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Abstract: The main purpose of the present analysis is to report the numerical solution of the thermal
radiations and magnetohydrodynamic (MHD) effect on the flow of micropolar nanofluid. Further, the
effect of Brownian motion and thermophoresis on the flow field are also elucidated. The combined
phenomenon of heat and mass transfer is considered. Compatible similarities are implemented for the
conversion of nonlinear ordinary differential equations from nonlinear partial differential equations.
The numerical solution of the governing differential equations is obtained via the implicit Keller box
technique. This is an efficient scheme based on the finite difference method. Findings demonstrate
that the heat and mass exchange reduce with growth of the Brinkman parameter, whereas the wall
shear stress enhances with improving the magnitude of the Brinkman factor. The temperature contour
enhances when the radiation parameter reaches its peak, which is useful for industrial processes.
The heat and mass flow rates decrease against higher magnitudes of inclination.

Keywords: heat and mass transfer; micropoalr nanofluid; Brinkman parameter; thermal radiations;
inclination; MHD

1. Introduction

Numerous investigators have elucidated the MHD impacts in several energy-related flows made
by stretching sheet. Stretching sheets have received much consideration due to their significant
applications in engineering and practical fields such as MHD power producers, hyperthermia cancer
cure, brain tumor treatment, and solar energy devices. The physical effects in MHD offer influential
situations in heat flow problems. Lenz’s law indicates that the electric current is induced on a moving
conductor under the magnetic field impact that comprises its own magnetic field. The motion of fluid
modifies when conducting fluid moves under the impact of the magnetic field, and the magnetic
nanoparticles interact with Lorentz forces. MHD fluids control system performance by means of
electrically conducting fluids. For brief information, one can see investigators’ efforts on MHD effects
in references [1–7].
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With the introduction of nanoscience, nanofluids have transformed into a main point of concern
in the research of the flow of nanofluids with mixtures of nanoparticles. Nanofluids are prepared by
dissipating nanometer-sized materials, for example, nanofibers, nanoparticles, droplets, nanotubes,
etc., in fluids. Actually, nanofluids are the mixture of concise nanometer-sized materials with nanoscale
shattered suspensions. Nanofluids must be employed to enhance the thermal conductivity of the
liquids due to Brownian motion and thermophoresis involvement. Nano science is employed to
discover the suitable working fluid to recover convective heat exchange improvement. Nanofluids
are utilized in nanotechnology, hyperthermia cancer cure, microelectronics, medical procedures, and
hybrid power devices. Usman et al. [8] studied the flow Casson nanofluid towards an inclined
stretching cylinder. Khan et al. [9] examined the flow of Jeffery nanofluid towards an inclined stretching
surface. Ghadikolaei et al. [10] investigated the flow of Casson nanofluid towards a porous inclined
surface. Recently, Rafique et al. [11] investigated the flow of Casson nanofluid towards an inclined
surface. For details, see references [12–20].

Over the last few decades, scholars have paid prodigious attention to the boundary layer flows
towards stretching inclined surfaces. The primary reasons behind such substantial thought is their
mechanisms and uses. This commitment to the investigation of boundary layer flows is due to their
vast utilization in industries, technology, and engineering such as the extrusion of plastic sheets,
glass fiber production, crystal growing, hot rolling, wire drawing, metal and polymer extrusion,
and metal spinning. Ramesh et al. [21] examined the boundary layer flow towards a slanted sheet.
Abo-Eldahab et al. [22] studied the energy transport towards an extending slanted sheet. Rehman
et al. [23] investigated the heat and mass exchange flow through an inclined surface. The flow of
Powell–Erying fluid towards an inclined surface by incorporating the radiation impact was examined
by Hayat et al. [24]. Recently, Tlili [25] studied the flow of Jeffrey fluid towards a slanted sheet by
incorporating the heat generation effect.

In the modern age, the investigation of non-Newtonian fluid towards stretching-inclined surfaces
has increased the consideration of researchers because of the extensive range of practical uses in
numerous industries, for example, ground water pollution, food procedures, the production of plastic
materials, the manufacturing of electronic chips, the cooling of nuclear apparatuses, etc. Micropolar
fluid is one of the most important non-Newtonian fluids to have gained a great deal of attention among
the new age investigators, because Newtonian fluids have failed to describe the features of fluids
with suspended particles accurately. The basic theory about the micropolar fluid was introduced by
Eringen [26] in his pioneering paper. Beg et al. [27] studied the flow of microplar fluid towards an
inclined surface numerically. The flow of convective micropolar fluid towards an inclined surface
has been discussed by Rahaman et al. [28]. Shah et al. [29] discussed the flow of micropolar fluid
between two plates. Rafique et al. [30] investigated the flow of micropolar nanofluid towards an
inclined surface numerically. For further detail about the flow of micropolar fluid towards an inclined
surface with different impacts, see [31–34]. However, there is a lack of academic literature regarding
heat and mass exchange of Brinkman-type micropolar nanofluid flow towards an inclined stretching
sheet. Furthermore, there is always a need to develop an updated methodological approach that aims
to assist heat transportation because of its importance in industry, in engineering, and in building
envelopes. Therefore, in this paper we consider the Brownian motion and thermophoretic effects on
the flow field, instead of alternative heat transfer techniques (see [35–37]).

The abovementioned literature and its uses in engineering is the basis of the inspiration to probe
the effect of thermal radiations and inclination on the Brinkman-type micropolar nanofluid flow past
an inclined stretching surface. It is also clear from the available literature that the inclination effect
along with thermal radiation on the flow of Brinkman-type micropolar nanofluid towards an inclined
stretching surface has not been yet investigated. Therefore, the core purpose of this paper is to fill this
gap. More exactly, the reason behind this motivation is the growing application of non-Newtonian
nanofluids in industrial and engineering fields. Heat and mass transfer phenomena are also considered.
Suitable similarities are utilized to recover ordinary differential equations. The attained system of
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equations is then solved via the Keller box scheme [38]. A comparison of the reduced Nusselt number
and reduced Sherwood number is made with available literature outcomes, and good settlement
is noted.

2. Mathematical Formulation

The flow of microploar nanofluid is generated due to a linear stretching inclined surface in the
presence of thermal radiations, Brinkman parameter, and an inclination factor ζ. The inclined surface is
stretched with the velocity of uw(x) = ax, where a is a constant. Brownian motion and thermophoretic
impacts are considered. The momentum boundary layer develops over the surface when fluid flows
on it; the thermal boundary develops if the surface temperature differs from the bulk temperature, and,
above the surfaces of species, the concentration boundary layer develops in the flow regime.

The governing equations for the study are as follows:
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Here, the Rosseland estimation (for radiation flux) is characterized as

qr = −
4σ∗

3k∗
∂T4
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(6)

where the Stefan-Boltzmann coefficient is given by σ∗ and mean absorption constant represented by k∗,
whereas the temperature changes between local temperature T and free steam T∞ is very small, since it
ignores higher-order terms in the expansion of T4 in Taylor succession about T∞ for

T4 � 4T3
∞T − 3T4

∞ (7)

By using Equations (5) and (6), the Equation (3) converted into
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where in the directions x and y the velocity constituents are u and v, individually, g is the gravitational
acceleration, strength of magnetic field is defined by B0, σ is the electrical conductivity, viscosity is
given by µ, density of conventional fluid is given by δ f , density of the nanoparticle is given by δp, β is
the Brinkman parameter, thermal expansion factor is denoted by βt, concentration expansion constant is
given by βc, DB denotes the Brownian dissemination factor, DT represents the thermophoresis dispersion
factor, the thermal conductivity given by k, the heat capacity of the nanoparticles symbolically is
given as (δc)p, heat capacity of the conventional liquid is given by (δc) f , α = k

(δc) f
denotes thermal

diffusivity parameter, and the symbolic representation of the relation among current heat capacity of

the nanoparticle and the liquid is τ =
(δc)p

(δc) f
.
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The subjected boundary conditions are

u = uw(x) = ax, v = Vw , T = Tw , N∗ = −m0
∂u
∂y , C = Cw at y = 0,

u→ u∞(x) = 0, v→ 0 , T→ T∞ , N∗ → 0, C→ C∞ at y→∞.
(9)

Here, the stream function Ψ = Ψ (x, y) is demarcated as

u =
∂Ψ
∂y

, v =
∂Ψ
∂x

(10)

where Equation of continuity in Equation (1) is fulfilled. The similarity transformations are defined as

u = ax f ′(η), v = −
√

av f (η), η = y
√

a
v ,

θ(η) = T−T∞
Tw−T∞ , φ(η) = C−C∞

Cw−C∞ ,
(11)

On substituting Equation (8), system of Equations (2)–(5) converted to
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Here, primes denotes the differentiation with respect to η, M denotes the magnetic factor called
Hartmann number, ν denotes the kinematic viscosity of the liquid, Pr denotes the Prandtl number,
β1 signifies the dimension less Brinkman parameter, Lewis number is denoted by Le, and the material
parameter denoted by K.

The corresponding boundary settings are changed to

f (η) = S, f ′(η) = 1, h(η) = 0, θ(η) = 1, φ(η) = 1, at η = 0,
f ′(η)→ 0, h(η)→ 0, θ(η)→ 0, φ(η)→ 0 as η→∞.

(17)

It is found that by eliminating the vertex viscosity, i.e., K = 0, it agrees to a nanofluid model
deprived of micropolar effects. The skin friction, Sherwood number, and Nusselt number for the
current study are defined as

Nux =
xqw

k(Tw − T∞)
, Shx =

xqm

DB(Cw −C∞)
, C f =

tw
1
2 uw2ρ f

. (18)

The related expressions for the skin-friction coefficient C f x(0) = f ′′ (0), the reduced Sherwood
number −φ′(0), and the reduced Nusselt number −θ′(0) are demarcated as

−θ′(0) =
Nux(

1 + 4
3 N

)√
Rex

, −φ′(0) =
Shx
√

Rex
, C f x = C f

√
Rex (19)

where Rex = uwx
ν is the local Reynolds number.
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3. Results and Discussion

A series of numerical calculations has been accomplished by employing a useful numerical
technique called the Keller-box method on system of Equations (12)–(15) with their appropriate
boundary settings (15) to achieve insight into the physical situation of flow configuration. These
computations are attained for various values of Brownian motion factor Nb, thermophoresis assumed
by Nt, magnetic factor M, buoyancy factor λ, solutal buoyancy constraint δ, inclination factor ζ,
Prandtl number Pr, Lewis number Le, radiation effect N, Brinkman parameter β1, suction or injection
parameter S, and material factor K, which are presented in different tables and figures. The flow
pattern of the current study is presented in Figure 1 using the curves, showing the profiles of velocity,
temperature and concentration.
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Figure 1. Physical geometry with coordinate system.

In order to certify the algorithm established in MATLAB software (The MathWorks Inc., Natick,
MA, USA) for the current method, the numerical results for the reduced Nusselt number and reduced
Sherwood number are compared with the results of Khan and Pop [39] and prepared the Table 1, in the
absence of λ, δ, M, N, β1, K, and S and taking factors Pr = Le = 10, with ζ = 90◦. The current results
display agreement, which verifies accuracy of studied problem. The effects on −θ′(0), −φ′(0), and
C f x(0) against altered values of involved physical parameters Nb, Nt, M, N, λ, δ, ζ, Pr, Le, β1, S, and
K are displayed in Table 2.

Table 1. Comparison of the reduced Nusselt number −θ′(0) and the reduced Sherwood number −φ′(0)
when M, K, S, N, β1, δ, λ = 0, Pr = Le =10, and ζ = 90◦.

Nb Nt
Khan and Pop [39] Present Results

−θ′(0) −φ′(0) −θ′(0) −φ′(0)

0.1 0.1 0.9524 2.1294 0.9524 2.1294
0.2 0.2 0.3654 2.5152 0.3654 2.5152
0.3 0.3 0.1355 2.6088 0.1355 2.6088
0.4 0.4 0.0495 2.6038 0.0495 2.6038
0.5 0.5 0.0179 2.5731 0.0179 2.5731

Table 2 shows −θ′(0), −φ′(0), and C f x(0) with the altered magnitudes of the under concern
parameters. It is clear from Table 2 that the heat and mass exchange rate decrease with growth of the
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Brinkman factor. On the other hand, wall shear stress improves for cumulative impact of Brinkman
factor. A similar effect can be seen in the case of inclination change as the heat and mass flux flow
reduce. In addition, the energy exchange rate decreases for the higher values of thermophoretic effect
whereas an opposite impact is seen in the case of mass exchange rate. It is observed that the skin
friction along with heat and mass exchange rate reduce for the growing values of thermal radiation
effect. Moreover, the skin friction enhances for improved values of inclination. The energy flux rate
and mass flux rate decline with growing magnitude of Brownian motion effect. Moreover, the skin
friction increases by increasing the Brownian motion effect.

Table 2. Values of −θ′(0), −φ′(0), and C f x(0). The bold data shows the variation in that parameter
while others are kept constant

Nb Nt Pr Le M K λ δ N S β1 ζ −θ′(0) −φ′(0) C f x(0)

0.1 0.1 7.0 5.0 0.1 1.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.3480 0.5223 0.8291
0.5 0.1 7.0 5.0 0.1 1.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.1589 0.4576 0.8565
0.1 0.5 7.0 5.0 0.1 1.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.2280 1.0417 0.7475
0.1 0.1 10.0 5.0 0.1 1.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.3034 0.5763 0.8305
0.1 0.1 7.0 10.0 0.1 1.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.3323 0.3786 0.8731
0.1 0.1 7.0 5.0 1.0 1.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.3053 0.4544 1.3221
0.1 0.1 7.0 5.0 0.1 3.0 0.1 1.1 1.0 0.5 0.1 45◦ 0.3661 0.5517 1.2747
0.1 0.1 7.0 5.0 0.1 1.0 0.5 1.1 1.0 0.5 0.1 45◦ 0.3575 0.5368 0.6853
0.1 0.1 7.0 5.0 0.1 1.0 0.1 2.0 1.0 0.5 0.1 45◦ 0.3671 0.5517 0.5274
0.1 0.1 7.0 5.0 0.1 1.0 0.1 1.1 2.0 0.5 0.1 45◦ 0.3671 0.4733 0.8284
0.1 0.1 7.0 5.0 0.1 1.0 0.1 1.1 1.0 0.7 0.1 45◦ 0.2044 0.3140 0.7101
0.1 0.1 7.0 5.0 0.1 1.0 0.1 1.1 1.0 0.5 1.0 45◦ 0.3053 0.4544 1.3221
0.1 0.1 7.0 5.0 0.1 1.0 0.1 1.1 1.0 0.5 0.1 60◦ 0.2952 0.4386 1.4436

3.1. Velocity Profile

Figures 2–9 are depicted to show the physical behavior of M, λ, δ, ζ, β1, and K on velocity profile.
The variations of M on the velocity is exhibited in the Figure 2. As expected, the velocity of the fluid
flow become lower with the strengthening of the magnetic field. It is an agreement with the fact that
growth in M causes Lorentz force that creates resistance to the flow, due to which the momentum
boundary layer thins across the boundary. A similar effect is shown in Figure 3, contradicting the
variation in M. The angular velocity shows inverse relation with the magnetic field strength. The
variations in material parameter K show the velocity profile upturn (see Figure 4). The variation in
angular velocity contradicts the material parameter portrayed in Figure 5. Clearly, h(θ) increases with
growing magnitudes of K on matching with the Newtonian case (K = 0); additionally, the boundary
layer thickness reduces with growth of K. The relation between λ and the velocity field is depicted in
Figure 6. Here, λ presents the characteristics of the buoyancy forces, which offer a direct relation with
the velocity field. Physically, the growing magnitude of the buoyancy forces causes a decline in the
viscous force, which improves the fluid flow, which causes faster motion. Moreover, the relationship
between the solutal buoyancy forces and velocity field is shown in Figure 7. Physically, the length,
concentration difference, and kinematic viscosity of the fluid affect parameter δ. On the other hand,
there is an inverse relationship between the viscosity and velocity of the fluid. Therefore, the viscosity
of the fluid declines once it has increased the magnitude of δ (which as a result causes faster the
motion), and the concentration upsurges directly, due to which the velocity field rises. Finally, a direct
relationship between factor δ and the velocity outline is shown. Figure 8 presents the inclination
variation in the velocity field. It can be observed that there is an inverse relation between ζ and
f ′(η). This can be ascribed to the fact that the maximum gravitational force acts on flow when the
inclination factor ζ = 0, because in this state the sheet will be vertical. However, for ζ = 90◦ the sheet
will be horizontal, which causes the reduction in the velocity profile as the strength of the bouncy
forces decline. The variation in Brinkman factor causes a decline in the velocity profile (see Figure 9).
Parameter β1 is the ratio between the drag force and density; therefore, by increasing β1 the drag force
improves and the fluid velocity reduces [40].
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3.2. Temperature Profile

Figures 10–14 are plotted to get insight into the variations of M, Nb, Nt, Pr, and N on the
temperature profile. The magnetic field strength shows favorable behavior for the temperature profile
in Figure 10. Here, hydromagnetic case is stronger than the hydrodynamic case (M = 0). It can be
observed that the thickness of the thermal boundary layer thickness improves with growth in M [41].
Figure 11 illustrates the behavior of temperature profile against the variations in the Brownian motion
factor. Brownian motion is an irregular movement of the fluid particles which produces collisions
among the particles. Therefore, the heat of the fluid increases with growing the Brownian motion
impact. Consequently, free surface nanoparticle volume fraction reduces. The variations in Nt increase
the temperature profile (see Figure 12). The restrictions on the thermophoresis favor the rise of the
surface temperature. The irregular movement (Brownian motion) produces kinetic energy because of
nano suspended particles that cause an enhancement in the temperature; consequently, thermopheretic
force develops. Due to the intensity generated by this force, the fluid starts in the reverse direction
of the extending sheet. Finally, an enhancement in Nt causes an improvement in temperature; as a
result, the surface temperature also increases. The effect of Prandtl number on temperature profile is
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presented in Figure 13. The ratio of momentum diffusivity to thermal diffusivity is termed the Prandtl
number. It is a well-known fact that higher thermal conductivities are linked with lower Prandtl fluids;
therefore, heat diffuses rapidly from the surface compared to higher Prandtl fluids. Thus, Pr can
be employed to control the rate of cooling in conducting flows [42]. Finally, the temperature profile
decreases with the growth of Prandtl number. Figure 14 shows that the favorable behavior corresponds
to the radiation effect. The higher surface heat flux rate corresponds to the higher radiation impact,
causing the fluid to be warmer.
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3.3. Concentration Profile

Figures 15–19 represent the variations of M, Nb, Nt, N, and Le on the concentration profile. The
magnetic field strength plays a favorable role for the concentration profile (see Figure 15). As discussed
earlier in the case of velocity profile, the magnet field produces the Lorentz force, thus creating
resistance, which causes improvement in the thermal and concentration boundary layer thicknesses.
Figure 16 exhibits the Brownian motion effect on the concentration profile. It is noticed that the
concentration outline decreases with the growing magnitude of the Brownian motion impact. The
boundary layer thickness is moderated by the enhancement in Brownian movement, which is the
reason for the reduction of concentration profile. The thermophoretic effect boosts the concentration
field (see Figure 17). This is due to the fact that the molecular kinetic energy of the fluid particles
is enhanced by enhancing the thermophoretic impact. The variation in radiation impact causes the
reduction in the concentration field (see Figure 18). The effect of Lewis number is demonstrated in
Figure 19. It is noticeable that the concentration profile falls with the improvement of the Lewis number.
The boundary layer viscosity decreases when the values of Lewis number Le are improved.
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3.4. Heat and Mass Exchange

Behaviors of heat and mass exchange rates along with skin friction are presented in Figures 20–25
for altered values of ζ, Nb, and Nt. Figures 20 and 21 demonstrate that the heat and mass exchange
rates are reduced with growth of inclination and Brownian motion impact. On the other hand, the skin
friction improves when the Brownian motion and inclination effect portrayed in Figure 22 are increased.
Similarly, the heat and mass exchange fluxes fall against the growing magnitudes of thermophorectic
and inclination parameters (see Figures 23 and 24). Moreover, wall shear stress is enhanced with the
growth of inclination and thermophoretic impacts (see Figure 25).
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4. Conclusions

In the numerical analysis of the present study, the effect Brinkman parameter with thermal
radiations on the micropolar nanofluid flow on an inclined surface was investigated. For numerical
results, the Keller-box method was applied. This method is based on finite difference discretization.
Table 1 shows the comparison of the current outcomes with already published results, and shows a
good settlement. The main key conclusions drawn from the study under concern are as follows:

• The Brinkman effect reduces the velocity profile for the higher magnitudes;
• The heat and mass exchange rate reduce with growth of the Brinkman factor;
• The skin friction enhances by increasing the Brinkman parameter;
• The growing variations in the thermal radiations improve the temperature field;
• The skin friction increases with the increase in inclination parameter;
• The buoyancy forces impact improves the velocity profile for large values;
• The heat and mass exchange rate decline with enhancing the Brownian movement.
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