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Abstract: An important issue in the existing inverse finite element method (iFEM) is that reconstruction
accuracy cannot satisfy the analytical demand for the flexible structure. To address this issue,
this paper presents a multi-nodes iFEM that reconstructs the displacement of structure based on
surface measurement strains in real time. Meanwhile, in light of the response characteristics of
iFEM, an innovative interpolation method is adapted to regenerate the full field deformation again.
The proposed method substantially expands the size of inverse elements, which reduces the numbers
of sensors and improves the reconstruction accuracy. The effectiveness of the method to predict
displacement is verified by a flexible antenna panel subjected typical boundary conditions.
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1. Introduction

Today, with the rapid development of integrated antenna of radar technology,
morphing-wing-embedded antenna arrays have an extensive application, such as military and
civilian aerospace [1]. However, these structures are subjected to complex loads, such as wind and
atmospheric pressure, which will produce various types of deformation leading to decrease the pointing
accuracy of array antenna dramatically [2]. Therefore, real-time measurement of the deformation of
antenna unit, which provides feedback to actuation and control systems of structure, is significant for
human and environment safety [3,4].

The method on dynamically monitoring the deformation of structure, known as shape sensing,
and the process of precisely approximating the integrated displacements based on strain measurement
belongs to strictly the inverse problem [5]. To settle the inverse problem, Tikhonov et al. proposed
a method included a regularization term to enhance the smoothness degree for approximating
solution [6], and the technique was extensively employed for the inverse procedure. During the
past few decades, the utilization of shape sensing algorithms for practical engineering has been
demonstrated extensively. However, these approaches are mainly classified into the inverse finite
element method (iFEM), modal method, and Ko’s displacement method. Haugse and Foss proposed a
modal method derived from the idea of polynomial basis function or spline function interpolation [7],
which establishes the relationship between strain and deformation mode coordinates explicitly.
Reference [8] use the modal method to reconstruct the displacement field of the beam structure
precisely. However, the reconstruction accuracy is strictly limited on the number of sensors, which are
at least higher than the mode orders extracted from structure. Thus, the method inevitably needs a
high fidelity physical model, which is hard to do outside the laboratory environment. Then, Ko et al.
develop a strategy, referred to as Ko’s displacement method [9], which is based on the Euler–Bernoulli
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beam theory, and are extensively applicable to structural reconstruction such as beams, wing-boxes, and
plates. The technique included the displacement superposition principle, which builds the quantitative
relation about strain and element degrees of freedom definitely, resulting in the true shape sensing of
slender structures. References [10,11] employ the numerical and experimental means to examine its
feasibility. Although the method has a sufficiently accurate reconstruction of a slender structure, it is
not suitable for the regeneration of three-dimensional structures. Hence, a well-suited shape-sensing
algorithm, in addition to satisfying high accuracy, fast calculation, and strong robustness, also needs
to consider the complexity of structural boundary conditions and geometric topology. Due to the
deficiencies of the modal and the KO method, they are not suited for broad use in the field of structural
health monitoring (SHM). Tessler and Spangler proposed an innovative methodology [12], named the
inverse finite element method (iFEM), embodying the aforementioned characteristics required for a
powerful SHM algorithm. The technology is based on the minimization of weighted-least-squares
functional, which generally is applicable to complex structures subjected to complicated boundary
conditions at any time [13]. The framework is sufficiently precise, powerful, and fast for applications
in an engineering structure loaded statically and dynamically. Furthermore, the strain–displacement
relationship was merely considered in the formulation, and materials of structure can be strictly
ignored [14]. Benefiting from the potentiality of iFEM, the complex structure can be equivalent
to simple models topologically, such as beam, plate, or shell. Moreover, based on the kinematic
assumption of the Timoshenko beam theory, an inverse frame finite element is developed by Cerracchio
and Gherlone [15]. References [16–19] have some analyses of three-dimensional frame structures under
static or damped harmonic excitations based on strains produced numerically and experimentally.
Based on the kinematic assumptions of the first-order shear deformation theory (FSDT), Tessler et al.
developed three-node inverse shell element shorted form iMIN3 [20], which profiles the complex
plate and shell structures accurately. Kefal et al. formulated a four-node quadrilateral inverse-shell
element [21], which takes the influence of hierarchical drilling rotation into account, avoiding the
occurrence of the singular value well. However, due to the heterogeneous and anisotropy of composite
and sandwich structures, iFEM based on FSDT may result in slightly insufficient estimates for shape
sense. Then, based on Zigzag displacement deformation theory, Cerracchio et al. and Kefal et al.
improved the iFEM, which is suitable for sensing complex structures [22,23].

As mentioned above, the iFEM has prominent advantages, such as robustness, efficiency,
and real-time response. However, the method needs numbers of inverse elements for shape sensing of
flexible structures, leading to increasing the quantities of installing sensor. Therefore, the method is
not directly suitable for a sophisticated antenna structure. This paper establishes a novel interpolation
method to regenerate the structural deformation field based on data from the multi-node inverse
finite element method. The technology optimally compromises the number of sensors and the inverse
element and simultaneously retains the reconstruction accuracy.

The outline of the paper can be summarized as follows. First, the deformation field theory for plate
is presented, and the multi-node iFEM formula is derived based on first-order shear deformation theory
(FSDT). Second, taking the five-node quadrilateral inverse finite element as numerical implementation
to result in the structure deformation. After that, the displacement field of the practical antenna
panel is generated by the proposed method by experimental and numerical analysis approaches,
respectively. According to some response dates from iFEM, the utilization of the innovative fitting
technology restructured the full deformation field of board very well. The results from numerical and
experimental analysis verify the correctness of the method proposed. Finally, the conclusions about
the superiorities of the refined restructure methodology are emphasized.

2. Inverse Finite Element Formulation

Consider a plate with thickness of 2t as the analytical model, and the structure can be described
by the general Cartesian coordinate system, as shown in Figure 1.
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Figure 1. Plate model notion.

According to the Mindlin plate theory, the three-directional displacements relevant to arbitrary
points can be expressed [13].

ux(x, y, z) = u(x, y) + zθy(x, y) (1)

uy(x, y, z) = ν(x, y) + zθx(x, y) (2)

uz(x, y, z) = w(x, y) (3)

where, ux, uy are the plane displacements and uz is the transverse displacement across the thickness
orientation; θx,θy are rotations around the x- and y-axes, respectively; and z is the distance from the
selected points to mid-plane of the structure.

The linear strain components are expressed by appropriate derivatives of the displacements.

E = {e1, e2, e3}
T =

{
ux,x, vy,y, ux,y + vy,x

}T

B = {e4, e5, e6}
T =

{
θx,y,θy,x,θx,x + θy,y

}T

G = {e7, e8}
T =

{
wz,x + θy, wz,y + θx

}T
(4)

where, E, B, G indicates membrane, bending curvatures, and transverse-shear strain measures, respectively.
According to the strain relation between any point and three main directions from material

mechanics, the strain at any point of structure can be expressed.

ε(xi, yi,θ) = εx cos2 θ+ εy sin2 θ− γxy sinθ cosθ (5)

Based on the functional theory, the Euclidean distance relationship between the measured strain
and the theoretical strain can be expressed.

φ(u) =
n∑

i=1
wi(‖ε(xi, yi,θi)−ε

e(xi, yi,θi)‖
2 + ‖ε(xi, zi,θi)−ε

e(xi, zi,θi)‖
2

+‖ε(yi, zi,θi)−ε
e(yi, zi,θi)‖

2)
(6)

The εe is the measured strain from sensor, ε is the theoretical strains associated with location,
which is pasted angle along axis (x, y, z), respectively, and n denotes the numbers of sensors, wi is the
weighting constants controlling the completeness between the analytic strains and their experimentally
measured values.

Based on interpolation method, the deformation of points in the element can be expressed linearly
by the shape function of element and the deformation of nodes. The result of any points in element
can be expressed as follows:

{u, v, w} =
m∑

i=1

Niue
i , (i = 1, 2, . . .m) (7)
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where, Ni indicates the interpolation shape function of element, m is the numbers of element nodes,
and ue

i is the degree of freedom of element node expressed by nodal vector.

ue
i =

[
ui vi wi θxi θyi θzi

]T
, i = (1, 2, . . .m) (8)

Introducing Equations (4) and (5) and into Equation (6), and taking the minimum value of it about
node degrees of freedom, gives rise to the function of shape sensing simultaneously.

keue = f e (9)

where, ke is the element matrix related to only the location layout of strain sensors and the f e vector is a
function of the number of strain sensors in the element as well as the measured angle values. These can
be explicitly written, respectively, as

ke = wi

n∑
i=1

(Ee + z · Be)TmT
i (E + z · Be) + r

x
(Ge)TGedxdy (10)

f e = wi

n∑
i=1

(Ee + z · Be)TmT
i ·ε

e
i (11)

where, Ee, Be, Ge can be listed by Appendix A, mi is the angle cosine vector, and r is usually assigned a
minimum value [13].

When the element matrix equations are established, the global deformation field can be performed
explicitly according to the transformation relationship from the local to global coordinates.

KU = F (12)

As K includes the rigid body motion mode of the discretized structure, therefore, it is a singular
matrix. By combining problem-specific displacement boundary conditions, the resulting system of
equations can be reduced from Equation (12)

KaUa = Fa (13)

where, Ka is a 6m × 6m square matrix and invertible [13,24], Fa is a 6m × 1 matrix, and Ua is a
6m× 1 vector. The solution of Equation (12) is very efficient, because the matrix Ka remains unchanged
for a determined configuration of sensors in the process of constant deformation. Moreover, Fa needs
to be updated during any deformation cycle in real time. Finally, the unknown vector Ua reflects the
structural state as well at any time.

According to general space interpolation methods, all the methods satisfy the estimation formula [25]

u(x, y) =
m∑

i=1

wi(x, y)ui (14)

where u(x, y) is the response value at the interpolated point in the structure, wi indicates weighting
function associated to the i-th sample point corresponding to the value ui, and m represents the
numbers of sampling points.

However, the inverse elements divided are evidently bigger than that fem, and the full field
deformation obtained by Equation (12) has a distinct difference. The approximation approach is not
suited for larger inverse elements. Based on the idea of constructing shape function shown [26], one can
adapt a refined interpolation function that the nodes may be in the element rather than only in the
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boundary. The method employs the properties of shape function to improve the precision for a specific
problem. The shape function can be described in the discrete vector

Ni = [Ni(x1, y1), Ni(x2, y2), . . . . . . , Ni(xn, yn)] (15)

where Ni is i − th node shape function, (xn, yn) is the coordinate in the element, n indicates the
number of selected positions, and the arbitrarily point of the structure is expressed according to the
interpolation definition

u(x, y) = N1u1 + N2u2 + . . .+ Niui (16)

The interpolation methods satisfy the four properties on shape function, and the geometric
characteristics of the structure are described in some sense, overcoming the deficiency of little
physical significances.

3. Numerical and Experimental Examples

The deformation of the antenna reflector is the main factor that affects pointing accuracy In order
to examine the accuracy of iFEM for reconstructing the deformation of the antenna plate, an analysis
between numerical and experiment on the skin antenna plate was presented.

A rectangular plate has a length of 0.560 m, a height of 0.202 m, and a uniform thickness of 3.2 mm.
The plate has an elastic modulus of 1.0 GPa and a Poisson’s ratio of 0.3 and is meshed 675 quadrilateral
elements in analysis software; however, the structure was divided only two inverse quadrilateral
elements (shown Figure 2). In Figure 2, the numbers in red indicate the element nodes, and the square
letters in black denote the sampling points, respectively.
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Figure 2. Inverse finite elements model of structure.

First, the deformation of sampling points can be obtained by iFEM. Second, based on these
results, the whole deformation field can be reconstructed by the interpolation method proposed above.
The deformations with two different boundary constraints are analyzed—namely, the left side of the
structure—and both ends are fixed respectively.

With the condition of complete constraints at line connected node 1 and 2, the concentrated force
of 10N is applied positive at nodes 5 and negative 10N at nodes 8 in the z direction concurrently.
The nodes’ deformations calculated by iFEM together with FEM are shown in Table 1.
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Table 1. Results of nodes deformation.

Node
Z Directional Deformation (mm)

FEM iFEM Error

3 11.3 11.1 0.2
4 11.3 11.0 0.3
5 5.4 5.60 0.2
6 50.1 48.1 2.1
7 50.1 50.0 0.1
8 29.3 26.6 2.8

Based on the values of nodes 3–8 by iFEM, one can obtain the sample points A–H by the
general interpolation method. Moreover, acting the nodes A–H together with 5 and 8 as sampling
points, one can regenerate the full-field deformation with the proposed interpolation framework.
The deformation of the whole structure from FEM and iFEM are presented in Figure 3.
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Figure 3. Deformation of the plate structure.

Figure 3 shows the deformed shapes of the plate obtained by different approaches shown from
three different colors lines. The x-axis indicates the points of structure-expressed finite numbers,
and y-axis is the deformation. According to the various interpolation means, iFEM(a) reflects the
deformation trend of the whole structure according to the Equation (13), and iFEM(b) does that by
Equation (15), respectively.

In order to quantitatively analyze the validity of the proposed method, the evaluation indexes
mean error of nodes (ME) and root mean square (RMS) are introduced.

ME =
1
m

∑m
i=1

∣∣∣(XFEM
i −YiFEM

i )
∣∣∣ (17)

RMS =

√∑n
i=1 (X

FEM
i −YiFEM

i )
2

n
(18)

where, XFEM
i indicates the value provided by the finite element method, YiFEM

i is the value from the
inverse finite element method, m and n are the number of nodes and sample points, respectively.

Considering the values from FEM as references, Table 1 lists the results from iFEM. The maximum
deformation of the node along the z direction is 50.2 mm, and the maximum percentage difference is
8. The reconstruction ME is 1.87 mm, and the RMS of the reconstruction accuracy is 2.57 mm from
iFEM(a). However, based on the proposed method, the RMS value of the deformation reconstruction
accuracy is 1.0 mm.
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With case two, lines connected nodes 1 and 2, and at the same time, 6 and 7 are fixed completely,
so the concentrated force of 10N at node 5 and 10N at nodes 8 are applied in the positive z direction.
In comparison, the deformation values of nodes are listed in Table 2. Based on these dates, the profile
of structure can be reconstructed again by iFEM(b), as shown in Figure 4.

Table 2. Results of the nodes deformation.

Node
Z Directional Deformation (mm)

Fem iFEM Error

3 2.27 2.01 0.26
4 2.49 2.11 0.38
5 1.31 1.10 0.15
8 1.83 1.35 0.48
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Figure 4. Deformation of the plate structure.

Table 2 displays the results from two approaches. The maximum deflection of the nodes is 2.5
mm, and the maximum deviation is 0.1 mm. The reconstruction ME is 0.3 mm, and the RMS of
reconstruction accuracy is 0.3 mm. However, adopting the refined method, the RMS value of the
deformation reconstruction accuracy decreases 0.1 mm.

Figures 3 and 4 depict the total deformed shapes of the plate employing different interpolation
technologies iFEM(a) and iFEM(b) separately. For a view of profiles approaching FEM, the improved
approximating skill raises the reconstruction accuracy dramatically.

In this section, one part of the antenna plate is considered. For the purpose of demonstrating the
effectiveness put forward above, the panel has a length of 0.560 m, a height of 0.200 m, and a uniform
thickness of 3.2 mm. For the aim of according with the simulated condition, 11 holes were arranged on
the board, which was connected to fixed base by way of a bolt and screw. Meanwhile, the magnitude
of the load is controlled by adjusting the nut up and down. The fixed device is shown (Figure 5a).
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Figure 5. The measurement system; (a) fixed device; (b) Fiber Bragg Grating (FBG) demodulator;
(c) Northern Digital Incorporation (NDI); (d) marker; (e) Measurement process.

According to the location sensors configuration from the simulation model, the fiber grating
sensors are pasted at the corresponding positions of the experimental board one by one, and the markers
with functions of photosensitization are pasted on the surface of the plate (Figure 5d). The variation
of three-dimensional coordinates can be tracked by a 3D measurement system supplied by NDI
(Waterloo, Ontario, Canada) (Figure 5c), and the surface strain date of structure can be read by the
Fiber Bragg Grating (FBG) demodulator (Figure 5b).

Under the constraint conditions of the cantilever for the test article, the structure subjected to
concentrated force is applied in the positive z direction. The inverse element is produced simplistically
by these markers defined as element nodes at the edge. The markers number is the same as in Figure 2.
The markers’ initial and final position coordinates can be captured by NDI in real time, and the
difference of the two sets of coordinates is the deformation of markers. Based on the measured strains
and markers’ variation, the results from the iFEM analysis and the NDI measurements are shown as
Table 3, and the outline of the whole structure can be viewed in Figure 6.

Table 3. The results of markers deformation.

Marker
Z Directional Deformation (mm)

NDI iFEM Error

3 6.71 6.00 0.71
4 6.92 6.16 0.76
5 2.70 1.85 0.85
6 19.6 16.9 2.70
7 19.7 17.0 2.70
8 12.5 11.6 0.90
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Figure 6. The deformation of the plate structure.

Table 3 lists the results generated from NDI measurements and iFEM, regarding the former as the
benchmark. The maximum deformation of the structure in the Z direction is 19.7 mm. The reconstruction
ME is 1.6 mm, and the RMS of reconstruction accuracy is 1.5 mm. Furthermore, on the basis of the
proposed interpolation technology, the RMS value is 0.9 mm, and the reconstruction accuracy increased
to 0.6 mm.

For the case of fixing two edges of structure, the results of markers’ deformation are shown Table 4.
In addition, the displacement of the full field can be achieved, as shown in Figure 7.

Table 4. The results of the markers deformation.

Marker
Z Directional Deformation (mm)

NDI iFEM Error

3 5.22 4.98 0.24
4 4.86 4.10 0.76
5 1.58 1.06 0.52
6 1.43 1.00 0.43
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The results from Table 4 state that the maximum deformation is 5.2 mm. The value of ME is 1.31
mm, and the RMS is 1.33 mm; otherwise, the RMS calculated by the proposed method is 0.80 mm.
Figures 6 and 7 depict the deflection curve of integrated panel in different ways, considering the
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NDI as an actual value, the curve smoothed by the improved interpolation method is preferable to
approximate the real profile.

4. Discussion

Through the analysis of the estimated factors, the values significantly decrease in different degrees
based on the proposed method. Meanwhile, the tendency of approaching the practicing deformation
also verifies the effectiveness proposed method. Furthermore, the methodology is suitable for practical
engineering applications.

5. Conclusions

A multi-node iFEM is presented for the shape sensing of a flexible structure with strain sensors
installed at discrete locations. The method is based on the minimization of a weighted-least-squares
functional that accounts for the complete set of strain measures consistent with Mindlin plate
theory. Otherwise, based on the results from iFEM, adapting the refined interpolation technique to
reconstruct the full field deformation again. The approach can have an accurate approximation for
big inverse finite elements. Moreover, the method has the advantages of simultaneously achieving
extrapolation and interpolation calculation for elements. Then, several case studies were performed
and demonstrated the computational efficiency and high accuracy with respect to different forms of
the loading structural responses.

The results demonstrated that sufficiently accurate reconstruction can be achieved for the problems
considered herein based on a small number of sensors.
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Appendix A

The matrix Ee, Be, Ge in Equations (9) and (10) can be defined as

Ee =


Ni,x 0 0 0 0

0 Ni,y 0 0 0
Ni,y Ni,x 0 0 0


Be =


0 0 0 0 Ni,x
0 0 0 Ni,y 0
0 0 0 Ni,y Ni,x


GE =

[
0 0 Ni,x 0 0
0 0 Ni,y 0 0

]
(i = 1, 2, 3 . . .m)
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