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Abstract: Correlation of sharp indentation problems is examined theoretically and numerically. The
analysis focuses on elastic-plastic pressure-sensitive materials and especially the case when the local
plastic zone is so large that elastic effects on the mean contact pressure will be small or negligible
as is the case for engineering metals and alloys. The results from the theoretical analysis indicate
that the effect from pressure-sensitivity and plastic strain-hardening are separable at correlation
of hardness values. This is confirmed using finite element methods and closed-form formulas are
presented representing a pressure-sensitive counterpart to the Tabor formula at von Mises plasticity.
The situation for the relative contact area is more complicated as also discussed.

Keywords: indentation hardness; plastic contact; contact area; contact mechanics; finite-element method

1. Introduction

During a contact-related experiment, most often normal indentation or scratch testing,
the obtained quantities can be used in order to determine the constitutive properties of the
tested materials. It is also possible to determine field variables such as for example residual
stresses. The most important properties determined during a normal indentation test are
hardness, H, and the indentation load, P, versus indentation depth curve, h. The indentation
hardness H represents a measure of the mean contact pressure under the indenter and is
calculated from the force necessary to push a rigid indenter into the material. An additional
important parameter involved in the hardness calculation is the actual area of contact
between the indenter and the material.

The resulting boundary value at normal indentation is very complicated and in order
to arrive at a relation between the above mentioned indentation properties and material
characteristics, advanced contact mechanics analyses are needed. When it comes to sharp
indentation of elastic or standard (von Mises) elastoplastic materials such relations have
been successfully derived and classical results by Sneddon [1], Tabor [2] and Johnson [3,4]
have been verified and also further improved using modern computers and powerful
numerical methods. The state-of-the-art as regards correlation of sharp indentation of
standard elastoplastic materials will be outlined in some detail below.

First though, it should be mentioned that progress for other types of constitutive
(material) behavior have been scarce or practically non-existent. This is especially so when
it comes to general correlation aiming at theoretically based relations intended for material
characterization. Indeed, excluding classical elastoplasticity such relations only exist for
singular cases. It is the intention of the present investigation to remedy this shortcoming
by performing a detailed analysis of sharp indentation of Drucker-Prager [5] elastoplastic
materials developed for accounting for pressure-sensitivity at deformation.

Correlation of sharp indentation of classical elastoplastic materials is most often based
on the results by Johnson [3,4] suggesting that the Johnson parameter

Λ = E(tanβ)/((1 − ν2(σrep) (1)
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governs the contact behavior. In Equation (1), E is Young’s modulus and ν is Poisson’s ratio,
β is the angle between the (sharp) indenter and the undeformed surface, and σrep is the
material flow stress at a representative value of the effective (accumulated) plastic strain εp.
Three indentation levels are noticeable as depicted in Figure 1. Specifically, in Level I, Λ < 3,
all global properties can be derived from an elastic analysis. In level II, 3 < Λ < 30, plastic
deformation increases and both elastic and plastic properties are of importance for the
outcome of the test. In this region H ~ ln Λ, cf [3,4]. In level III, Λ > 30, plastic deformation
dominates the contact situation which is a situation applicable to most engineering metals.
Based on extensive experimental results, Tabor [2] proposed the relation

H = Cσrep (2)

where C is a constant depending on the (sharp) indenter geometry. For a Vickers indenter,
the values C ≈ 3 and εp ≈ 0.08 was suggested in [2] while C ≈ 2.55 and εp ≈ 0.11 was
suggested by Atkins and Tabor [6] for a cone indenter with an angle of 22◦ between the
indenter and the undeformed surface.

Figure 1. Sketch of the characteristic behaviour at indentation. The indentation hardness H divided
by the representative stress σrep is plotted against the non-dimensional strain parameter Λ suggested
by Johnson [3,4]. The different levels at indentation are indicated.

Sharp indentation has during the last 30 years or so also been extensively investigated
using numerical methods and in particular the finite element method (FEM). Important
contributions in this context include Bhattachharya and Nix [7,8], Laursen and Simo [9],
Giannakopoulos and co-workers [10,11], Mesarovic and Fleck [12,13], and Larsson [14]. For
one thing, improvements of Equation (2) have been suggested especially for materials with
irregular strain-hardening. However, at power law hardening plasticity, also the numerical
studies above indicate that Equation (2) is sufficient for hardness predictions. For details, it
was shown by Larsson [14] that at power law hardening

σrep = σ(εr = 0.18) (3)

for a cone indenter (with an angle of 22◦ between the indenter and the undeformed surface),
and using C ≈ 2.55 in Equation (2), yielded very accurate results. Correspondingly, for
Vickers and Berkovich indenters

σrep = σ(εr = 0.15) (4)

using C ≈ 2.8 in Equation (2). It should be emphasized that the representative stresses in
Equations (3) and (4) are relied upon throughout the present investigation.

The relative contact area c2 is also a global indentation quantity of interest when
correlation is at issue. This parameter is defined as

c2 = A/Anom (5)

where A is the actual projected contact area at indentation and Anom is the nominal projected
contact area resulting in neither sinking-in nor piling-up at the contact boundary. The
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parameter c2 is also a function of material properties alone at fixed indenter geometry.
Material characterization based on c2 is, however, cumbersome at best as it is very much
influenced by elastic effects, cf. e.g., [12–14], also at high values on the Λ-parameter in
Equation (1), and a simple relation as for the hardness in Equation (2) is not relevant in a
practical situation.

Accordingly, sharp indentation of classical elastoplastic materials is nowadays quite
well understood, also in a quantitative manner, and for this reason indentation is a suitable
tool for characterization of such materials. As indicated above, for other types of constitu-
tive behavior progress is limited and indentation then becomes a comparative experimental
method but details of the material characteristics, for example explicit values on material
properties, cannot be determined in a reliable manner.

Drawing upon the theory outlined, an obvious candidate for extending the useful-
ness of sharp indentation for material characterization is pressure-sensitive elastoplastic
materials. This is especially so in the case when pressure-sensitivity can be modeled in a
fairly simple manner introducing a limited additional number of constitutive properties.
In particular this concerns classical results for Drucker-Prager elastoplasticity [5] where
in case of associative plastic flow only one additional material parameter is introduced;
namely the pressure sensitivity factor α.

Therefore, the present intention is to perform an analysis, as the one above for classical
von Mises plasticity, but also accounting for pressure-sensitivity of the material. This
feature has been investigated previously, cf. [15–19], and many aspects regarding level II
indentation have been clarified. Furthermore, materials with a soft elastic response with or
without plastic volume change have been investigated by Needleman et al. [20]. However,
a detailed approach in the spirit of Tabor [2], devoted toward correlation in the rigid-plastic
deformation stage, has to the author’s knowledge not yet been achieved or even attempted.
Accordingly, this is the aim of the present study. First of all then, analytical considerations
provide the basic foundations for the structure of the equations in the same spirit as
the corresponding ones for classical von Mises plasticity (Equations (1)–(4)). Second, the
analytical achievements are verified and generalized by numerical (finite element) results
pertinent to a wide range of material characteristics.

Concerning the constitutive specification of the pressure-sensitive material classical
Drucker-Prager plasticity [5] is adhered to. Associativity of the flow rule is relied upon.

2. Problem Formulation

The problem at issue concerns conical and for discussion also pyramid indentation,
see Figure 2, of pressure-sensitive elastoplastic materials. At conical indentation, a sharp
rigid conical stylus with an angle of 22◦, between the indenter and the undeformed surface,
see Figure 2, is used. The angle 22◦ is chosen as being the same as the corresponding angle
at Vickers (sharp pyramid indenter with quadratic base) indentation. In the presentation
below h is the normal indentation depth in the X2–direction (Cartesian coordinates are
introduced in Figure 2) and A is the normally projected contact area between indenter
and material. Quasi-static conditions are assumed and the dimensions of the contact
region are very small compared to the size of the indented material specimen. Based on
these restrictions, the problem is self-similar with no characteristic length present and
this ensures that the (normal) hardness as well as the ratio h/

√
A (where

√
A should be

interpreted as a characteristic contact length) is constant during the loading sequence of an
indentation test on homogeneous materials. Here and in the sequel the normal hardness is
defined as

H = P/A (6)

where P is the normal contact load, see Figure 2.
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Figure 2. Schematics of the geometry of sharp indentation tests. Both top and side views are
shown. Cartesian coordinates xi are introduced. (a) Cone indentation. (b) Vickers indentation.
(c) Berkovich indentation.

Regarding the constitutive behavior, classical Drucker-Prager elastoplasticty is as-
sumed to prevail with a yield condition

σe + 3ασh − σ(εp) = 0 (7)

where σe is the von Mises effective stress, σh is the hydrostatic stress, α is the pressure
sensitivity factor, and σ(εp) is the flow stress in pure shear. Associativity of the flow rule
is assumed in most situations but, to be detailed below, also incompressible plastic flow
is analyzed and relevant results from the two cases are compared and discussed. Large
deformation theory was relied upon due to the fact that such effects are significant at many
contact problems, cf. e.g., [11,21]. At elastic loading, or unloading, a hypoelastic formula-
tion of Hooke’s law was relied upon. Kinematic hardening effects were not included in the
analysis as only the loading part of the indentation test was of primary interest. The strain
hardening behavior are based on a power law assumption according to

σ(εp) = σ0(1 + (εp/ε0))n (8)
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where σ0 is the initial yield stress in pure shear, εp is as previously stated the effective
plastic strain, and ε0 and n are material constants describing the plastic hardening.

In summary, the present analysis is restricted to quasi-static conditions and classi-
cal Drucker-Prager elastoplasticity and, as a result, strain rate effects are not included.
Frictionless contact is assumed as a first approximation. The investigation is focused on
level III contact conditions where the influence from elasticity on the hardness behavior
is negligible.

3. Theoretical Analysis

In the case of classical von Mises plasticity it was shown by Johnson [3,4] that at elastic-
plastic (level II) sharp indentation the material hardness is well described by the relation.

Ĥ = C1 + C2lnΛ (9)

where
Ĥ = H/σrep (10)

The derivation leading to Equation (9) rests on the similarity of the stress fields at
sharp indentation and taking advantage of the analysis of expansion of a pressurized
spherical cavity in an elastic-ideally plastic material. The solution to the latter problem
(in the context of indentation testing) was originally proposed by Bishop et al. [22] and
the effect from plastic strain-hardening is accounted for by the representative stress σrep. It
has been shown with the aid of finite element calculations, cf. e.g., Larsson [23], that the
constants C1 and C2 in Equation (9) are not strictly independent of the strain-hardening
characteristics. However, as the present investigation concerns rigid plastic (level III)
indentation this issue will not be dwelled upon further. It should be emphasized that at
Λ-values pertinent to the transition between level II and level III indentation Equation (2)
(nondimensionalized according to (10)) and Equation (9) obviously yield similar results.

The analysis by Johnson [3,4] was extended to pressure-sensitive materials, described
by classical Drucker-Prager elastoplasticity, by Narasimhan [16] and further discussed by
Zhang et al. [17] and Fornell et al. [18]. The resulting expression for the hardness (mean
contact pressure) in the case of cone indentation yields

H = H/σy = (1/3α)
(
(1 + 2α)2rpy2q − 1

)
(11)

at ideally plastic material behavior where q = 3α/(1 + 2α). In (11),

rp = rp/a (12)

is the radius of the plastic zone, rp, nondimensionalized by the radius of contact a. It should
be noted that elastic effects are included in (11) only through rp.

As it stands, Equation (11) describes the hardness at level II cone indentation account-
ing for pressure-sensitivity through α but not for strain-hardening. In order to include
the latter feature in the analysis and also determine the contact behavior at rigid plastic
(level III) conditions, the following assumptions are made:

Level III conditions can be enforced by determining the value on the nondimension-
alized plastic zone radius at rigid plastic contact, denoted as rpy. It should be noted that
when (rigid) ideally plastic behavior is considered rpy = rpy(α).

Strain-hardening can be introduced as in case of von Mises plasticity in a standard
manner solely by replacing σy with the representative stress in Equation (3).

With (1) and (2) introduced into Equation (11) the relation

Hc = Hc(α) = Hc/σ
(
εp = 0.18

)
= (1/3α)

(
(1 + 2α)2rpy2q − 1

)
(13)
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can be suggested describing the behavior of the hardness at level III cone indentation
of Drucker–Prager elastoplastic materials accounting for strain-hardening. It should be
emphasized that as a direct consequence of the structure of Equation (13) the influence on
the material hardness from plastic strain-hardening and pressure-sensitivity is separable.
This feature is of substantial importance for the practical usefulness of the present approach
and will be carefully evaluated and, indeed, verified by FEM analyses to be described in
detail below. In addition, explicit correlation formulae will also be determined based on
the FEM results in order to verify and complement the theoretical results.

From Equation (13) it is obvious that an accurate determination of rpy is fundamental to
ensure a high predictive capability of this formula. Previously in [16–18], where the analysis
is devoted to level II indentation, the corresponding results for classical elastoplasticity were
used to determine the size of the plastic zone. This is however a very crude approximation
and presently, finite element simulations were used to determine rpy(α) as described in
more detail below.

It is of course of fundamental importance that the validity of the present analysis
can be extended also to three-dimensional indentation problems, not the least so when
it comes to the practical usefulness of the results. The most commonly known three-
dimensional indenters are the Vickers indenter (sharp indenter with a square base) and the
Berkovich indenter (sharp indenter with a triangular base). It is known from previously,
cf. e.g., [10,11], that these two indenters behave very similar from a mechanical point of
view. Indeed, the Berkovich indenter was developed for nanoindentation experiments
but the geometry was chosen in order to replicate the hardness behavior of the Vickers
indenter, [24]. For this reason, Berkovich and Vickers indentation is considered presently
to yield the same result. In doing so, a third assumption can be made:

The ratio between cone and Berkovich (and Vickers) hardness value is independent
of α and depends only on the choice of representative stress, pertinent to the different
indenter geometries, as specified in Equations (3) and (4).

Based on this assumption, and the discussion in connection with Equations (3) and (4),
the relation between the two hardness values yields

HB/Hc = 1.10 σ(εp = 0.15)/σ(εp = 0.18) (14)

which obviously is the case also at classical von Mises plasticity. Accordingly, from
Equations (13) and (14)

HB = HB(α) = HB/σ
(
εp = 0.15

)
= (1/3α)

(
(1 + 2α)2rpy2q − 1

)
(15)

indicating a separable solution also for the (nondimensionalized) hardness value at Berko
vich, and Vickers, indentation of Drucker-Prager pressure-sensitive materials. In (15),
rpy(α) is taken to be the same as at cone indentation based on, for example, the results by
Johnson [4] clearly showing that the size of the plastic zone is almost independent of the
indenter geometry. The validity of Equation (15) will be investigated in more detail in a
parallel study [25] and here only cone indentation is analyzed in detail.

Concerning the parameter c2 defined in Equation (5), it is stated in the previous
discussion that also this parameter can in particular situations be determined in closed
form as a function of material parameters. Accordingly, in such situations it would be
suitable for material characterization. However, as also mentioned above, elastic effects
will severely influence this parameter and this feature makes c2 much less useful when
it comes to the determination of material properties. For completeness and as a basis for
possible future analyses, explicit FEM results, pertinent to c2, will also be presented below.

4. Numerical Analysis

The finite element analysis was performed using the commercial finite element pack-
age ABAQUS [26]. The finite element mesh is depicted in Figure 3. Here, only details
close to the region of contact is shown but it should be emphasized that it was properly
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ensured that the entire meshed region was sufficiently large to avoid interference from
the outer boundaries. The finite element mesh consisted of four-noded, axisymmetric
elements being of hybrid type, i.e., the displacements were approximated with bilinear
shape functions while the hydrostatic pressure attained a constant value in each element, in
order to improve the convergence at close to incompressible deformation. The simulations
were performed by controlling the displacement of the rigid conical indenter while keeping
the outer boundary of the meshed area in a fixed position. Large deformation theory was
used throughout the simulations with a single exception discussed below.

Figure 3. The finite element mesh used in the indentation simulations. Only the part of the mesh close to the region of
contact is shown. The rigid conical indenter is also indicated.

Regarding the constitutive specification this has been stated above but is repeated
here for clarity: Quasi-static conditions and classical Drucker-Prager elastoplasticity is
relied upon. The investigation is focused on level III contact conditions if not clearly stated
otherwise. Furthermore, frictionless contact is assumed.

Finite element analysis of axisymmetric elasto-plastic contact problems are nowadays
considered to be a standard effort. Despite this, remembering that the present analysis also
includes pressure-sensitivity in the material model, it was thought advisable to determine
the reliability of the present numerical approach in particular concerning the contact
problem. In doing so, present finite element results for cone indentation of an elastic
material were compared with the corresponding analytical solution by Sneddon [1] reading

P = 2Eh2tanθ/(π(1 − ν2)) (16)

In (16), h is as previously mentioned the normal indentation depth and θ is the semi-
included angle of the conical indenter and takes on the value 68◦ (remembering that
the angle between the indenter and the undeformed surface is presently fixed at 22◦).
The outcome of this comparison is depicted in Figure 4. Clearly the two solutions are
basically on top of each other during the first half of the indentation simulation giving some
confidence in the present finite element approach. The rather small differences between
the two curves during the second half of indentation is due to the interference from the
outer boundaries of the finite element mesh. This effect will be negligible at elastoplastic
indentation as then the field variables falls off to zero much more rapidly than in the elastic
case. A corresponding small deformation finite element analysis was also performed with
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the results being close (but not identical) to the large deformation ones. This indicates that
large deformation effects on global indentation properties are relatively small.

Figure 4. Analysis of conical indentation of a linearly elastic half-space. Comparison between present finite element results
(accounting for large deformations) and the analytical solution by Sneddon [1] as detailed in Equation (16). In the figure,
Le,min is the minimum element side length in the region of contact.

The number of elements in contact is an important feature when it comes to the
accuracy of the solution. In [14] it was found that convergence (when defined as the
numerical scatter being less than 2.5%) of numerically determined indentation parameters
required at least 15 elements within the contact region. Presently, the elastic numerical
simulation discussed above was terminated (and relevant parameters evaluated) when
the number of elements in contact was approximately 25. In the plastic simulations this
number was considerably higher due to piling up of material just outside the contact region
(instead of sinking in occurring during the elastic problem). Accordingly, based on the
findings in [14], problems concerning the accuracy of the solution due to this feature will
be minor. Note that as mentioned above global indentation properties are in the present
setting independent of indentation depth (and size of the contact area).

With the finite element procedure established it seems appropriate to also in this
section determine the mechanical behavior of the cone indentation hardness Hc in the spirit
of Figure 1 but accounting for pressure-sensitivity. The results are shown in Figure 5 and
clearly the fundamental behavior is the same regardless of the value on α. It is of importance
for the usefulness of the present analysis that rigid plastic conditions see Figure 1, are
achieved at practically reasonable values, pertinent to essentially all metallic materials,
on the Johnson parameter Λ in Equation (1). Furthermore, it should be emphasized that
the numerical results for classical von Mises plasticity in Figure 5 are very close to the
well-established ones by Atkins and Tabor [6]. This gives further confidence in the present
numerical approach.

Finally in this section, the values on the material properties, used in the simulations,
should be presented and discussed. Some of these values are fixed during the entire analysis;
this concerns σ0 = 1 (normalizing value for stress quantities), ν = 0.3 and σrep = σ(εp = 0.18).
The other material properties are determined from the chosen values on Λ, α, and n.
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Figure 5. The normalized hardness Ĥc (Ĥc = Hc/σ(εp = 0.18)) as function of the non-dimensional strain parameter Λ,
suggested by Johnson [3,4], for different values on the pressure sensitivity factor α. Ideally plastic behavior is assumed.
Results from the finite element method (FEM) simulations of cone indentation.

5. Results and Discussion

The results below are pertinent to a theoretical and numerical analysis of sharp inden-
tation testing of pressure-sensitive materials. In particular, cone indentation is considered
and pressure-sensitivity is modelled using Drucker-Prager elastoplasticity. Rigid plastic
(level III) contact is assumed to prevail, meaning that at least hardness results are not de-
pendent on the elastic properties of the material. In the presentation below, the numerical
(FEM) results will be used in order to verify and to improve the theoretical findings above,
but also to describe the mechanical behavior of different indentation quantities not directly
included in the theoretical analysis.

It seems appropriate to first investigate the influence from the plastic flow direction
on the present results. In doing so, as already mentioned above, the two extremes, incom-
pressible and associate plastic flow, are considered and compared using the finite element
method. The outcome of this comparison is shown in Figure 6 for the normalized cone
indentation hardness Ĥc for a particular value on the power law exponent n (n = 0.1) at
rigid plastic conditions. Clearly the difference between the two sets of results is small; not
only at small values on the pressure-sensitivity parameter α (which could be expected) but
also at α = 0.2. Accordingly, this matter will not be dwelt upon further and associative
plasticity is adhered to in all the calculations discussed below.
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Figure 6. The normalized hardness Ĥc (Ĥc = Hc/σ(εp = 0.18)) as function of the pressure sensitivity factor α at associative
and incompressible plastic flow. Plastic strain hardening with a power law exponent n = 0.1. Results from the FEM
simulations of cone indentation.

A fundamental consequence of the assumptions made in the theoretical analysis
concerns the separability of the influence from strain-hardening and pressure-sensitivity
in the expressions for the material hardness. It therefore seems appropriate to investi-
gate the accuracy of this feature. In doing so, FEM results pertinent to cone indentation
are shown in Figures 7 and 8 for varying values on the power law exponent n and the
pressure-sensitivity parameter α. In Figures 7 and 8 the normalized hardness defined in
Equation (10) (specifically for cone indentation in Equation (13)) is written as

Ĥc = 2.55f (α)g(n) (17)

assuming rigid plastic (level III) indentation and using the representative stress in Equation (3).
The results in Figures 7 and 8 are indeed encouraging as it clearly shows that the influence
from the two features is separable within good accuracy. It should be noted that Equation (13)
suggests that

g(n) = 1 (18)
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Figure 7. The function g(n) in Equation (17) for values on the power law exponent n up to 0.2.
The results indicated are pertinent to the mean solution from axisymmetric FEM simulations (of
cone indentation). The variation of results, at different values on the pressure sensitivity factor α,
is indicated.

Figure 8. The function f(α) in Equation (17) for values on the pressure sensitivity factor α up to
0.2. The quadratic fit according to Equation (19) and the mean solution from axisymmetric FEM
simulations (of cone indentation) are also shown as well as the variation of results for different values
on the power law exponent n.

According to the results shown in Figure 7 this is accurately fulfilled at values of n
up to 0.2. With the present choice of material parameters, strain-hardening becomes very
high at increasing values of n but if the material parameters were adjusted in order to
achieve more practically reasonable strain-hardening g(n) would be much closer to 1 also
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at n > 0.2 or 0.25, cf. [23,27] (in particular Figure 9 in [27]), and this matter will not be
investigated further.

Figure 9. Plastic zone size parameters. In particular the quantity rpy (rpy when normalized) is defined.

With the separability of the problem now established it remains to investigate the
functional form of f (α) in Equation (16). Based on the results shown in Figure 8 second-
order polynomial curve-fitting gives

f (α) = 1.010 + 2.046α + 21.87α2 (19)

for α–values between 0 and 0.2. This should in passing be compared to the presently
theoretically derived expression in Equation (13) from which

f (α) = (1/3α)
(
(1 + 2α)2rpy2q − 1

)
/2.55 (20)

However, in order to explicitly evaluate Equation (20) the size of the plastic zone at
rigid plastic conditions, rpy(α), has to be determined. This is as already mentioned done
by finite element calculations but also requires some further considerations to ensure an
appropriate evaluation. As schematically shown in Figure 9 it is not immediately obvious
how to represent the size of the plastic zone in a correct manner. Decisive results in this
context have, however, been presented by Larsson and Olsson [28]. In this investigation it
is shown that a constant value on the normalized plastic zone size parameter rph is reached
immediately when entering level III contact conditions but not so for rpa where elastic
effects are noticeable also at ln Λ = 8. Accordingly, there is an agreement in mechanical
(contact) behavior between the hardness H and rph and the relative contact area and rpa.
For this reason, rph is used to determine the plastic zone radius rpy in Equation (20), and
consequently in Equations (13) and (15). Indeed, regarding details, remembering the fact
that large deformation theory is relied upon presently, rpy = rph − h, h being the indentation
depth, is adhered to as shown in Figure 9. Second-order polynomial curve-fitting based on
(rigid) ideally plastic finite element simulations then yields

rpy = 1.724 + 2.468α + 13.61α2 (21)

It should be emphasized that the present results pertinent to von Mises plasticity are
in very good agreement with the previous analyses; cf. [28].

Another matter that deserves, as already discussed above, additional consideration is
the fact that in the separability stated in Equations (13) and (17) it is without further discus-
sion assumed that rpy = rpy(α) neglecting the dependence of the strain-hardening exponent
n. It has been shown in many investigations, cf. e.g., Mata et al. [29] that indeed the plastic
zone size is dependent on the power law characteristics and accordingly an assumption
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rpy = rpy(n, α) would be theoretically more correct. However, in the corresponding analysis
for von Mises plasticity it is well-known that the power law dependence is sufficiently
described by determining rpy at ideal plasticity and simply introducing a representative
stress in Equations (3) and (4), cf. [3,4]. By adhering to this observation rpy = rpy(α) is the
foundation for the analysis and this is validated by the agreement between theoretical and
numerical results shown below.

Accordingly, two expressions for the material hardness, at indentation of pressure-
sensitive elastoplastic materials are presented. The first one is based on theoretical/analyt
ical arguments and from Equations (13) and (21) the relation

Ĥc = (1/3α)((1+2α)2(1.724 + 2.468α + 13.61α2)2q − 1) (22)

can be determined. Second, based on Equations (17)–(19), the straightforward finite element
simulations, drawing upon separability, also gives from curve-fitting a complete expression
for the hardness yielding

Ĥc = 2.55(1.010 + 2.046α + 21.87α2) (23)

In Figure 10, the predictions from Equations (22) and (23) are compared and clearly, the
agreement is very satisfactory giving substantial confidence in both the present correlation
approaches. It should be noted that according to Figure 10 the results based on Equation
(22) yields Ĥc slightly less than the established value of 2.55 at von Mises plasticity (α = 0).
Most likely this is due the fact that truly rigid plastic values on rpy (at high values on Λ)
does not exactly agree with the value of rpy at the transition between level II and level III
contact, where Equation (11) is evaluated for the present purpose, due to an overshoot of
the explicit values of rpy at the transition. This has been shown earlier in [28] (Figure 5
in [28]) and also for hardness values as shown in Figure 5. It should then be emphasized
that the mechanical behavior is similar for rpy and the material hardness. Accordingly, if
this feature is accounted for even better agreement would be found between Equation (22)
and the rigid plastic von Mises solution. This is not elaborated further though remembering
that pressure-sensitivity is an issue here.

Figure 10. Comparison between the results given by Equations (22) and (23) for different values on
the pressure sensitivity factor α.
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It should be emphasized that the present approach can be used to confirm the em-
pirical results for cone indentation [6] and correspondingly for pyramid indentation [2]
via Equations (14) and (15). It is somewhat surprising that the present semi-theoretical
approach has not been used previously to confirm the classical empirical results in [2]
and [6]. In particular so as sufficient numerical capacity has been available for a long time
in order to accurately determine the plastic zone radius rpy.

Having established the validity of the present approach for two-dimensional (ax-
isymmetric) indentation, it should be remembered that the corresponding expression for
Berkovich, and Vickers indentation is given by Equation (15). According to the previous
discussion, the size of the plastic zone is taken to be the same as for cone indentation.
However, as mentioned above, the validity of Equation (15) will be investigated in more
detail in a parallel study [25] also including indenter geometry and frictional effects and
this matter will not be dwelled upon further in the present context.

For completeness, results pertinent to the relative contact area c2, as defined in Equa-
tion (5), will also be presented. The first part of these results is depicted in Figure 11
and as can be seen, the qualitative behavior of this parameter is the same regardless if
pressure-sensitivity is accounted for or not. In particular, as is the case at classical von Mises
plasticity, elastic effects are present also at high values on Λ and rigid plastic conditions are
achieved only at essentially unrealistic values on this quantity. Nevertheless, rigid plastic
results for c2 can serve as a guideline at material characterization at classical von Mises
plasticity and it certainly deserves to investigate this matter further also in the present
situation. This was investigated in the context of separability at rigid plasticity, in the spirit
of Equation (17) for hardness values, and the result is shown in Figure 12. Clearly, separa-
bility is not an accurate assumption for pressure-sensitive materials and any attempt to use
c2-values for correlation with material properties is very complicated and not elucidated
(previously or here) in the literature. Accordingly, this will not be attempted presently.

Figure 11. The relative contact area c2 as function of the non-dimensional strain parameter Λ, suggested by Johnson [3,4], for
different values on the pressure sensitivity factor α. Ideally plastic behavior is assumed. Results from the FEM simulations
of cone indentation.
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Figure 12. Normalized relative contact area, c2(α,n)/c2(α)n = 0, for values on the pressure sensitivity factor α up to 0.2 and
different values on the power law exponent n. The c2-values are determined from the FEM-simulations (of cone indentation)
at rigid plastic conditions with Λ–values indicated in the figure.

As a final comment it should be emphasized that even though the relations above
will provide valuable information about the mechanical properties of pressure-sensitive
materials, they are not sufficient for determining the material properties in a complete
manner. This is so even if only the plastic properties of the material (corresponding to rigid
plastic indentation behavior) are of interest. For this reason, it is of course unfortunate that
additional information, solely related to the plastic behavior of the material, cannot be given
by the parameter c2. Accordingly, as it stands now, the present results should be seen as a
complement to other types of mechanical testing for material characterization, and not as a
complete alternative. Having said this, it is clear that the present results are of fundamental
practical value as for the first time, to the authors knowledge, a relation for pressure-
sensitive materials that match the Tabor formula in Equation (2), for classical elastoplastic
materials, has been presented. In this context it should be emphasized that Equation (22) is
not a result of empirical considerations but instead, rests on a solid theoretical foundation.

6. Conclusions

Correlation of global indentation quantities have been investigated presently pertinent
to level III (rigid plastic) indentation of materials constitutively described by Drucker–
Prager elastoplasticity. The most important results can be summarized as follows:

Two closed form relations for the indentation hardness are presented based on (1) a
fundamental mechanical analysis accounting for deformation characteristics in the contact
region and (2) curve-fitting of results from present numerical findings. The two different
relations show very good agreement.

The closed form relations are specifically presented for cone indentation but an exten-
sion to pyramid indentation is detailed.

FEM results for the relative contact area at indentation show that this parameter is, as
in case of von Mises plasticity, very much influenced by the elastic effects and correlation
using this quantity is therefore not attempted here.
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The derived relations are in direct correspondence to the famous Tabor relation, perti-
nent to von Mises plasticity, but for Drucker–Prager plasticity. To the authors knowledge
such formulas have not been presented previously. In short, this constitutes a new tool for
the proper characterization of pressure-sensitive materials.
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