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Abstract: Segment assembling is one of the principle processes during tunnel construction using
shield tunneling machines. The segment erector is a robotic manipulator powered by a hydraulic
system to assemble prefabricated concrete segments onto the excavated tunnel surface. Nowadays,
automation of the segment erector has become one of the definite developing trends to further
improve the efficiency and safety during construction; thus, closed-loop motion control is an essential
technology. Within the segment erector, the lifting gantry is driven by dual cylinders to lift heavy
segments in the radial direction. Different from the dual-cylinder mechanism used in other machines
such as forklifts, the lifting gantry usually works at an inclined angle, leading to unbalanced loads
on the two sides. Although strong guide rails are applied to ensure synchronization, the gantry still
occasionally suffers from chattering, “pull-and-drag”, or even being stuck in practice. Therefore,
precise motion tracking control as well as high-level synchronization of the dual cylinders have
become essential for the lifting gantry. In this study, a complete dynamics model of the dual-cylinder
lifting gantry is constructed, considering the linear motion as well as the additional rotational
motion of the crossbeam, which reveals the essence of poor synchronization. Then, a two-level
synchronization control scheme is synthesized. The thrust allocation is designed to coordinate the
dual cylinders and keep the rotational angle of the crossbeam within a small range. The motion
tracking controller is designed based on the adaptive robust control theory to guarantee the linear
motion tracking precision. The theoretical performance is analyzed with corresponding proof. Finally,
comparative simulations are conducted and the results show that the proposed scheme achieves
high-precision motion tracking performance and simultaneous high-level synchronization of dual
cylinders under unbalanced loads.

Keywords: segment erector; hydraulic system; adaptive robust control; synchronization control

1. Introduction

A shield tunneling machine is widely used for excavating tunnels in soft ground [1].
During tunnel construction, there are two main processes that take place in turn, i.e., shield
tunneling and segment assembling. The former is the core process beyond all doubt,
while the latter is also extremely essential for the quality, efficiency, and safety of the
entire construction. General structures of a tunnel and a shield tunneling machine are
shown in Figure 1a. As the figure shows, the cutter head rotates to excavate the tunnel,
and then the prefabricated concrete segments are assembled onto the excavated surface
to form a permanent support for the tunnel. The robotic manipulator for the segment
assembling process is called the “segment erector”, and Figure 1b shows a real one working
in a practical shield tunneling machine. The segment erector needs to be very precise in
handling heavy segments, which can be up to several tons depending on the diameter
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of the tunnel. A typical structure of the segment erector is given Figure 1c. It offers
complete handling of the segment with six degrees-of-freedom (6 DOFs), including lifting
in the radial direction, sliding in the axial direction, and rotating around the central axis of
the shield tunnel machine, and 3 DOFs of rolling, pitching, and yawing in the clamping
head [2]. Although, nowadays, almost all of the segment erectors used in construction
are human-operated, automation has become one of the definite developing trends to
further improve the efficiency and safety in tunnel construction. Recently, much attention
has been paid to the automation of the entire shield tunneling machine [3–5] as well as
the segment assembling [6–8]. To the best of our knowledge, all segment erectors are
driven by hydraulic systems because of the large power-to-weight ratio [9–13]. In order
to achieve automation, closed-loop motion control of the segment erector is one of the
fundamental technologies.

Lifting 
Gantry

Cutter head Segment erector

Segments in a tunnel

Working at an inclined 
angle

Typical structure of 
a segment erector

(a) (b) (c)

Figure 1. Background about the segment erector in a shield tunneling machine in practice. (a) General
structures of a tunnel and a shield tunneling machine. (b) A segment erector in practical engineering.
(c) The typical structure of a segment erector. This study focuses on the dual-cylinder lifting gantry in
the segment erector. The lifting gantry usually works at an inclined angle, which leads to unbalanced
loads on the two sides.

Within a typical segment erector, the lifting gantry, which is the focus in this study, is
driven by dual cylinders to generate the required large lifting force and ensure the stability
of the motion. Thus, high-level motion synchronization of the dual cylinders becomes
essential. However, as shown in Figure 1b,c, different from the dual-cylinder mechanism
used in other machines, such as forklifts [14,15], the lifting gantry usually works at an
inclined angle, which leads to unbalanced loads on the two sides. Since the segment is
very heavy and the crossbeam of the gantry is up to 3 m to 7 m long depending on the
diameter of the tunnel, the forces on the dual cylinders can vary widely, making motion
synchronization more challenging. Although strong guide rails are applied in the lifting
gantry to ensure synchronization, the gantry still occasionally suffers from chattering,
“pull-and-drag”, or even being stuck in practice due to poor synchronization under largely
unbalanced loads. Therefore, a motion synchronization control scheme for the lifting
gantry under unbalanced loads is the basis of high-precision closed-loop control of the
segment erector.

In fact, there have been a large number of studies concerning the synchronization con-
trol of dual actuators, such as the linear motor gantry [16,17], dual motors in vehicles [18],
and redundant hydraulic cylinders in airplanes [19]. Since the dynamics of hydraulic sys-
tems are highly nonlinear, with inherent nonlinearities and uncertainties [20,21], high-level
synchronization control of hydraulic cylinders is more challenging compared with other
actuators [22,23]. As for the control schemes, early ones have applied the same control
signals for the dual cylinders. Apparently, if the gantry is vertical or horizontal, with
balanced loads for dual sides, such a scheme is able to achieve reasonable precision with
some mechanical couplings to guarantee motion synchronization. However, if the loads
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become largely unbalanced, the synchronization performance can only depend on the me-
chanical couplings arbitrarily, without any efforts made by the controller. Essentially, such
an intuitive scheme shares no information between the dual cylinders, e.g., the motion dis-
crepancies, which possibly leads to poor synchronization in practice [16]. Another common
scheme is cross-coupled control [24], which is based on the idea of contouring control for a
multi-axis system. In this scheme, a synchronization compensator is constructed according
to the kinetics information between the two cylinders, such as the relative position and
velocity, leading to better synchronization performance under different drive characteristics
and loading conditions of the individual cylinders [25]. However, this scheme still tries to
solve the motion synchronization problem from the kinetics level, and ignores the influence
of the mechanical coupling, which will possibly lead to additional internal forces and
performance degradation [16].

Essentially, the existence of poor synchronization in the presence of the strong me-
chanical coupling between the dual cylinders in the lifting gantry implies that there is a
component that is not rigid enough. In other words, in addition to the principle linear
motion, the gantry must allow a rotational motion to some extent, which explains the
essence of poor synchronization as the rotation of the crossbeam. For example, both [16]
and [26] have performed the modeling of a linear dual-drive gantry with consideration
of the rotational motion and synthesized model-based controllers to deal with the addi-
tional degree-of-freedom. Thus, in order to achieve high-precision control of the lifting
gantry under unbalanced loads, a complete model including both linear and rotational
motions should be constructed. In addition, the large mass and rotational inertia of the
segment as well as the mechanical coupling with high stiffness should be considered in
building the dynamics model. However, to the best of our knowledge, there have been few
studies proposing such a complete model of the dual-cylinder lifting gantry working at an
inclined angle.

Poor synchronization of the dual cylinders will cause the crossbeam to rotate and
then result in excessive internal forces produced by the mechanical coupling. Moreover,
consequent chattering and “pull-and-drag” phenomena are adverse to the stability and
precision of the entire segment erector. Therefore, in this study, a model-based synchroniza-
tion control scheme is proposed, for high-precision motion tracking performance of the
dual-cylinder lifting gantry of the segment erector under unbalanced loads. To guarantee
the tracking performance in the presence of various nonlinearities and uncertainties of
the system, adaptive robust control (ARC) with a rigorous mathematical theory frame-
work is applied as the basic control theory in designing the proposed controller. The
ARC was proposed by Yao [27] and its high performance has been verified in various
practical applications during the past two decades [28–31]. In particular, the ARC showed
its effectiveness in dealing with the nonlinear control problems of hydraulic systems, in
both the authors’ previous works [32,33] and other related studies [34,35]. In addition
to the linear motion tracking, a practical thrust allocation scheme is proposed as part of
the overall controller. The thrust allocation is designed to coordinate the dual cylinders
such that the internal forces and motion discrepancies can be regulated within a small
range. The rigorous theoretical design processes are given in detail, with the theoretical
performance and the corresponding proof. Comparative simulations have been conducted,
showing that the proposed controller is able to achieve high-precision motion tracking
performance as well as a high level of motion synchronization.

The rest of the paper is organized as follows: the problems are formulated in Section 2,
including the synchronization problems in practice, modeling of the lifting gantry, and
synchronization control objectives; in Section 3, the synchronization control scheme is
developed, including rigorous control design processes and theoretical proof; the com-
parative simulations are demonstrated in Section 4; and the conclusions are presented in
Section 5.
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2. Problem Formulation
2.1. Synchronization Problem and System Configuration

The simplified structure of a typical segment erector at an inclined angle is shown in
Figure 2. The segment lifting gantry, which is the focus of this study, generally contains
dual cylinders, dual guide rails, and a crossbeam connected with the segment to be erected.
As mentioned before, different from the dual-cylinder lifting systems studied in other
existing works [14], the one in the segment erector usually works at an inclined angle. Thus,
the lifting forces of two sides might vary largely in practice. Since the cylinders should only
be articulated without bearing lateral forces [36], in order to ensure synchronized motion of
the lifting gantry, a rigid connection between the crossbeam and the guide rails is necessary.
In almost all engineering applications at present, the dual cylinders in the lifting gantry are
controlled by a single human-operated proportional valve. Under such circumstances, the
synchronization can only be guaranteed by the strong mechanical coupling provided by
the rigid connection. However, adverse phenomena caused by poor synchronization, such
as chattering or even being stuck, can still happen, even though the operated lifting speed
is usually set very low in practice.

Figure 2. Simplified structure of a typical segment erector at an inclined angle.

In fact, if the connection between the crossbeam and the guide rails can be perfectly
rigid, there will be no synchronization problems in the lifting gantry. It is known that
there should be some relatively elastic parts that allow motion discrepancies between
dual cylinders. Such poor synchronization of the dual cylinders will result in rotation of
the crossbeam at a very small angle. As shown in Figure 2, the guide rails are thick and
relatively long; thus, they will not allow such rotation; moreover, the crossbeam itself is
very strong and cannot be bent by typical working forces. Therefore, the elasticity may
come from the connections between the crossbeam and the guide rails.

In order to analyze the complete behaviors of the lifting gantry, the schematic diagram
is given in Figure 3. Figure 3a shows the general configuration of the lifting gantry, which
follows the working principles of the actual gantry shown in Figure 2. OX0Y0 is the
world coordinate frame, with its Y0-axis vertically downwards and X0-axis horizontal;
OXY is the coordinate frame attached to the lifting gantry, where its Y-axis is along the
movement direction of the dual cylinders; and the angle Θ between the X0-axis and X-axis
shows that the whole lifting gantry usually works at an inclined angle. To illustrate the
existing degree-of-freedom of crossbeam rotation, the relatively elastic part, which is the
connection between the crossbeam and the guide rails, can be modeled as rotary springs
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with very large stiffness. With such a configuration, the complete planar motions of the
entire moving body consist of the linear motion along the Y-axis, and an additional rotation
of the crossbeam with a very small angle α, which is illustrated in Figure 3b. Thus, the
lifting gantry can be illustrated by a 2-DOF model. Other details and assumptions will be
given in the next subsection.
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Figure 3. Schematic diagram of the dual-cylinder lifting gantry at a certain rotational angle of Θ.
(a) General configuration of the lifting gantry. (b) Linear and rotational motions of the lifting gantry.

The practical synchronization problem of the lifting gantry in the segment erector
confirms the existence of crossbeam rotation. Thus, the proposed schematic diagram can
be used to study the gantry since it includes the linear and rotational motions completely.
However, achieving high-precision control of such a lifting gantry remains a challenging
task, especially when it usually works at an inclined angle. Therefore, at the hardware
level, the dual cylinders should be controlled by independent proportional valves in the
hydraulic circuit, which will offer two independent control inputs to handle the 2-DOF
model. On this basis, detailed modeling and model-based motion control design of the
lifting gantry are the main contributions of this study.

2.2. Modeling of the Lifting Gantry

Figure 3b can be used to illustrate the modeling of the lifting gantry. The positions
of the dual sides are defined as y1 and y2, separately; and the output cylinder rod forces
are defined as Fc1 and Fc2, with the positive directions along the Y-axis. Point C denotes
the midpoint of the crossbeam, and its position is written as yc, which is also along the
Y-axis. Point G is used to illustrate the centroid of the entire crossbeam, which should
include the mass of the crossbeam itself and also the segment being lifted. Thus, point
G should have a distance from point C, which is expressed as h. The angle α is used to
describe the rotational motion of the crossbeam, which is defined as the angle between
the actual crossbeam and the X-axis. In addition to the above definition, the following
practical assumptions can be made.

Assumption 1. The crossbeam with the attached segment is a perfectly rigid body. Thus, the line
between the centroid G and the midpoint C is perpendicular to the crossbeam. Since the crossbeam
and segment are very heavy, the mass of other parts such as the guide rails and the cylinders can
be neglected.

Assumption 2. The elasticity only comes from the connections between the crossbeam and the
guide rails, even though the stiffness of the connection is very large, resulting in a very small
rotational angle α, which is the truth in practice.

Assumption 3. Due to the symmetrical structure of the lifting gantry, the midpoint C is always
on the Y-axis.
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Based on the aforementioned definitions and assumptions, the complete planar mo-
tions of the entire moving body in the frame OXY consist of the linear motion along the
Y-axis and an additional rotation around the midpoint C of the crossbeam. Thus, the
generalized coordinates q = [yc, α]T can be used to describe the 2-DOF motions. Since
it is inconvenient to measure yc and α directly in practice, the following geometrical
relationships can be used to calculate them by the measurement of y1 and y2

yc =
1
2
(y1 + y2)

α ≈ sin α =
1
lc
(y1 − y2)

(1)

with lc being the length of the crossbeam. Moreover, according to the geometrical relation-
ships in Figure 3b, the coordinates of the centroid G [xG, yG]

T can be written as

xG = h sin α, yG = yc + h cos α (2)

then, the velocity of the centroid G can be calculated as

vG = [ẋG, ẏG]
T = [h cos αα̇, ẏc − h sin αα̇]T (3)

Thus, the kinetics energy including both the linear motion and the rotational motion
can be expressed as

Ek =
1
2

mGvT
GvG +

1
2

JG α̇2

=
1
2

mG ẏ2
c +

1
2

mGh2α̇2 +
1
2

JG α̇2 −mGh sin αẏcα̇

(4)

with mG being the mass of the moving body including the crossbeam and the segment, and
JG being the rotational inertia of the whole moving body around the centroid G. Moreover,
the potential energy, including the gravitational energy EpG and elastic energy EpE, can be
calculated as

Ep = EpG + EpE

= −mGg[yc cos Θ + h cos(Θ + α)] +
1
2

keα2
(5)

where the gravitational energy takes the X0-axis as the reference, and ke is the effective
elastic stiffness of the connections between the crossbeam and guide rails. The model of
the elastic energy EpE = 1

2 keα2 is able to reflect the relationship between the internal forces
and the rotational angle.

Defining E = Ek − Ep as the Lagrangian function, using the Lagrangian Equation
d
dt (

∂E
∂q̇i

)− ∂E
∂qi

= Fi, i = 1, 2, the following equations can be generated:

mG ÿc −mGg cos Θ−mGh sin α · α̈−mGh cos α · α̇2 = F1

(JG + mGh2)α̈ + keα−mGh sin α · ÿc −mGh cos α · α̇ · ẏc + mGgh sin(Θ + α) = F2
(6)

where F1 and F2 are the corresponding generalized forces and can be further written as

F1 = Fc1 + Fc2 − Fr1 − Fr2

F2 = (Fc1 − Fc2 − Fr1 + Fr2)
lc
2

(7)
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with Fc1 and Fc2 being the output cylinder rod forces, which will be further discussed later,
and Fr1 and Fr2 being the combined viscous and Coulomb friction forces of the two sides,
which can be further expressed as

Fr1 = B1ẏ1 + A1S(ẏ1)

Fr2 = B2ẏ2 + A2S(ẏ2)
(8)

in which Bi and Ai are the coefficients of viscous and Coulomb friction, and S(•) is a
continuous function used to approximate the sign function sgn(•).

Fc1 and Fc2 are generated by hydraulic cylinders, and each cylinder is controlled by
a proportional valve. Taking the cylinder C1 as an example, the output rod force can be
modeled as

Fc1 = pA1 AA1 − pB1 AB1 (9)

with AA1 and AB1 being the piston areas of the head-end and rod-end chambers, respec-
tively, and pA1 and pB1 being the pressure of each chamber, whose dynamics can be further
expressed as

ṗA1 = −AA1

VA1
βeẏ1 +

1
VA1

βeQA1 + dA1

ṗB1 =
AB1

VB1
βeẏ1 −

1
VB1

βeQB1 + dB1

(10)

where VA1 = VA10 + AA1y1 and VB1 = VB10 − AB1y1 are the entire hydraulic compressible
volumes corresponding to the head-end and rod-end chambers at the position y1, VA10 and
VB10 are the initial volumes, βe represents the effective bulk modulus, QA1 is the flow into
the head-end chamber and QB1 is the flow out of the rod-end chamber, and dA1 and dB1
indicate the unavoidable modeling errors. Thus, the dynamics of Fc1 can be calculated as

Ḟc1 = ṗA1 AA1 − ṗB1 AB1

= −(
A2

A1
VA1

+
A2

B1
VB1

)βeẏ1 + βe(
AA1

VA1
QA1 +

AB1

VB1
QB1) + AA1dA1 − AB1dB1

(11)

Considering the properties of the commonly used proportional directional valve, QA1
and QB1 can be further written as

QA1 = kqA1u1

√
|∆pA1|, ∆pA1 =

{
ps − pA1, u1 ≥ 0
pA1, u1 < 0

QB1 = kqB1u1

√
|∆pB1|, ∆pB1 =

{
pB1, u1 ≥ 0
ps − pB1, u1 < 0

(12)

where kqA1 and kqB1 are the flow gains of the valve, u1 is the control signal of the propor-
tional valve, and ps and pr are the pressures of the pump and the tank. The dynamics
between the control signal u1 and the valve spool position are neglected because the band-
width is high enough, as noted in many other existing works [30]. Noting (11) and (12), we
can define an intermediate flow rate quantity Qc1 as

Qc1 =
AA1

VA1
QA1 +

AB1

VB1
QB1 = (

AA1

VA1
kqA1

√
|∆pA1|+

AB1

VB1
kqB1

√
|∆pB1|)u1 (13)



Machines 2021, 9, 152 8 of 24

which is a static projection of the control input u1. Similarly, the other cylinder C2 can also
be modeled as

Ḟc2 = ṗA2 AA2 − ṗB2 AB2

= −(
A2

A2
VA2

+
A2

B2
VB2

)βeẏ2 + βeQC2 + AA2dA2 − AB2dB2

Qc2 = (
AA2

VA2
kqA2

√
|∆pA2|+

AB2

VB2
kqB2

√
|∆pB2|)u2

(14)

where u2 is the control input of the proportional valve and other symbols have similar
meanings to the ones in Equations (9)–(13).

To integrate the above modeling procedures, the dynamics of the lifting gantry can be
reorganized as follows, considering the modeling errors:

mG ÿc = Fc1 + Fc2 − Fr1 − Fr2 + mGg cos Θ + mGh(sin α · α̈ + cos α · α̇2) + dyc

(JG + mGh2)α̈ = (Fc1 − Fc2 − Fr1 + Fr2)
lc
2
− keα + mGh(sin α · ÿc + cos α · α̇ · ẏc)

−mGgh sin(Θ + α) + dα

Ḟc1 = −(
A2

A1
VA1

+
A2

B1
VB1

)βeẏ1 + βeQC1 + AA1dA1 − AB1dB1

Ḟc2 = −(
A2

A2
VA2

+
A2

B2
VB2

)βeẏ2 + βeQC2 + AA2dA2 − AB2dB2

(15)

where Fr1 and Fr2 have been given in Equation (8), dyc, dα, dA1, dB1, dA2, and dB2 represent
the modeling errors of the corresponding dynamics equations, and Qc1 and Qc2 can be
treated as the available control inputs since they are directly related to the real control
inputs u1 and u2.

2.3. Synchronization Control Objectives

To achieve high-precision motion tracking performance of the dual-cylinder lifting
gantry, while keeping the internal forces and rotational angle within a small range, a model-
based motion synchronization control scheme is proposed in this study. The controller
should synthesize the valve control signals u1 and u2 such that the following objectives
can be fulfilled:

• High motion tracking precision: The midpoint position yc tracks the reference trajectory
yd(t) as precisely as possible, which is assumed to be known, bounded, and at least
third-order differentiable;

• Rotation regulation: The dual cylinders should be properly coordinated so that the
rotational angle of the crossbeam can be guaranteed within a very small range.

3. Synchronization Control Schemes

The structure of the proposed controller is shown in Figure 4. In terms of input signals,
the controller receives the reference trajectory signals yd(t), the rotational angle Θ of the
entire lifting gantry, and the state feedback signals from both the hydraulic system and the
gantry. Based on such signals and the system model, the controller synthesizes the control
signals u1 and u2. The controller contains two parts, i.e., a motion tracking controller and
thrust allocation. The thrust allocation part is designed to coordinate the dual cylinders;
it receives the angle Θ and the desired total force FCd from the motion tracking controller
and synthesizes the individual desired forces Fc1d and Fc2d for the dual cylinders. The
motion tracking controller is the core of the entire controller, and it is developed based on
the adaptive robust control theory proposed by Yao [20] to guarantee the desired tracking
precision in the presence of parametric uncertainties and modeling errors. The details of the
thrust allocation and motion tracking controller are provided in the following subsections.
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Figure 4. Synchronization controller structure.

3.1. Thrust Allocation

In order to avoid large internal forces and keep the rotational angle α within a small
range, a practical thrust allocation scheme is developed in this study. Within the rotational
dynamics in (22), i.e., the second equation in (22), keα can be treated as a proportional feed-
back term with a very large gain ke. If we can keep (Fc1− Fc2− Fr1 + Fr2)

lc
2 −mGgh sin(Θ+ α)

within a relatively small range, the angle α can also be regulated to be small in steady state,
thanks to the existence of keα. Therefore, both the rotational angle and the internal forces
due to the mechanical coupling will be regulated to a level around zero.

Following the above idea, the practical thrust allocation scheme can be designed as
follows. Define FCd, which will be detailed in the next subsection, as the desired force
for FC to guarantee the tracking precision of the linear motion, i.e., yc tracks yd precisely.
For the dual cylinders, the desired forces Fc1d and Fc2d of Fc1 and Fc2 should satisfy the
following condition:

Fc1d + Fc2d = FCd (16)

such that the linear motion tracking precision can be guaranteed. At the same time, in
order to regulate the rotational angle, Fc1d and Fc2d should also satisfy

(Fc1d − Fc2d − Fr1 + Fr2)
lc
2
−mGgh sin(Θ + α) ≈ 0 (17)

The pre-estimated friction forces can be used to precisely calculate Fc1d and Fc2d.
However, for simplicity, considering the fact that Fr1 and Fr2 are much smaller compared
with Fc1d and Fc2d in practice, and noting Assumption 3, the following approximation can be
used, because the large feedback gain ke is also able to regulate the angle α within a small
range in the presence of some approximation errors:

(Fc1d − Fc2d)
lc
2
−mGpregh sin(Θ) ≈ 0 (18)

with mGpre being the pre-estimated mass of the entire moving body. Therefore, according to
the relationships in (16) and (18), the desired forces for the dual cylinder can be allocated as

Fc1d =
1
2

FCd +
1
lc

mGpregh sin(Θ)

Fc2d =
1
2

FCd −
1
lc

mGpregh sin(Θ)

(19)

The thrust allocation scheme above is practical for engineering applications. It is
essentially an open-loop control of the rotational motion, and thus avoids the need for
measurement signals of α, which usually contains noise in practice. Based on the analysis,
the thrust allocation scheme is able to regulate the rotational motion thanks to the inherent
large stiffness of the connection itself. The relationship in (19) will be applied in the
following subsection to finally synthesize the control signals u1 and u2.
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3.2. Motion Tracking Controller
3.2.1. Parameterized System Dynamics for Control Design

Some simplifications have to be made in order to design the synchronization controller.
In (15), the coupling term mGh(sin α · α̈ + cos α · α̇2) is inconvenient to be compensated
directly in control law because it consists of the second derivative of α. In addition, the
angle α is very small and may suffer from measurement noise in practice, so the achievable
precision of the direct model compensation might not be satisfactory. Therefore, in this
study, the influence of this coupling term will be lumped as an integrated term, which
will be updated online and compensated as a whole through a well-designed adaptive
control law.

On the basis of the model constructed in (15), the dynamics of linear motion along the
Y-axis can be modified as

ÿc = g cos Θ +
1

mG
FC −

Br

mG
ẏc −

Ar

mG
S(ẏc) + D1n + ∆D1 (20)

where FC = Fc1 + Fc2, Br = B1 + B2, Ar = A1 + A2, ẏc, instead of ẏ1 and ẏ2, is used
to approximate the frictions for simplicity since yc ≈ y1 ≈ y2 under the small angle α
assumption, and D1 = D1n + ∆D1 represents the lumped disturbance term including the
modeling errors, coupling terms, and the aforementioned friction approximation errors,
with D1n being its nominal value. Then, following a similar procedure, the dynamics of the
cylinder rod forces in (15) can be modified as

Ḟc1 = −(
A2

A1
VA1

+
A2

B1
VB1

)βeẏ1 + βeQC1 + AA1dA1n − AB1dB1n + ∆dc1

Ḟc2 = −(
A2

A2
VA2

+
A2

B2
VB2

)βeẏ2 + βeQC2 + AA2dA2n − AB2dB2n + ∆dc2

(21)

where dA1n, dB1n, dA2n, and dB2n are the nominal values of the modeling error terms in (15),
and ∆dc1 and ∆dc2 represent the remaining lumped modeling errors.

As discussed in the last subsection, the thrust allocation will only use the static solution
of the dynamics of the rotational motion; thus, the dynamics of the rotational motion do
not need to be parameterized. According to (20) and (21), the parameterized model to be
used in adaptive robust tracking control design can be derived as follows:

ÿc = g cos Θ + θ1FC − θ2ẏc − θ3S(ẏc) + θ4 + ∆D1

Ḟc1 = −(
A2

A1
VA1

+
A2

B1
VB1

)θ5ẏ1 + θ5QC1 + AA1θ6 − AB1θ7 + ∆dc1

Ḟc2 = −(
A2

A2
VA2

+
A2

B2
VB2

)θ5ẏ2 + θ5QC2 + AA2θ8 − AB2θ9 + ∆dc2

(22)

where the parameters are defined as θ = [θ1, θ2, ..., θ9]
T , θ1 = 1/mG, θ2 = Br/mG,

θ3 = Ar/mG, θ4 = D1n, θ5 = βe, θ6 = dA1n, θ7 = dB1n, θ8 = dA2n, θ9 = dB2n. For the
sake of simplicity, the following nomenclature is used throughout this paper: •̂ denotes
the estimates of • with •̃ being the estimation error, i.e., •̃ = •̂ − •; •min and •max are the
minimum and maximum values of •(t) for all time t, respectively.

In (22), the unknown parameter θ and lumped modeling errors ∆D1, ∆dc1, and ∆dc2 all
suffer from uncertainties in practice. However, the fact is that the parametric uncertainties
and modeling errors are bounded with known bounds, which leads to the following
practical assumption:
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Assumption 4. The extent of the parametric uncertainties and the modeling errors is known, i.e.,

θi ∈ Ωθi

∆
= {θi : θi min ≤ θi ≤ θi max}

∆Di ∈ ΩDi
∆
= {∆Di : |∆Di| ≤ δi}

∆dci ∈ Ωdci

∆
= {∆dci : |∆dci| ≤ δci}

(23)

where θi min = [θ1 min, θ2 min, · · ·, θ9 min]
T , θi max = [θ1 max, θ2 max, · · ·, θ9 max]

T are the known
bounds, and δi and δci are known functions.

3.2.2. Adaptive Robust Motion Tracking Control Design

The Adaptive Robust Control (ARC) proposed by Yao [20] is used to synthesize
the motion tracking controller. The parameters will be updated online by the use of the
following discontinuous projection-type adaption law:

˙̂θ = Projθ̂(Γτ) (24)

with Γ being a positively defined diagonal adaption rate matrix, τ being an adaption
function to be synthesized during the control design procedure, and the projection mapping
function being

Projθ̂i
(•i) =


0, i f θ̂i = θi max and •i > 0
0, i f θ̂i = θi min and •i < 0
•i, otherwise

(25)

Therefore, the following properties can be guaranteed for any adaption function τ
when (25) is used:

(P1) : θ̂ ∈ Ωθ
∆
=
{

θ̂i : θi min ≤ θ̂ ≤ θi max
}

(P2) : θ̃T(Γ−1Projθ̂(Γτ)− τ) ≤ 0, ∀τ
(26)

Then, a backstepping design for the adaptive robust motion tracking controller will be
synthesized. The objective of the controller is to synthesize the valve control signals u1 and
u2 such that the midpoint of the crossbeam yc tracks the given reference trajectory yd(t) as
precisely as possible.

Step 1

Define the motion tracking error as z1 = yc − yd. Then, the following switching-
function-like quantity can be defined

z2 = ż1 + k1z1 = ẋL − ẋeq, ẋeq , ẋd − k1z1 (27)

where k1 > 0. Apparently, making z1 small or converging to zero is equivalent to making
z2 small or converging to zero [20].

Noting (22), the dynamics of z2 can be calculated as

ż2 = g cos Θ + θ1FC − θ2ẏc − θ3S(ẏc) + θ4 + ∆D1 − ÿeq (28)
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where FC can be taken as the virtual control input to make z2 small or converging to
zero. Thus, following the ARC design procedure, the virtual control law FCd for FC can be
synthesized as

FCd = FCda + FCds

FCda =
1
θ̂1
[−g cos Θ + θ̂2ẏc + θ̂3S(ẏc)− θ̂4 + ÿeq]

FCds = FCds1 + FCds2

FCds = −k2s1
1

θ1 min
z2, , k2s1 ≥

ω3

ω2
g1 ‖ Γφ1ω2 ‖2 +k2

φ1 = [FCda,−ẏc,−S(ẏc), 1, 0, 0, 0, 0, 0]T

(29)

where the control law FCd includes the adaptive model compensation law FCda and the
robust control law FCds, in which k2s1 > 0 is the feedback gain, k2 > 0 and g1 > 0, Γ > 0 is
the adaption rate matrix, ω2 > 0 and ω3 > 0 are the weighting coefficients, and FCds2 is the
nonlinear robust feedback term satisfying the following dual robust performance conditions:

(i) z2FCds2 ≤ 0

(ii) z2(θ1FCds2 − φT
1 θ̃ + ∆D1) ≤ ε1

(30)

with ε1 being a design parameter.
Define the discrepancy between the actual cylinder force FC and the virtual control

law FCd as z3 = FC − FCd. Then, substituting (29) into (28), the resulting error dynamics of
z2 can be calculated as

ż2 = − θ1

θ1min
k2s1z2 + (θ1FCds2 − φT

1 θ̃ + ∆D1) + θ1z3 (31)

Step 2

This step is to synthesize the control signals u1 and u2 for the proportional valves.
Define the following tracking errors as

z3 , z31 + z32

z31 = Fc1 − Fc1d

z32 = Fc2 − Fc2d

(32)

where Fc1d and Fc2d are given in (19). Noting (22) and (29), the derivative of z31 can be
calculated as

ż31 = Ḟc1 − Ḟc1d

= −(
A2

A1
VA1

+
A2

B1
VB1

)θ5ẏ1 + θ5QC1 + AA1θ6 − AB1θ7 + ∆dc1 −
1
2

ḞCd
(33)
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with ḞCd being the derivative of FCd defined in (29). Then, ḞCd can be written as the sum of
two parts as

ḞCd = ḞCdc + ḞCdu

ḞCdc =
∂FCd
∂yc

ẏc +
∂FCd
∂ẏc

ˆ̈yc +
∂FCd

∂t
ˆ̈yc = g cos Θ + θ̂1FC − θ̂2ẏc − θ̂3S(ẏc) + θ̂4

ḞCdi =
∂FCd
∂ẏc

(ÿc − ˆ̈yc) +
∂FCd

∂θ̂
˙̂θ

=
∂FCd
∂ẏc

[−θ̃1FC + θ̃2ẏc + θ̃3S(ẏc)− θ̃4 + ∆D1] +
∂FCd

∂θ̂
˙̂θ

(34)

where ḞCdc represents the calculable part of ḞCd, which can be compensated through
adaptive robust control law, ˆ̈yc denotes the estimate of ÿc according to the measured states
and parameter estimates, and ḞCdi is the incalculable part and has to be handled through a
certain robust feedback approach.

Following the ARC design procedure, noting the error dynamics in (33), the control
law Qc1d for Qc1 can be synthesized as

Qc1d = Qc1da + Qc1ds

Qc1da =
1
θ̂5
[(

A2
A1

VA1
+

A2
B1

VB1
)θ̂5ẏ1 − AA1θ̂6 − AB1θ̂7 +

1
2

ḞCdc −
ω2

2ω3
θ̂1z2]

Qc1ds = Qc1ds1 + Qc1ds2

Qc1ds1 = −k3s1
1

θ5min
z31, k3s1 ≥ g2 ‖ Γφ2ω3 ‖2 +c1 ‖

∂FCd

∂θ̂
‖2 +k3

(35)

where the control law Qc1d includes the adaptive model compensation law Qc1da and the
robust control law Qc1ds, in which k3s1 > 0 is the feedback gain, k3 > 0, g2 > 0, d1 > 0,
Γ > 0 is the adaption rate matrix, and Qc1ds2 is the nonlinear robust feedback term to be
detailed later.

Similarly, the control law Qc2d for Qc2 can also be synthesized with regard to the error
z32 as follows and the detailed procedure is omitted here:

Qc2d = Qc2da + Qc2ds

Qc2da =
1
θ̂5
[(

A2
A2

VA2
+

A2
B2

VB2
)θ̂5ẏ2 − AA2θ̂8 − AB2θ̂9 +

1
2

ḞCdc −
ω2

2ω3
θ̂1z2]

Qc2ds = Qc2ds1 + Qc2ds2

Qc2ds1 = −k3s1
1

θ5min
z32, k3s1 ≥ g2 ‖ Γφ2ω3 ‖2 +c1 ‖

∂FCd

∂θ̂
‖2 +k3

(36)

with similar definitions to (35).
Noting z3 = z31 + z32 and (22), the resulting error dynamics of z3 can be calculated as

follows using the control law in (35) and (36):

ż3 = (Ḟc1 − Ḟc1d) + (Ḟc2 − Ḟc2d)

= −k3s1
θ5

θ5min
z3 + [θ5(Qc1ds2 + Qc2ds2)− φT

2 θ̃ + ∆dc1 + ∆dc2]−
∂FCd

∂θ̂
˙̂θ − ω2

ω3
θ1z2

(37)
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where the regressor φ2 is written as

φ2 =



ω2
ω3

z2 − ∂FCd
∂ẏc

FC
∂FCd
∂ẏc

ẏc
∂FCd
∂ẏc

S(ẏc)

− ∂FCd
∂ẏc

−( A2
A1

VA1
+

A2
B1

VB1
)ẏ1 − (

A2
A2

VA2
− A2

B2
VB2

)ẏ2 + Qc1da + Qc2da
AA1
AB1
AA2
AB2


(38)

The nonlinear robust feedback terms Qc1ds2 and Qc2ds2 are chosen so that the following
dual robust conditions are satisfied:

(i) z3(Qc1ds2 + Qc2ds2) ≤ 0

(ii) z3[θ5(Qc1ds2 + Qc2ds2)− φT
2 θ̃ + ∆dc1 + ∆dc2] ≤ ε2

(39)

where ε2 is a design parameter.
In addition, the unknown parameter set θ is estimated online using the discontinuous

projection-type adaption law in (24), where the adaption function is defined as

τ = ω2φ1z2 + ω3φ2z3 (40)

Noting the relationship defined in (13) and (14) and the control law synthesized in (35)
and (36), the valve control signals u1 and u2 can be generated finally as

u1 =
Qc1d

AA1
VA1

kqA1
√
|∆pA1|+ AB1

VB1
kqB1

√
|∆pB1|

u2 =
Qc2d

AA2
VA2

kqA2
√
|∆pA2|+ AB2

VB2
kqB2

√
|∆pB2|

(41)

3.2.3. Theoretical Performance

The following theoretical performance can be guaranteed with the resulting control
law in (41).

Theorem 1. If the controller parameters g1, g2, and c1 satisfy g1 > 2
4c1

and g2 > 2
4c1

, the control
law in (41) with the adaption law in (24) leads to guaranteed tracking errors bounded by

V(t) ≤ exp(−λt)V(0) +
ε

λ
[1− exp(−λt)] (42)

where V = 1
2 ω2z2

2 +
1
2 ω3z2

3, λ = 2×min{k2, k3}, ε = ω2ε1 + ω3ε2. In addition, if after a finite
time t0, ∆D1 = ∆dc1 = ∆dc2 = 0, i.e., in the presence of parametric uncertainties only, asymptotic
output tracking is achieved, i.e., z1 → 0 as t→ ∞.
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Proof of Theorem 1. Differentiating V(t) while noting the resulting error dynamics in (31)
and (37), one can obtain

V̇ = ω2z2ż2 + ω3z3ż3

= −ω2
θ1

θ1min
k2s1z2

2 + ω2z2(θ1FCds2 − φT
1 θ̃ + ∆D1)−ω3

θ5

θ5min
k3s1z2

3

+ ω3z3[θ5(Qc1ds2 + Qc2ds2)− φT
2 θ̃ + ∆dc1 + ∆dc2]−ω3z3

∂FCd

∂θ̂
˙̂θ

(43)

In terms of the adaption law in (24), the following property is held:

‖ ˙̂θ‖2 = ‖Projθ [Γ(ω2φ1z2 + ω3φ2z3)]‖2

≤ ‖Γ(ω2φ1z2 + ω3φ2z3)‖2

≤ 2(‖Γφ1‖2ω2
2z2

2 + ‖Γφ2‖2ω2
3z2

3)

(44)

Noting g1 > 2
4c1

and g2 > 2
4c1

and (44), the following relationship can be obtained:

|z3
∂FCd

∂θ̂
˙̂θ| ≤ c1‖

∂FCd

∂θ̂
‖2 +

1
4c1
‖ ˙̂θ‖2

≤ d1‖
∂FCd

∂θ̂
‖2 + g1‖Γφ1‖2ω2

2z2
2 + g2‖Γφ2‖2ω2

3z2
3

(45)

Thus, substituting (45) into (43) and noting the inequalities in (29), (35), and (36) as
well as the robust performance conditions in (30) and (39), the derivative of V(t) becomes

V̇ ≤ −ω2
θ1

θ1min
k2z2

2 + ω2z2(θ1FCds2 − φT
1 θ̃ + ∆D1)−ω3

θ5

θ5min
k3z2

3

+ ω3z3[θ5(Qc1ds2 + Qc2ds2)− φT
2 θ̃ + ∆dc1 + ∆dc2]

≤ −ω2k2z2
2 −ω3k3z2

3 + ω2ε1 + ω3ε2

= −λV + ε

(46)

which leads to (42) by Comparison Lemma.
If ∆D1 = ∆dc1 = ∆dc2 = 0, one can define another positive-definite Lyapunov

function as Vθ = V + 1
2 θ̃TΓ−1θ̃. Noting the properties in (26), the relationship in (45), and

˙̃θm1 = ˙̂θm1, the derivative of Vθ is given as

V̇θ = V̇ + θ̃TΓ−1 ˙̃θ

= −ω2
θ1

θ1min
k2s1z2

2 + ω2z2θ1FCds2 −ω3
θ5

θ5min
k3s1z2

3 + ω3z3θ5(Qc1ds2 + Qc2ds2)

− ∂FCd

∂θ̂
˙̂θ + θ̃TΓ−1[ ˙̃θ − Γ(ω2φ1z2 + ω3φ2z3)]

≤ −ω2k2z2
2 −ω3k3z2

3 + θ̃T [Γ−1Projθ(Γτ)− τ]

≤ −ω2k2z2
2 −ω3k3z2

3

(47)

Thus, z2, z3 ∈ L2 and ż2 and ż3 are bounded. By Barbalat Lemma, z2 → 0 as t → ∞.
Considering the stable transfer function between z1 and z2 in (27), one can obtain z1 → 0
as t→ ∞.

4. Simulation
4.1. Simulation Setups

The complete dynamics model built in (15) was used in Matlab/Simulink to establish
the dynamics of the lifting gantry to be controlled, i.e., the plant. As for the principal
parameters of the gantry, mG = 2200 kg, B1 = 1200 N/(m/s), B2 = 800 N/(m/s), A1 =
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2000 N, A2 = 1400 N, lm = 3 m, JG = 4000 kg ·m2, ke = 1× 107 Nm/rad, h = 0.2 m; and
as for the cylinders, the diameters of the pistons were 80 mm and the diameters of the
rods were 56 mm. In addition, modeling errors were also added into all equations and the
parameters used in the controller deviate from these true values in the plant.

The theoretically rigorous way to choose the controller parameters is demonstrated
in [20], but it may increase the complexity of the resulting control law considerably. Thus,
following our previous works [32,33], an alternative approach was used for gain tuning
in this study by simply choosing k2s1 and k3s1 large enough without worrying about the
precise values of the nonlinear robust feedbacks in (30) and (39). Such an approach was
also used in [20,34]. By doing so, the robust performance conditions (30) and (39) were still
satisfied at least locally around the reference trajectory.

The following three control schemes were compared in the simulation:

• C1: the proposed controller As for the thrust allocation, the pre-estimated mass of the
entire moving body was chosen as mGpre = 2000 kg, which deviated from the true
value in the plant. In the motion tracking controller, the feedback gains were tuned
as k1 = k2s1 = k3s1 = 50; the adaption rate matrix was Γ = diag{5 × 10−17, 1 ×
10−9, 1× 10−9, 5× 10−9, 4× 107, 1× 107, 1× 107, 1× 107, 1× 107}; and the weighting
coefficients were ω2 = 1× 1010 and ω3 = 1.

• C2: the controller without adaption The only difference from C1 was that the adaption
in the motion tracking controller was turned off, i.e., Γ was set to zero.

• C3: the controller without thrust allocation The dual cylinders were controlled by the
same signals, which is the usual case in engineering. Thus, no efforts were made in
the controller for synchronization. The dual cylinders had to be synchronized by the
high-stiffness mechanical coupling itself. The motion tracking controller was exactly
the same as the one in C1.

The above control schemes to be compared were chosen for the following reasons.
As for C2, the adaptation is turned off, which causes it to behave similarly to a typical
robust controller with only offline model compensation. Thus, by comparing C1 and
C2, the effect of parameter adaptation can be inspected, e.g., in terms of steady-state
tracking error or positioning error. As for C3, it can be treated as a commonly used control
scheme in practical engineering. On one hand, in almost all engineering applications at
present, the dual cylinders in the lifting gantry are controlled by a single human-operated
proportional valve. This means that the synchronization is only ensured by the guide rails
and crossbeam mechanically, while no efforts are made in the software or at the control
level. Under such conditions, the forces of the dual cylinders should be the same, which
will cause the crossbeam to rotate by a small angle and lead to synchronization problems.
Thus, in C3, Fc1d = Fc2d = 1

2 FCd instead of the proposed thrust allocation in (19) is used to
generate the desired cylinder forces, which will lead to similar cylinder output forces to
simulate the aforementioned practical situation. On the other hand, in practice, the PID
control is usually used, and, intuitively, it seems that PID control should also be used in
C3. However, the better performance of ARC over PID has been verified by many existing
works [20]; ensuring the optimal parameter tuning of PID is time-consuming and also
depends on the real task. If C3 uses PID, it will possibly be difficult to identify whether
the improvement comes from ARC over PID or the proposed thrust allocation scheme.
Therefore, C3 applies the proposed motion tracking controller but without thrust allocation
to test the synchronization performance. Based on the above analyses, C2 and C3 are
representative control schemes to compare with the proposed control scheme in terms of
specific aspects.

As shown in Figure 5, a smoothed point-to-point S-curve reference trajectory was
used in the simulation. The distance was set as 0.8 m, with a maximum velocity of 0.2 m/s
and a maximum acceleration of 0.2 m/s2. In addition, the simulations were conducted
with different inclined angles Θ of the entire lifting gantry to test the synchronization
performance under unbalanced loads. Specifically, there were three simulation sets, and
Θ = 0, 0.5 rad, 1 rad were used in Set 1, Set 2, and Set 3, respectively.
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Figure 5. Reference trajectory used in simulation.

4.2. Simulation Results

The motion tracking errors of the three control schemes in three sets are shown in
Figures 6–8, respectively. Comparing C1 with C2, the tracking errors of C1 are much
smaller thanks to the effect of parameter adaption. In particular, C1 is able to achieve
almost asymptotic tracking performance during the steady state, e.g., when the reference
velocity is zero. This is a valuable property, essential for the lifting gantry, since the steady-
state tracking error, or the positioning error, is directly related to the quality of segment
assembling. The parameter estimation results in three sets are illustrated in Figures 9–11,
respectively. The parameter estimates change within predetermined ranges and do not
show any improper chattering phenomena. In addition, since Fc1d = Fc2d = 1

2 FCd is used
in C3 to generate the desired cylinder forces, the desired total force FCd used by the motion
tracking controller still can be guaranteed. As expected, the tracking errors of both C1 and
C3 in three sets are properly kept within a small range, thanks to the well-designed motion
tracking controller for linear motion along the Y− axis. To validate the motion tracking
performance, the proposed controller C1 achieves a high level of tracking precision, i.e.,
the midpoint of the crossbeam yc is able to track the given reference trajectory yd(t) with
high precision.
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Figure 6. Motion tracking errors comparison in Set 1.
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Figure 7. Motion tracking errors comparison in Set 2.
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Figure 8. Motion tracking errors comparison in Set 3.
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Figure 9. Parameter estimation results of C1 in Set 1.
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Figure 10. Parameter estimation results of C1 in Set 2.
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Figure 11. Parameter estimation results of C1 in Set 3.

Then, the synchronization performances are compared according to the calculated
rotational angle α of the crossbeam. The rotational angles of C1, C2, and C3 in Set 1,
where the inclined angle Θ of the entire lifting gantry is set to zero, are illustrated in
Figure 12. Under such ideal working conditions, the loads act equally on the dual cylinders.
As expected, the three control schemes are all able to regulate the angles to zero after
quick transient processes, and the only difference is that C1 and C2 are slightly quicker.
However, when it comes to the unbalanced load conditions, i.e., in Set 2 and Set 3 with
the inclined angle Θ = 0.5 rad, 1 rad, the synchronization performances become distinct,
as shown in Figures 13 and 14, respectively. The resulting angles of C1 and C2 are able
to converge to very small values after quick transient processes. This comes from the
effect of the proposed thrust allocation applied in both C1 and C2. Due to the allocation,
the remaining forces pushing the rotational motion, as defined in (17), can be kept small
enough, such that the large stiffness of the connections between the crossbeam and guide
lines acts as a large proportional feedback to regulate the rotational angle within a very
small range. In contrast, without the thrust allocation, the resulting rotational angle of
C3 becomes much larger when unbalanced loads act on the dual cylinders. To confirm
the synchronization performance, the proposed thrust allocation scheme works well in
regulating the unbalanced loads on the dual cylinders and thus leads to a high level of
synchronization compared with the commonly used approach.
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Figure 12. Rotational angles comparison in Set 1.
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Figure 13. Rotational angles comparison in Set 2.
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Figure 14. Rotational angles comparison in Set 3.

In summary, according to the comparative simulation results, the proposed control
schemes C1 achieves high-precision motion tracking performance and simultaneous high-
level synchronization of the dual cylinders in the lifting gantry under unbalanced loads.

5. Conclusions

In this study, the 2-DOF dynamics of the lifting gantry are modeled in detail, where the
connections between the crossbeam and guide lines are treated as high-stiffness rotational
springs to introduce the additional rotational motion. Then, a model-based synchronization
control scheme is developed. Within it, the thrust allocation is designed to regulate the
rotational angle to a very small range, and the motion tracking controller is synthesized
based on the ARC theory to guarantee the desired motion tracking precision. The theoretical
performance is analyzed with detailed proof. Finally, comparative simulations verify the
effectiveness of the proposed scheme in dealing with both linear motion tracking and
dual-cylinder synchronization. Generally, the study offers a practical control solution for
the dual-cylinder mechanisms under unbalanced loads, from complete modeling to control
design and validation. In particular, the thrust allocation is easy to implement in practice
to achieve high-level synchronization due to its simplicity and independence on precise
measurement signals. Therefore, this is a comprehensive study with practical meaning.
In future, experiments will be conducted to further validate the performance in a real
lifting gantry.
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