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Abstract: Friction dampers are widely used in structural vibration suppression in various fields, such
as aeronautics, astronautics, robotics, precision manufacturing, etc. Traditional friction dampers are
mainly used in a passive way to optimize vibration suppression with an immutable pressure around
certain excitation. In this manuscript, a hybrid control strategy by considering both the friction
force in the active control law and a nonlinear velocity compensation force is put forward: First, the
normal force applied on the friction damper was adjusted to ensure its vibration reduction effect
under different excitation for a first passive control; second, the active control law was established by
combining the dry friction force and the velocity control force in the state space; lastly, the stability
of the nonlinear control law was determined by Lyapunov criterion. Numerical simulations were
conducted on a three degree-of-freedom system (3-DOF) based on the proposed hybrid control
strategy, to show the control efficiency in vibration suppression and economic efficiency in energy
input into the system. Simulation results showed that the proposed control law could reduce the
amplitude of the active control force by about 5% without degrading the control efficiency.

Keywords: hybrid nonlinear active control; dry friction force; nonlinear velocity compensation force;
Lyapunov criterion

1. Introduction

Vibration control is one of the most important subjects in aeronautics, astronautics,
robotics, precision manufacturing, etc. Flexible structures are increasingly applied in
aeronautics and astronautics, such as the solar panels of satellites, and their light weight
and flexible properties have caused numerous vibration problems because of their low
natural frequency. Many accuracy problems have been induced by vibration in the robotics
field. For example, if the vibration cannot be well controlled in the process of manufacturing
workpieces with a robotic arm, the workpieces and processing tools would be considerably
damaged, and product quality would be greatly degraded. In precision manufacturing,
vibration will also introduce great machining errors and affect machining accuracy.

Among various vibration suppression methods, friction damper is a commonly used
tool [1]. The widely used control methods with friction dampers are mainly divided into
three types: passive dampers, semi-active dampers, and active dampers [2–4]. Passive
dampers benefit from the fact that the energy dissipated by this type of damper does
not change with the size and frequency of the load [5]. This type of damper has been
widely used in civil engineering [6–8], aircraft [9], aeroengine [10–12], automobile [13,14],
etc. However, the passive friction dampers can only be optimized for a unique given
excitation. In order to ameliorate the effect of friction damper under different excitation,
semi-active dampers were proposed. With the development of smart materials, some semi-
active dampers then emerged. Semi-active damping control can reserve the reliability of
passive dampers while presenting a better control effect [15]. Synchronous switch damping
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based on piezoelectric materials is also a commonly used semi-active damping control
method [16]. Magnetorheological (MR) dampers, as a type of semi-active damper, are
employed in civil engineering to reduce the absorb seismic energy [7]. However, with
the increasing requirements for structural vibration control in different fields such as
precision machining, passive and semi-active control methods can no longer fully meet
the needs. Active friction control can adjust the friction force according to the functional
conditions of the structure, and hence, it can provide a better vibration suppression effect.
Ohzono et al. [17–23] developed a type of morphing surface whose friction coefficient
changes with its wrinkle amplitude. The wrinkle amplitude is controlled by the internal
stress mismatch of layered material, and the friction can then be controlled in an active way.
Murashima [24] developed a metal morphing surface with a varying friction coefficient
that depends on the lubrication conditions, pressure, and speed. These studies on realizing
the change of friction make friction control possible. Therefore, active friction control is a
valuable subject.

Many researchers have also taken friction into consideration when designing active
control laws. Heckl and Abrahams [25] proposed an active feedback control of a friction-
driven oscillator. The feedback control law is specifically dedicated to unstable friction-
induced vibrations. Zhou and Li [26] proposed a finite-time robust adaptive sliding
mode control of a system with friction compensation, with the stability of the proposed
control law proved by the Lyapunov criterion, and the efficiency proved by experience.
Zou et al. [27] proposed an adaptive sliding mode-based position tracking control for
systems with nonlinear friction compensation. This control law is proved experimentally
to have a better performance than the commonly used PI feedback control. In most of
these studies, friction is considered to be an item that affects the system performance, and
active control force compensation is required. In some other research, semi-active friction
is considered with some active control law. Hernán et al. [28] have studied analytically,
numerically, and experimentally semi-active friction tendons under control law based
on velocity feedback and force feedback. The velocity feedback control law shows more
precision, and the force feedback control law is more effective for limiting the displacement
under large loads. Marcelo Braga [29] has designed a damper assembling auxiliary mass
damper and semi-active friction damper, and this damper has shown effectiveness on
multi-degree-of-freedom vibratory systems. These studies show the possibility to consider
friction as an active control force.

Friction is an effective energy dissipation method in vibration suppression and can also
be introduced as an active control force in the design of the control law. In addition, general
active control requires continuous external energy input, and the control law combined with
friction is expected to reduce the external energy input. This study combined an external
force with an artificially introduced friction force to control the vibration of the system.
With a simple three degree-of-freedom (3-DOF) oscillator system, a nonlinear control law
was designed, and the Lyapunov criterion was applied to observe the stability of the control
law. Numerical simulations proved the effectiveness of the proposed nonlinear control law.

This paper is structured as follows: In Section 2, the governing motion equation, along
with the corresponding state-space transformations of the 3-DOF oscillator system, are first
established. The control law combining varying dry friction force and active control force
is then established in the state space. The stability of the control is further proved with the
Lyapunov criterion. Section 3 presents the numerical simulation results of the proposed
control law, including the time domain response and the frequency domain response of
the system under no external control force, pure dry friction force control, pure active
force control, and the hybrid control law proposed in this manuscript. A discussion of the
simulation results is provided at the end of Section 3. In Section 4, the general conclusions
are drawn.
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2. Theoretical Aspects

All symbols used in this section can be found with physical meanings in Table A1 in
Appendix A.

2.1. Governing Motion Equation of a 3-DOF Model

A 3-DOF mass stiffness model was employed to explain the theoretical aspects of
this paper, and the nonlinear friction force was applied between m1 and m2, as shown in
Figure 1.
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The governing equation of the above model is expressed as
m1

..
x1 = (−k1 − k2)x1 + k2x2 + f + fexc + fc1

m2
..

x2 = k2x1 + (−k2 − k3)x2 + k3x3 − f + fc2

m3
..

x3 = k3x2 + (−k3 − k4)x3

. (1)

In the matrix form, the governing motion equation is written as m1 0 0
0 m2 0
0 0 m3

 ..
x1..
x2..
x3

 = −

 k1 + k2 −k2 0
−k2 k2 + k3 −k3

0 −k3 k3 + k4

 x1
x2
x3

+

 f
− f
0

+

 fexc
0
0

+

 fc1

fc2

0

. (2)

where M =

 m1 0 0
0 m2 0
0 0 m3

 is the mass matrix of the system, m1 = m2 = m3 = m;

K =

 k1 + k2 −k2 0
−k2 k2 + k3 −k3

0 −k3 k3 + k4

 is the stiffness matrix of the system;

X =

 x1
x2
x3

 is the displacement vector of the system;

Fnl =

 f
− f
0

 is the friction vector;

f = −µ·FN ·sign
( .

x1 −
.

x2
)
, µ is the friction coefficient and FN is the normal force

applied on the interface;

sign(a) =

{
1 a ≥ 0
−1 a < 0

is a sign function, which returns 1 for all x > a and −1 for all

x < a;

Fexc =

 fexc
0
0

 is the exterior excitation vector;
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Fc =

 fc1

fc2

0

 is the active control force vector, and the corresponding matrix form is

written as
M

..
X = −KX + Fnl + Fexc + Fc, (3)

2.2. A Nonlinear Hybrid Control Strategy Combining Dry Friction and Active Control Force
2.2.1. Governing Motion Equation in the First State Space

Since the friction force is a function of relative velocity
.

xi −
.

xj and relative displace-
ment xi − xj, in order to facilitate the design of control law, the above physical space is
transformed into a state space where the relative displacements are set as new variables in
the new governing equation.

Supposing y1 = x1 − x2 and y2 = x1 + x2, then the friction force will be decoupled in
the new state space, only engaged in the equation of y1 = x1 − x2, while disappearing in
the equation of y2 = x1 + x2.

The governing equation in the new state space is expressed as
m

..
y1 = − 1

2 (k1 + 4k2 + k3)y1 +
1
2 (k3 − k1)− k3y3 + 2 f + fexc + fc1 − fc2

m
..

y2 = 1
2 (k3 − k1)y1 − 1

2 (k2 + k2)y2 + k3y3 + fexc + fc1 + fc2

m
..

y3 = − k3
2 y1 +

k3
2 y2 − (k3 + k4)y3

. (4)

The corresponding matrix form is written as m1 0 0
0 m2 0
0 0 m3

 ..
y1..
y2..
y3

 = −1
2

 k1 + 4k2 + k3 k1 − k3 2k3
k1 − k3 k1 + k2 −2k3

k3 −k3 2(k3 + k4)

 y1
y2
y3

+

 2 f
0
0

+

 fexc
fexc
0

+

 fc1 − fc2

fc1 + fc2

0

. (5)

where Y =

 y1
y2
y3

 =

 x1 − x2
x1 + x2

x3

 is the displacement vector in the newly defined state space;

Mm =

 m 0 0
0 m 0
0 0 m

 is the mass matrix in the newly defined state space;

Km = 1
2

 k1 + 4k2 + k3 k1 − k3 2k3
k1 − k3 k1 + k2 −2k3

k3 −k3 2(k3 + k4)

 is the stiffness matrix in the newly defined

state space;

Fnlm =

 2 f
0
0

 = −

 2µ·FN ·sgn
( .

x1 −
.

x2
)

0
0

 is the friction vector in the newly defined

state space;

Fexcm =

 fexc
fexc
0

 is the exterior excitation vector in the newly defined state space;

Fcm =

 fc1 − fc2

fc1 + fc2

0

 is the active control force vector in the newly defined state space, and the

corresponding matrix form is written as

Mm
..
Y = −KmY + Fnlm + Fexcm + Fcm , (6)

The transformation matrix P bring the physical coordinates into the state space is defined as

Y =

 y1
y2
y3

 = P·X, (7)
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where P =

 1 −1 0
1 1 0
0 0 1

, which is reversible, and vice versa, X = P−1Y.

Employing this transformation matrix, the physical space can be easily transformed into state
space. By replacing Y by X, and left multiplying by P in Equation (3), we have

PMP−1P
..
X = −PKP−1PX + PFnl + PFexc + PFc, (8)

where

Mm = PMP−1;
Km = PKP−1;
Fnlm = PFnl;
Fexcm = PFexc;
Fcm = PFc.

2.2.2. Control Law Design in the Second State Space
The control law is designed in a second, new state space by choosing

Y1 = Y, (9)

Y2 =
.

Y1 =
.
Y. (10)

Let us note
Fnlm = −β|Y2|αsign(Y2), (11)

where |Y2|α =
∣∣∣ .
Y
∣∣∣α =


∣∣ .
y1
∣∣α∣∣ .

y2
∣∣α∣∣ .

y3
∣∣α
;

sign(Y2) =

 sign
( .
y1
)

sign
( .
y2
)

sign
( .
y3
)
;

β =

 β11 0 0
0 0 0
0 0 0

.

This control law was proposed to amplify the state space velocity with an exponential function,
so this control law is denoted as “nonlinear velocity compensation control” in the following text.

The active control force in the state-space is defined by

Fcm = −CY2 = −C
.
Y, (12)

where C is the coefficient matrix of active control force, which is positive definite.
By utilizing the transformation matrix, the active control force physical space is given by

Fcp = P−1Fcm . (13)

In this study, the active control force was applied on the dry friction surface; that is to say,
the active control force was applied on m1 and m2. Thus, the distribution matrix Dp is defined as
Equation (14) as follows:

Fc = Dp·Fcp , (14)

where Dp =

 1 0 0
0 1 0
0 0 0

.

2.2.3. Stability of the Proposed Nonlinear Control Law
The stability of nonlinear control law is generally determined by the Lyapunov criterion. In

this framework, a generalized energy function V is required to be defined, which is the Lyapunov
function. For an arbitrary vector Z, if V(Z) > 0 and

.
V(Z) < 0, the system is asymptotically stable.

In order to check the stability of the above control law, the Lyapunov function of the controlled
system motion equation is investigated in this section.
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The new variable in the second state space is noted as

Z =

[
Y
.
Y

]
. (15)

The new governing motion equation, along with the control law in the second state space, is
found to be [

Km 0
0 Mm

][ .
Y
..
Y

]
=

[
0 Km
−Km 0

][
Y
.
Y

]
+

[
0

Fnlm

]
+

[
0

Fcm

]
, (16)

V(Z) =
1
2

ZT
[

Km 0
0 Mm

]
Z > 0, (17)

.
V(Z) = ZT

[
Km 0
0 Mm

]
.
Z. (18)

According to Equation (6), we have

.
Z =

[
Km 0
0 Mm

]−1
([

0 Km
−Km 0

][
Y
.
Y

]
+

[
0

Fnlm

]
+

[
0

Fcm

])
, (19)

.
V(Z) = ZT

([
0 Km
−Km 0

][
Y
.
Y

]
+

[
0

Fnlm

]
+

[
0

Fcm

])
= YTKm

.
Y−

.
Y

T
KmY−

.
YTk

∣∣∣ .
Y
∣∣∣αsign

( .
Y
)
−

.
YTC

.
Y

= −
.

YTk
∣∣∣ .
Y
∣∣∣αsign

( .
Y
)
−

.
YTC

.
Y.

(20)

Since C is positive definite, and the dry friction distribution matrix k is semi-positive
definite, we can conclude that

.
V(Z) < 0. According to the Lyapunov criterion, the system is

asymptotically stable.

3. Numerical Simulations
3.1. Description of Physical Parameters Employed in the Model

The values of the parameters employed in the simulation are listed in Table 1.

Table 1. Values of parameters.

Parameter Value

m 1 kg
k1 20, 000 N/m
k2 5000 N/m
k3 5000 N/m
k4 20, 000 N/m

C
 50 0 0

0 50 0
0 0 50


β11 30
α 0.8

fexc 100 N

The parameters of the 3-DOF oscillator are given in Table 1, and the first three natural frequencies
of this model without control are 13.5 Hz, 25.2 Hz, and 26.5 Hz. When the amplitude of the friction
force tends to infinity, the 3-DOF oscillator turns into a 2 DOF oscillator, and its natural frequencies
are 17.1 Hz and 25.6 Hz.

3.2. Simulation Results
In the following analysis, the control effect of the following three different control laws is

provided: (1) the pure friction force control law; (2) the pure active force control law; (3) the hybrid
active force and friction force control law.
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3.2.1. Frequency Response
For a system with passive friction dampers, the frequency responses of the 3-DOF system with

different friction force amplitude are shown in Figure 2.
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It can be seen from Figure 2 that dry friction can alter the amplitude and frequency around
the resonances. As the amplitude of dry friction increases, the frequency of the first resonance
peak increases, and the frequency of the second resonance peak decreases. With the increase in the
dry friction amplitude, the peak value of these two resonances peak will at first decrease and then
increase, as shown in Figure 2. According to reference [30], the peak value of a frictional system
would at first decrease and then increase, which is in accordance with the results shown in Figure 2.
In order to achieve a better passive friction damping effect, the normal force applied to the damper
needs to be adapted to the system requirements

The frequency response of the initial noncontrolled system, the system involving only active
friction damper, the system involving only active control force, and the system involving the proposed
hybrid control strategy are, respectively, shown in Figure 3.
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proposed hybrid control.
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It can be seen from Figure 3 that for the system using only an active friction damper, the
kinetic energy amplitude of the first resonance is slightly reduced, and the frequency is slightly
increased. The kinetic energy amplitude of the second resonance is visibly reduced. By comparing
the blue line with Figure 2, it can be concluded that active friction damping and passive friction
damping have similar characteristics for the 3-DOF oscillator; that is to say, the damping effect for
low-frequency vibration is poor, while the damping effect for high-frequency vibration is better.
For the system containing only an active control force, the system can achieve a better control
effect in the low-frequency band. The peak value of the first resonant is greatly reduced. However,
the control effect becomes worse for high-frequency excitation. Another observation is that the
system with pure active control force provides no significant shift in the resonant frequencies,
which is in accordance with theoretical formulations. For the system with the proposed nonlinear
hybrid control, the kinetic energy amplitude around both resonances is greatly reduced. Although
the performance around the first resonance frequency is slightly worse than the control effect that
only includes the active control force, the performance around the second resonance still justifies
its obvious advantages. The proposed control law can greatly attenuate the system’s kinetic
energy amplitude for both resonance zones, resulting in a global better dynamic performance in
the interested frequency band.

In order to verify the effect of the control law in reducing the active control force, the amplitudes
of control forces introduced in the control law for the system with pure active control and the
proposed nonlinear velocity compensation control were calculated, as shown in Figure 4.
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Figure 4. Frequency response of active control force of system with active control and proposed
hybrid control.

It can be seen from Figure 4 that around the first resonance frequency, the nonlinear velocity
compensation control law proposed in this manuscript increases the amplitude of the active control
force by a maximum of 4%, while around the second resonance frequency, the amplitude of active
control force decreases by about 6%. Therefore, the proposed nonlinear hybrid control law can
achieve the initial purpose of reducing the external energy input for frequency above 20 Hz for this
3-DOF system.

3.2.2. Time Response of Certain Frequencies
The transient time response of the system is also an important reference for investigating the

control law effect. Time response curves of the 3-DOF system around the first resonance frequency of
the aforementioned systems are depicted in Figure 5, and the excitation frequency is set to 13 Hz.
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Figure 5. Time histories of the system under 13 Hz excitation. (a) Time response of m1 (b) Time response of m2 (c) Time
response of m3.

Since friction dampers only exist between m1 and m2, the dynamic performance of these two
masses is more sensible to friction forces. By comparing the time-domain responses of the system
without control force and with active friction damping, it can be seen that active friction damping
makes the amplitude of the two connected masses more even, and at the same time, it will slightly
reduce the amplitude of m3. However, as concluded from Figure 3, the damping effect of active
friction damping is not obvious at this frequency. The active control force can obviously reduce the
amplitude of all these three masses. At the same time, the two curves without active control force
both approach the steady state after two or three cycles, while the curve with active control force only
needs one cycle to reach the steady vibration, so the active control force shows faster response speed.
Under this excitation, the effects of active control and the proposed nonlinear velocity compensation
control show similar response speed and characteristics.

Figure 6 illustrates the time histories of active control force of pure active control and that of
this hybrid control.
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Figure 6. Time histories of active control forces under 13 Hz excitation. (a) Time response of fc1 (b) Time response of fc2 .

When observing Figure 6, it can be found that the proposed nonlinear hybrid control method
will slightly increase the active control force on both m1 and m2. The active control forces of the
hybrid control applied on m1 and m2 are about 3% more than that of the pure active control, which
accords with the analysis of Figure 4. Therefore, in the low-frequency band, the proposed nonlinear
hybrid control method will increase the energy input of the external active control force.

Figure 7 shows the displacement time histories of the three masses under the excitation fre-
quency of the second resonance frequency; that is to say, the excitation force frequency is 25 Hz.
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Figure 7. Time histories of the system under 25 Hz excitation. (a) Time response of m1 (b) Time response of m2 (c) Time
response of m3.

By comparing the three figures in Figure 7, it can be seen that, around the second resonance, the
amplitude of m1 in the noncontrolled system is much larger than that of m2 and m3. The amplitude
of m1 and m2 are closer for the system with control. By comparing the time histories of the system
with active friction damping and that with the proposed nonlinear velocity compensation control, it
can be seen that the control effects of the system with active control for m2 and m3 are slightly better
than that of the proposed hybrid control, while the advantage of the proposed nonlinear hybrid
control for m1 can quite well compensate this disadvantage. The control effect of the active friction
control is visibly worse than the proposed hybrid control. At the same time, the existence of friction
force between m1 and m2 could make the amplitudes of the two masses more even.

Similarly, Figure 8 has shown the advantage of the proposed nonlinear velocity compensation
control in reducing the input energy of the active control force.
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Figure 8. Time histories of active control forces under 25 Hz excitation (a) Time response of fc1 (b) Time response of fc2 .

From Figure 8a, it can be found that the proposed nonlinear hybrid control method can obviously
reduce the active control force applied on m1. By inspecting Figure 8b, it can be seen that the control
force of the proposed hybrid control is slightly larger than the pure active control. The amplitude
of active control force applied on m1 and m2 reduces by about 8%, which accords with the analysis
of Figure 4. Therefore, under high-frequency excitation, the designed hybrid control method has a
better effect on reducing the input energy.

In order to investigate the effect of the friction force in the proposed hybrid control law, the
time histories of the friction force under excitation at 13 Hz and 25 Hz are shown in Figure 9. The
time responses of fc2 are also drawn in Figure 9 as reference.
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From Figure 9, it can be seen that the amplitude of friction force under 25 Hz excitation is
larger than that under 13 Hz excitation. Therefore, under 25 Hz excitation, the friction force is able to
dissipate more energy than under 13 Hz, which explains why under 25 Hz excitation, the proposed
hybrid control law can reduce the input energy.

By comparing the time histories of the system around these two resonant frequencies, the
following conclusions can be drawn: under low-frequency excitation, the proposed nonlinear velocity
compensation control law shows better control effect in response amplitude than the pure active
friction damping control, and slightly worse effect than the pure active control; under higher-
frequency excitation, the proposed hybrid control strategy shows better control effects than the other
two methods and reduce the energy requirement, compared with the pure active control.

3.3. Discussion
It can be observed from Figure 3 that under harmonic excitation, active control has a better

control effect on the system under low-frequency excitation. This is in accordance with the theoretical
formulations since the excitation vibration period on this occasion is larger or similar to the response
time of the system under active control. However, as the excitation frequency increases, and since
the response time does not change under linear active control law, the system would not respond in
time, thus resulting in the deterioration of the control effect. The control effect of dry friction in a
low-frequency band is not as good as that in a high-frequency band. Therefore, the combination of
these two control methods would better suppress the vibration and, in the meanwhile, reduce the
input energy of the active control force at high frequencies, as shown in Figures 4 and 8.

It should be noted that the control efficiency of this proposed hybrid control law could still be
improved under low-frequency excitation.

4. Conclusions
This paper proposed a nonlinear hybrid control law combining active friction damping and

active control force, and simulations were conducted on a 3-DOF system. The following conclusions
can be drawn from this study:

(1) The proposed hybrid control is stable according to the Lyapunov criterion;
(2) It is difficult to deal with the system vibration under different excitation frequencies at

the same time using regular friction damping methods, and pure active control methods at high
frequency are not efficient in terms of response speed and input energy. The hybrid control law
proposed in this study can provide quite a good compromise;

(3) The proposed nonlinear hybrid control law shows better control effects in steady-state
kinetic energy of the system under different frequency excitation;

(4) Under high-frequency excitation, the proposed hybrid control strategy reveals the advantage
of reducing the input energy of active control force, compared with the pure active control method.
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Appendix A

Table A1. Nomenclature List.

Symbol Variable Type Explanation

C Matrix Coefficient matrix of active control force
Dp Matrix Distribution matrix of active force
f Scalar Friction force

fci Scalar Active control force on mass mi
fexc Scalar Excitation force
FN Scalar Normal force of friction
Fc Vector Active control force vector

Fcm Vector State-space active control force vector
Fexc Vector Exterior excitation vector

Fexcm Vector State-space exterior excitation vector
Fnl Vector Friction vector
Fnlm Vector State-space friction vector
ki Scalar Stiffness coefficient of spring ki
K Matrix Stiffness matrix

Km Matrix State-space stiffness matrix
m Scalar Mass
mi Scalar Mass of mi
M Matrix Mass matrix

Mm Matrix State-space mass matrix
P Matrix Coordinate transformation matrix from physical space to state space
xi Scalar Physical displacement of mass mi
X Vector Physical displacement vector
yi Scalar State-space displacement
Y Vector State-space displacement vector

Y1, Y2 Vector State-space coordinate of control law
Z Vector Displacement vector in second state-space
α Scalar Power parameter in control law
β Matrix Coefficient of friction in control law
µ Scalar Friction coefficient
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