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Abstract: Aiming at the key factors affecting the quality and efficiency of high-energy in-beam
machining, this paper studies the broadband acoustic focusing effect based on a discrete temperature
gradient. Firstly, the basic theory and mathematical model of temperature-controlled acoustic
focusing are established. Secondly, the acoustic focusing effect is achieved by combining the design
of metasurfaces and discrete temperature. Then, the acoustic pressure and intensity distribution of
acoustic focusing under a discrete temperature gradient are simulated and experimentally studied.
The results show that the phase delay of transmission and reflection of acoustic wave covers the 2π
interval by changing the temperature in different transmission units, which provides a theoretical
basis for the processing of the acoustic focusing cavity.

Keywords: metasurfaces; discrete temperature gradient; acoustic focusing; inner cavity processing

1. Introduction

The acoustic focusing effect [1–4] has broad application prospects in the fields of acous-
tic imaging, ultrasonic medical treatment [5,6], and nondestructive testing [7,8]. At present,
the acoustic focusing effect is widely used, with ultrasonic therapy being the most common
application. It usually involves focusing a beam to guide ultrasonic energy to a small area
within a tissue area that needs treatment. In such applications, nonlinear acoustic effects
and acoustic cavitation usually play an important role. The tissue temperature in the focal
zone can reach 70 ◦C to 90 ◦C in a few seconds. With the rapid development of phononic
crystals and acoustic metamaterials, a variety of different types of acoustic focusing lenses
have been realized by using the negative refraction mechanism of the two structures. By
gradually changing the lattice size of the phononic crystal [9], Young’s modulus, element
shape, and lattice constant [10], the acoustic refractive index of gradient distribution can be
obtained, and a variety of gradient acoustic focusing lenses can be designed. The acoustic
metasurface was first proposed in 2013. A large number of experimental studies have
shown that the reflection angle and refraction angle of acoustic waves on the metasurfaces
of different materials are non-zero [11–13]. Accordingly, there have been several designs
of acoustic metasurfaces, and many abnormal physical phenomena have been realized,
such as an abnormal Doppler effect [14–16], negative refraction of sound waves, acoustic
holographic imaging, and acoustic absorption [17]. With the development of acoustic
metasurface materials, the problems of extreme impedance mismatch and large thickness
of acoustic lens were solved. In 2016, Ye’s team realized the sound vortex phenomenon
by using acoustic metasurfaces [18]. Acoustic metasurfaces have a small unit size and a
large negative refractive index; hence, it is possible to design a small and ultrathin acoustic
focusing lens. The basic units of the related metamaterials mainly include a Helmholtz
resonator [19], cross-shaped structure [20], coiling-up space structure, and impedance
matching multicomponent structure [2]. The acoustic refractive index of gradient distri-
bution is obtained by arranging different sizes of unit structures, and then the acoustic
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focusing effect is realized [21,22]. However, the acoustic focusing performance of the meta-
surfaces depends on the discontinuous distribution of different unit structures; moreover,
the metasurface unit is composed of at least two kinds of media, which easily lead to an
acoustic impedance mismatch and a narrow working frequency band, sometimes even a
single frequency, thus limiting the practical application of the acoustic focusing device.

Using a gradient temperature field can change the refractive index of medium dis-
tribution, which can effectively solve the problems of acoustic impedance matching and
acoustic energy loss, realize the arbitrary control of the sound wave propagation path, and
obtain a series of broadband acoustic anomalies, such as acoustic focusing [23,24], acoustic
stealth [25], acoustic absorption [18], and acoustic unidirectional transmission [26]. How-
ever, in the abovementioned thermoacoustic devices, in order to obtain the temperature
field with a gradient distribution, it is necessary to distribute multiple heat sources in the
space, according to certain rules, which leads to the disadvantages of a large space size,
irregular shape, and difficult integration of thermoacoustic devices. Therefore, the design
of broadband planar ultrathin thermoacoustic devices has become a key problem to be
solved urgently in this field.

For this paper, using the finite element numerical simulation method [27], acoustic
waves were introduced vertically incident on the metasurfaces, and two metasurfaces of the
same material were used to form a transmission unit. Different temperatures were set in the
transmission unit, and the phase and transmission angle of the transmission wave [28] were
controlled by the temperature, such that transmission and reflection acoustic focus could
be realized. A temperature gradient was used to solve the problems of acoustic impedance
matching and acoustic energy matching so as to realize the acoustic focusing effect with a
wide frequency band. Accordingly, a theoretical basis for the internal processing of acoustic
focusing is provided.

2. Mathematical Model and Methods
2.1. Basic Theory of Thermoacoustics

Assuming that air is an ideal fluid medium and satisfies the state of an ideal gas,
the relationships among the speed of sound, density of air, and temperature T are as
follows [21]:

C =
√

γRT/M, (1)

ρ = p0M/(RT) (2)

where γ = 1.4 is the air heat capacity ratio, M = 28.97× 10−3 kg/mol is the air molar mass,
R = 8.31 J/(mol · K) is the universal gas constant, and p0 = 101.325 kPa is the atmospheric
pressure at 273 k.

2.2. Temperature Control Focusing Theory

In this section, different temperatures were set in the transmission unit, and the phase
and transmission angle of the transmission wave were regulated by the temperature,
thereby focusing the transmitted wave form. When the plane wave was incident perpen-
dicular to the metasurfaces, the incident angle was zero. Therefore, the generalized Snell
law of refraction [29] can be expressed as follows:

dϕ

dx
=

ω

c2
sin θ4 (3)

Based on the inference of the refraction law in the generalized Snell law, it can be
known that, when a plane wave is incident on a vertical metasurface at a normal angle [30],
the transmission angle is not zero. According to Equation (3), the expression of the
transmission angle can be obtained as follows:

θ4 = arcsin(
dϕ

dx
c2

ω
) (4)
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Since the arcsine function monotonically increases, when the temperature increases,
the transmission angle increases; otherwise, it decreases. The transmission angle is changed
by changing the speed of sound through temperature so as to realize the deflecting direction
of the transmitted wave. The phase distribution formula of the metasurface is as follows:

ϕ(y) = −ω

c
(
√

y2 + b2 − b) (5)

where ϕ(y) is the phase of the acoustic wave, and b is the focal length.
According to the formula, the phase of acoustic wave can be changed by changing the

speed of sound, and then the phase of the acoustic wave can be controlled by changing the
temperature. Upon setting dϕ/dx to π/14 in Equation (4), Equation (5) dictates that the
speed of sound increases with the increase of temperature. Thus, temperatures of 340 k,
420 k, 530 k, 650 k, 850 k, and 1230 k correspond to speeds of sound of approximately
360 m/s, 372 m/s, 383 m/s, 398 m/s, 409 m/s, and 422 m/s, respectively. When the
frequency is 20 kHz, these speeds of sound introduce into Equation (4) yield transmission
angles of approximately 3◦, 9◦, 15◦, 21◦, 27◦, and 33◦, respectively. When the corresponding
coordinates are negative, dϕ/dx is set to −π/14, and the speeds of sound at the same
temperature can be entered into Equation (4). Since the arcsine function is an odd function,
this yields transmission angles of approximately −3◦, −9◦, −15◦, −21◦, −27◦, and −33◦,
respectively. It is concluded that the projection angle of the acoustic wave under the effect
of temperature control shows a gradient distribution in the y-direction; hence, combined
with Equation (5), the corresponding phase delay is 3π/2, 5π/4, π, 3π/4, π/2, and π/4,
respectively. Through the superposition of acoustic waves, the acoustic d intensity at the
focal point is maximized. The schematic diagram of the temperature-controlled focusing
principle is shown in Figure 1.
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Figure 1. Schematic diagram of temperature-controlled focusing principle.

It can be seen from Figure 1 that the high-temperature area has a large acoustic wave
transmission angle, a smaller phase delay, and a larger speed of sound, but the acoustic
wave travels farther. The low-temperature area has a smaller acoustic wave transmission
angle, a greater phase delay, and a slower speed of sound, but the distance is relatively
short; thus, the acoustic waves eventually arrive at the same point in the same phase to
form an acoustic wave gathering.
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2.3. Helmholtz Equation

Based on the equation of motion, the equation of continuity, and the equation of state,
it can be concluded that the three-dimensional wave equation is as follows:

∇2 p1 =
1
c2

0

∂2 p
∂t2 (6)

The three-dimensional wave equation above can be obtained by Fourier transform as
follows:

∇( 1
ρ0
∇p) +

ω2

ρ0c2 p = 0 (7)

Substituting Equation (6) into Equation (7) gives the Helmholtz equation.

∇( 1
ρ0
∇p) +

ω2

ρ0c2 p = 0 (8)

2.4. Modeling and Boundary Condition Setting

Plane wave focusing with a discrete temperature gradient is a method combining an
acoustic metasurface [31] with discrete temperature. The length of the metasurface was
set to 1 cm, the frequency was set to 20 kHz, and the speed of sound was set to 343 m/s,
yielding a wavelength of approximately 2 cm, thus meeting the design requirement of the
metasurface. It can be seen from Figure 2 that the two linear metasurfaces and boundaries 4
and 5 formed a rectangular transmission unit. By setting different constant temperatures in
the transmission unit, using the temperature to change the speed of sound and air density,
the acoustic impedance in the transmission unit could be changed, such that the acoustic
wave was abnormally transmitted. Hence, the temperature could be used to control the
transmission angle and the phase of the acoustic wave, thereby focusing the transmitted
acoustic wave. Firstly, the propagation model of the plane wave in a single transmission
unit was established, as shown in Figure 2.
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Figure 2. Schematic diagram of transmission unit.

The length of the three rectangular areas was 10 cm and the width was 1 cm. The plane
wave propagated along the x-direction, transmitted into the middle constant-temperature
transmission unit, and then transmitted out of the constant-temperature transmission unit.
Boundaries 1 and 8 were set as plane wave radiation, and an incident pressure field with
a size of 1 Pa was added to boundary 1, representing the sound pressure amplitude of
incident sound waves. The materials were all air. Temperatures in the transmission unit
were set to 430 K, 530 K, 650 K, 760 K, 850 K, 970 K, and 1190 K.

3. Numerical Results and Discussion
3.1. Acoustic Pressure and Intensity Distribution of Transmitted Wave Focusing under Discrete
Temperature Gradient

Based on the parameters and boundary conditions set in Section 2.4, the acoustic pres-
sure distribution of the plane wave in the transmission unit at different temperatures was
simulated, using the multi-physics simulation software COMSOL, as shown in Figure 3.
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It can be seen from the numerical simulation results that when the acoustic wave
was transmitted into the constant-temperature transmission unit, the sound of speed
increased with the increase in temperature; furthermore, when the frequency was constant,
the wavelength of the acoustic wave increased. According to the wavelength formula
and the sound of speed in air being 343 m/s, the distance of the acoustic wave before
transmission was greater than one wavelength, but the distance of the acoustic wave in
the transmission unit with constant temperature was obviously less than one wavelength.
It can be concluded that the same frequency of the acoustic source, when launched at
the same time, would not result in the same distance, reflecting the influence of different
temperatures on the acoustic phase.

Based on the propagation law of the plane wave in the transmission units at different
temperatures, the transmission waves were focused by arranging the transmission units
with different temperatures. The model is shown in Figure 4.
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Taking y = 80 cm, the speed of sound at different temperatures was introduced into
Equations (1) and (5), along with the frequencies of acoustic waves and a focal length of
30 cm, to obtain the phase change corresponding to different temperatures. Temperatures
of 430 k, 530 k, 650 k, 760 k, 850 k, 970 k and 1190 k corresponded to phase delays of
7π/4,3π/2,5/4π,π,3π/4,π/2, and π/4, respectively, as shown in Figure 5. It can be seen
that the transmission wave produced a phase delay when the acoustic wave passed through
the thermoacoustic phase control unit.
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The function of Equation (5) was drawn, using the Origin drawing software. Seven
kinds of transmission units with different temperatures corresponded to seven kinds of
phase delays of acoustic waves. The distribution of transmission units is shown in Figure 6.
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As can be seen in Figure 6, from y = 40 cm to y = 0 cm, the fluctuating temperature led
to the transmission angle having a positive value before gradually decreasing. From y =
0 cm to y = −40 cm, the fluctuating temperature led to the opposite effect. On the y-axis,
the transmission angle at both ends was larger, and the transmission angle in the middle
was smaller, forming a gradient distribution of transmission angle on the y-axis.

By establishing a model in COMSOL software and setting the parameters and bound-
ary conditions, the acoustic pressure and acoustic intensity distribution of the transmitted
wave focusing under a discrete temperature gradient could be obtained, as shown in
Figures 7 and 8.
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Figure 8. Spatial distribution of acoustic intensity field through focusing lens at 20 kHz.

From Figure 8, it can be concluded that the focal length was about 30 cm, thus verifying
the previously set parameters. Compared with the numerical simulation, the acoustic
focusing model obtained by combining the discrete temperature gradient and metasurface
showed great advantages. It facilitated the focusing of the acoustic wave [32,33], as well as
expanded its formation during inner cavity processing.

In order to overcome the limitation of a single-sound source frequency on the acoustic
focusing effect, temperature control was used to solve the problem of acoustic impedance
matching so as to achieve a wideband acoustic focusing effect. First, frequencies of 28 kHz,
35 kHz, 40 kHz, 45 kHz, 50 kHz and 55 kHz were selected, corresponding to temperatures
of 530 k, 650 k,850 k, 990 k, 1120 k and 1260 k respectively. Then, a numerical simulation
was used to evaluate the effect of different plane wave frequencies on the focusing. The
simulation results are shown in Figure 9.
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As can be seen from the above figure, in the frequency band from 20 kHz to 35 kHz,
the acoustic intensity gradually decreased with the increase in frequency. However, the
acoustic intensity gradually increased in the 40 kHz to 55 kHz frequency band. The main
reason is that, when the transmitted waves of different phases arrived at the same point,
the phase difference between them was neither zero nor an even multiple of π. When the
frequency of the plane wave increased, according to Equation (4), the transmission angle of
the acoustic wave changed by changing the frequency of the sound wave, consequently
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changing the position of the focal point. Therefore, the internal machining of different
positions could be realized by changing the frequency.

3.2. Influence of Metasurfaces at Different Positions on Focusing

The transmission unit array was previously placed 10 cm away from the sound source
in the x-direction. This time, the transmission unit array was placed 0 cm away from the
sound source in the x-direction, and the propagation of plane waves in transmission units
at different temperatures was studied. Two plane waves with different frequencies were
randomly selected for COMSOL simulation. The simulation results are shown in Figure 10.
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At the same frequency, when the transmission unit array was 0 cm away from the
sound source in the x-direction, the sound intensity at the focus point was greater. The main
reason is that when the transmission unit array was 10 cm away from the sound source in
the x-direction, the sound wave was transmitted twice. However, by changing the position
of the transmission element array, the gradient distribution of the transmission angle was
still formed in the y-axis direction; thus, the sound wave could still form a broadband focus,
whose position could be adjusted by changing the position of the transmission element
array. In the process of acoustic focusing, the array position could be changed to control
the focus position.

3.3. Focusing of Reflected Waves under Discrete Temperature Gradients

First, a plane wave propagation model was established in a single reflection unit as
shown in Figure 11.
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It can be seen from Figure 11 that the plane wave propagates along the x-direction,
before being transmitted into the reflecting unit. Upon meeting the rigid boundary, most
of it is reflected back, before finally being transmitted from the reflecting unit to the air at
normal temperature.
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Boundaries 1–5 were all set as plane wave radiation. An incident pressure field was
additionally added to boundary 1 to represent the sound source. The amplitude of sound
pressure was 1 Pa. Boundary 6 was set as a rigid, hard sound field boundary. The acoustic
source was a plane wave with a frequency of 20 kHz, and the medium was air. Seven
reflection units with different temperatures were adopted (460 k, 590 k, 730 k, 850 k, 990 k,
1120 k, and 1260 k). The simulation results are shown in Figure 12.
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Figure 12. Acoustic pressure distribution of plane wave in seven reflection units with different
temperatures.

According to the numerical simulation and Equation (5), it can be seen that the
speed of sound could be transformed into the phase difference of acoustic waves, and the
temperature changed the phase of sound waves by changing the speed of sound, thus
controlling the speed of sound wave propagation.

Consider a focal length of 25 cm, y value of 80 cm, frequency of 20 kHz, and sound of
speed corresponding to 460 k, 590 k, 730 k, 850 k, 990 k, 1120 k and 1260 k. Introducing
these values into Equations (1) and (5) yields the phase delays corresponding to different
temperatures, as shown in Figure 13.
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The reflected wave focusing model is shown in Figure 14.
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Figure 14. Reflection wave focusing model diagram.

Combined with Equation (4), it can be further obtained that the temperature changed
the speed of sound, thus changing the deflection angle of the sound wave. When the sound
wave propagated to the rigid boundary, most of it was reflected back. When transmitted to
the air at normal temperature, the transmission angle of the y-axis presented a gradient
distribution, thereby focusing the acoustic wave forms. When the frequency was set to
20 kHz, the acoustic intensity distribution of the focused reflection wave in the simulation
was as shown in Figure 15.
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Figure 15. Spatial distribution of acoustic intensity field through focusing lens at 20 kHz.

It can be seen from Figure 15 that the focal length was about 25 cm, which agrees
with the previously set focal length value. Compared with the acoustic intensity at the
focal point formed by the transmitted wave, the acoustic intensity at the focal point of the
reflected wave was significantly smaller [34]. Because the focus formed by the reflected
wave was transmitted three times, there was some loss in the reflection of the sound wave
at the rigid boundary.

Furthermore, the influence of different frequencies on the acoustic intensity at the focal
point was numerically simulated by a frequency sweep in COMSOL, and the simulation
results are shown in Figure 16.
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45 kHz.

It can be seen from Figure 16 that the acoustic intensity changed non-linearly as the
frequency increased. This is because different frequencies resulted in different phases of
the reflected waves, and the phase difference of the reflected waves of different phases at
the focus point was not zero. As a result, the acoustic intensity at the focus point was in the
28 kHz to 35 kHz frequency band, and the acoustic intensity gradually decreased, whereas
the acoustic intensity gradually increased between 40 kHz and 45 kHz. However, with
the increase in frequency of acoustic waves, the focusing effect could not be formed upon
reaching 50 kHz. The simulation results are shown in Figure 17.
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The effect of different frequencies on the focused acoustic intensity of the transmitted
wave and reflected wave was plotted, as shown in Figure 18.
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Figure 18. The influence of frequency on the sound intensity at the focal point of transmitted and
reflected waves.

From Figure 18, it can be concluded that both the reflected wave and the transmitted
wave can focus on a wider frequency band, but the focused frequency band formed by
the reflected wave is narrower than that of the transmitted wave, and it cannot focus after
50 kHz. According to Equation (5), the focus of the reflected wave is closely related to
the focal length and preset initial frequency. When it is not at the set focusing frequency,
focus occurs because the deflection direction of the wave is crossed by the temperature
control effect. When it reaches a certain frequency, it is impossible to focus because the
difference between the focusing frequency and the initial one is too large, and the wave
direction changes too much. Therefore, in order to refocus the reflected wave after 50 kHz,
it is necessary to change the position of the initial focal length, the temperature, and the
model width in order to regain the acoustic focusing phase distribution. It is concluded that
under the action of temperature control, the reflection angle of sound wave is distributed in
gradient in y direction, thus reforming the focusing effect. COMSOL numerical simulation
software was applied to simulate the refocusing results of reflected waves with focal length
b = 20 cm, y = 80 cm, and frequency = 50 kHz; the results are shown in Figure 19.
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3.4. Acoustic Transmission and Reflection Focusing Model

From the perspective of ultrasonic internal processing, it can be obtained from the
numerical simulation results that the intensity of the acoustic wave at the focus point is
slightly insufficient for inducing the generation of cavitation bubbles by cavitation nu-
clei [35,36]. Therefore, by designing a new type of acoustic wave combining the transmitted
wave focusing model and the reflected wave focusing model, the purpose is to enhance
the sound intensity at the sound wave focusing point. The focusing intensity generated by
operating the acoustic focusing model can be greater than the acoustic cavitation threshold,
thus inducing the generation of cavitation bubbles by cavitation nuclei and then achieving
the purpose of ultrasonic internal processing. The simulation results of the acoustic wave
transmission and reflection focusing model are shown in Figure 20.
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4. Conclusions

On the basis of the relationship between the speed of sound and temperature of
air, combined with the generalized Snell law, a new thermoacoustic phase control unit
was designed in this paper by combining the metasurfaces and discrete temperature.
The acoustic focusing theory, based on the combination of the metasurfaces and discrete
temperature, was subsequently verified. The numerical simulation results showed that
the acoustic wave was focused on a wide frequency range from 20 kHz to 55 kHz, thereby
providing a wide frequency band for the internal processing of acoustic focusing. The
whole 2π interval was covered by the transmission and reflection phase delay of the
acoustic wave. The results showed that the focusing lens designed in this paper has the
advantages of wideband, high focusing, and higher robustness properties. It is of guiding
significance for acoustic focusing internal processing.
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