friried applied
b sciences

Article

Discrete Nonlinear Schrodinger Systems for Periodic Media
with Nonlocal Nonlinearity: The Case of Nematic

Liquid Crystals

Panayotis Panayotaros

check for

updates
Citation: Panayotaros, P. Discrete
nonlinear Schrodinger systems for
periodic thermal media: The case of
nematic liquid crystals. Appl. Sci.
2021, 11, 4420. https://doi.org/
10.3390/app11104420

Academic Editor: Gaetano Assanto

Received: 17 February 2021
Accepted: 20 April 2021
Published: 13 May 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Depto. Matemadticas y Mecénica, IIMAS, Universidad Nacional Autéonoma de México, Apdo. Postal 20-726,
Cd. México 01000, Mexico; panos@mym.iimas.unam.mx

Abstract: We study properties of an infinite system of discrete nonlinear Schrodinger equations
that is equivalent to a coupled Schrodinger-elliptic differential equation with periodic coefficients.
The differential equation was derived as a model for laser beam propagation in optical waveguide
arrays in a nematic liquid crystal substrate and can be relevant to related systems with nonlocal
nonlinearities. The infinite system is obtained by expanding the relevant physical quantities in a
Wannier function basis associated to a periodic Schrodinger operator appearing in the problem.
We show that the model can describe stable beams, and we estimate the optical power at different
length scales. The main result of the paper is the Hamiltonian structure of the infinite system,
assuming that the Wannier functions are real. We also give an explicit construction of real Wannier
functions, and examine translation invariance properties of the linear part of the system in the
Wannier basis.
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1. Introduction

We study properties of an infinite system of discrete nonlinear Schrodinger (DNLS)
equations that is equivalent to a coupled Schrodinger-elliptic system of partial differential
equations with periodic coefficients. The system was derived in [1] as a model for the
propagation of laser light in nematic liquid crystal substrates with a periodic structure in
one of the directions normal to the optical axis. The model was originally motivated by
experimental studies of such waveguide systems [2—4] and leads to extensions of a nonlocal
DNLS equation of Fratalocchi and Assanto [5,6].

The Fratalocchi-Assanto equation has a nonlocal nonlinearity that leads to new ef-
fects when compared to the cubic power DNLS model studied commonly in photonics
and atomic physics [7]. These effects include non-monotonic amplitude profiles of static
(breather) solutions, additional internal modes in the linearization around breathers [8,9],
and enhanced mobility of traveling localized solutions [10]. On the other hand, the mathe-
matical justification of the Fratalocchi-Assanto model, in particular the question of how
well it approximates the partial differential equations with periodic coefficients used to
describe the underlying physics, is less studied. The present paper is a step in studying
this problem.

Schrodinger-elliptic systems of differential equations with a similar nonlocal struc-
ture in the nonlinear term arise in a variety of contexts. Examples from physics in-
clude Bose-Einstein condensates [11], thermal media [12], and matter-wave microwave
systems [13]. The recent review [14] includes further examples describing laser beams in lig-
uid crystals [5,15-17]. A related area of application of such models concerns thermo-optical
interactions induced by beams in liquid crystals [18-20]. The combination of nonlocal
nonlinearity and spatial periodicity or more general inhomogeneity, and the analysis of
relevant equations is therefore a problem of wider interest.
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The Schrodinger-elliptic differential equation we study describes the coupling of the
laser field amplitude to the nematic crystal director angle. The derivation uses approx-
imations of the coupled Oseen-Frank-Maxwell system for a linearly polarized beam [1].
The periodicity of the medium in the direction transverse to the propagation of the laser
beam leads to an elliptic (Poisson-like) equation with periodic coefficients. Our approach is
to expand the laser field and director angle in a Wannier function basis. The system is sub-
sequently written as an infinite system of coupled DNLS equations for the Wannier mode
amplitudes. The Wannier functions we use are defined in terms of a periodic Schrodinger
operator appearing in the elliptic equation [1]. Note that the Wannier functions are integer
translates of an infinite set of localized functions with an increasing degree of oscillation.
Thus Wannier mode amplitudes give information on both the location and the spatial scale
of images. Wannier and the related Bloch functions are a standard tool in the analysis of
periodic Schrodinger operators [21-24], and related linear problems in theoretical physics,
e.g., solid state physics [25].

Wannier functions are increasingly used in the study of nonlinear waves in inhomoge-
neous media. The use of Wannier functions for deriving discrete Schrodinger equations
for nonlinear wave systems with periodic coefficients was first proposed in [26] for the
periodic Gross-Pitaevski equation (NLS with periodic potential). The Wannier expansion
has been used to justify the approximation of this equation by the DNLS equation in the
the tight binding approximation limit for the potential term in [23,27]. Related systems
where the theory applies are described in [11,12]. In the present problem the Wannier
basis leads to a heuristic derivation of the model of [6] and also allows us to derive more
general DNLS-type equations and systems that include additional inter- and intra-band
Wannier mode interactions [1]. However, the Wannier approach does not immediately
justify truncation to the lowest band because the linear part does not have the band gaps
assumed in [23,26,27]. Thus the question of justifying the derivation of finite systems of
(possibly a few) DNLS equations from the infinite system requires some additional analysis,
and also motivates a better understanding of the structure of the infinite system.

A first result of the paper is an outline of the global existence theory, that is the
boundedness of a suitable norm of the solutions. This type of result is a mathematical way
to describe the absence of catastrophic self-focusing (beam collapse) and the possibility
of stable localized beams [28]. The result also implies an estimate for the energy (optical
power) at different length scales and provides a heuristic justification of truncation to a
finite number of DNLS systems, corresponding to Wannier modes of the first bands.

The main result of the paper is a proof that the infinite system resulting from the Wan-
nier basis expansion is a Hamiltonian system. This fact implies the Hamiltonian structure
of the finite band truncations and can useful in analyzing discrete soliton structures, using
for instance methods from [8,9]. The proof assumes that the Wannier functions are real,
and we subsequently give examples of an explicit construction of real Wannier functions in
terms of explicit Bloch functions.

We also examine some features of the linear part of the problem, in particular we show
that it is diagonalized by the trigonometric functions. This observation implies that the
dispersion relation and the coupling between the modes can be computed with relative
ease, and that the linear part of the problem is homogenized in the Wannier basis, i.e.,
is effectively a translation invariant [29,30]. This latter property is an additional motivation
for further developing Bloch-Wannier analysis in nonlinear wave equations.

The paper is organized as follows. In Section 2 we outline the global existence theory
for the coupled Schrodinger-elliptic system and show that the system in the Wannier basis
is Hamiltonian. In Section 3 we discuss the construction of real Wannier functions. We also
discuss translation invariance properties of the linear part of the system. In Section 4 we
discuss some questions for further work.
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2. Hamiltonian Structure of Periodic Nematicon Equations
We consider the system of equations (“nematicon equations”)
1 1
o1 = Eiagu + 5 Biyu (1)
— P+ VY +iy =aluy), @)

with a, B, g positive constants, and V b—periodic and positive.

The complex amplitude u describes the electric field amplitude of a linearly polarized
laser beam through a nematic liquid crystal sample, while ¢ describes the director angle
deviation of the liquid crystal due to the laser beam. The geometry of the problem is
indicated in Figures 1 and 2, see also [3,6]. In Figure 1 we show a vertical direction x,
and the laser beam propagation axis z. The y—axis is perpendicular to the plane of the
figure. The laser beam electric field is polarized along the x—axis, while the the angle ¥
is on the x, z plane. The device (medium) is periodic along the y—axis. The periodicity
can be imposed by an external electric field that is also along the x—axis, see Figure 2.
We also simplify the problem mathematically by ignoring the dependence of u and ¢ in
x. Boundary effects in the directions transverse to the beam are also ignored. Equations
(1) and (2) were derived in [1] from Maxwell’s equations coupled to the Oseen-Frank
equations for the director field [16,31]. Schrodinger operator 785 + V. Similar equations
with constant coefficients have been studied widely in the context of optical solitons in
liquid crystals (“nematicons”) and other nonlocal media [5,14-17].

X=d/2<:><:><:><:> —_— —_—
= e = = = =
HATHATAT
o T T o = =

Xed —m/m — —m—  — __—— — —

Figure 1. View of vertical (x) and optical (z) directions. The laser and external electric fields have only
vertical components, indicated by the arrow. The red line crossing the sample represents the laser
beam, u(y, x, z) is the electric field amplitude of the beam. The nematic director (shaded ovalloids)
is assumed lie on the x, z plane. The angle ¥(y, x, z) is the deviation (from the z—axis) produced
by the laser beam. The second horizontal direction (y—axis) is perpendicular to the plane of the
figure. In (1), (2) we simplify the mathematical problem by ignoring the dependence of u and ¢ on
the vertical variable x. Possible effects of the vertical boundaries of the sample are also ignored.

In model (1), (2) the transverse periodicity of the medium is captured by the b—periodic
function V, and our study involves the analysis of the periodic Schrédinger operator
—9% + V. More detailed models [1] involve more complicated operators with periodic
coefficients in the second equation. An example is the operator considered in [3]. The sim-
plification used here captures the fact that the periodicity of the medium appears in the
nonlinear term of the beam Equation (1).



Appl. Sci. 2021, 11, 4420

40f18

z
Figure 2. The periodicity of the device (or medium) in the horizontal direction (y—axis) is due
to a vertical electric field applied externally. The parallel stripes represent capacitors that apply a
voltage that is uniform along the beam propagation direction (z—axis), and periodic along the y—axis,
see [3,6]. The dependence on the vertical direction is not included in model (1), (2). Horizontal
boundaries are also ignored.

Equation (2) is written in the abstract form A + V, with A = —85 + gz. Assuming
V € L*(R;R), and non-negative we have that G = (A + V)~ ! is bounded symmetric
operator in L2(R;R), and we can write ||Gf||;2 < C||f]|;2, Vf € L?. Also G maps L?(R;R)
to H?(R; R). see e.g., [31], Lemmas 2.1, 2.2.

The local and global existence theory for the initial value problem of system (1), (2)
follows from standard arguments and similar to the one in 2-D in [31-33]. This theory
implies that the solution avoids catastrophic nonlinear collapse in finite length, see [28].
This is an important feature of nonlinear beam propagation in nematic liquid crystals and
related nonlocal media, and is a prerequisite for the existence of stable nonlinearly focused
beams [17], see [33] for mathematical aspects.

The main ingredient of the global existence theory is the conservation of the Hamilto-

nian of the system (1), (2)
H= [ (Gl Foupa?), ®

and of the (optical) power P = [, |u|?, the squared L?—norm of u. We use the notation

Al = (S LF1P)Y7 11l = esssup,cplf(x)].

We can use these two conserved quantities to show the boundedness of some simpler
quantities. By the Cauchy-Schwarz inequality we have

[oteiar < (fisGame) ([ ) <ictaibig, o

and using the boundedness of G in L? we obtain
[ GO uf < Cjulfta. ©
We use that forally € R

(ww)? = [ (2e)yas = [ 2u(s)u(s)as, ©
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therefore
P <2 [ uEu©lds <2 [ u@)l ©)lds <2l @yullz 0)

using the Cauchy-Schwarz inequality. We then have
llullfs < [lullfe /R Jul? < 2 |uy || 2 u][72, ®)
and by (5) we bound the quartic part of the Hamiltonian as
/RG(IMIZ)IMIZ < 2C2|[3yu| |2 ||ul |7 ©)
Then
4H > 2[[uy[[72 — 20BC?|[uy| 2| [ul[f2 = 2l uy| |7 = 20BC*P> ||y |12, (10)

with P the power, a constant. The conservation of H and (10) imply that ||u,||;2 must
remain bounded for all z € R.
Also, [ V|u|? < ||V||r~P, thus we have a bound

2 2 2
= <
Hyi= [ (InyP+ViuP+uf?) < o (1)

for all z € R, with Cy depending on H and P at z = 0.

We now consider an equivalent discrete system using expansions in Wannier functions.
We also examine some consequences of the Hamiltonian structure of system (1), (2) and of
the bound (11).

We start by defining the Wannier functions associated to the Schrodinger operator
—85 + V(y), with V b-periodic, see [21,22]. Bounded solutions ¢,, ; (Bloch functions) and
eigenvalues E,, ; of the periodic Schrédinger equation satisfy

— i+ V() puk = Engupy nEN, keR, (12)
where

Pui(y) = vnr(y)e™,  with v, (y+b) = 0,k(y), (13)
forally c R,n € N,k € R. By V > 0 we have E, > 0, furthermore

En/k+27ﬂ = Eut, ¢n,k+27” (y) = 4)n,k(]/)/ (14)
foralln € N, k, y € R. Then we can consider k in any interval of length 277/b. The index n
is referred to as band index (or number). For any fixed k in an interval of length 27/b, E,, x
is the n — th largest eigenvalue of (12) with boundary conditions ¢, (v + b) = e*¢, 1 (y),
implied by (13).

Also, by (12), (13), the b—periodic functions v,, ; satisfy

o (ay + ik)zvﬂ,k + V(y)vn,k = EuxUnks (15)

thus for any k fixed, n labels the eigenvalues E, ; in an increasing order. This equation can
be also be used to compute the v, x, E,, y numerically for each k € [0,277/b).
Forn € N,y € R, we consider the Fourier coefficients

b b —im
W) =\ e [ Suslp)e ™k, m ez, (16)
b
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of ¢n,.(y), and we also have the inversion formula

duily 1/ Z y)e™k, neN, kxeR. (17)

mGZ

The set of functions w}; : R — C, n € N, m € Z defined by (16) are known as Wannier
functions [21,22,25]. Note that the Bloch functions are not unique. One of the basic results
is that we can define the Bloch functions so that the Wannier functions form an orthonormal
basis for L2(IR; C) [23,24]. We discuss the construction of Bloch and Wannier functions in
the next section.

Another property of the Wannier functions is that, by (16), (13),

w2"+p(y) wi(y—pb), VYneN, mpeZ, yeR. (18)

Thus, fixing 7, the function w!" is a translation of the function w9 by mb.
We use expansions of ¢ and u in Wannier functions w}’ as

=) ) am(z)W)(y), (19)

neNmeZ

= E Z wn,m (2) W' (y)- (20)
neNmeZz
By the orthonormality of the Wannier basis, the coefficients ¢y i, 1,,, are obtained
from the physical quantities ¢, u by

cun(2) =[G W) Ay, () = [u D )y @D

The Wannier functions and the integrals must be evaluated numerically (or approxi-
mately).

Note that the definition w! and the regularity of the ¢,  in k can also lead to strong
localization of the w% in y, see [23,24,34] and the discussion of the next section. The decay
of w}}! is more pronounced for larger oscillation V and for the first n. Numerical examples
are shown in [1]. For rapidly decaying Wannier functions, the decay of the coefficients of
Cn,m, Un,m in m reflect the decay of the spatial profile of ¥, u respectively.

We can also use the orthonormality of the Bloch and Wannier functions to derive a
bound on the optical power of each energy band. Let

- ¥ / 2)nily) di )

neN
By
[, @m0 )y = 8,00k = K) 23)
and (12) we have that H, of (11) satisfies
Hy = [ (yy + Vit upu 2/ (1+ Epp) |6l 2dk. (24)
R neN

Let ey = mingc(g2,/p) Enk- We have e, > 0, Vn € N. Then

> (e [ el 5)
b

neN
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By the orthornormality of the Bloch and Wannier functions for the n—th band and
(20), (22) we have

/ ewil? = (26)
b mezL
Combining with (25), (11) we have
Y. (1+en) 2<G, 27)
neN mez
therefore
Z |unm| 1+5n) 1C0/ (28)
mez

for all n € N. For large n we have ¢, ~ n%, more precisely, there exist ¢, C > 0 such that
cn? < e, < Cn2, ¥n € N. We discuss this estimate in the next section. Therefore

Z |unm] 1—|—cn )~ 1Co, (29)
meZ

foralln € N.

This bound gives us the optical power in the higher band components, e.g., we
can estimate number of modes needed to have a given high percentage of the power in
the lowest band modes. This is a heuristic justification of using a finite system where
n € {1,...,N}, ie., a truncation to the Wannier modes of a finite, possibly large, set of
bands. Note that (29) does not give us however an estimate for the difference between
solutions of the full and truncated systems. This question will be examined in future work.

Equations (1) and (2) in the Wannier basis, see [1], are

dun/ '
dz = *lZZDHunm
neNmeZz
my my,mz,m’ *
bogb T L Vet (30)
ny,mp,n3 €N my,my,m3€Z
where
m,ﬁ’ 17 ’
D = (@) n)wy™ (y) dy, (31)
and /
my,mp,mz,m m,m’ ml,mz,m mm3m
V”lrﬂz,ns,ﬂ/ - 2 2 Gnn In] i, 71’ In s (32)
neNmeZz
with
mm' b n/b pi(m—m')bk
G - 7(5 U / _ dk , 33
nn' 2 /b En’,k+g2 (33)

e = [l e @) dy, 1 = [ ool el i) dy. G4

System (30) was obtained in [1], and we describe the steps in the Appendix A. To
show that it is a Hamiltonian system we compare (30) to Hamilton’s equations with the
Hamiltonian H of (3) expressed in the Wannier basis.

By (11) and (31)

m,ms, iy
n' m’ Z Z In gy Cnmlng, 7713”114 1y’
nn'eNm,m' €Z nn3 ng€Nm,ms,mycZ

(35)

HZ*E Z Z D;,unmu

—_
e
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and by (33)

H = —— 2 2 Dm—n/zunmun/m/

nnENmmGZ

ap m
_ 1,1M2,1M3,114
Z Z A”l/”Zrn3rn4 Uny,my ”nz mz”n3 m3”n4 My’ (36)
ny,nz,n3,n4EN 111,102, m3,my €7

with
my,my,ms,my __ m,m'’ m1 Ty, m m M3, Ty
Anlrn21n31n4 - Z Z G . (37)

n,n’ nlnzn ””3”4
nn' eENm,m'€Z

We show that Hamilton’s equations for (36) coincide with (30), provided the Wannier
basis functions are real.
We first see that the symmetry of G implies that the coefficients Gm ",1 of (33) satisfy

g’ :(G;’inm) Jforalln,n’ e N,m, m' € Z.

nn’
We use the double index notation j = (1, m), i.e., (19), (20) are written as

P = Zc]-wj, u= Zujw]- (38)
] ]

with summation over j = (n,m) € N x Z. Then G;”;f = Gj; withj = (n,m),j" = (n',m’).
Let g;r = fR(Gw]-/)w].. We will show that G;; = g; » and that the symmetry of G
implies g; » = g]?*,,j.
We write (2) as ¥ = Gov, v = |u|?, and by (38), v = Yy vpwy we have

¢j = /Rt,bwf = /R(Gv)w;-k = Z(/ (Gwy) ) vy = Zg]]/vj (39)

]‘/

Then

28]]'0'—28;,] </ |ul w’) 2811 Z”h jz/w]l wrwy, (40)

Jup2
or
cj= (g]] / w]lw]z J )ujlu;-;. (41)
Juiaids
By (33) we have g; v = Gj 1, Vj,j' € N x Z.
Symmetry of the real bounded operator G with respect to standard L? inner product
implies
GHlg" = [ F(Gg)"
[6hg" = [ f(Gg)
forall f,g € LZ(R,' C), therefore
S = [, (G}, = [ w,(Guwy)" = giyys Vij2 €N XZ. (12)

We now examine Hamilton’s equations. We write (36) as H = hy + hy with
_ 1 D 5 = A; 43
2 Z i Wity - Z juizjaida i ]2 Ujs ]4 (43)
2 Juj2jada
Hamilton’s equation is

dul .0H
E_—zw, l1eNx1Z, (44)



Appl. Sci. 2021, 11, 4420 90f18

and we have ah
i = ZD . (45)

uj

We have thus recovered the linear part of (30).
For the nonlinear part we have

ah4 .lkﬁ
_lau* = Tl Z u]lA]1,]2,]3,lu]1u]2u]3+ Z A]1,,J3,J4u]1u]3 ja
! jui2 i3 JUi3j
_ 5 . R
= Z ( ji Jz,Ja,l+A13,l,11,12)”11”jz”13' (46)

]1!]2/]3

Let f = w), w]’fz, g= w]*3 w;. We omit the dependence of f, g on the indices for simplicity.
Also let f = Y fywk, § = Yk SkWk- By (37)

Ay jojad Z Gy ky ( /R Wi, 8 *) ( /]R w, f ) =) Ghy k2 8k, frr/ (47)

klrkz
and
AjSJJiJz = Z Gk1rk2 (/R Wi, Wiy wj*z) (/R wizwjng*) = Z lersz’:] 8ky s (48)
kq k2 kq k2
so that by symmetry of G,
A]'3/l,j1,]2 - kz sz klgk1fk2 ka: Gljl,kzgklfljz' (49)
1.k2 1.k2

By (47), (49) we then have

ALy = Nyjnjl (50)
Clearly, the above hold for any double index ji, j2, j3, I € N x Z. If the Wannier functions
are real, the coefficients G, x, and A Tojainja AT€ real. By (50), (46) yields the nonlinear part
of (30). This concludes the argument.

We remark that the Hamiltonian structure of (30) easily implies the Hamiltonian
structure of finite band truncations of the (30). The same applies to truncations where we
consider a finite set of sites m. It suffices to restrict the summations in (36) to a finite range
of n, m, also setting modes outside the desired index range to zero.

Also the Hamiltonian of (36) is invariant under the global phase change u,,, —
€1y, 1, for arbitrary real ¢ and all i, m. This fact justifies the terminology coupled DNLS
for (30).

As seen in [1], the Wannier expansion leads to a natural extension of the Fratalocchi-
Assanto model [6]. The coupled mode approach of [6] can be also extended to describe more
degrees of freedom per site [7]. Generally, mode expansions have additional structure when
they arise from the solution of some spectral problem. This is the case for Bloch and Wannier
functions. This additional structure however requires substantial computational effort, e.g.
we need to compute Bloch and Wannier functions and evaluate Wannier overlap integrals.
We discuss some of the relevant issues in the next section. We emphasize however that the
general structural features of the equations, e.g., Hamiltonian structure, symmetries, form
of mode interaction terms, are key. Heuristic simplifications that preserve these features
can yield useful models. It is also seems important to be able to justify truncations to
a small number of bands. We have at the moment only a partial justification for such
truncations, relying on the rate of decay of the power in the higher bands (29).
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3. Real Wannier Functions and Dispersive Properties

The Hamiltonion structure of the infinite system for the Wannier coefficients (30)
assumed real functions. In this section we describe the construction of real Wannier
functions using explicit constructions of the Bloch functions. We also observe that the linear
part of (30) will in general couple modes from different bands. This is a main difference
between our system and the equations considered in [11,12,26,27]. We show that we can
still however diagonalize the system using trigonometric functions. In that sense, the
Wannier-Bloch analysis leads to a homogenized , i.e., effectively translation invariant,
linear part, see [29,30].

To construct the Wannier functions we examine the Schrédinger equation

—RY+ V()Y =EY¥, ¥:R—C (51)

with V nonegative and b-periodic as a second order ODE with a real parameter E € R.
We assume that V is also piecewise Lipschitz. The spectrum of —85 + V is given by the set
of real E for which all solutions of (51) are bounded, see e.g., [24,35]. The equations for the
real and imaginary parts of ¥ decouple, and all complex valued solutions are of the form
AY1(;E) +BY2(;E), A, B € C, where ¥1(.; E), ¥2(.; E) are any two linearly independent
real solutions.

We consider solutions Y1 (.; E), ¥2(.; E) with initial conditions

Y1(0,E)=1, Y, (0;E)=0, (52)

¥,(0; E)=0, ¥, (0;E)= 1. (53)

By the Hamiltonian structure of (51), seen a non-autonomous ODE on the plane, the
corresponding solutions are linearly independent, i.e., [¥1(y; E), ¥ (y; E)], [¥2(v; E), ¥5(y; E)]
are linearly independent since the (linear) solution map is symplectic, Vy € R.

Given E € R, a solution ¥(.; E) is bounded if and only if there exists A € C, [A| =1,
for which

Y(y+bE) = A¥Y(;E), WyeR, (54)

see [21]. Then we must also have
Y'(y+bE)=AY'(y;E), VyeR. (55)

Let ¥Y(y, E) = AY1(y; E) + BY2(y; E) for A, B complex, then (54), (55) aty = 0 and
(52), (53) imply the system

AY1(b;E) + BY2(h;E) = AA (56)
AY}(b;E) + BY,(h;E) = AB. (57)

Then A must be an eigenvalue of the matrix M defined by

_ ( Yi(E) Ya(bE)
M= ( Y| (b;E) Yh(b;E) ) (58)

If A is an eigenvalue of M, and A = ¢kt then k and E are related to
u(E) = coskb, (59)

where Y¥1(b;E) +¥5(b; E)
; + ;
H(E) = o2 (60)
see [21]. The dependence of i on the choice of ¥, ¥5, i.e., the initial conditions (52), (53) is
supressed from the notation.
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We recall some properties of y(E), and the solutions of (59), see [21-24]. The function
#(E), p is entire and y/(E) = 0 implies |u(E)| > 1. Also, u(E) — o as E — —o0, and
#(E) — cos(bVE) as E — oo. Also j(E) — oo as E — —co. For V non-negative y has no
negative critical points and an infinite set of positive critical points that become equidistant.

A band is a maximal connected interval of R where p(E) is monotone and satisfies
|i(E)| < 1. By the above, there is an infinite number of bands B,, n € N, and a natural
way to enumerate them so that points n < n’, E € By, E' implies E, < E,/, with equality
holding for n = n + 1 and E = maxBy, E' = minB,,. Every E satisfying (60) must belong
to exactly one band. Also, for every n € N, and k € [0, 71/b], there exists a unique E € B,
satisfying (60). We denote such E € B, by E ,,. The large E behavior of y(E) also implies
that there exist ¢, C > 0 such that ¢,, = minB,, satisfies cn? < ¢, < Cn2, ¥n € N.

The solutions of (60) can be then parametrized as E,, i, k € [0, 77/b], n € N, and B, =
[En,7/bs Enpl. Also, we let E(—k,n) = Ei, and extend E,, ; to k € R by 271/ b—periodicity.
This notation is consistent with (60). For V non-negative all bands belong to R¥. By the
implicit function theorem, given n € N, E,, . is real analytic for k € (0, 77/b), and is continu-
ous in [0, 77/b]. The even and 271/b—periodic extension of E, y to real k is continuous in
R, and real analytic at all points outside the lattice Z7, for all n € N. Regularity of E,, s at
points Z 7 for given n follows under gap conditions for the edges of the band B;,.

Consider now E = E,  as above a solution of (60) for some n € N, k € [0,77/b],
and the corresponding real solutions ¥1(-; E), ¥2(+; E). Solving (56), (57) we have

A Ya(bE)
B A—Y,(hE)’ ©1
and we obtain V(b E)
Y(y;E) = A(‘I’l (y;E) + A_il,l’(bﬂ‘l’z(y;E)) (62)

with A = ekt E = E,ron € N, k € (0,71/b). The expression can be extended to the
endpoints k = 0, /b, under conditions we discuss below. Also, the complex coefficient A
is free, e.g., it can be also chosen to normalize ¥ (y; E). In general it may depend on 1, k,
and we write A = A, k.

Denote ¥(+;E) = ¥(;; Eyx) by Yy, n € N, k € [0,71/b]. Clearly ¥}  is also a solution
of (51). We then let

(63)

%k:{ Y. if 0<k<T,

Yr o if —F<k<0’
The functions ¢, ; are extended by 27r/b—periodicity for k € R\ Z and are Bloch
functions, see (12), (13), (14).

We check that the corresponding Wannier functions are real. By (18), it suffices to
show that the w! are real. By (16)

b g
W) =\ 5s | duily)dk (64

and by (63)

T
b

0 ; :
ou)te= [ ¥, e+ [Tk =2Re [T 0)dk (6
b

SE]

Vy € R. It is assumed that the last integral is well defined.
We now give a condition that makes the above construction well defined, leading to
@) € L*(R,R), for all n € N. In particular, assume that the limits

dE, k . dE, x
i , i
k—0+ dk k—mn/b— dk
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exist (and are finite). Then the corresponding limits of the fraction ¥ (b; E) /(A — ¥1(b;E))
also exist, and ¥, x given by the right hand side of (62), with A = 1, is well defined for
alln € N, k € [0,71/b]. We further see that the ¥,,.(-) are continuous in [0, 7/b] x R,
Vn € N. Defining ¢, , by (63), the integrals in (64), (65) are finite for all y € R. It follows
that ¢,.(y) € L?>([~m/b, t/b];C), for all n € N, y € R. Then by Percival and (18) we see

that
/|w0<y)|2dy=27r/b \/—b /%4> r(y)dk | dy
R 0 27 J_z T ’

i.e., finite, for all n. Thus the Wannier functions constructed this way are square-summable.
Normalized Wannier functions are obtained by choosing a suitable coefficient A, , = A,
for eachn € N.

Note that the condition we used is always satisfied if both E,, o, E,, ,, belong to the
boundary of the spectrum for some 7. In such band gap situations, Ej,. is real analytic in R,
and we obtain an exponentially decaying Wannier function w!, [23,24].

The above suggest that several qualitative features of the Wannnier functions can be
deduced by theoretical arguments. The main input is information on the energy band
structure. This information is obtained by solving (59) numerically. The function y(E)
must be computed numerically from (60). The functions ¥ (y; E), ¥2(y; E) are computed
by numerical integration of (51) in the interval y € [0, b] for different values of E, using
the initial conditions (52), (53) respectively. Explicit expressions for the ¥1(b; E), ¥2(b; E)
are known for a piece-wise constant potential V with two steps, see [1,23,36], but are
cumbersome in the general case. This calculation also yields E,, t, k € [— /b, T/ b], for the
lowest n, numerical plots can be found in several sources, see e.g., [1,26].

Wannier functions are obtained numerically from (62)—(64), see [1,23,26] for some ex-
amples indicating the decay of the Wannier functions (for small ) as V is varied. The eval-
uation of mode interaction coefficients (33), (34) also uses quadrature, see [1]. The main
difficulty here is the large number of coefficients, and the combinatorial nature of their
enumeration. At this stage we need some efficient cut-off criteria, and we typically opt for
some heuristic truncation to a few mode interactions, e.g., with a few nearest neighbors,
justified by the decay of Wannier functions. This part of the analysis is still not as developed.
In the case where we consider truncation to the first band modes, the main question is
distinguishing between a power (on-site-only) and a nonlocal nonlinearity [6], see [1] for
some results. As we already mentioned the two models have properties the can distinguish
them [8-10]. The possibility of long range linear mode interactions, e.g., as in [37], was also
considered. It would be desirable to have a similar study for a model with two or three
bands, inter-band mode interactions could be a more important feature of the problem.

We now examine the linear part of the nematicon system (1), (2). Generally the
Wannier modes of different bands interact, and we want to examine the effect of these
interactions for finite band truncations of the general discrete system (A8).

In what follows we will consider expansions in real Wannier functions and use the
Hamiltonian structure of the linear systems. The linear coefficients of (31), (35) are then

—/ !
m,m m,m .
Dn S D, with
, ,

= [ (i) ) (v) dy
= [ (@) (v = mbyaly (y = m'b) dy
= [ @) @)y (7 = (m =)o) dy. (66)

Let Dy, n, (m) = Dg’l’ﬁzz, then by (66) we have the symmetries

Dyllr,?gz = Dy ny (my — m2) = Dﬂzlﬂl(mZ —my) = DZZzZ,%n;l/ (67)
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forall ny, ny € N, my, my € Z. Linear interaction coefficients for n; = np = n depend on
|my — my|. In general, the linear interactions between bands 17 # 1 do not vanish.

The linear coefficients Dj.!;;,? are contrasted to those of the periodic or perturbed
periodic Schrodinger equation

1, 1, ~
dzu = Ezaﬁu + EI[V(]/) +V(y)lu, (68)

with V a perturbation of the b—periodic potential V used to define the Wannier functions.
For V = 0 the Hamiltonian is

1 2 *
hyy = E/Ru(—ayJr Vut, (69)

and we use expansion in the Bloch functions and (12), (13) and the definition of the Wannier
functions to compute

1 /b .
hoy = >V an Z Z En(my — mZ)”n,mlqu,mZ/ (70)

neNmy,myeZ

E,(m) = ,/% / Z E xe ™k dk, m e Z. (71)
R

Also, E, x real and even in k, implies E,(—m) = E;(m) = E,(m), foralln € N, m € Z.
The interaction between different bands therefore vanishes.
The effect of the perturbation V is described adding to the Hamiltonian the part

with

1 -
hy = E/RuVu*. (72)
We have 1
hy = 2 Z Z Vﬂ}ﬁTzu”bmluszmz’ @3
ny,mpyeNmy,my€Z
with

v = [t )V ()whi ) dy. 74)

The coefficients will in general couple modes from different bands. In the case where
V is also b—periodic the V%2 have the symmetries that are similar to the ones in (67), i.e.,

Vi 2 = Vit = V,?{ff};mz and will also couple modes from different bands. In the case
where V + V is periodic a new set of Wannier functions may be defined so that the new
bands decouple.

We remark that the Hamiltonian of the linear part of is denoted by hy, see (43). Clearly,
hy = hyv — hy, with the notation of (70), (73). Thus the coefficients Dy, !;)? of (66) can be

expressed in terms of the E,,(m), V; /1122 of (71), (74), as

b .
D;Tll/;’lr;lz = _\/;5711,712 Em (ml - mZ) - V}Z‘};{’;Z (75)

(In the case 1y # ny, the first term vanishes.) Comparing (66), (75) we thus see that can
then avoid computation of the derivative of the Wannier functions at the cost of computing
the Fourier transform of E,, ;.

Consider now a truncation of the general discrete system (A8) to the first N bands.
The linear part is

du]-,m i N my,m i N
2 2 o L tmm Dy =5 ), ), Dujlm = mtmm. (76)

ny=1my€Z n=1myeZ
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To find the dispersion relation we look for solutions u;,, = A]-e_i<mb"+w'fz), j €
{1,...,N}, m € Z, x € R. Then (76) becomes

1 X _ilb .
weAj = -5 2 (Z D,j(l)e™ K) Ay, j=1,...,N. (77)
n=1 \I€Z
Thus wy is an eigenvalue of the matrix Ty defined by
, 1 i ,
Te(jin) = =5 Y Dy (e ™, jne{1,... N} (78)

1eZ

For instance, truncation up to the second band yields

o= 3 (T D+ T2 2) £ (L) - TP LA 2LED), )

x € R.

By the symmetries (67) Ty is Hermitian, Vx € R, so that the eigenvalues w; are real.

Note that the solutions u;,, and T are 27t—periodic in k so that we may consider only
x € [0,27). Varying x € [0,277) for each of the N eigenvalues wy ;, j = 1,..., N of T will
produce N intervals.

We finally note that substitution of (31), (67) into (78), and use of (17) leads to some-
what simpler expressions that involve the Bloch functions

)= 2L [ @) gy =1L [abwi) . @

The linear part of the evolution equation is therefore diagonalized by plane wave
(trigonometric) solutions, and is thus effectively translation invariant in the Wannier
basis. This is expected as the periodicity of the medium is absorbed in the nonlinear term.
The range of the Wyj, K € [0,27),j = 1,...,N, will produce N intervals that must be
computed numerically. These intervals may overlap or have gaps, although in the limit
N — co we expect that their union is the positive real axis, i.e., the spectrum of —85.
The computation of these intervals involves the computation of linear mode interaction
coefficients and will be considered in future work.

4. Discussion

We have examined some properties of a coupled Schrodinger-elliptic system modeling
optical waveguide arrays in a nematic liquid crystal substrate. The system is studied
by first passing to an equivalent infinite system of discrete describing the interaction
of Wannier mode amplitudes of the relevant physical quantities [1]. The Wannier basis
functions are defined in terms of a periodic Schrodinger operator appearing in the system
and must be computed numerically. The Wannier mode amplitudes are related to the
observed quantities by quadrature formulas (21) that may be evaluated numerically or
using approximations. The Wannier basis approach leads to the derivation of systems of
discrete nonlinear Schrodinger (DNLS) equations by truncation to the mode amplitudes of
the first bands of the periodic Schrodinger operator. We have shown that these systems are
Hamiltonian. The proof uses the reality of Wannier functions, and we have also described
an explicit construction of real Wannier functions. Finally we show that the linear part of
the system of discrete equations is diagonalized by (trigonometric) plane waves.

Bloch-Wannier analysis is a classical subject in theoretical physics, with well-known
applications in classical and quantum mechanics [24,25]. Recently it is increasingly applied
to the study of nonlinear waves in inhomogeneous media [23,26], and in the theory of
homogenization [29,30]. The paper considers a problem in nonlinear waves where the
periodicity appears in the nonlinear interaction. The system includes a natural operator
that allows the use of Bloch-Wannier analysis, but differs from the more commonly stud-
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ied systems [7] where the linear part of the beam propagation equation is the periodic
Schrodinger operator. In that case the band gap structure of the periodic Schrodinger
operator allows us to justify the truncation to a model for the lowest band modes through
a non-resonance argument [23]. In the present case the the most likely justification of
DNLS models will involve truncation to a finite (possibly small) system of DNLS equations.
This fact is also suggested by experimental results of [3]. Note that [3] consider a more
complicated periodic operator in the director field equation that also includes the second
(vertical) direction of the plane perpendicular to the optical axis. The present paper uses a
simplification of the director field equation and takes advantage of the more developed
Bloch analysis of the periodic Schrodinger operator. The idea is that the nonlinear effect of
the transverse periodicity is already present in the simpler version. In addition, the more
tractable Wannier-Bloch analysis of the simpler problem has allowed us to derive multi-
band DNLS systems and to analyze their structure. This a first towards further analysis of
such systems, e.g., along the lines of earlier studies of the Fratalocchi-Assanto model [8,9].
While the paper considers a problem arising from nonlinear optics in liquid crystals, the
combination of nonlocal nonlinearity and periodicity we consider may appear in other
areas where similar systems are studied [14,15].

The paper shows that the Wannier basis expansion is an effective tool for elucidating
the structural features of simplified DNLS equations. We also saw that the Wannier-
Bloch approach requires the numerical computation of several intermediate quantities.
For instance, the computation of Wannier functions uses numerically computed Bloch
functions and numerical integration over Bloch functions, while the nonlinearity of DNLS
systems, as well as the linear interaction between bands also involves the evaluation of
Wannier overlap integrals. Possible simplifications may arise for some limits of V [1],
and there are general ideas such a eliminating non-resonant interactions [23,26] that can
be examined further in this problem. but possibly less practical. Our view is that a good
understanding of the structure of the Wannier coupled mode systems may allow us to
analyze their dynamical properties without computing everything. It is possible that
heuristic simplifications lead to models that capture significant features of the dynamics,
and that a better theoretical understanding can bridge the gap between the simplified and
fuller models. These questions will be addressed in future work.
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Appendix A

We present the steps from the Schrodinger system (1), (2) for the variables u, ¢ to the
infinite system (30) for their Wannier coefficients, see also [1],

We first consider the second nematicon Equation (2). We multiply (2) by ‘PZ/,k/(y)'
integrate over y € R, and use the Schrodinger Equation (12) to obtain

L 9O En+ 82035 W) dy = a [ |u() gy v) dy, (A1)

hence

[ 900 dy = aErse +8)7 [ 1) Py ) dy (A2)
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We then multiply (A2) by elmk'b and integrate both sides over k € [—7t/b, 7/b]. Inter-
changing the order of integration in k, y, and using the definition of Wannier functions we
obtain that ¥ is given by (19) with

/ my, My, m
Cnm = & Z Z K”lr”Zrn Uny,m U nz My’ (A3)
1’11,112€N my,my€Z

where

lel;zfgzﬁ /w lezZ y){/n/bg’ik_'_gzdk dy. (A4)

Expanding ¢, x in the Wannier basis as in (17) we have

/b ei(m—m )bk
Kml S, 1M — mz* dk d
11,12, \/ /w ){méz(/”/b Enk+g > (y)} Y
b m1 mz* /b EZ(M7m/)bk m *
— 1) 76”{ d
\/zﬂ/me Y Y b /_m B e (v) p dy

n'eNm'eZ

n/b ezm m’)bk ,
Y X \/ n/bE prwLs /w Wi (y)wp *(y) dy.  (A5)
n/

n'eNm'eZ

By (A2), (A5) we then have

Cnm = & 2 Z G:Tr? Izllﬁnzzﬁ,/ Uny, mlunz my’ (A6)

ni,no,n €N mq,my,m €7

with
/b i(m— m’ )bk [ ,7/ % /s
GanW = 2x0u (fnn/h ot dk)’ L = frwn! (Yw (y)wy*(y) dy. (A7)

To expand the first nematicon Equation (1) in coefficients of Wannier functions, we sub-
stitute the series expansions (19), (20) into (1), multiply (1) by w;”,,* (v), and integrate over
y € R. We obtain

dun//m/ _ 1 . Dm,ml + Z m m3,m (A8)
= El E Z ! Unm z/% 2 i Cnmng, s

neNmeZ nn3eNmm3€Z

where

Dy = @) (ywy (y) dy, L = /R wy (y)wny (Y)wy () dy — (A9)
Substitution of (A3) into (A8) leads to the system

dun/ '

d, = 71 Z Z D ,, unm
z neENmeZ
!
+ fz(xﬁ ) ) Vzln':i;";/m Uy my Uiy gy U iy s (A10)

ny,np,n3 €N my,my,m3eZ
where by (A4), (31), and (AS8), (31)
mmmm mmmmm, _ m,m’ mlmzm mm3,
"111712 313 ??;’ —\Vorx Z Z Kty o nn 3,1 Z Z Gn W ”1 iy 7 nn3n . (Al1)
nGN MmeZ neNmeZ

This is the system of (30), with the coefficients (31)—(34).
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