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Abstract: Based on the cable-stayed beam model, this paper studies the nonlinear coupled vibration
behavior of basalt fiber-reinforced polymer (BFRP) cables on long-span cable-stayed bridges under
parametric excitation. Considering the sag, damping of BFRP cables, and the coupled interactions
between stayed cables and the main girder, the nonlinear coupling vibration model of the BFRP
cable–beam composite structure has been established. Taking the longest cable of Sutong Bridge as
a case study, the nonlinear coupled vibration behavior of BFRP cables under parametric excitation
has been numerically analyzed using the finite difference method. The analysis results indicate that
(1) under parametric excitation, the large amplitude nonlinear vibration of the BFRP cable will be
induced with an evident “beat” phenomenon. (2) Under the same parametric excitation, the nonlinear
coupling vibration response and the beta frequency of the BFRP cable were both smaller than that of
the traditional steel cable. (3) The nonlinear coupling vibration response of the BFRP cable increased
with an increment in excitation amplitude and a decrement in cable force. With the increase in the
excitation frequency, weight per unit length, and axial stiffness, the nonlinear vibration response of
the BFRP cable increased first and then decreased. Meanwhile, the damping ratio of the BFRP cable
had no significant influence on the nonlinear coupling vibration.

Keywords: BFRP cable; cable–beam composite structure; nonlinear coupled vibration; parametric
excitation; long-span cable-stayed bridge

1. Introduction

With the increase in the span capacity of cable-stayed bridges, the disadvantages of
traditional steel cables, including large self-weight, pronounced sag effect, and low carrying
efficiency, have become more serious [1]. Due to the limitation of construction technology
and economic performance, a main span of 1300 m has become the bottleneck of the long-
span cable-stayed bridge [2]. In addition, the severe air pollution and increasing traffic
load have aggravated the fatigue degradation and corrosion damage of the traditional
steel cable, which cannot meet the requirements of the long-span cable-stayed bridge for
long spans, long life, and high durability. It is necessary to develop a new material cable
with superior mechanical and chemical properties and economic performance to apply
on the long-span cable-stayed bridge to overcome the challenges in span and durability
of bridge engineering [3]. Fiber-reinforced polymer (FRP for short) materials have been
widely used in repairing existing structures and reinforcing new structures due to their high
strength-to-weight ratio, good anti-fatigue properties, and superior corrosion resistance
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during the past 30 years [4]. Manufacturing stayed cables with FRP materials can not only
take full advantage of FRP materials such as high strength and lightweight qualities, good
fatigue resistance, and superior anti-corrosion properties, but it also avoids the FRP material
shortcomings of poor shearing performance. Therefore, the application of FRP cable on
long-span cable-stayed bridges can increase span and service life significantly, which will
provide an effective way to improve the short- and long-term performance of long-span
cable-stayed bridges. Due to the superior mechanical and chemical properties, carbon
fiber-reinforced polymer (CFRP for short) material has become the first choice for making
FRP cables for long-span cable-stayed bridges [5]. However, the high cost and significant
wind sensitivity of CFRP cable restrict its application on long-span cable-stayed bridges.
Taking mechanical properties and economic performance into consideration, the feasibility
of the other FRP materials used to manufacture FRP cables has been studied. Compared
with the other FRP materials, basalt fiber-reinforced polymer (BFRP for short) has shown its
mechanical and economic advantages, such as high strength, significant elongation, good
fatigue resistance, superior anti-corrosion property, good chemical stability, and low cost [6].
With no emissions of harmful gases during manufacture, the BFRP cable has been regarded
as one of the green inorganic fiber materials. With its outstanding advantages, theoretical
and experimental studies on the mechanical behavior and structural performance of BFRP
cables on long-span cable-stayed bridges have been carried out [7]. According to the
existing studies [8], anchorage of BFRP cables with multiple tendons and large tonnage can
be achieved using the anchorage method with a continuous fiber-reinforced load transfer
component. Applying BFRP cable on long-span cable-stayed bridges can not only meet
the requirement of bridge structure design but also reduce the axial force of the girder. In
addition, BFRP cables can help to suppress the significant amplitude vibration of cables
and optimize the economic performance of long-span cable-stayed bridges [9]. With the
improvement in manufacturing and the accumulation of engineering experience, BFRP
cables have broad prospects of application on long-span cable-stayed bridges.

With a quarter of the weight per unit length of the traditional steel cable, the BFRP
cable is more sensitive to external excitation [10]. Under the same load excitation, the am-
plitude of vibration acceleration will be significantly larger than that of the steel cable [11],
which shows the high sensitivity of the FRP cable under external excitation. According to
existing studies [12,13], the large-amplitude vibration of the stayed cable will be induced
under parametric excitation, whose excitation frequency is twice the natural frequency of
the stayed cable. However, the results of the analysis for the stayed cable do not agree
with the actual vibration behavior on long-span cable-stayed bridges due to the overlook-
ing of the coupled vibration interaction between the cable and the deck of the long-span
cable-stayed bridge. It is necessary to analyze the parametric vibration behavior of the FRP
cable on a long-span cable-stayed bridge considering the coupled vibration interaction. For
the cable-stayed bridges, masts, and suspended roofs, the cable-stayed beam model has
been widely adopted in coupled vibration analysis. Through a mass block [14], simply sup-
ported beam [15], or cantilever beam [16] simulating the bridge deck, reduced cable–beam
models were employed to study the nonlinear coupled behavior of the stayed cable on a
long-span cable-stayed bridge. Based on the cable-stayed beam model, the coupled vibra-
tion responses were constructed with their vibration characteristics, influence factors, and
the coupling effects on the cable. With the reduced cable–beam model (cable–mass block
model), Guo [17,18] investigated the cable’s forced nonlinear vibration that was excited by
beam oscillation and numerically analyzed the influence of the deck/cable mass ratio, cable
inclination, boundary damping, and internal detuning on the nonlinear vibration responses.
According to the cable–simple support beam model, Kang [19] and Cong [20] explored
the spatial dynamic theory and analyzed the multimodal interaction of the system, which
deduced a wealth of behavior from the results, including the saddle-node bifurcation, Hopf
bifurcation, and veering phenomenon. Based on the cable–cantilever beam, Cong [21]
clarified that the cable experienced a more significant response than the beam, whether
excitations were applied to the beam or the cable. In addition, Mohammad [22] discussed
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the effect of bending stiffness and sag of the cable on the system dynamics through theoret-
ical analysis and vibration experiments. With regard to the numerical simulation methods
for reproducing the nonlinear behavior of cable elements, there are various numerical
strategies such as the multi-truss element approach and the catenary element model. Using
the multi-truss element approach, Lonetti [23] proposed a numerical model for predict-
ing the structural integrity of a self-anchored cable-stayed suspension bridge considering
both geometric and material nonlinearities. With the catenary element model, Zhou [24]
numerically assessed the load effects on the prototype of a long-span cable-stayed bridge
and revealed that the design live load from AASHTO may be unsafe for use as the live
load. Although phase achievements in the nonlinear vibration behavior of the cable–beam
composite structure have been made, the coupled effect between the stayed cable and the
beam has not been taken into full consideration, resulting in an inaccurate description of
the parametric vibration behavior of the stayed cables. Meanwhile, the existing studies
of parametric vibration cannot be directly applied to BFRP cables due to the changing
conditions of nonlinear vibration and the complex mechanism of damping the dissipation
energy of BFRP cables. It is necessary to establish the nonlinear coupling vibration model
of the BFRP cable–beam composite structure to study the nonlinear vibration behaviors of
BFRP cables on the long-span cable-stayed bridges under parametric excitation. Taking the
nonlinear factors of BFRP cables and coupling effects between the stayed cable and beam
into consideration, this paper proposed the nonlinear coupled vibration model. It carried
out the theoretical and numerical studies of BFRP cables on the long-span cable-stayed
bridges under parametric excitation. To better understand the nonlinear parametric vibra-
tion of BFRP cables, the key influencing factors of the nonlinear vibration behavior of BFRP
cables on long-span cable-stayed bridges under parametric excitation have been discussed
in this paper.

2. Nonlinear Coupling Vibration Model of the BFRP Cable–Beam

In cable-stayed bridges, the vibration behaviors of stayed cables are usually influenced
by the girder and the tower. Compared with the girder, the impact of the tower on
stayed cables can be negligible due to the significant stiffness of the tower. As shown
in Figure 1, the cable–beam model has been employed to study the nonlinear coupling
vibration behavior of the BFRP cables on long-span cable-stayed bridges [25]. According
to the Cartesian coordinate system, the vibration of the girder and stayed cable can be
described by OcXcZc and ObXbZb in the coordinates of the cable–beam model, where wc
and uc indicate the in-plane and axial displacement of BFRP cable, respectively, and wb and
ub imply the in-plane and axial displacement of the girder, respectively. By ignoring the
secondary factors, the following basic assumptions were proposed to study the nonlinear
vibration of BFRP cables on long-span cable-stayed bridges:

(1) During the whole vibration process of the cable–beam composite structure, the BFRP
cable and girder are in a linear elastic state;

(2) Under the effect of gravity, the structural configuration of the BFRP cable can be
described by the parabolic equation. Taking the sag into consideration, the structural
shape of the BFRP cable can be indicated as in Equation (1), in which mc and Hc
represent the mass per unit length and cable force of the BFRP cable, respectively; xc
and zc represent the axial and transverse coordinates of the BFRP cable in the OcXcZc
Cartesian coordinate system; g denotes the gravity acceleration; θ indicates the angle
between the girder and the stayed cable; lc and lb imply the length of the girder and
of the BFRP cable, respectively;

zc(xc) =
mcg cos θ

2Hc
xc(lc − xc) (1)

(3) Compared with transverse acceleration and axial stiffness, the axial acceleration,
shear stiffness, torsional stiffness, and flexural stiffness of the BFRP cable have no
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significant influence on the nonlinear vibration behaviors, which can be ignored
during the analysis;

(4) Due to the small axial and shear deformation, only the flexural deformation of the
girder has been taken into consideration.
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Figure 1. Cable–beam composite structure: (a) model structure; (b) actual structure.

Based on the above assumptions, the nonlinear vibration differential equation of the
BFRP cable and girder can be established according to the D’Alembert principle. As shown
in Equations (2) and (3), wc(xc,t) and wb denote the transverse vibration displacement of
the BFRP cable and the vibration displacement of the girder, respectively; EcAc and EbIb
represent the axial stiffness of the BFRP cable and the flexural stiffness of the girder; fc and
fb represent the distribution load of the BFRP cable and the girder, respectively; cc and cb
indicate the damping coefficients of the BFRP cable and the girder, respectively; mb and
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xb imply the mass per unit length and transverse coordinates the in ObXbZb system of the
girder, respectively; Le states the virtual length of the BFRP cable.

mc
∂2wc
∂t2 + cc

∂wc
∂t − Hc

∂2wc
∂xc2 + Ec Ac

Le
(mcg cos θ

Hc
)

2∫ lc
0 wcdxc +

Ec Ac
Le

mcg cos θ
Hc
·∫ lc

0 ( ∂wc
xc

)
2
dxc − Ec Ac

Le
[uc(lc)− mcglc cos θ

2Hc
wc(lc) +

mcg cos θ
Hc

∫ lc
0 wcdx] ∂2wc

∂xc2

= fc − Ec Ac
Le

mcg cos θ
Hc

[uc(lc)− mcglc cos θ
2Hc

wc(lc)]

(2)

mb
∂2wb
∂t2 + cb

∂wb
∂t

+ Hc cos θ
∂2wb
∂xb

2 + Eb Ib
∂4wb
∂xb

4 = fb (3)

To obtain the nonlinear vibration responses, the boundary condition and displacement
continuous condition of the BFRP cable and the girder should be proposed based on the
cable–beam composite model.

Compared with only considering the vibration behavior of the BFRP cable, the cou-
pling interaction between the BFRP cable and the girder has a significant influence on the
nonlinear vibration responses of the BFRP cable–beam composite structure, which can
result in changes in the cable force and in the displacement/rotation between the girder
and BFRP cable end. Therefore, the nonlinear vibration differential equation of the BFRP
cable–beam composite structure should also satisfy the dynamic equilibrium condition
induced by the above coupling interaction, expressed in Equation (4), in which hc represents
the additional cable force generated during the nonlinear vibration of BFRP cable, and ϕc0
denotes the initial rotation of the BFRP cable end.

Eb Ib
∂3wb
∂xb

3 (lb) = hc(sin θ − cos θ tan ϕc0)− Hc
∂wb
∂xb

cos θ + Hc
∂wc

∂xc
cos θ (4)

To simplify the nonlinear vibration analysis, dimensionless parameters were intro-
duced. Based on the finite difference method, the numerical algorithm of the nonlinear
coupling vibration response of the cable–beam composite structure was proposed and is
shown in Figure 2.
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3. Nonlinear Vibration Study of BFRP Cable–Beam Composite Structures under
Parametric Excitation

Based on the above nonlinear coupling vibration model, the longest stayed cable on
the Sutong Bridge in China, shown in Figure 3, was selected as an example to discuss
the nonlinear coupling vibration behavior of the BFRP cable on a long-span cable-stayed
bridge under parametric excitation [26]. Compared to short cables, the nonlinear coupling
vibration of the long cable has significant effects on the dynamic performance of the long-
span cable-stayed bridge. Therefore, the longest stayed cable of Sutong Bridge was taken
as the research object. In Table 1, the structural parameters of the prototype cable have
been listed. Through considering mechanical properties and economic performance [27],
the section parameter of the BFRP cable was designed in terms of the strength principle,
as shown in Equation (5), in which Fd,S and Fd,B denote the design cable force of the steel
cable and the BFRP cable, respectively; f s,B represents the tensile strength of the material
design strength of the cable; SB and AB indicate safety factor and sectional area of the BFRP
cable, respectively. The structural parameters of the BFRP cable are also listed in Table 1.

{Fd,B = Fd,S; fd,B =
fs,B

SB
; AB =

Fd,B

fd,B
} ⇒ AB =

Fd,B · SB

fs,B
(5)
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Table 1. Parameter of material and structure of steel cable and BFRP cable.

Cable
Type

Density
(kg/m3) Length (m) Inclination

(◦)

Elastic
Modulus

(GPa)

Tensile
Strength

(MPa)

Safety
Factor

Design
Cable Force

(107 N)

Sectional
Area

(10−2 m2)

Damping
Ratio (%)

Natural
Frequency

(Hz)

HS 7850 576 23 210 1860 2.5 1.19 1.89 0.17 0.25
BFRP 1739 576 23 58.23 1470 4.0 1.19 3.24 0.78 0.40

In Table 1, the natural frequency (ω) of the stayed cable can be derived based on
the theoretical formula for string vibration, as shown in Equation (6). Meanwhile, the
experimental results of the damping ratios of the steel cable and the BFRP cable were
adopted in this analysis [25]. As shown in Figure 3, the girder of the Sutong Bridge is the
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steel box beam made of Q345 and Q370 grade steel, whose sectional parameters are listed
in Table 1.

ω =
1

2lc

√
Hc

mc
(6)

Once the exciting frequency from the external environment achieves twice the natural
frequency of the stayed cable, the large-amplitude parametric vibration of the cable will be
induced. Therefore, the nonlinear vibration behavior of the BFRP cable on the long-span
cable-stayed bridge under parametric excitation was studied by applying harmonic loads
with the twice the natural frequency of the stayed cable, which can be expressed using
dimensionless parameters such as fc = 0, fb = 10−5 sin (πxb) cos (2 t). Based on the proposed
numerical algorithm, the nonlinear vibration response of the steel cable and the BFRP cable
has been analyzed. As shown in Figure 4, the displacement–time curves of the midpoint
and endpoint of the BFRP cable under parametric excitation are compared with that of the
traditional steel cable. It indicates that a significant amplitude vibration can be induced
by parametric excitation both for the steel cable and the BFRP cable. In addition, there
are apparent beating vibration phenomena during the nonlinear vibration process of the
steel cable and the BFRP cable. Furthermore, the vibration response of the midpoint is
more significant than that of the endpoint both for the steel cable and the BFRP cable under
parametric excitation. However, the parametric vibration amplitudes of the midpoint
and endpoint of the BFRP cable are about 44% and 8% less than that of the steel cable,
respectively, as shown in Table 2. Furthermore, the frequency of the beat vibration of the
BFRP cable is lower than that of the steel cable. In addition, the beat vibration of the steel
cable maintained a presence and had no fundamental amplitude decay or frequency decay
under the parametric excitation. However, the beat frequency of the BFRP cable decreased
gradually with the increase in parametric excitation. With the reduction in the vibration
amplitude, the parametric vibration of the BFRP cable decayed to a steady amplitude. This
is because the BFRP cable as a composite material is endowed with viscoelastic properties
and vibration absorption. To sum up, applying BFRP cables on long-span cable-stayed
bridges can effectively reduce the parametric vibration response and improve the vibration
stability of the stayed cable under the parametric excitation.

Buildings 2023, 13, 3082 7 of 13 
 

1
2

c

c c

H
l m

ω =  (6)

Once the exciting frequency from the external environment achieves twice the 
natural frequency of the stayed cable, the large-amplitude parametric vibration of the 
cable will be induced. Therefore, the nonlinear vibration behavior of the BFRP cable on 
the long-span cable-stayed bridge under parametric excitation was studied by applying 
harmonic loads with the twice the natural frequency of the stayed cable, which can be 
expressed using dimensionless parameters such as fc = 0, fb = 10−5 sin (πxb) cos (2 t). Based 
on the proposed numerical algorithm, the nonlinear vibration response of the steel cable 
and the BFRP cable has been analyzed. As shown in Figure 4, the displacement–time 
curves of the midpoint and endpoint of the BFRP cable under parametric excitation are 
compared with that of the traditional steel cable. It indicates that a significant amplitude 
vibration can be induced by parametric excitation both for the steel cable and the BFRP 
cable. In addition, there are apparent beating vibration phenomena during the nonlinear 
vibration process of the steel cable and the BFRP cable. Furthermore, the vibration 
response of the midpoint is more significant than that of the endpoint both for the steel 
cable and the BFRP cable under parametric excitation. However, the parametric vibration 
amplitudes of the midpoint and endpoint of the BFRP cable are about 44% and 8% less 
than that of the steel cable, respectively, as shown in Table 2. Furthermore, the frequency 
of the beat vibration of the BFRP cable is lower than that of the steel cable. In addition, the 
beat vibration of the steel cable maintained a presence and had no fundamental amplitude 
decay or frequency decay under the parametric excitation. However, the beat frequency 
of the BFRP cable decreased gradually with the increase in parametric excitation. With the 
reduction in the vibration amplitude, the parametric vibration of the BFRP cable decayed 
to a steady amplitude. This is because the BFRP cable as a composite material is endowed 
with viscoelastic properties and vibration absorption. To sum up, applying BFRP cables 
on long-span cable-stayed bridges can effectively reduce the parametric vibration 
response and improve the vibration stability of the stayed cable under the parametric 
excitation. 

   
(a) (b) 

Figure 4. Nonlinear coupled vibration response of steel cable and BFRP cable under parametric 
excitation: (a) displacement–time curves of midpoint of stayed cable; (b) displacement–time curves 
of endpoint of stayed cable. 

Table 2. Maximum amplitude of steel cable and BFRP cable under parametric excitation. 

Cable Type Midpoint (×10−5) Endpoint (×10−5) 
Steel Cable 9.46 5.34 
BFRP Cable 5.34 4.91 

  

0 50 100 150 200 250 300 350
-10

-5

0

5

10

0 50 100 150 200 250 300 350
-10

-5

0

5

10

 
 Steel Cable

 

D
im

en
si

on
le

ss
 D

is
pl

ac
em

en
t o

f C
ab

le
 M

id
po

in
t/1

0－
5

Dimensionless Time

 BFRP Cable
0 50 100 150 200 250 300 350

-10

-5

0

5

10

0 50 100 150 200 250 300 350
-10

-5

0

5

10

 
 Steel Cable

 

D
im

en
si

on
le

ss
 D

is
pl

ac
em

en
t o

f C
ab

le
 E

nd
po

in
t/1

0－
5

Dimensionless Time

 BFRP Cable

Figure 4. Nonlinear coupled vibration response of steel cable and BFRP cable under parametric
excitation: (a) displacement–time curves of midpoint of stayed cable; (b) displacement–time curves
of endpoint of stayed cable.

Table 2. Maximum amplitude of steel cable and BFRP cable under parametric excitation.

Cable Type Midpoint (×10−5) Endpoint (×10−5)

Steel Cable 9.46 5.34
BFRP Cable 5.34 4.91
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4. Analysis of Influence Factors

According to the nonlinear coupling vibration model of the BFRP cable–beam, the
factors that influence the parametric vibration behavior of the BFRP cable include the
frequency and amplitude of the external excitation, the mass per unit length, the damping
ratio, the axial stiffness, and the cable force of the BFRP cable. To explore the critical factors
that influence the regularity of the parametric vibration behavior of the BFRP cable, the
nonlinear coupling vibration behavior of the BFRP cable under parametric excitation has
been studied by changing the influencing factors and conducting numerical analysis.

4.1. Excitation Frequency

Keeping the other parameters unchanged, the nonlinear coupling vibration responses
of the midpoint and endpoint of the BFRP cable was obtained under three different exci-
tation frequencies, which were applied on the BFRP cable–beam composite structure and
expressed using dimensionless parameters such as fc = 0, fb = 10−5 sin (πxb) cos (t); fc = 0,
fb = 10−5 sin (πxb) cos (2 t); fc = 0, fb = 10−5 sin (πxb) cos (3 t). As shown in Figure 5, the non-
linear coupling vibration responses of the BFRP cable under different excitation frequencies
are compared. It can be seen from Figure 5 that the vibration amplitude of the BFRP cable
first increases and then decreases with the increase in the excitation frequency. In particular,
the vibration amplitude achieves the maximum value (5.34 × 10−5 or 4.91 × 10−5) with the
most obvious beat vibration when the excitation frequency is twice the natural frequency
of the BFRP cable, as shown in Figure 5 and Table 3. This is because the external excita-
tion will continuously input vibration energy and focus on the cable vibration when the
excitation frequency is twice the natural frequency. In addition, the maximum vibration
amplitude of the BFRP cable exciting at three times the natural frequency was about 30%
less than that excited by the natural frequency, as shown in Table 3. Moreover, there was
no significant beat vibration once the BFRP cable was excited by natural frequency and
triple natural frequency, excluding the vibration responses of the midpoint of the BFRP
cable under triple natural frequency. In conclusion, it is prone to induce a large-amplitude
parametric vibration for the BFRP cable when the excitation frequency reaches twice the
natural frequency of the BFRP cable. Therefore, effective measures should be taken to
suppress the large-amplitude parametric vibration.
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Figure 5. Nonlinear coupled vibration response of BFRP cable under parametric excitation with
different frequencies: (a) nonlinear vibration response of midpoint; (b) nonlinear vibration response
of endpoint.
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Table 3. Maximum amplitude of BFRP cable with different frequencies.

Frequency Midpoint (×10−5) Endpoint (×10−5)

fc = 0, fb = 10−5 sin (πxb) cos (t) 1.79 2.80
fc = 0, fb = 10−5 sin (πxb) cos (2 t) 5.34 4.91
fc = 0, fb = 10−5 sin (πxb) cos (3 t) 1.37 2.97

4.2. Excitation Amplitude

At the parametric excitation frequency (twice the natural frequency), the excitations with
different amplitudes were applied to the BFRP cable–beam composite structure as the input
loads to discuss the influence of the excitation amplitude on the parametric vibration response
of the BFRP cable. There were three—large, medium, and small—amplitude parametric excita-
tions separately acting on the BFRP cable–beam model, which can be referred to, respectively,
as fc = 0, fb = 5 × 10−6 sin (πxb) cos (2 t); fc = 0, fb = 10−5 sin (πxb) cos (2 t); and fc = 0,
fb = 2 × 10−5 sin (πxb) cos (2 t) according to dimensionless parameters. The parametric vi-
bration responses of the midpoint and endpoint on the BFRP cable under different vibration
amplitudes are compared in Figure 6 and Table 4. As shown in Figure 6, the parametric vi-
bration responses of the BFRP cable increased with the increase in the excitation amplitude.
In addition, an increment in the maximum amplitude of the BFRP cable was nearly the
same as that of the excitation amplitude as shown in Table 4. Furthermore, it would take
more time for the BFRP cable to achieve a stable vibration amplitude when the excitation
amplitude increased. Consequently, more attention should be paid to the large-amplitude
parametric vibration of the BFRP cable used on long-span cable-stayed bridges.
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Figure 6. Nonlinear coupled vibration response of BFRP cable under parametric excitation with
different vibration amplitudes: (a) nonlinear vibration response of the midpoint; (b) nonlinear
vibration response of the endpoint.

Table 4. Maximum amplitude of BFRP cable with different vibration amplitudes.

Vibration Amplitude Midpoint (×10−5) Endpoint (×10−5)

fc = 0, fb = 5 × 10−6 sin (πxb) cos (2 t) 2.67 2.46
fc = 0, fb = 10−5 sin (πxb) cos (2 t) 5.34 4.91

fc = 0, fb = 2 × 10−5 sin (πxb) cos (2 t) 10.69 9.82

4.3. Section Parameters

For stayed cable, the section parameter, such as mass per unit length or axial stiffness,
changes with the section area of the cable. Proportional to the section area, the mass per unit
length and axial stiffness of the BFRP cable increase according to the section area of the BFRP
cable. By changing the section area of the BFRP cable, the effects of mass per unit length
and axial stiffness on the nonlinear coupling vibration behavior of the BFRP cable can be
studied. Three representative sections of the BFRP cable were used to discuss the vibration
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response of the BFRP cable under parametric excitation, which involved 2.43 × 10−2 m2,
3.24 × 10−2 m2, and 4.05 × 10−2 m2. The parametric vibration–time history curves of the
BFRP cable with different section areas are shown in Figure 7 and Table 5. It is indicated
from Figure 7 and Table 5 that the vibration amplitude of the BFRP cable under parametric
excitation increased and then decreased with the increase in the mass per unit length and
axial stiffness of the cable. However, with a rise in the mass per unit length and axial
stiffness of the cable, the frequency of the beat vibration of the BFRP cable under parametric
excitation decreased firstly and then increased. As the ratio of the mass per unit length
and axial stiffness of the BFRP cable approximates 1:1.3:1.7, the ratio of the beat vibration
frequency of the BFRP cable under parametric excitation approaches 4:1:2.
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Figure 7. Nonlinear coupled vibration response of BFRP cable under parametric excitation at different
section areas: (a) nonlinear vibration response of the midpoint; (b) nonlinear vibration response of
the endpoint.

Table 5. Maximum amplitude of BFRP cable at different section areas.

Section Area Midpoint (×10−5) Endpoint (×10−5)

2.43 × 10−2 m2 1.11 1.28
3.24 × 10−2 m2 5.34 4.91
4.05 × 10−2 m2 3.66 2.61

4.4. Cable Force

As one of the critical influencing factors, variation in the cable force would have
significant effects on the vibration behavior of the BFRP cable. Under the condition of
constant parametric excitation, the nonlinear vibration responses of the BFRP cable were
analyzed by applying large, medium, and small cable forces, which were 1.01 × 107 N,
1.19 × 107 N, and 1.37 × 107 N, respectively. The results of the analysis of the midpoint
and endpoint of the BFRP cable with different cable forces are compared in Figure 8 and
Table 6. As shown in Figure 8 and Table 6, the nonlinear parametric vibration response of
the midpoint of the BFRP decreased with the increase in the cable force. For the parametric
vibration of the endpoint of the BFRP cable when applying different cable forces, it increased
slightly initially and decreased obviously afterward as shown in Table 6. However, the
beat frequency of the parametric vibration of the BFRP cable decreased at first and then
increased with the increase in the cable force both for the midpoint and the endpoint of the
cable, as shown in Figure 8.
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Figure 8. Nonlinear coupled vibration response of BFRP cable under parametric excitation with
different cable forces: (a) nonlinear vibration response of the midpoint; (b) nonlinear vibration
response of the endpoint.

Table 6. Maximum amplitude of BFRP cable with different cable forces.

Cable Force Midpoint (×10−5) Endpoint (×10−5)

1.01 × 107 N 5.94 4.61
1.19 × 107 N 5.34 4.91
1.37 × 107 N 1.84 1.99

4.5. Damping Ratio

As a key factor in vibration attenuation and energy dissipation, damping ratio has an
essential influence on the nonlinear vibration behavior of the stayed cable on long-span
cable-stayed bridges. To study the influence regularity of damping ratio on the parametric
vibration behavior, BFRP cables with three different damping ratios relating to 7.8 × 10−4,
7.8 × 10−3, and 7.8 × 10−2 were employed to carry out the nonlinear vibration analysis.
Under similar parametric excitation, the vibration time–history responses of the BFRP cable
with different damping ratios are compared in Figure 9. It can be seen from Figure 9 that
there were no significant differences in the parametric vibration amplitude and frequency
of the midpoint and endpoint of the BFRP cable with different inherent damping ratios as
shown in Table 7. Once the large amplitude parametric vibration is induced, the intrinsic
damping ratio has no significant effect on suppressing the nonlinear vibration of the BFRP
cable under parametric excitation. It is necessary to install additional dampers to control the
large-amplitude parametric vibration for the BFRP cable on long-span cable-stayed bridges.
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Figure 9. Nonlinear coupled vibration response of BFRP cable under parametric excitation with
different damping ratios: (a) nonlinear vibration response of the midpoint; (b) nonlinear vibration
response of the endpoint.
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Table 7. Maximum amplitude of BFRP cable with different damping ratios.

Damping Ratio Midpoint (×10−5) Endpoint (×10−5)

7.8 × 10−4 5.35 4.91
7.8 × 10−3 5.34 4.91
7.8 × 10−2 5.29 4.90

Based on the analysis of the influencing factors of the parametric vibration behavior
of the BFRP cable under parametric excitation, the external excitation and mechanical
characteristics of BFRP cables have significant effects on the nonlinear coupled vibration
of BFRP cables on long-span cable-stayed bridges. Therefore, effective measures should
be taken to suppress the nonlinear coupled vibration of BFRP cables once applied on
long-span cable-stayed bridges in the future. On the one hand, the girder section and
restriction damping of the cable-stayed bridges should be properly designed to change the
natural frequency and amplitude of the girder, which could help BFRP cables avoid the
natural frequency and amplitude of parametric vibration. On the other hand, the external
damper and cross-tie cable should be applied on BFRP cables to improve the mechanical
performance including the free length, natural frequency, and stiffness of the cable system,
which could reduce the response of the parametric vibration.

5. Conclusions

Based on the cable–beam composite structure, the nonlinear coupling vibration model
of BFRP cables on long-span cable-stayed bridges was proposed. The longest-stayed cable
of the Sutong Bridge was taken as a case study to investigate the nonlinear coupling
vibration behavior of the BFRP cable under the parametric excitation according to the BFRP
cable–beam model. Through influence parameter analysis, the vibration regulations of
the BFRP cable under parametric excitation were studied. Based on these analyses, the
following major conclusions were drawn:

(1) Under parametric excitation, large-amplitude and significant beat vibration would
be induced both for the steel cable and the BFRP cable. However, the frequency of
the parametric vibration of the BFRP cable was considerably less than that of the steel
cable. Furthermore, the maximum amplitude of the BFRP cable was up to 44% less
than that of the steel cable due to superior mechanical performance.

(2) The maximum vibration amplitude with evident beat vibration would be obtained
once the excitation frequency is twice the natural frequency of the BFRP cable. In
addition, the larger the excitation amplitude was, the greater the nonlinear parametric
vibration responses of the BFRP cable became. The increment in the maximum
amplitude of the BFRP cable was nearly the same as that of the excitation amplitude.

(3) With an increase in the mass per unit length and axial stiffness, the vibration amplitude
of the BFRP cable under parametric excitation increased firstly and then decreased,
while the frequency of the beat vibration decreased firstly and then increased.

(4) The nonlinear parametric vibration response of the BFRP decreased with an increase
in the cable force. The inherent damping ratio of the BFRP cable had no significant
influence on the parametric vibration behavior.

(5) Parametric vibration control has become the key issue for the application of BFRP
cables on long-span cable-stayed bridges. Establishing parametric vibration control
theory and developing parametric vibration control methods will be the development
direction of future research.
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