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Abstract: A novel damage detection approach is proposed in this study for a continuous girder
bridge in which support reaction influence lines (ILs) are adopted. First, the relationship between
the local damage of a continuous girder bridge and a damage index, based on support reaction
ILs, is established through analytical derivation. Subsequently, the sensitivity of a support reaction
IL-based damage index is analyzed using Dempster-Shafer (D-S) evidence theory, and it shows that
the support reaction IL-based damage index is more noise-resistant if more support reaction ILs from
a variety of locations are used. Three case studies (a simple numerical study of a two-span continuous
beam, a laboratory experimental study of a two-span aluminum beam, and a complicated numerical
study of a continuous girder bridge in Xiamen) have been conducted to validate the effectiveness of
the proposed method in different damage scenarios, including single damage and multiple damages.
Satisfactory damage identification results can be obtained even in high-level measurement noise
conditions, showing that the proposed approach offers a promising field detection technique for
identifying local structural damages in continuous girder bridges.

Keywords: damage localization; support reaction; influence line; data fusion

1. Introduction

During the service period of a bridge structure over decades or even hundreds of years,
the combined effects of environmental corrosion, material aging, long-term dynamic and
static load effects, fatigue, and catastrophe will inevitably lead to the accumulation of struc-
tural damage and even possibly cause a catastrophic accident. According to transportation
sector figures, there were 912,800 road bridges in China as of the end of 2020, with 86.15%
of them being short- and medium-span bridges. Many large-span bridges and urban-level
bridge groups in China have been equipped with bridge health monitoring systems to
ensure the safety of bridges during operation. These systems can provide comprehensive
information for bridge management, including environmental effects, load effects, and
structural responses. On the one hand, it is commonly acknowledged that the monitoring
system can completely monitor a variety of bridge data. Simultaneously, there are many
issues concerning how to use monitoring data to provide an efficient bridge-condition
evaluation. The effective condition evaluation index is at the core of implementing a
structural-condition evaluation [1–3]. The optimal condition evaluation index should rep-
resent the structure’s fundamental qualities, be sensitive to damage, and be less susceptible
to environmental changes.

There are two types of condition evaluation indicators, namely, vibration-based and
static-based indicators. Frequency [4–7], mode shape [8–10], frequency response func-
tion [11,12], and modal strain energy [13] are examples of vibration-based damage indica-
tors. In several domains, vibration-based indicators have had variable degrees of effective-
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ness, although they are typically thought to be more sensitive to environmental changes
(such as temperature). Static-based indicators, on the other hand, can have exceptionally
high test accuracy and stability and have been used in bridge damage identification studies.

The bridge’s influence line (IL) is a static characteristic that represents the internal
force and reaction variations at a given place of the structure, generated by a unit moving
load [14–17]. The measured IL of the bridge might represent the structure’s current oper-
ational state. Multiple types of ILs with varied features may be generated by reflecting
on different types of monitored physical parameters (deflection, strain, rotation angle,
support reaction). The IL of a bridge, as a particular static index, not only provides global
information about the bridge, but it also has the benefit of being sensitive to local dam-
age and less susceptible to environmental changes. As a result, in recent years, several
researchers have attempted to utilize the IL to identify bridge degradation. By integrating
video imaging and sensor data, Zaurin and Catbas [18] calculated the unit IL of a four-span
bridge model, and then experimentally showed that an IL has the potential to be a useful
damage indicator. Chen et al. [3] investigated and confirmed the efficiency of a collection
of damage localization indicators based on stress ILs for a long-span suspension bridge.
Furthermore, Chen et al. [19] established an explicit link between changes in deflection
influence lines (DILs) and structural damage and then built a unique damage detection
and quantification approach. Rotational IL (RIL) [20,21] was also utilized to create novel
damage-detection algorithms for bridge structure state evaluation.

Although numerous studies have been conducted on damage identification indicators
based on influence lines such as deflection, strain, and rotation angle, there have been
few studies conducted on structural damage indicators based on support reaction ILs [22].
Continuous beam bridges are the most common structural type of short and medium span
bridges, and supports are critical components of continuous beam bridges. The reaction
force of the bridge support contains both a static component generated by the bridge’s
dead weight and a dynamic component induced by the moving vehicle load. The support
reaction ILs may be calculated using the measured moving vehicle and the synchronized
support reaction force response data, and it can indicate the change in reaction force
generated by the unit vertical force. Smart Supports with real-time monitoring of reaction
force may be processed in prefabricated factories to achieve full-cycle safety monitoring
from bridge building to their operation. In comparison to the present difficult and costly
long-span bridge structural health monitoring system, the simple and low-cost smart
supports monitoring system has a better chance of being popularized and deployed on
short- and medium-span bridges. Wang and Liu [23] suggested a damage-localization
approach based on the DIILSR (Difference Index of Influence Line for Vertical Support
Reaction), in which the damage position may be determined by comparing two DIILSR
graphs before and after damage. Sun et al. [24] proposed a hybrid monitoring (HM)
algorithm that combines the finite-element model (FEM) with the monitored data to extend
these data from discrete points to the full structure to obtain the required data at any
position. They used the modal frequency, reaction force influence line, displacement
influence line, and strain influence line to generate the objective function to update the
finite-element model. There are few relevant studies that successfully deal with measured
noise interference, and experimental verification that the support reaction IL index is
employed for continuous beam-damage diagnosis is lacking. Furthermore, the support
reaction force IL and its derivatives of supports have varying sensitivity to damage at the
same place in multi-span continuous beams. It is important to identify a way to eliminate
noise interference during the derivation process of the change of the IL of the measured
support reaction, as well as to fuse the ILs information from numerous sensors in order
to properly find the damage. As a result, the critical issues of the continuous beam bridge
damage diagnosis approach based on the support reaction ILs can be summarized as
follows: (1) there should be a suitable theoretical foundation for determining whether or
not the continuous beam bridge is damaged, as well as the location of the damage via the
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support reaction ILs; (2) How to assure its noise resistance and robustness while enhancing
the support reaction ILs index’s sensitivity to damage.

This paper presents a novel damage localization approach of a continuous girder
bridge by fusing noisy support reaction ILs. First, formula derivation establishes the
relationship between the local damage of a two-span continuous beam and a support
reaction ILs-based damage index. Then, to locate the damage, a cubic smooth spline curve
was used to fit the measured IL polluted by noise, and the Dempster-Shafer (D-S) evidence
theory was used to fuse the data of the multi-support reaction ILs. Preliminary study
results from the verification of numerical simulation, laboratory aluminum beam test, and
BRT continuous box girder bridge demonstrate that the support reaction IL has potential
for development into a continuous girder bridge diagnosis technique.

2. Support Reaction IL—Based Damage Index

For simplicity, a two-span continuous beam is used to model the continuous girder
bridge. Figure 1 depicts the two-span continuous beam model, where a single-span span is
L, and the cross-sectional bending stiffness is EI.

Figure 1. Schematic diagram of a two-span continuous girder bridge.

The basic unknown force is used to replace the redundant constraint of the mid-span
support. By imposing the boundary restriction such that the vertical displacement at the
mid-span support is zero, the basic equation of the force technique may be determined:

δ11Φ + ∆1p = 0 (1)

in which δ11 is the vertical displacement of the unit force Φ = 1 acting on the mid-span
support of the basic structure, and ∆1p denotes the vertical displacement of the mid-span
support caused by the moving force F.

The coefficients δ11 and ∆1p in the fundamental equation of the force method can be
generated via graph multiplication according to the principle of virtual work. As a result,
in the non-destructive condition, the function of the support reaction IL is established
as follows:

Φu(x) =


x(3L2−x2)

2L3 , 0 < x < L

−2L3+9L2x−6Lx2+x3

2L3 , L < x < 2L
(2)

where Φu(x) is the non-destructive formulation of the support reaction IL, x is the bridge
direction coordinate, and L is the continuous beam’s single span. The breadth of the
damage, assuming the continuous beam is locally affected at x = c, is 2ξ. The parameter m
of the damage is defined, so that the section stiffness EId of the damage area is reduced to
1/m of the initial stiffness EI of the section. Therefore, the damage degree α of this section
can be expressed as:

α =
EI − EId

EI
= 1− 1/m (3)

Similarly, the coefficients δ11 and ∆1p under the damage condition are calculated
according to the graph multiplication. According to Equation (1), the theoretical expression
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of the support reaction IL of the middle support of the continuous beam of two spans in
the damaged state can be obtained:

Φd(x) =



x
(
3L3 − 6c2ξ(−1 + m)− 2ξ3(−1 + m) + 12cξL(−1 + m)− Lx2)

2L(L3 + 3c2ξ(−1 + m) + ξ3(−1 + m))
, 0 < x < c− ξ

−2c3L(−1 + m)− 6cξL(−1 + m)(ξ − x) + 2ξ3(−1 + m)(L− x) + 3L3x
2L(L3 + 3c2ξ(−1 + m) + ξ3(−1 + m))

+

3ξ2L(−1 + m)x− Lmx3 + 3c2(−1 + m)(2ξ(L− x) + Lx)
2L(L3 + 3c2ξ(−1 + m) + ξ3(−1 + m))

, c− ξ < x < c + ξ

6c2ξ(−1 + m)(2L− x) + 2ξ3(−1 + m)(2L− x) + 3L3x− Lx3

2L(L3 + 3c2ξ(−1 + m) + ξ3(−1 + m))
, c + ξ < x < L

−
(2L− x)

(
−6c2ξ(−1 + m)− 2ξ3(−1 + m) + L

(
L2 − 4Lx + x2))

2L(L3 + 3c2ξ(−1 + m) + ξ3(−1 + m))
, L < x < 2L

(4)

According to the above formula, the support reaction ILs before and after the dam-
age are all cubic functions of the section of the moving load’s location x, and have the
characteristics of continuous smoothness. The support reaction IL in an undamaged state
is symmetrical to the support’s position in the center of the span. When a continuous
beam is destroyed, the function will abruptly alter near the damaged area, and the original
symmetry will be lost. According to this characteristic of the support reaction IL, the change
of the support reaction IL before and after damage is defined as the index of damage:

∆Φ(x) = Φd(x)−Φu(x) (5)

where the support reaction IL in the damaged and undamaged states are shown by Φd(x)
and Φu(x), respectively.

To increase the sensitivity of the influence line index to damage, the first and second
derivatives of the influence line change are recommended as the damage index. To make
the computation easier, the notion of finite element is used to discretize the continuous
IL curve and to obtain the IL factor corresponding to each discrete point. The following
formula can be used to estimate the first and second derivatives of the IL change.

∆Φ′ (j) ≈ ∆Φ(j + 1)− ∆Φ(j− 1)
2∆l

, 2 ≤ j ≤ q− 1 (6)

∆Φ′′ (j) ≈ ∆Φ(j + 1) + ∆Φ(j− 1)− 2∆Φ(j)

(∆l)2 , 2 ≤ j ≤ q− 1 (7)

where ∆Φ(j), ∆Φ′ (j), and ∆Φ′′ (j) indicate the change in the IL factor corresponding to the
j-th discrete point, as well as the first and second derivatives of the change, respectively.
The distance between two adjacent discrete points is represented by ∆l, while the number
of discrete points is represented by q.

3. Damage Localization Based on Measured Support Reaction ILs
3.1. Curve Fitting of the Support Reaction ILs Change Based on Cubic Spline Function

When localized damage occurs in a continuous beam, the curve of the second deriva-
tive of the change in the IL changes abruptly at the damaged point, which is plainly
different from the non-damaged position. As a result, the damage location is identified
in this work based on the abrupt peak value of the second derivative of the IL changes.
However, owing to instrument error and interference from the external environment, a
certain amount of noise interference will necessarily be included in the measured support
reaction IL changes during the actual measurement procedure. The change in the measured
support reaction IL may be represented as:

∆Φm = ∆Φ + η (8)
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where ∆Φm denotes the measured IL change, and the real support reaction IL change is
denoted by ∆Φ, while the error term owing to measurement noise and fitting error is
denoted by η.

The second derivative index of the support reaction IL change is more sensitive to
noise. Even though the amplitude of the noise interference term η is minor, the damage
location impact of the second derivative index of the change in the support reaction IL
will be considerably decreased if the measured change in the IL containing noise is not
processed. As a result, if you wish to utilize the second derivative index of the change of
the support reaction IL to detect the local damage of the continuous beam, it is necessary to
successfully tackle the major problem of being overly sensitive to noise.

Before and after the damage, the support reaction IL change is a piecewise cubic
function of the moving load position x, with a smooth and continuous characteristic. As
a result, this paper proposes to fit the measured support reaction influence line change
with a cubic smooth spline curve, which is more in line with the smooth and continuous
characteristics of the influence line change, in order to solve the problem of the damage
index being too sensitive to noise. The fitted support reaction IL change is expressed as a
cubic spline function:

∆Φ f (x) =



∆Φ1(x) = a1x3 + b1x2 + c1x+d1 0 < x < L
N

∆Φ2(x) = a2x3 + b2x2 + c2x+d2
L
N < x < 2L

N

...
...

∆Φi(x) = aix3 + bix2 + cix+di
(i−1)L

N < x < iL
N

...
...

∆ΦN(x) = aN x3 + bix2 + cix+dN
(N−1)L

N < x ≤ L

(9)

where Φi(x) is a cubic function that fits the support reaction IL at the i(1 ≤ i ≤ N) section,
and N is the number of segments. ai, bi, ci, di are the coefficients of the cubic term, quadratic
term, initial term, and constant term of the i section’s cubic function. At the nodes, the
cubic spline function meets the following continuity condition:

Φi

(
iL
N

)
= Φi+1

(
iL
N

)
1 ≤ i ≤ N − 1

Φi
′
(

iL
N

)
= Φi+1

′
(

iL
N

)
1 ≤ i ≤ N − 1

Φi
′′
(

iL
N

)
= Φi+1

′′
(

iL
N

)
1 ≤ i ≤ N − 1

(10)

Furthermore, the computation of the cubic spline function mentioned above necessi-
tates the presence of boundary conditions at the two ends, which are often natural borders,
fixed boundaries, and non-kink boundaries, and may be solved using the catch-up ap-
proach If the fit the change of the support reaction IL is directly fit with noise using the
change of the cubic spline, it will result in over-fitting, which will lead to a considerable
fluctuation in the fitted curve of the change of the IL. This does not reflect the current
situation and is not helpful in identifying damage. To make the fitting curve smoother,
a crude penalty component is added to the optimization function and turns it into the
following form.

∧
∆Φ f = argmin

∧
∆Φ f

∣∣∣∆Φm − ∆Φ f

∣∣∣2 + λ
∫ ∣∣∣D2∆Φ f

∣∣∣2dx (11)

where {argmin} stands for the argument of the minimum, ∆Φm represents the measured
change in the IL, ∆Φ f represents the fitted IL, D2∆Φ f represents the fitting function’s
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second derivative, and λ indicates the smoothing factor of the fitting function. Additionally,∣∣∣∆Φm − ∆Φ f

∣∣∣2 is the sum of the squares of the fitting error term, which is used to guarantee

that the data fitting effect is accurate and
∣∣∣D2∆Φ f

∣∣∣2 denotes the roughness term, which is
used to guarantee that the solution is smooth. When λ = ∞, ∆Φ f is the straight line with
the least squares that fits the support reaction IL. When λ = 0, ∆Φ f is the interpolation
fitting of the support reaction IL’s natural cubic spline. As a result, the selection of the λ
value is very critical. The fitting curve ∆Φ f may be kept near to the original data and has
good smooth properties if the value of λ is chosen suitably.

To calculate the smoothing factor, the statistical approach of generalized cross val-
idation (GCV) is used [25]. The smoothing factor λ is determined by minimizing the
following equation:

min
λ

G(λ) =

n
n
∑

i=1
(∆Φm(xi)− ∆Φ f (xi))

2

[n− Tr(A(λ))]2
(12)

in which ∆Φm(xi) is the factor of the measured influence line change at xi, ∆Φ f (xi) is the
factor of the fitted influence line change at xi, A(λ) is a smooth matrix that satisfies the
∆Φ f = A(λ)∆Φm condition, and Tr(A(λ)) is the trace of matrix A(λ), also known as the
fitting degree of freedom.

After calculating the above equation to obtain the change ∆Φ f of the fitted support
reaction IL, Equation (7) is used to obtain the second derivative of the fitted IL change
curve, and the damage location is identified based on the mutation range of the second
derivative curve.

3.2. Damage Localization Based on Information Fusion of Multiple ILs

The support reaction IL index supplied by different support measuring locations
has a varying sensitivity to damage for a multi-span continuous beam. Because of the
presence of multiple unfavorable conditions such as test-environment interference and
sensor-measurement inaccuracy, pinpointing the location of the injury must is limited
when relying solely on a single sensor [26,27]. As a result, it is necessary to consider fusing
the support reaction force information of multiple measurement points, fully utilizing the
complementarity between the support reaction force information of multiple measurement
points, enhancing the consistent damage information in the multi-source signal [28], and
eliminating non-uniform noise information in order to precisely locate the damage to the
continuous beam structure.

Information fusion technology can naturally blend the data from several position
sensors to produce a more precise description of the status of the study item. The D-
S evidence theory [29–34], Bayesian technique [26], and other commonly used ways of
information fusion technology each have their unique properties. The D-S evidence theory
offers certain benefits over other information fusion methodologies [35] as the theory
does not necessitate preconditions such as conditional probability and prior probability,
hence eliminating the assumption of an unknown probability distribution. As a result, the
article D-S evidence theory was used to fuse multi-sensor data in order to pinpoint specific
damage location.

The first step in applying D-S evidence theory to fuse information from multiple
ILs for damage detection is to build an appropriate identification framework. Using a
two-span continuous beam as an example, the entire beam was divided into m detection
regions, in which each detection area’s information is independent of the others, therefore
the recognition frame may be stated as the following formula:

θ = {x1, x2, · · · , xm} (13)

where xm stands for the position of the m-th detection area.
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Following that, the mass function for each element in the discerning frame should
be assigned depending on the sensor measurement information. Based on prior research,
the second derivative index ∆Φ′′ of the change in the support reaction IL is an excellent
predictor of damage location, and the mass function is derived based on ∆Φ′′ at the location
xj(1 ≤ j ≤ m). The vector of mass functions is as follows:

[m(x1), m(x2), · · · , m(xm)] (14)

where

m
(
xj
)
=

∣∣∆Φ′′i (xj)
∣∣

m
∑

j=1

∣∣∆Φ′′i (xj)
∣∣ (15)

in which
∣∣∆Φ′′i (xj)

∣∣ is the second derivative index based on the change in the IL of the i-th
sensor’s support reaction at the location xj. If other factors are not taken into account, the
peak of

∣∣∆Φ′′i (xj)
∣∣ will occur at the structure’s damage position. As a result, the higher the

value of
∣∣∆Φ′′i (xj)

∣∣, the greater the likelihood of harm to the position xj, and the higher the
value of the mass function.

When the fusion of information between the various sensors is considered thoroughly,
and the mass function corresponding to distinct detection zones is calculated, Equation (14)
may be extended into the form of the following matrix.

m =



m1(x1) m1(x2) · · · m1(xm)

m2(x1) m2(x2) · · · m2(xm)

· · · · · · mi(xj) · · ·

mn(x1) mn(x2) · · · mn(xm)

 (16)

where the subscript m denotes the number of detection positions, n represents the number of
fused sensors. The coefficient of the mass function mi(xj) signifies the degree of conviction
in the damage at the xj position based on the support reaction IL data from the i-th sensor.
As a result, each row in the matrix represents the mass function of each detection area
formed using information from a single sensor, and it fulfills the following formula.

m

∑
j=1

mi
(
xj
)
= 1

(
0 ≤ mi

(
xj
)
≤ 1

)
(17)

According to the D-S evidence theory, the information from various sensors may be
merged to increase the credibility of damage decision making. Thus, the mass function
derived after fusing the information of n sensors for the location xj is the following formula.

m(xj) =
n

∏
i=1

mi(xj)/
m

∑
j=1

(
n

∏
i=1

mi(xj)

)
(18)

The likelihood of damage to each detection area xj may be calculated by fusing the
monitoring information of n sensors using Equation (18). The larger the comprehensive
index m

(
xj
)
, the more likely the detection area xj will be damaged.

3.3. Main Steps of Damage Localization Approach

This subsection summarizes the damage localization approach of a continuous beam
bridge by fusing noisy support reaction ILs, and the associated flowchart is shown in
Figure 2.

• Step 1: Use the measured data to compute the change ∆Φm of the IL of the support
reaction before and after the damage;
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• Step 2: Use the cubic smoothing spline function to solve the fitted curve ∆Φ f of the
change in the support reaction IL;

• Step 3: Use the central difference method to solve the second derivative ∆Φ′′f of the
fitted curve ∆Φ f of the change in the support reaction IL;

• Step 4: Use Equation (18) to combine data from multiple sensors to provide a compre-
hensive index m

(
xj
)

of the likelihood of each detection region.

Figure 2. Flow chart of the proposed damage localization method.

4. Verification of the Proposed Damage Localization Method

In this section, a simple numerical study of a two-span continuous beam, a laboratory
experimental study of a two-span aluminum beam, and a complicated numerical study of
a continuous girder bridge in Xiamen have been carried out to verify the proposed method.
Several hypothetical damage scenarios were introduced for validation, including single
damage, double damages and multiple damages.

4.1. Case Study 1: Numerical Simulation of a Two-Span Continuous Beam
4.1.1. Model Introduction

For the numerical investigation, a two-span continuous beam was used, as illustrated
in Figure 3. Assume that the continuous beam’s single-span span L = 10 m, the height
h = 1 m, the width b = 0.5 m of the rectangular section, the material elastic modulus
E = 3.75× 1010 N/m2, and the material density are 2500 kg/m3. The plane beam element is
utilized for modeling, and 200 beam elements are evenly distributed along the longitudinal
direction of the beam, with a length of 0.1 m for each element. Under the self-weight of
the continuous beam, the support in the middle of the span can bear the maximum load of
approximately 125 kN. Assuming that the range of the sensor at the support is 500 kN, the
moving unit force (F = 300 kN) is successively applied to the nodes of the beam element,
and the shear force values at different support measurement locations are output. Then,
the support reaction IL is obtained based on the balance of the static force at the measuring
point condition.
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Figure 3. The two-span continuous beam model.

Four damage scenarios shown in Figure 4 and Table 1 were stimulated. (1) In Cases S1
and S2, a local damaged square area with a width of 0.1 m and 20% reduction in flexural
stiffness is defined. Among them, Case S1’s damage location is 1/4 of the left span, and
Case S2’s damage location is 3/4 of the left span. (2) In Cases S3 and S4, two local damaged
regions (the rectangle area with a width of 0.1 m) are defined. Two damages in Case S3 are
located in the same span, while two damages in Case S4 are located in two spans. Among
them, the center of Case S3’s damage area 1 is 4.5 m distant from the left support with a
30% reduction in flexural stiffness, while the center of damage area 2 is positioned at 3/4
of the left span with a 20% reduction in flexural stiffness. The center of Case S4′s damage
region 1 is located at 3/4 of the left span and has a 20% loss in flexural stiffness, whereas
the center of damage area 2 is located 16.5 m away from the left support and has a 30%
reduction in flexural stiffness.

Figure 4. Damage case scenarios: (a) Case S1; (b) Case S2; (c) Case S3; (d) Case S4.

Table 1. Damage cases considered in the two-span continuous beam.

Case Lc/L a Ld/L b EId/EIu ∆EI/EIu

S1 0.25 0.1 0.8 0.2
S2 0.75 0.1 0.8 0.2

S3 c 0.45 0.1 0.7 0.3
0.75 0.1 0.8 0.2

S4 c 0.75 0.1 0.8 0.2
1.65 0.1 0.7 0.3

a Lc is the distance between the injured region’s center and the left support. b Ld represents the width of the
damaged area. c Case-S3 and Case-S4 have two damage regions.
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Random white noise is introduced to the signal of the support reaction IL before and
after the damage to verify the robustness of the proposed damage detection technique, and
the noise addition method is as follows:

Φn
u = Φu + λ× η × r (19)

Φn
d = Φd + λ · η · r (20)

where Φn
u and Φn

d are the measured ILs before and after the damage, respectively, λ is the
support sensor’s comprehensive error, η is the sensor range, and r is a [−1, 1] randomly
distributed vector. The Gaussian white noise with a noise level of 5% was added to the
support reaction IL change.

4.1.2. Single Damage Case

The damage Cases S1 and S2 were chosen to verify the viability of the damage locating
technique under single damage conditions. To begin, add white noise to the IL to simulate
the measured support reaction IL, and then calculate the support reaction IL change at
the mid-span support measurement sites before and after the damage. Then, to curve-fit
the change in the measured IL with noise, the cubic smoothing spline function is utilized.
Finally, under the single damage scenario, the fitted support reaction IL change curve is
illustrated in Figure 5.

Figure 5. IL change of single damage case: (a) Case S1; (b) Case S2.

As seen in the above images, although the measured support reaction IL change will
fluctuate due to noise interference, there will still be an extreme value at the area of the
damage. In addition, at a given noise level, because Case S1’s damage site is less sensitive to
damage, the IL change was more strongly disturbed by noise, and the measured IL change
had larger fluctuations. Because Case S2’s damage position is more sensitive to damage,
the IL change was less influenced by noise, and the measured IL change fluctuation was
reduced. Case S2’s fitted IL change curve is in good agreement with the real results in terms
of shape and peak size, and the fitting effect was found to be better than that of Case S1.
Based on the central difference method, the first derivative of the fitted IL change and the
IL change under noise-free interference were calculated, and Figure 6 depicts the results.
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Figure 6. First derivative of IL change of single damage case: (a) Case S1; (b) Case S2.

It can be seen from Figure 6 that the first derivative of the fitted IL change will have
a transition from positive to negative in the damage area, and the range of the transition
can correspond to the location of the damage. The central difference method was further
applied to calculate the second derivative of the fitted IL change, and the resulting plot is
shown in Figure 7.

Figure 7. Second derivative of IL change of single damage case: (a) Case S1; (b) Case S2.

Figure 7 shows that the second derivative of the fitted IL change fluctuates somewhat
in the non-destructive area, while there are more noticeable abrupt fluctuations in the
damaged area. Despite the disturbance caused by the noise (with amplitude less than the
thresholds of ±0.1 kN/m2 in Figure 7a), one obvious peak at the damage location can be
clearly identified. As a result, by finding the peak of the second derivative of the fitted IL
change curve, the site of the damage may be determined. It can be observed that Case S2’s
fitting curve was closer to the true result in terms of peak size and shape than Case S1, and
the peak value in the damage region is more obvious.

To decrease the fluctuation in the non-destructive region and make damage localization
more reliable, the information fusion technique was further applied to the IL information of
the three support measuring sites. According to the proposed approach, curve fitting was
also performed on the measured support reaction IL change with noise at the measuring
locations on the left and right sides of the two-span continuous beam, and then the second
derivative of the fitted IL change was obtained. The D-S evidence theory was then applied
to fuse the IL information of the three support measurement locations in order to determine
the location of the damage, with the following final identification findings.

Figure 8 shows that the fluctuation of the comprehensive index of the IL information
of the three support measuring sites greatly decreased in the non-destructive region, but the
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abrupt change was more severe in the damaged area. Furthermore, following information
fusion, the peak value of the Case S2’s comprehensive index in the damage region was
found to be higher than the peak value of the Case S1’s comprehensive index in the damage
region; additionally, the abrupt change in the comprehensive index of Case S2 matches
better to the damage position. It indicates that variations in the sensitivity of the damage
location will result in different recognition results.

Figure 8. Results of damage localization of single damage case: (a) Case S1; (b) Case S2.

4.1.3. Double Damage Case

The damage Cases S3 and S4 were then selected to test the feasibility of the damage
locating approach under two damage conditions. Similarly, to imitate the actual measured
IL, the corresponding level of white noise was added to the baseline IL, and the support
reaction IL change of the mid-span support was determined. Based on the smoothing cubic
spline function, the measured support reaction IL with noise was fitted. Finally, under two
damage situations, the fitted support reaction IL change of the continuous beam mid-span
support was derived (Figure 9).

Figure 9. IL change of double damage case: (a) Case S3; (b) Case S4.

A satisfactory fitting effect on the peak value and shape may still be obtained for the
measured IL change curve under two damage situations. Figure 9a shows that when two
damages exist on the same span, the support reaction IL change curve is clearly different
from the single damage situation. When two damages occur on the same span, the true
value curve in the damage area will have two vertex angles. The damage site will be
overlooked if the harm location is simply determined based on the peak value of the IL
change. When two damage areas exist in different spans, the support reaction IL change
curve is comparable to the single damage condition, and there are evident peaks in the
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corresponding damage area. The second derivative of the fitted IL change under two
damage situations was determined using the central difference method, and the results are
shown in Figure 10.

Figure 10. Second derivative of IL change of double damage case: (a) Case S3; (b) Case S4.

It can be shown that under the situation with two damages, the second derivative
of the fitted support reaction IL change curve shows noticeable abrupt changes in the
corresponding damaged region, while the non-destructive area fluctuates less. The second
derivative of the fitted IL change of the measurement points on the left and right sides was
retrieved and integrated with the D-S evidence theory to fuse the IL information of the
three measuring points, as illustrated in Figure 11.

Figure 11. Results of damage localization of double damage case: (a) Case S3; (b) Case S4.

The above figures indicate that independent of whether the two damages are placed
on the same span or on two spans, the comprehensive index fusing the IL information
of numerous sensors will have noticeable mutations in the damage region, allowing the
damage site to be reliably detected. Therefore, the damage localization approach proposed
in this study may still produce a satisfactory identification effect for a continuous beam
with two damages.

4.2. Case Study 2: Laboratory Experiment of a Two-Span Aluminum Beam
4.2.1. Experiment Introduction

During the test, the noise interference was not always evenly distributed white noise.
As a result, in this part, a laboratory experiment on a two-span aluminum beam was carried
out to test the practicality of the suggested damage detection method. The beam’s material
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properties are as follows: Young’s Modulus E = 7× 1010 N/m2, density ρ = 2700 kg/m3.
The two-span continuous aluminum beam has a length of 2.1 m, a section height of 0.012
m, and a width of 0.1 m. Pressure sensors were installed beneath the continuous beam’s
three supports. The sensor model is DYLF-102, and it has a total accuracy of roughly 0.05%
FS. Figure 12 shows the Experimental setup.

Figure 12. Experimental setup.

The beam was separated into 40 parts, which were then numbered from left to right.
The length of the unit at both ends of the beam was set to 10 cm, while the remaining units
were set to 5 cm. A mass block with a weight of 99.5 N was used to apply static loads
sequentially according to a certain interval to simulate the unit force of vertical movement.
The loading start point is in the center of the No. 1 unit, the loading end point is in the
center of the No. 40 unit, and the effective loading area is 2 m. Figure 13 depicts the test
loading procedure.

Figure 13. Experimental beam: (a) Unit division and loading; (b) Experimental beam in damage state.

In the experiments, two damage scenarios were simulated (see Figure 13), as stated below:
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• Single damage case: A single damage was introduced at 0.4–0.5 m from the 1st section,
with a moment of inertia reduction of 70% by making a hole.

• Double damage case: Afterwards, the second damage was introduced at 1.4–1.5 m
from the 1st section in a similar manner. The corresponding moment of inertia reduc-
tion was relatively smaller (60%).

4.2.2. Support Reaction Influence Line Indicator Calculation

First, by applying the moving mass to the intact beam, the corresponding support
reaction ILs of the aforementioned three sensor locations was acquired. Then, to simulate
the damage state, a hole was cut in the beam and the support reaction ILs were output
to the corresponding sensors. The actual measured support reaction ILs before and after
the damage are shown in Figure 14. The IL curves before and after damage are almost
similar, especially when the sensor is far from the damage area. The degree of the damage
(∆EI/EIu) in the single damage case and double damage case described in this study is 0.7
and 0.6, respectively.

Figure 14. ILs measured before and after: (a) Single damage case; (b) Double damage case.

Based on the measured ILs, the IL changes in both the single damage case and double
damage case are shown in Figure 15. It can be found from Figure 15 that due to noise
interference such as instrument errors and measurement errors during the measurement
process, the measured support reaction IL change is not a smooth and continuous curve.
The support reaction IL change curves of different measuring locations, however, revealed
peaks at the damage position, and the IL change curve of the middle-span sensor was the
most sensitive to damage, while the IL change curves of the left and right supports were
very similar.
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Figure 15. IL changes in experimental beam: (a) Single damage case; (b) Double damage case.

4.2.3. Damage Location Results

For verification, in the single damage case, the measured support reaction IL change at
the mid-span support was first selected. To decrease the interference of the measured noise,
the cubic smoothing spline function was used to curve fit the measured IL change. The
second derivative of the fitted IL change index was then solved using the central difference
method. Figure 16 depicts the fitted IL changes curve and its second derivative curve in
the experimental beam for the single-damage case.

Figure 16. IL index of mid-span support for single-damage case: (a) the fitted IL changes; (b) Second
derivative of the fitted IL change.

When analyzing the data in Figure 16a, it is clear that the curve of the fitted sup-
port reaction IL can better conform to the measured findings from the overall shape, and
has smooth and continuous features, which is more in accordance with the real situa-
tion. Further examination of Figure 16b reveals that the second derivative of the fitted IL
change curve has a distinct abrupt shift in the region of the damaged area, which differs
dramatically from the non-destructive area.

Similarly, the cubic smoothing spline function was used to curve-fit the measured
support reaction IL change of the aluminum beam’s left and right sides, and the center
difference method was utilized to calculate the second derivative of the fitted IL change,
as illustrated in Figure 17. The second derivative of the fitted support reaction IL change
curves at various measurement sites all exhibit distinct peaks around the damage position.
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Figure 17. Second derivative of the fitted IL change of the side support: (a) Left support; (b) Right support.

In the non-destructive area, however, the second derivative of the fitted IL change
curve of each measurement point fluctuates substantially. As a result, determining the
location of damage using only the IL information of a single sensor may result in errors.
The D-S evidence theory was then employed to fuse the IL information from the three
support measurement locations (see Figure 18).

Figure 18. Results of damage localization of single damage case.

After fusing the sensor information from the three measurement locations, the peak
value of the comprehensive index at the damage place became more noticeable, and the
fluctuation in the non-destructive region also greatly decreased. In comparison to the
recognition result of single-sensor information, the integrated index resulting from the
fusion of the three measurement locations’ IL information can more precisely identify the
location of the damage.

In the Double damage case, the same method was applied to identify the damaged
locations of the aluminum beam, and the final result is displayed in Figure 19. The
comprehensive index after information fusion exhibits evident peaks at the two damage
locations, and the fluctuation in the non-destructive area greatly decreased for the double
damage case.
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Figure 19. Results of damage localization of double damage case.

4.3. Case Study 3: BRT Continuous Box Girder Bridge
4.3.1. Finite Element Model of the BRT Bridge

To verify the efficacy of the proposed method for damage localization, BRT, a three-
span reinforced concrete continuous box girder bridge in Xiamen, was chosen for the case
study. The box girder bridge is 1.8 m high and 10 m wide with a total length of 90 m (see
Figure 20). The bridge’s top section is made of prestressed box girders, the bottom section
is made of reinforced concrete column piers, and the middle is joined by plate rubber
supports (as shown in Figure 21).

Figure 20. Photo of the BRT Bridge.

Figure 21. Schematic drawing of the BRT Bridge: (a) Bridge layout; (b) Cross section.
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Based on the design drawings of the Xiamen BRT bridge, a structural health monitoring
(SHM)-oriented finite element model (FEM) of BRT was established. The bridge FEM model
contains 4136 elements (SOLID65) and eight supports. The bridge’s material properties
are as follows: concrete grade C50, Young’s Modulus E = 3.45 × 1010 N/m2, density
ρ = 2500 kg/m3, Poisson’s ratio υ = 0.2. The schematic diagram of the model is shown in
Figure 22.

Figure 22. FEM model of BRT: (a) Bridge layout; (b) Cross section.

In real structures, damage of continuous girder bridges is likely to occur in the areas
of the top and bottom plates of the box girder. The support reaction IL change induced
by local damage at various locations is also affected by the spatial effect of the box girder
bridge. Furthermore, discrepancies in the output data may be caused by the discrepancy
between the damage area and the spatial position of the detected vehicle. To test the
feasibility of the proposed damage-identification method applied to a box girder bridge,
two types of damage (top plate damage and bottom plate damage) were set up in this
paper, and bridge damage was simulated by reducing the flexural stiffness of the elements
in the corresponding damage area.

Two damage scenarios, in which one or multiple typical local bridge components
suffer from serious damage, were assumed and are described in Table 2 and Figure 23. A
specific amount of white noise was applied to the support reaction ILs before and after the
damage to make the numerical simulation more realistic. The noise-addition approach is
depicted in Equations (19) and (20). Assuming the detected vehicle weighs 600 kN, the
complete accuracy of the pressure sensor at the pier support is λ = 0.02% FS, the range is
η = 1000 kN and the magnitude of the simulated noise is about ±20kN.

Table 2. Damage cases considered in the BRT bridge.

Case Damage Location Damage Level Relative to the Vehicle

Single damage 14.25 m–15.75 m (roof) 0.7 Ipsilateral

Multiple damage
14.25 m–15.75 m (roof) 0.6 Ipsilateral

44.25 m–45.75 m (bottom plate) 0.7 Ipsilateral
74.25 m–75.75 m (bottom plate) 0.6 Ipsilateral

Damage Level can be expressed as α = EIu−EId
EIu

= 1− 1/m (as given in Equation (3)) and is also known as
∆EI/EIu.
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Figure 23. Schematic diagram of BRT bridge damage: (a) Single damage case; (b) Multiple damage case.

4.3.2. Validation Results of Different Hypothetical Scenarios

In both single damage case and multiple damage case, the proposed damage localiza-
tion method of continuous beam bridge by fusing noisy support reaction ILs was applied.
First, the noise was added to the BRT bridge’s support reaction ILs, and then the IL changes
were solved. Furthermore, to eliminate noise interference, the cubic smoothing spline
function was employed to fit the change of the ILs, including noise. Finally, to generate
the mass function index, the central-difference approach was used to calculate the second
derivative of the fitted IL change, and then the D-S evidence theory was applied to fuse
multiple-sensor data. The identification result is shown in Figure 24.

Figure 24. Results of damage localization: (a) Single damage case; (b) Multiple damage case.

Regardless of a single damage case or a multiple damage case, the comprehensive
index fusing multiple-sensor information will have obvious peaks at each damaged area,
and the fluctuations in the non-destructive area will be significantly reduced. The results
indicate that the proposed damage-localization method of a continuous beam bridge can
achieve an excellent result and accurately identify the damage location.

5. Parameter Analysis
5.1. Effect of Damage Degree in Case Study 1

To investigate the relationship between the damage degrees and the support reaction
IL index, a parametric analysis was applied to different levels of damage. Assuming that
the damage location is located at the center of the left span, the damage width is 1 m. For
damage degrees (∆EI/EIu) of 10%, 20%, and 30%, the corresponding support reaction IL
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indicators (IL change, first derivative of IL change and second derivative of IL change) are
calculated as shown in Figure 25.

Figure 25. The corresponding support reaction IL indicators: (a) IL change; (b) first derivative of IL
change; (c) second derivative of IL change.

Figure 25a shows that the peak value of the IL change increases as the damage degree
increases, and the peak value has a positive association with the damage degree, implying
that the support response IL change has the capacity to quantify the damage degree. The
transition from positive to negative in the first derivative of the IL change near the damage
location can be seen in Figure 25b, and the region where the changeover occurs can better
correlate to the damage location. Moreover, as the damage degree increases, the magnitude
of the transition increases accordingly. The second derivative of the IL change is mutated
at the damage location, the region where the mutation occurs corresponds exactly to the
damage location, and the peak of the mutation grows with the degree of damage, as shown
in Figure 25c.

5.2. Effect of Damage Degree in Case Study 3

A parameter analysis of the damage degree was also performed in Case Study 3 for
the two damage cases. In single damage case, 25%, 45%, 65%, and 85% of various degrees
of damage were simulated in the relevant damage position of the FEM, respectively, to
investigate the link between damage degrees and the support reaction IL index of BRT
bridges under various damage scenarios. Similarly, at the corresponding damage areas of
the BRT FEM, 45%, 65%, and 85% of varying damage degrees were modulated, and the
support reaction IL change before and after the damage was output.

As is shown in Figure 26a, the peak value of IL change corresponding to an 85%
damage degree was approximately five times that of a 45% damage degree under the single
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damage scenario. It shows that the peak value of the IL changes increases with the degree
of damage and is positively correlated with the degree of damage. The same conclusion
can also be obtained under multiple damage conditions as shown in Figure 26b. The result
indicates that the effectiveness of the damage localization depends on the damage degree.

Figure 26. The corresponding support reaction IL change: (a) Single damage case; (b) Multiple
damage case.

6. Conclusions

This paper proposed a novel damage-localization approach of a continuous girder
bridge based on support reaction ILs.

• The relationship between the local damage of a continuous beam and support reaction
IL change has been established by formula derivation, which provides a theoretical
basis for the damage location of the support reaction IL-based damage index.

• It was observed that the support reaction IL-based damage index has strong noise
resistance and robustness due to the use of a cubic smooth spline curve to fit the
IL polluted by noise and D-S evidence theory to fuse the data of the multi-support
reaction ILs.

The effectiveness of the proposed approach was verified through three case studies,
numerically and experimentally.

• The detection performance of numerical cases demonstrates that the usage of a cubic
smoothing spline function to fit the change of the measured support reaction IL can
get a result closer to the true value, successfully resolving the problem of the second
derivative index of the IL change being sensitive to noise.

• In addition, the application of D-S evidence theory to fuse the ILs information of
multiple measuring locations in order to construct the mass function can effectively
reduce the interference of inconsistent information, thereby identifying the location of
damages in continuous girder bridges accurately.

• Different from the damage index that is sensitive to local damage (e.g., stress influence
line), the support-reaction influence line is a more global index, which is less sensitive
but has a wider detectable range.

The experimental results demonstrate the proposed method, in which the support
reaction ILs-based damage index is adopted, is promising in practical application.
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