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Abstract: Based on the design of a post-buckling silicone gel column (SGC), a novel type of low-
frequency vibration isolator is presented, and the vibration isolation performance of this isolator is
studied by combining theoretical analysis and experimental verification. The stiffness characteristics
of the post-buckling SGC are derived, and its recovery force curves with different parameters are
analyzed using two kinds of elliptic integral functions. Displacement transmissibility is formulated
using harmonic balance method (HBM), and the influences of the excitation amplitude, damping
ratio, SGC section diameter, and Young’s modulus are discussed in terms of the transmissibility.
The performance of the SGC system is verified through a series of experimental studies based on
the developed experimental prototype. The result shows that the proposed post-buckling spring
vibration isolator has a good vibration isolation effect, especially in the low-frequency domain, which
may provide a feasible novel design idea for a low-frequency vibration isolator.

Keywords: vibration isolator; silicone gel column; post-buckling spring; vibration transfer rate;
isolation experiment

1. Introduction

The generation of harmful vibration is inevitable, which reduces the performance
of machines used in engineering [1–3]. Harmful vibration during engineering not only
affects the use and working efficiency of precision instruments but also leads to precision
instruments being damaged [4]. Therefore, it is particularly important to reduce harmful
vibration in fields such as machining, transportation, and aerospace [4,5].

One simple and effective way to reduce harmful vibrations is to use isolation de-
vices [6]. These devices can realize vibration isolation in a wide range of frequencies, but
most traditional isolators are linear, as they play a role in vibration isolation only when
the excitation frequency is

√
2 times higher than the natural frequency of the system [5,7].

Therefore, if we want to achieve the low-frequency isolation of linear isolators, it is nec-
essary to reduce the stiffness of their elastic elements. Selecting a lower system stiffness
means that it will cause larger static displacement; however, the static bearing capacity of
the system is insufficient.

In terms of the deficiency of linear vibration isolation, vibration isolators using nonlin-
ear damping or nonlinear stiffness designs have been of concern and, therefore, studied
extensively in recent years. The introduction of nonlinear damping has been found to
improve vibration isolation performance [8,9], and the characteristic of nonlinear stiffness
can broaden the frequency band of vibration isolation [10–12]. Both simulation and ex-
periments show that the aforementioned nonlinear design methods can achieve better
vibration isolation effects and have a high bearing capacity in the corresponding frequency
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band. Even so, the nonlinearity of this kind of special design needs higher application
requirements and is hard to control, evaluate, and realize [2,13–15]. Based on recent re-
search investigating the contradiction between low stiffness and low static load in vibration
isolation theory, we aim to analyze and design the isolator in a manner that reduces stiffness
and increases its bearing capacity, thus improving the vibration isolation performance of
the isolator.

Silicone gel material, which is widely used in sports, medicine, and other fields, has
excellent impact resistance and is a very promising buffer material for reducing shock and
vibration [16–19]. Based on its unique soft elastic properties, the resonance frequency of the
SGC can reach the low-frequency region, meeting the requirements of the low-frequency
vibration isolation of the isolator. The post-buckling behavior of the beam–column structure
is part of the issue of supercritical deformation induced by axial force, and it has been
studied by many scholars [20–23]. When the beam–column structure is subjected to axial
pressure and exceeds the critical pressure value, the buckling deformation of the structure
will occur, and the post-buckling behavior of the super large deformation will occur if the
pressure continues to increase [24]. Therefore, the design of the elastic elements of vibration
isolators based on supercritical post-buckling deformation can ensure low stiffness while
having the capability of initial static load, which greatly reduces the static displacement of
the system [22,25,26].

By introducing a new silicone gel material to make the vibration isolation frequency
reach the low-frequency region and using the elastic element design of post-buckling to
improve the defect of insufficient static load, a new solution for low-frequency vibration
isolation can be achieved. In this paper, we study the following aspects of the vibration
isolation performance of the new vibration isolator. Firstly, based on two kinds of elliptic
integral functions, the stiffness characteristics of the post-buckling spring are analyzed.
Secondly, the dynamic models of the SGC vibration isolation systems of the post-buckling
spring are established, and the approximate analytical solution is obtained using HBM.
The expression of the vibration transfer rate is derived, and the parameter influence of the
system on vibration isolation performance is studied. Finally, the vibration isolation per-
formance of the post-buckling spring isolator is investigated through a vibration isolation
experiment.

2. The Stiffness Analysis of Post-Buckling SGC

The axial stiffness of the SGC consists of the compression steady-state tensile stiffness
and the buckling stiffness during compression instability. For example, a simple support
beam is made of length l, section area A, and Young’s modulus E. The equivalent tensile
stiffness formula of the beam during the steady-state tension is k = EA/l [27], and the
schematic representation of the compression is as shown in Figure 1a. By continuing to
increase the pressure p, beyond the axial critical pressure Pcr = π2EI/l2, (I = πd4/64) [28],
the SGC causes buckling deformation. When the axial projection shortens by ∆x before
deformation and the lateral deflection is ∆y, the equivalent stiffness can be written as
k = p/∆x, as shown in Figure 1b.
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2.1. The Characteristic of the Post-Buckling Spring

In Figure 1, the dynamic equation of the axial compressed support beam is written
as [27]:

EI
d2θ

ds2 + P sin θ = 0 (1)

where θ is the corner of the beam bending, P is the axial pressure of the beam, s is the beam
arc length coordinate, and d/ds is differential operator.

It is essential to consider the large deflection angle in the post-buckling analysis. This
is part of the strong, nonlinear problem, which in turn requires two classes of elliptic
integral functions [29].

With the transformation and integration, Equation (1) can be expressed as

EI
4P

(
dθ

ds

)2
+

(
sin

θ

2

)2
= c2 (2)

The endpoint deflection angle is assumed to be θ0, and the curvature is zero due to
the endpoint of the hinge, so dθ/ds = 0; thus, one can obtain(

sin
θ0

2

)2
= c2 (3)

due to θ ⊂ (0, θ0), and introducing ϕ ⊂ (0, π/2), we assume

sin
(

θ

2

)
= sin

(
θ0

2

)
sin ϕ = c sin ϕ (4)

The following Equation (6) will be obtained by Equation (5).

d
ds

(
sin
(

θ

2

))
=

1
2

cos
θ

2
dθ

ds
,

d
ds

(c sin ϕ) = c cos ϕ
dϕ

ds
(5)

dθ

ds
=

2c cos ϕ

cos(θ/2)
dϕ

ds
(6)

By substituting the above Equations (3), (4) and (6) into Equation (2), one can obtain√
1

1− (c sin ϕ)2 dϕ =

√
P
EI

ds (7)

Considering the first class of elliptic integral,

∫ π
2

0

√
1

1− (c sin ϕ)2 dϕ =
L
2

√
P
EI

(8)

the value c is obtained and replaced into Equation (7), and using the first class of non-
complete elliptical integral,

∫ ϕ

0

√
1

1− (c sin ϕ)2 dϕ =
∫ l

0

√
P
EI

ds (9)

A set of data (l, ϕ) is derived and converted into (l, θ) via Equation (4), where
l ⊂ (0, L/2) is the arc coordinate indicating the arc length from the middle to the end-
point, and θ indicates the deflection angle.

A symmetrical arc of length L can be drawn when the length L, Young’s modulus
E, and Section diameter D of the SGC are selected as 0.11 m, 3.5 × 104 Pa, and 0.02 m,
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respectively. By increasing the axial pressure, which is applied to the right side of the SGC,
the deformation evolution process of the beam is as shown in Figure 2.
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Figure 2. Axial compression deformation of SGC.

According to the stiffness of the stretching process formula k1 = EA/l0, the axial
deformation length corresponding to different pressures is extracted, and the recovery
curve of the SGC is obtained, in which the compression direction is positive. As shown in
Figure 3a, the slope of the solid blue line is much smaller than that of the red dotted line,
which demonstrates that there is much less post-buckling stiffness than stretch stiffness.
The post-buckling spring recovery vs. ordinary spring curve is shown in Figure 3b. For the
same static load, the post-buckling spring saves 0.1057 m more vibration stroke than the
ordinary linear spring. While the post-buckling design realizes the low-stiffness design
under the same material attributes, the post-buckling spring increases the load capacity
compared with the ordinary spring and saves the vibration travel space.
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(b) post-buckling spring vs. linear spring.

2.2. The SGC Vibration Isolator Unit

Figure 4 shows the model of the vibration isolation unit composed of the SGC. The
SGC is connected by two articulated joints, which are aligned and centralized through a
smooth guide through the center hole of the joints. One end of the SGC is secured to the
guide rod through an articulated joint, while the articulated joint at the other end is free to
slide up and down the guide rod through a linear guide.
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Figure 4. The simple model of vibration isolation unit.

Considering the limited vibration stroke of the SGC for the post-buckling design, point
A in Figure 3 is set as the initial position, while the upcoming applied load P0 = 0.33072 N
is considered to be the initial equilibrium position. The recovery curve after numerical
solution and fitting are shown in Figure 5. The post-buckling spring response force of a
single SGC is expressed as

P= 2.1211∆x + 4.7546∆x2+420.2∆x3.(∆x ⊂ (−0.04, 0.04)) (10)
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Since SGCs are formed by room temperature curing after mixing of two different raw
liquid silicones, different ratios of raw liquid silicone will yield an SGC of different Young’s
moduli. As shown in Figure 6, the post-buckling spring recovery curve under different
Young’s moduli and section diameters is obtained by numerical analysis. The equivalent
stiffness of the post-buckling spring increases as the Young’s modulus or cross-section
diameter increases. This is due to the increased Young’s modulus or the cross-section
diameter increasing the bending stiffness of the SGC. After polynomial fitting according to
Equation (11), the corresponding stiffness coefficient and the initial bearing load capacity
of the equilibrium position under different parameters are obtained, as shown in Table 1.

P = K1∆x + K2∆x2 + K3∆x3.(∆x ⊂ (−0.04, 0.04)) (11)
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Table 1. The stiffness coefficient and initial load.

E (Pa) D (m) K1 K2 K3 P0 (N)

3.5 × 104

0.02 2.1211 4.7546 420.2 0.330723
0.025 2.7272 6.1134 540.27 0.807425
0.03 3.3333 7.4715 660.34 1.674255

0.035 3.9391 8.83 780.35 3.10176
0.04 4.5453 10.189 900.44 5.29161

3.5 × 104

0.02

2.1211 4.7546 420.2 0.330723
4.5 × 104 5.1783 11.608 1025.9 0.4252194
5.5 × 104 10.737 24.069 2127.1 0.519715
6.5 × 104 19.892 44.591 3940.7 0.614197
7.5 × 104 33.938 76.077 6723.3 0.708697

3. The SGC Post-Buckling Vibration Isolator

As shown in Figure 7, a post-buckling vibration isolator is constructed by 16 SGC
units, a bearing platform, and a base. The fixed end of the SGC unit is connected to the
base, and the free end at its top is connected to the bearing platform. Under the action of
the four linear guides, the deformation of the proposed post-buckling vibration isolator is
limited to a vertical direction.
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3.1. Modeling

Since the vibration separator includes 16 post-buckling springs and its vibration
displacement is limited to a small range, the damping coefficient of the system is constant,
and the elastic recovery is 16P according to Equation (11). The vibration isolation system
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model shown in Figure 8 mainly blocks the vibration propagation from the foundation to
the system.
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The kinetic differential equation of the SGC vibration isolation system can be written as

m
..
x + c(

.
x− .

u) + k1(x− u) + k2(x− u)2 + k3(x− u)3 = 0 (12)

by using z = x − u, the dynamic equation is expressed as

m
..
z + c

.
z + k1z + k2z2 + k3z3 = −m

..
u (13)

where m is mass, c is damping coefficient, k1, k2, k3 are stiffness coefficients, x is vibration
displacement, f is force excitation, and u is foundation displacement excitation.

According to the harmonic balance method (HBM), when the base is motivated by a
sinusoidal function, such as

..
u = Λ cos(ωt + γ) (14)

the solution of the Equation (13) can be expressed in the following form:

z = b0 + b1 cos ωt (15)

where Λ is the base acceleration excitation amplitude, ω is the circle frequency, t is the time,
γ is the phase, b0 is the nonlinear response constant, and b1 is the response harmonic.

Substituting Equations (14) and (15) into Equation (13), the amplitude frequency
response characteristics of vibration isolation system is obtained as

(cωb1)
2 +

(
−mω2b1 + k1b1
+2k2b0b1 +

3
4 k3b1

3

)2

= (−mΛ)2 (16)

where the phase satisfies the following formula

tan γ =
cω

−mω2 + k1 + 2k2b0 +
3
4 k3b1

2
(17)

and the damping coefficient is approximately taken as c ≈ 2ζ
√

mk1; ζ is the viscous
damping ratio.

The numerical solution of the Runge–Kutta method (RKM) [30] is used to verify
the accuracy of the HBM, and the parameter of vibration isolation system is selected as:
m = 0.529 kg; ζ = 0.3; k1 = 33.9376; k2 = 76.0736; k3 = 6723.2; Λ = 0.05 m/s2; ω = 7.262 Hz.
The analytical and numerical results of the vibration isolation system are shown in Figure 9,
and the approximate analytical solution obtained by the HBM agrees well with the numeri-
cal solution obtained by the RKM.
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3.2. Transmissibility of Vibration Isolation System

The displacement transfer rate is selected as the parameter for measuring the vibration
isolation performance, which is defined as the ratio of the absolute displacement response
amplitude of the bearing platform to the base displacement amplitude. The bearing
platform absolute displacement expression is

x = u + z
= −

(
Λ/ω2) cos(ωt + γ)− k2b1

2

2k1
+ b1 cos ωt

= − k2b1
2

2k1
+
(

b1 − Λ
ω2 cos γ

)
cos ωt +

(
Λ
ω2 sin γ

)
sin ωt

(18)

and the transmissibility can be expressed as

TD =

√
(ω2b1 −Λ cos γ)

2 + (Λ sin γ)2

Λ
(19)

Figure 10 shows the influence of different parameters on displacement transmissibility,
and relevant computational parameters are listed in brackets under the icon. The proposed
structure shows the gradually hardened stiffness from the entire compression vibration
process.

The increased external excitation strengthens the tendency to shift the curve to the
right, giving the system more obvious nonlinear features, as shown in Figure 10a. The
change law of transmissibility with viscous damping ratio is shown in Figure 10b. As the
damping coefficient decreases, the vibration transfer rate curve is gradually tilted to the
right and the instability of the system is gradually enhanced. There is a significant “ridge
line” inclined to the larger frequency direction through the peak point of the curve family,
which is determined by the excitation amplitude and the nonlinear stiffness coefficient.
The damping coefficient has no effect on the curve skeleton.

As Young’s modulus and the section diameter increase, both SGC stiffness and the
static load increase, as shown in Table 1. In the case of Young’s modulus variation, the
growth rate of linear stiffness is significantly higher than that of the static load, while in the
case of the section diameter change, the static load grows faster than the linear stiffness. In
Figure 10c,d, it is found that neither the diameter nor the Young’s modulus affects the peak
of the transmission rate. As the diameter increases or the Young’s modulus decreases, the
peak of the vibration isolation transmission rate curve moves to the left, which means the
initial frequency of playing the vibration isolation effect decreases.
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Figure 10. Vibration transfer rate curves under different parameters. (a) Excitation amplitude (ζ = 0.3; D = 0.02 m;
E = 3.5 × 104 Pa); (b) viscous damping ratio (Λ = 0.05 m/s2; D = 0.02 m; E = 3.5 × 104 Pa); (c) Young’s modulus
(Λ = 0.05 m/s2; ζ = 0.3; D = 0.02 m); (d) section diameter (Λ = 0.05 m/s2; ζ = 0.3; E = 3.5 × 104 Pa).

4. Experimental Test
4.1. Experimental Setup

As shown in Figure 11, an experimental prototype was established to test the isolation
performance of the SGC vibration isolator. This prototype includes seven main subsystems:
a signal generator, a power amplifier, a shaker, the SGC isolator, laser sensors, a controller,
and a computer. The shaker generates the forced vibration of the SGC system, which is
applied to imitate a real vibration situation. The laser sensor measures the displacement of
the base and bearing platform, which is used to evaluate the vibration isolation effect in
terms of displacement transmissibility. The length, Young’s modulus, and section diameter
of the SGC prototype in this experiment are 0.11 m, 3.5 × 104 Pa, and 0.035 m, respectively.

As shown in Figure 11, the SGC isolator is mounted on a vibration shaker, and the
mass is placed on the bearing platform. A sine signal outputted by the signal generator is
amplified to the vibration shaker by a power amplifier. A sine exciting force is applied to the
base by a vibration shaker, which causes the base to vibrate. The vibration displacements
of the base and bearing platform are measured by two laser sensors. The data collection’s
signal of the laser sensor is sampled 500 times each second, and the data collected by the
laser sensor is transmitted to the computer for analysis.

4.2. Experimental Results and Discussions

The vibration isolation performance of the vibration isolator is closely related to its
resonance frequency and response peak. The lower the resonant frequency, the lower the
initiation frequency of vibration isolation and of the wider vibration isolation frequency
band. In this experimental test, to comprehensively analyze the displacement transmissi-
bility of the isolator with load mass m = 4.9 kg, a sweep sine excitation was applied to the
base and the frequency of the exciting signal was set from 1 Hz to 20 Hz. The parameters
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adopted by the theoretical calculations are listed in parentheses under the icon of Figure
12, where the reason for the large damping ratio is that the damping here is the structural
damping of the vibration isolator, including friction damping of hinge joints and straight
bearing, as well as damping of the silicone gel material itself.

(Λ = 0.001 m/s2; ζ = 0.5; D = 0.035 m; E = 3.5 × 104 Pa)
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Figure 12 shows a comparison of experimental and theoretical results of displacement
transmissibility, and the vibration of the base and bearing platform are at the excitation
frequencies of 3 Hz, 9 Hz, and 15 Hz after the system reaches a steady state. It is found
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that the experimental test results and the theoretical calculations essentially agree, and it
should be noted that the experimental results in the low-frequency resonance region are
slightly smaller than the theoretical results and slightly larger than the theoretical results
in the high-frequency zone. This is caused by the insufficient accuracy of the installation
of the physical model to produce additional damping. The effective vibration isolation
frequency of the SGC vibration isolation system is about 4 Hz. As the frequency increases,
the inhibitory effect of the vibration isolation system on the vibrational transmission
gradually increases. When the excitation frequency increases to 15 Hz, the amplitude of
the steady-state displacement has the ability to decrease to 18 dB.

5. Conclusions

Numerical analysis reveals that the post-buckling design can realize a low-stiffness
design, increase the load capacity compared with the ordinary spring, and save vibration
travel space. Based on the analysis, a novel post-buckling vibration isolator using an SGC
is proposed, and a corresponding vibration isolation experiment system is constructed.
The displacement transfer rate of the system is derived by using the harmonic balance
method, while the dynamic response of the SGC vibration isolator is experimentally
studied. The validity of the model is verified by comparing the experimental data and
numerical solutions under harmonic excitations. The results of experimental test show that
the proposed design has low-resonance frequencies and can achieve effective suppression
of vibration at low starting frequencies. This novel design of a post-buckling SGC provides
a viable method in low-frequency vibration isolation.
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