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Abstract

:

Overhung rotors are widely used in the industrial field. However, compared with normal structure rotors, the prediction and control of overhung rotors cannot achieve good performance. The work aims to investigate the dynamical behaviours of an overhung rotor by means of correlation analysis, and find its possible application. In this work, based on a real type of rotor, the dynamic model of the rotor with overhang is established by means of the finite element method. Simulation of the dynamic model with different input positions and support stiffnesses is conducted. Based on the methodology of correlation analysis, by introducing a correlation parameter of a proportion of amplitude of measured signal and imbalance mass, the position which has most effect on the vibration is found. Meanwhile, an experiment on the same type of overhung rotor is carried out to validate the results. The numerical results and corresponding experimental results prove that the overhung node has the most effect on the vibration amplitudes of the measured points. Choosing the overhung node to add trial weight, the overhung rotor can be easily balanced. The theory provides an alternative approach to modal analysis which needs more knowledge of the system.
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1. Introduction


Overhung rotors are found in many industrial applications. Many works on rotors with overhung design have been reported. For instance, electromagnetic motors [1,2,3,4], spindle in ultra-precision machine [5], turbine generator [6,7,8,9,10,11,12,13], compressor [14], and turbine power rotors [15] are rotor structures which must or may have overhung parts. Taking the turbine generator rotor as an example, the overhung parts always exist to implement the field winding. The mass and electromagnetic field of the overhung part would affect the dynamical behaviours of the rotor system conversely. Although rotors are carefully designed for fatigue loading and a high level of safety by using high-quality materials and precise manufacturing techniques, catastrophic failures occur in high-speed rotating machines, particularly for the overhung rotor which has considerable weight.



Many researchers have modeled and studied the dynamical responses of overhung rotors using different approaches. Cao et al. [16] studied the nonlinear dynamic behavior of the bladed overhang rotor system with squeeze film damper, using the lumped mass method and the Lagrange approach. Koo et al. [17] presented an analytical method based on transfer relations for an axial flux permanent magnet machine, while taking the overhang length into account. Gong et al. [18] investigated an overhang rotor with two discs supported by a couple of tilting-pad journal bearings. In Gong’s work, active lubrication, based on injecting pressurized oil into the bearing gap through orifices machined in the bearing sliding surface, is utilized. Kim et al. [19] considered the overhang effect according to the various rotor types of permanent magnet machine is analyzed by using 3D magneto-static finite element method. Yu et al. [20] presented a novel outer rotor permanent-magnet vernier machine for in-wheel direct-drive application and introduced the overhang structures of the rotor and flux modulation pole. Seo et al. [21] described the analysis and design of a spoke-type motor using ferrite permanent magnet. Kim et al. [22] dealt with the characteristic analysis of the fan motor considering ferrite bonded magnet in an inner-rotor overhang type Brushless DC motor. Noyes et al. [23] used a downwind configuration with a coning angle prescribed to allow load alignment for critical conditions to achieve moment reduction by changing the sign of variables like the overhang. Ma et al. [24] built an overhung rotor-support system to study the dynamic characteristics of rotor and support experimental systems under sudden unbalance excitation. Zhao et al. [25] proposed a permanent magnet vernier machine as a suitable alternative for direct-drive applications due to its high torque feature at a low operated speed and gave out the reasons. Tamrakar et al. [26] conducted an experimental comparison of response for a healthy and cracked overhung rotor system. Tiaki et al. [27] investigated the primary resonances of a cantilever flexible shaft carrying a rigid disk at its free end (overhung rotor). Tamrakar et al. [28,29] presented the response of the overhung rotor on isotropic support and an-isotropic support subject to unbalanced force. All these research works give beneficial results on overhung rotors. However, it is still difficult to conduct the balancing of rotors with a long overhang.



In the field of engineering, to connect with the other parts of a whole system the rotor structures usually have overhang parts whose gravity will introduce moment to the supports. Meanwhile, the nonlinear factors of the rotor system will make this additional moment introduced vibration more complex, i.e., different lengths and position of the overhang will lead to different effects on the vibration of the rotor system. Thus, the motivation of this work is to tackle the problem by modeling, dynamical analysis, statistical analysis and experimentation.



In the following, the modeling process by finite element method will be described in Section 2. Numerical analysis is given in Section 3 and an experimental approach is presented in Section 4. Finally, based on the theoretical and experimental analysis, the discussion and conclusions are given.




2. Modeling Process


A rotor with an overhang of 555 mm length is adopted in this work. A schematic diagram of the rotor with an overhang at the left end support is shown in Figure 1.



In this work, the finite element (FE) method is adopted in the modeling process. By the means of the FE method, the whole system could be meshed into an elements model. Here, the rotor system is divided into rigid discs, elastic shaft segments, and bearing supports. Each element’s model can be established separately, then, assembling all the element’s matrices together, the stiffness matrix, the mass matrix, and the gyro matrix can be obtained. Based on the FE modeling method, the overhung rotor described by Figure 1 can be discretized into elements with eight nodes, whose positions are given in Figure 2a.



2.1. Modeling of the Disc


A rigid disk will be considered as a lumped mass point superposed to the corresponding node. Each one has 4 degrees-of-freedom (DOF), including the vertical direction (x), horizontal direction (y), and the rotating angles along these two directions. Then, the governing equation of the disk can be written in the form


   M d    q ¨  d  − ω ·  G d   q d  =  Q d   



(1)




where   M d  ,   G d   and   Q d   are the equivalent mass, gyro and general force matrices of the chosen node whose expressions are


   M d  =      m d    0   0   0     0    m d    0   0     0   0    J  d  d    0     0   0   0    J  d  d       










   G d  =     0   0   0   0     0   0   0   0     0   0   0    −  J  p  d       0   0    J  p  d    0      








where   m d   is the mass of the disc,   J  d  d   is the equatorial moment of inertia,   J  p  d   is the pole moment of inertia.




2.2. Modeling of the Shaft Segment


Choosing the i-th elastic beam section, its motion can be described by two nodes with 8 DOFs as


    q    =   [  x i  ,  y i  ,  θ  y i   ,  θ  x i   ,  x  i + 1   ,  y  i + 1   ,  θ  y ( i + 1 )   ,  θ  x ( i + 1 )   ]  T           =   [  q i  ,  q  i + 1   ]  T      



(2)




where   q i   represents the i-th node’s displacement and rotation angle, and   q  i + 1    represents the   i + 1  -th node’s.


   (  M  T  e  +  M  R  e  )   q ¨  − ω ·  G e    q ˙  e  +  K e   q e  =  Q e   



(3)




where   M  T  e   and   M  R  e   are mass matrices of the shaft,   G e   is the gyro matrix,   K e   is the stiffness matrix and   Q e   the general force matrix.



The expression of matrices in Equation (3):


   M  T  e  =   ρ L    ( 1 +  φ s  )  2        M  T 1              0    M  T 1             0    −  M  T 4       M  T 2        s y m m         M  T 4     0   0    M  T 2            M  T 3     0   0    M  T 5      M  T 1          0    M  T 3      −  M  T 5      0   0    M  T 1         0    M  T 5      M  T 6     0   0    M  T 4      M  T 2         −  M  T 5      0   0    M  T 6      −  M  T 4      0   0    M  T 2        










   M  R  e  =   ρ L    ( 1 +  φ s  )  2       r ρ  L   2       M  R 1              0    M  R 1             0    −  M  R 4       M  R 2        s y m m         M  R 4     0   0    M  R 2            −  M  R 1      0   0    −  M  R 4       M  R 1          0    −  M  R 3       M  R 4     0   0    M  R 1         0    −  M  R 4       M  R 3     0   0    M  R 4      M  R 2         M  R 4     0   0    M  R 3      −  M  R 4      0   0    M  R 2        










   G e  =   ρ  r  ρ  2    15 L   ( 1 +  φ s  )  2        0             G 1    0            −  G 2     0   0      a n t i s y m m        0    −  G 2      G 4    0         0    G 1     −  G 2     0   0         −  G 1     0   0    −  G 2      G 1    0        −  G 2     0   0    G 3     G 2    0   0      0    −  G 2      −  G 3     0   0    G 2     G 4    0      










   K  T  e  =   E I   L 2        K  B 1              0    K  B 1             0    −  K  B 4       K  B 2        s y m m         K  B 4     0   0    K  B 2            −  K  B 1      0   0    −  K  B 4       K  B 1          0    −  K  B 1       K  B 4     0   0    K  B 1         0    −  K  B 4       K  B 3     0   0    K  B 4      K  B 2         K  B 4     0   0    K  B 3      −  K  B 4      0   0    K  B 2        








in which E is the elastic module, I is the area moment of inertia, G is the shear modulus,  ρ  is the density, A is the cross-sectional area and L is the length of the shaft segment. Introducing    φ s  = 12 E I /  ( G A  L 2  )    and    r ρ  =   I / A    , parameters can be simplified written as    M  T 1   = 13 / 35 + 7 / 10  φ s  + 1 / 3  φ  s  2   ;    M  T 2   =  ( 1 / 105 + 1 / 60  φ s  + 1 / 120  φ  s  2  )   L 2   ;    M  T 3   = 9 / 70 + 3 / 10  φ s  + 1 / 6  φ  s  2   ;    M  T 4   =  ( 11 / 210 + 11 / 120  φ s  + 1 / 24  φ  s  2  )  L  ;    M  T 5   =  ( 13 / 420 + 3 / 40  φ s  + 1 / 24  φ  s  2  )  L  ;    M  T 6   = −  ( 1 / 140 + 1 / 60  φ s  + 1 / 120  φ  s  2  )   L 2   ;    M  R 1   = 6 / 5  ;    M  R 2   =  ( 2 / 15 + 1 / 6  φ s  + 1 / 3  φ  s  2  )   L 2   ;    M  R 3   =  ( − 1 / 30 − 1 / 6  φ s  + 1 / 6  φ  s  2  )   L 2   ;    M  R 4   =  ( 1 / 10 − 1 / 2  φ s  )  L  ;    G 1  = 36  ;    G 2  = 3 L − 15 L  φ s   ;    G 3  =  L 2  + 5  L 2   φ s  − 15  L 2   φ  s  2   ;    G 4  = 4  L 2  + 5  L 2   φ s  + 10  L 2   φ  s  2   ;    K  B 1   = 12 /  ( 1 +  φ s  )   ;    K  B 2   =  L 2   ( 4 +  φ s  )  /  ( 1 +  φ s  )   ;    K  B 3   =  L 2   ( 2 −  φ s  )  /  ( 1 +  φ s  )    and    K  B 4   = 6 L /  ( 1 +  φ s  )   .




2.3. Modeling of the Bearing Force


The simplest way to deal with the bearing element is representing it by a spring-damper element. Then the boundary condition of the corresponding node can be decided. However, the nonlinear factors introduced by the bearing force are neglected. To further consider the nonlinear effects, a nonlinear bearing force model is introduced. In this work, a sliding bearing model is adopted. Reynolds’ equation is the basic equation for oil film force analysis.


   1  R 2   ·  ∂  ∂ ζ    (   h 3   12 η   ·   ∂ p   ∂ ζ   )  +  ∂  ∂ z    (   h 3   12 η   ·   ∂ p   ∂ z   )  =  1 2  Ω ·   ∂ h   ∂ ζ   +   ∂ h   ∂ t    



(4)




where R is the radius of the journal;  ζ  is the clockwise angle from vertical direction; h is the oil film thickness;  η  is the lubricating oil viscosity and p is the oil film pressure. z indicates axial-direction which is neglected in this study and t for time.



Capone’s modified oil film force model [30] is applied, and based on which the Equation (4) can be solved analytically. The oil film forces are then obtained with help from Capone’s simplification.


        f x        f y      =    [   ( x − 2  y ′  )  2  +   ( y + 2  x ′  )  2  ]   1 / 2    1 −  x 2  −  y 2    ·      3 x V ( x , y , α ) − sin α G ( x , y , α ) − 2 cos α S ( x , y , α )       3 y V ( x , y , α ) + cos α G ( x , y , α ) − 2 sin α S ( x , y , α )       



(5)




where


     V  ( x , y , α )  =   2 + ( y cos α − x sin α ) G ( x , y , α )   1 −  x 2  −  y 2          S  ( x , y , α )  =   x cos α + y sin α   1 −   ( x cos α + y sin α )  2          G  ( x , y , α )  =  2   ( 1 −  x 2  −  y 2  )   1 / 2     [  π 2  + arctan   y cos α − x sin α    ( 1 −  x 2  −  y 2  )   1 / 2    ]        α = arctan   y + 2  x ′    x − 2  y ′    −  π 2  s g n  (   y + 2  x ′    x − 2  y ′    )  −  π 2  s g n  ( y + 2  x ′  )      








where subscript x indicates the vertical component of the oil film force in the radial direction and y the horizontal component of the oil film force in radial direction.   x , y ,  x ′    and   y ′   are the general displacements and velocities of corresponding directions.




2.4. The Governing Equations


By assembling the corresponding matrices of each node, the mass matrix, the gyro matrix and the stiffness matrix of the whole system can be obtained. The assembled process is described by Figure 2b.



Linear damping matrix is adopted as


  C = a · M + b · K  



(6)




where coefficients a and b can be measured by experiment.



Considering the gravity, unbalanced force and bearing force, the dynamic model of the rotor support structure shown in Figure 1 can be established into form


  M  q ¨  +  ( C + Ω G )   q ˙  + Kq +  F n  =  F u  +  F g   



(7)




where  q  is the displacement coordinate vector, including the displacements of the two disks and two sliding bearings along the x-axis and y-axis, respectively;  M ,  C ,  G  and  K  are corresponding mass matrix, damping matrix, gyro matrix and stiffness matrix.   F n   is the bearing force vector;   F u   is the unbalanced force vector and   F g   is the gravity vector.  Ω  represents the rotating speed of the rotor which determines the frequency of the unbalanced force.





3. Numerical Analysis of the System


Given the dimension of each shaft segment (listed in Table 1) and material properties (listed in Table 2) of the rotor, the simulation of the system described by Equation (7) is carried out to find the dynamical behaviours.



3.1. The Critical Speed of the Rotor with Overhang


In this subsection, the first three orders of the critical speeds of the rotor system with different stiffnesses are calculated. The common range of the stiffness of the elastic support structure is from   10 7   to   10 9  . Thus, here, three represented stiffness values are adopted as   1.5 ×  10 7   ,   1.5 ×  10 8    and   1.5 ×  10 9    in calculation.



The results are listed in Table 3. From Table 3, we find that the stiffness of the elastic support substantially affected the first and second orders, while the third-order critical speed changes little with different stiffnesses. The reason for this is that the frequency of the rigid body mode introduced by elastic support is near the first-order frequency of the bending mode of the rotor. These two modes coupled and represented the first two orders of critical speeds of the rotor.




3.2. The Correlation Analysis of the Rotor with Overhang


In this subsection, correlation analysis is conducted as, in design process or control process of a rotor, especially when during balancing process of a rotor structure, not all positions can be measured or adjusted by trial measures. The correlation analysis can help find which position affects most. In this model, the balancing groves are located at node #3 and node #5. The position at node #4 has screw holes. The position at the end of the overhang, which is numbered as node #8, can also be a position to add trial weight. Two velocity sensors are mounted on the supports (#1 and #7). To see the overhang effect, additional eddy current sensor could be applied to measure the displacement of the node #8. The responses of the nodes #1, #7 and #8 in vertical and horizontal directions of the simulation results with pre-set imbalance at nodes of #3, #4, #5 and #8 are given from Figure 3, Figure 4, Figure 5 and Figure 6 separately.



In the simulation study, the pre-set imbalances lead to harmonic type responses, and the gravity makes the vertical mean value not equal to zero. From Figure 3, Figure 4, Figure 5 and Figure 6, the amplitudes of the responses of different nodes with different pre-set imbalance positions are different. In Figure 3, Figure 4 and Figure 5, the amplitudes of node 1 are larger than those of node 7. The reason for this phenomenon is that the overhung part has larger effects on node 7. Introducing a correlation parameter of proportion of amplitude and imbalance, the correlation parameters of different combinations are given in Table 4.



Following the same method, the correlation parameter when the support stiffnesses are   10 8   and   10 7   are given in Table 5 and Table 6.





4. Experimental Test


4.1. Experiment Descriptions


The experiment is carried out by a real generator rotor. Figure 7 gives the pictures of the experiment rotor (a) and supports used (b). In Figure 7a, agreeing with the FE model described in Figure 2a, nodes #1 and #7 are supported by the supports described by Figure 7b. The #3, #4, #5 and #8 are four nodes where trail weights can be added. The supports shown in Figure 7b have an equivalent stiffness of   4.5 ×  10 8    N/m and have velocity sensors to test the journal vibration.




4.2. Experiment Procedure


Figure 8 gives the initial measured results. The Bode diagrams of the responses of the two support pedals are plotted in Figure 8, where red color lines indicate the curves of the root mean square (rms) of the responses with respect to the rotating speed of pedal 1 (#1) and black lines correspond to pedal 2 (#7). For both colours, the solid line represents the run-up process and the dotted line the run-down process. The working speed is expected at 6500 rpm, but the value of vibration amplitude of pedal 2 reaches the safe limit at a speed of around 5500 rpm. So the first test stops.



Based on the initial measured result and the traditional rotor balancing method, a 50 g trail weight on the middle of the rotor (#5) is applied. Figure 9 gives the Bode diagrams of the responses of pedals 1 and 2 when 50 g trail weight is added. However, the vibrations are not suppressed, but a little amplified when the rotating speed approaches the second-order resonance region.



Based on the correlation analysis conducted in the previous section, the trail weight added on the #5 node has an almost equal effect on measured points. Therefore, it is not a good position to balance the rotor with an overhang, although it is the first choice for a symmetry rotor as it is the peak point of the first-order modal function. Thus, the overhang part of the rotor is chosen to be the next trial position. A 2 g trail weight is added and the corresponding Bode diagrams are shown in Figure 10.



This time, the peak values of the first-order and second-order main resonance are suppressed. However, the value of pedal 1 is still beyond the limit at the working speed. It can be noted that the position has a significant effect. Only the mass of the trail weight needs to be adjusted further.



Figure 11 gives the Bode diagram of the measured responses with 4 g trail weight. After a small change in the mass of the trail weight, the responses of the rotor satisfy the working limits.





5. Discussion and Conclusions


For a rotor without overhang, many balancing methods have been proposed to identify the imbalance distribution. However, for an overhang rotor, methods are seldom proved to be suitable. In the field of engineering, rotors with long overhangs are considered impossible to balance. Most of the time, to suppress the vibration of this kind of rotor, the rotor structure or the position of support are adjusted. According to the correlation analysis, a rotor with overhang can be easily balanced. Compared with the modal based balancing method, the correlation analysis are simple and implementable.



In this work, modeling, dynamical simulation, correlation analysis and experiment of an overhung rotor are carried out. Based on the rules found, we could conclude that (1) The critical speeds of the first and the second orders are substantially affected by support stiffnesses and the coupling effect of the bearing and support stiffnesses, while the third order is less affected by the reasonable stiffness range; and (2) By introducing a correlation parameter, which is defined by imbalance mass and amplitude of the particular nodes, the most influenced nodes can be found. With the rotor model adopted in this work, the overhung node is most influential.



Based on the findings, by choosing the overhang node to add trial weight, an overhung rotor is easily balanced. Through experimental testing, this analysis has significant meaning in terms of controlling the vibration of the overhang rotor. The theory provides an alternative approach to modal analysis which needs more knowledge of the system.
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Figure 1. Schematic diagram of the rotor. 






Figure 1. Schematic diagram of the rotor.
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Figure 2. Modeling of the rotor. (a) Meshed model of the rotor, and (b) assembly of the element matrices. 
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Figure 3. Responses of the measurable nodes in (a) vertical direction and (b) horizontal direction with pre-set imbalance at node 3. 
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Figure 4. Responses of the measurable nodes in (a) vertical direction and (b) horizontal direction with pre-set imbalance at node 4. 
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Figure 5. Responses of the measurable nodes in (a) vertical direction and (b) horizontal direction with pre-set imbalance at node 5. 
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Figure 6. Responses of the measurable nodes in (a) vertical direction and (b) horizontal direction with pre-set imbalance at node 8. 
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Figure 7. The experimental rotor and supports. (a) The rotor and (b) The support pedal. ( #1 and #7 are the nodes where supported by support shown in (b) and #3, #4, #5 and #8 are nodes where trial weights can be added). 
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Figure 8. Bode diagram of the responses at the nodes of supports when no trail weight is added. 
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Figure 9. Bode diagram of the responses at the nodes of supports when 50 g trail weight is added on the #4. 
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Figure 10. Bode diagram of the responses at the nodes of supports when 2 g trail weight is added on the #8. 
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Figure 11. Bode diagram of the responses at the nodes of supports when 4 g trail weight is added on the #4. 
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Table 1. The shape value of the shaft.
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	Node 1–2
	Node 2–3
	Node 3–4
	Node 4–5
	Node 5–6
	Node 6–7
	Node 7–8





	Length
	435 mm
	235 mm
	1117.5 mm
	1117.5 mm
	185 mm
	420 mm
	555 mm



	Diameter
	235 mm
	369 mm
	588 mm
	588 mm
	386 mm
	252 mm
	126 mm
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Table 2. The material parameter.
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	Parameters
	Value





	Young’s module E
	100 ×   10 9   Pa



	Density  ρ 
	7.85 ×   10 3   kg/m   3  



	Poisson’s ratio  μ 
	0.211



	Axial force H
	0
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Table 3. The first three orders critical speed.
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	Order of Stiffness
	First-Order
	Second-Order
	Third-Order





	   10 7   
	13.5 Hz
	28.5 Hz
	349.3 Hz



	   10 8   
	39.6 Hz
	86.3 Hz
	360.9 Hz



	   10 9   
	80.6 Hz
	201.8 Hz
	416.4 Hz
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Table 4. The correlation parameter when support stiffness is   10 9  .






Table 4. The correlation parameter when support stiffness is   10 9  .











	
	Correlation (m/kg)
	
	





	
	3 to 1
	3 to 7
	3 to 8



	x
	   0.2 ×  10  − 5     
	   0.07 ×  10  − 5     
	   0.12 ×  10  − 5     



	y
	   0.22 ×  10  − 5     
	   0.06 ×  10  − 5     
	   0.13 ×  10  − 5     



	
	4 to 1
	4 to 7
	4 to 8



	x
	   0.43 ×  10  − 5     
	   0.23 ×  10  − 5     
	   0.03 ×  10  − 5     



	y
	   0.5 ×  10  − 5     
	   0.27 ×  10  − 5     
	   0.03 ×  10  − 5     



	
	5 to 1
	5 to 7
	5 to 8



	x
	   0.57 ×  10  − 5     
	   0.38 ×  10  − 5     
	   0.14 ×  10  − 5     



	y
	   0.67 ×  10  − 5     
	   0.41 ×  10  − 5     
	   0.14 ×  10  − 5     



	
	8 to 1
	8 to 7
	8 to 8



	x
	   0.18 ×  10  − 5     
	   0.58 ×  10  − 5     
	   7.11 ×  10  − 5     



	y
	   0.22 ×  10  − 5     
	   0.67 ×  10  − 5     
	   8.0 ×  10  − 5     
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Table 5. The correlation parameter when support stiffness is   10 8  .
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	Correlation (m/kg)
	
	





	
	3 to 1
	3 to 7
	3 to 8



	x
	   1.9 ×  10  − 5     
	   0.65 ×  10  − 5     
	   0.19 ×  10  − 5     



	y
	   1.04 ×  10  − 5     
	   0.64 ×  10  − 5     
	   0.17 ×  10  − 5     



	
	4 to 1
	4 to 7
	4 to 8



	x
	   1.79 ×  10  − 5     
	   1.59 ×  10  − 5     
	   1.35 ×  10  − 5     



	y
	   1.98 ×  10  − 5     
	   1.74 ×  10  − 5     
	   1.42 ×  10  − 5     



	
	5 to 1
	5 to 7
	5 to 8



	x
	   2.6 ×  10  − 5     
	   2.6 ×  10  − 5     
	   2.6 ×  10  − 5     



	y
	   2.9 ×  10  − 5     
	   2.9 ×  10  − 5     
	   2.9 ×  10  − 5     



	
	8 to 1
	8 to 7
	8 to 8



	x
	   2.7 ×  10  − 5     
	   3.4 ×  10  − 5     
	   1.0 ×  10  − 4     



	y
	   3.1 ×  10  − 5     
	   3.8 ×  10  − 5     
	   1.21 ×  10  − 4     
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Table 6. The correlation parameter when support stiffness is   10 7  .
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	Correlation (m/kg)
	
	





	
	3 to 1
	3 to 7
	3 to 8



	x
	   6.70 ×  10  − 5     
	   6.68 ×  10  − 5     
	   6.67 ×  10  − 5     



	y
	   8.22 ×  10  − 5     
	   7.67 ×  10  − 5     
	   7.30 ×  10  − 5     



	
	4 to 1
	4 to 7
	4 to 8



	x
	   1.42 ×  10  − 4     
	   1.42 ×  10  − 4     
	   1.42 ×  10  − 4     



	y
	   1.36 ×  10  − 4     
	   1.36 ×  10  − 4     
	   1.36 ×  10  − 4     



	
	5 to 1
	5 to 7
	5 to 8



	x
	   2.16 ×  10  − 4     
	   2.38 ×  10  − 4     
	   2.74 ×  10  − 4     



	y
	   1.98 ×  10  − 4     
	   2.21 ×  10  − 4     
	   2.57 ×  10  − 4     



	
	8 to 1
	8 to 7
	8 to 8



	x
	   2.83 ×  10  − 4     
	   3.42 ×  10  − 4     
	   4.72 ×  10  − 4     



	y
	   2.80 ×  10  − 4     
	   3.31 ×  10  − 4     
	   4.78 ×  10  − 4     
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