the condition of a reasonable selection
of controller parameters, the stability of the system is guaranteed. When no controller is
applied, as shown in Figure 6, the structure vibrates under an external excitation simulated
by the shaker, with an amplitude of approximately 2 V in the time domain, and this external
excitation continues to affect the structure. In the real-time control process, the second-order
ADRC is applied. It can be found that the ADRC has a relatively good suppression effect on
the structural vibration. Under the same excitation, the vibration amplitude of the structure
is reduced by more than half, to 0.7 V. Then, carrying out the experiment of the cascade
ADRC control, it can be found that the cascade ADRC has achieved a better vibration
suppression performance. Under the cascade ADRC, the amplitude of the vibration is
greatly reduced to around 0.3 V. It can be concluded that this is because, for a high-order
system such as an all-clamped plate, the cascade control technology is used to decompose it
into a cascade system composed of a second-order system, and then the design is combined
with the idea of ADRC. Satisfactory vibration control can still be achieved without relying
on the model in the presence of multiple disturbances.
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Figure 6. Control performance in time domain: globe–response curves and local–response curves.

Next, for fairness in comparison, similar to [10], the spectrum of the normalized signal
is represented as follows:

The decibel vlaue = 20log10(FFT(y/yR)), (16)

where FFT(·) represents the Fourier Transformation, and the value of yR is set to 1 V as the
standard value.

As shown in Figure 7, the results are more visible in the frequency domain. The
excitation frequency, i.e., the effect comparison at the first-order resonance frequency,
shows that when the conventional ADRC achieves a control effect of 9.37 dB, the effect
of the cascade ADRC reaches 24.36 dB. In addition, at the double frequency worthy of
attention, the cascade ADRC has also achieved better results, and the amplitudes of other
frequency doubles are too small in comparison.

Figure 7. Control performance in frequency domain: globe–response curves and local–response
curves.

The control quantities of the ADRC and cascade ADRC are also compared, as shown in
Figure 8. It is easily obtained that the control values based on the cascade ADRC are smaller
than those under the traditional ADRC method. Therefore, a satisfactory experimental
result is obtained to indicate that the vibration suppression performance under the cascade
ADRC is better than that under the ADRC accompanied by less energy consumption.
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Figure 8. Experimental control–voltage curves.

In general, the cascade ADRC controller designed in this paper combines the classical
active disturbance rejection controller and the cascade control technology to control the
vibration of the all-clamped plate structure with an inertial actuator in real time, and it
achieves a satisfactory control effect, which is fast and accurate, and the ability to suppress
disturbance is strong.

5. Conclusions

Aiming at a multi-coupling, high-order, strong nonlinear all-clamped plate with an
inertial actuator, a cascade ADRC controller is designed and a real-time control experiment
of structural vibration suppression is carried out. The method proposed in this paper has
a strong disturbance rejection performance and decoupling ability for nonlinear strongly
coupled systems. Some conclusions are given as follows:

(1) The nonlinear dynamics of the system are demonstrated by experiments, which
with only one sensor are simple, low-cost and convenient;

(2) The cascade ADRC based on inner and outer loops can achieve good control
performance, and the anti-noise ADRC designed for the rapidity of inner loops can improve
system performance;

(3) The parameter adjustment based on the bandwidth method is simple and has
obvious physical meaning, which is suitable for engineering applications.

Compared with the traditional single-loop control, the disadvantages of the proposed
cascade ADRC are mainly manifested in the following two aspects. First, the number of
required sensors increases and thus the cost increases. In this paper, two accelerometers are
used, which is one more sensor than the traditional single-loop control. Second, although
some parameter tuning guides are given in this paper, the increase in the number of
parameters will bring some troubles to parameter tuning. Future work will focus on how
to improve on these shortcomings and make better use of the strengths of the cascade
ADRC, such as inertial actuator self-sensing, improving the corresponding speed of the
inner loop, etc.
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