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Abstract: Fluoride host materials doped with trivalent cerium ions have previously been demon-
strated as successful laser materials in the ultraviolet wavelength region. However, the nonlinear
optical properties of the fluoride hosts in this wavelength region have not been investigated yet,
although nonlinearity could result in undesirable effects such as self-focusing and pulse distortion
when these fluoride materials are used as gain media in high-power, ultrashort pulse laser oscillator
and amplifier systems. In this work, the nonlinear refractive index of lithium calcium aluminum
fluoride (LiCaAlF6), lithium strontium aluminum fluoride (LiSrAlF6), lanthanum fluoride (LaF3), and
yttrium lithium fluoride (YLiF4) fluoride host materials are determined using the Kramers–Krönig
relation model in the ultraviolet wavelength region. Self-focusing conditions, particularly at the peak
laser emission wavelength of these materials, are further analyzed. Results show that LiCaAlF6 has
the smallest nonlinear refractive index and self-focusing, making it an ideal host material under the
conditions of ultrashort pulse and ultrahigh-power laser generation.

Keywords: ultraviolet; laser; fluoride materials; nonlinear refractive index; self-focusing

1. Introduction

Ultrashort, high-peak-power lasers such as femtosecond and attosecond lasers have
become indispensable in many applications spanning the fields of physics, chemistry,
biology, medicine, and engineering [1,2]. Ultrashort lasers operate fundamentally in the
infrared region, but there is much demand in the ultraviolet (UV) wavelength region
for numerous applications, including time-resolved spectroscopy [3], micromachining
for the fabrication of micro-lens arrays, photonic crystals, optical waveguides, gratings,
micro-sized optical sensors [4,5], high-efficiency laser processing of materials [6], and
high-resolution ultrafast imaging [7]. Traditionally, high-order harmonic generation using
nonlinear crystals has been utilized to convert ultrashort laser pulses from the fundamental
infrared to UV wavelengths. The conversion efficiency of such a scheme has reached levels
sufficient for the aforementioned applications [8]. However, power scaling is limited, the
experimental setup is complex, and conversion efficiency is low. On the other hand, direct
generation of pulsed tunable UV laser wavelengths has been achieved using trivalent
cerium ion (Ce3+)-doped fluorine-based host materials. Solid-state tunable lasers have
been developed using the following host materials doped with Ce3+ ions: yttrium lithium
fluoride (YLiF4 or YLF) [9], lanthanum fluoride (LaF3 of LaF) [10], lithium lutetium fluoride
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(LiLuF4 or LLF) [11], lithium calcium aluminum fluoride (LiCaAlF6 or LiCAF) [12], and
lithium strontium aluminum fluoride (LiSrAlF6 or LiSAF) [13]. Based on the dipole-allowed
interconfigurational 5d–4f transitions in the Ce3+ activator ions, these new class of solid-
state tunable UV lasers are efficient, compact, and are especially attractive for ultrashort
pulse generation and amplification in the UV wavelength region.

Several works have used these Ce3+-doped laser materials to develop tunable narrow
linewidth UV lasers [14] and high-peak-power UV lasers using various amplifier con-
figurations, including multipass amplification [15], direct amplification of femtosecond
pulses [16,17], and chirped pulse amplification [18]. Recently, 100 fs UV pulses were di-
rectly generated using a synchronously-pumped mode-locked Ce3+-doped LiCAF laser [19].
Despite the considerable success of these Ce3+-doped fluoride laser materials, their full
potential has not yet been fully realized. For example, it has been proposed that terawatt UV
pulses can be generated directly using Ce3+-doped LiCAF [20], but that is yet to be realized.
An ultrashort pulse with high peak intensity propagating in a medium can experience
nonlinear optical effects, for example self-focusing, such that the medium acts as a Kerr
lens [21]. Self-focusing arises from the dependence of a material’s refractive index on the
intensity of the laser beam propagating through that material. It has been leveraged to
generate ultrashort pulses through Kerr lens mode-locking [22]. However, self-focusing
can also have damaging effects, as the laser fluence at the focus could exceed the damage
threshold of the laser material as well as the peripheral optical elements. To avoid the
damaging effects of self-focusing, parameters such as the length of the laser material and
pump beam radius could be adjusted. However, information about the nonlinear refractive
index of fluoride materials in the UV region is lacking. Determination of the nonlinear
refractive index in the UV region is important for optimizing the parameters of UV lasers
and amplifiers to minimize self-focusing.

While doping with rare-earth activator ions, for example Ce3+ activator ion, dictates
the spectrum of laser emission, the performance of the laser and amplifier itself is largely
influenced by the optical properties of the host crystal. In this paper, the nonlinear refractive
index of fluoride materials used as laser and amplifier host materials in the UV region
including LiCAF, LiSAF, LaF, and YLF is explored. Moreover, self-focusing of a high-
intensity laser beam propagating in the fluoride material is also studied theoretically. Our
results could inform experiments involving ultrashort, high-power laser generation and
amplification in the UV region, potentially paving the way towards achieving terawatt UV
pulses while limiting the destructive effects of self-focusing.

2. Methodology

The optical Kerr effect is a nonlinear effect whereby the refractive index of a material
changes in response to light propagating in the material. For a particular wavelength, the
refractive index is proportional to the local irradiance of the light, being widely defined
as [23]:

n(ω) = n0(ω) + n2(ω)I, (1)

where n0(ω) and n2(ω) are the linear and nonlinear refractive indices at the frequency ω,
respectively, and I is the laser light intensity. It follows that ∆n2(ω) = n2(ω)I is the change
in the nonlinear refractive index.

The Kramers–Krönig relation model proposed by Ralph Krönig and Hans Kramers
predicts the dispersion and the magnitude of the nonlinear refractive index (n2) of wide-
bandgap materials. Calculation of n2 for solid-state oxide materials using the Kramers–
Krönig relation model has excellent agreement with experimental values [24,25]. Hence,
we use the same model to calculate n2 for the solid-state fluoride laser host materials LiCAF,
LiSAF, LaF, and YLF. According to the Kramers–Krönig dispersion relation, the change in
the refractive index is given by

∆n(ω) =
c
π

∫ ∞

0

∆α(ω′; ω)

ω′2 −ω2 dω′, (2)
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where ∆n(ω) is the change in the refractive index due to the presence of pump or excitation
light of frequency ω. The change in the index is associated with changes in the absorption
coefficient ∆α(ω′; ω) at the frequency ω throughout the spectrum ω′ [24]. The equation
for calculating the nonlinear refractive index n2 can be derived from the Kramers–Krönig
dispersion relation in Equation (2), as discussed in detail by M. Sheik-Bahae et al. [24] and
given in Equation (3), as follows:

n2(ω) =
4× 105πK

√
Ep

cn2
0(ω)E4

g
G2

(
}ω

Eg

)
, (3)

where Eg is the bandgap of the material (eV), n0 is the linear refractive index of the material
which can be calculated using the material’s Sellmeier equation, c is the speed of light
(cm/s), Ep is a Kane momentum parameter that has a value of 21 eV, K is a material-
independent constant equal to 0.86 × 10−8 when Eg and Ep are in electron volts (eV), and
n2 is in square centimeters per watt (cm2/W) [24]. The values of these parameters, including
the band-gap energies of the laser host materials studied in this paper, are summarized in
Table 1.

Table 1. Value of parameters used to solve the nonlinear refractive index n2 using Equation (3).

Kane momentum parameter, Ep 21 eV [24,25]

Material-independent constant, K 0.86 × 10−8 [24,25]

Speed of light, c 3.108 m/s

Planck constant, } 6.625 × 10−34 J.s

Spectral range, ω′ 200–400 nm

Material’s band-gap energy (eV)
lithium calcium aluminum fluoride (LiCAF) 12.23 [26]

lithium strontium aluminum fluoride (LiSAF) 11.79 [26]
lyttrium lithium fluoride (YLF) 11.09 [27]

lanthanum fluoride (LaF) 9.00 [28]

In Equation (3), G2
(
}ω/Eg

)
is a dispersion function given by

G2

(
}ω

Eg

)
=

2
π

∫ ∞

0

F2(x1; x2)

x1
2 − x22 dx, (4)

where x1 = }ω1/Eg, x2 = }ω2/Eg, and F2(x1; x2) is a nonlinear absorption spectral
function that considers the contribution of two-photon absorption (2PA), Raman, and
optical Stark effects [24,29]. The function F2(x1; x2) reflects the band structure of the
material and involves only the parameters x1 and x2; meaning it is a function only of
the ratio of the photon energy }ω to the band gap Eg of the material [25,29]. Therefore,
calculation of the dispersion of the nonlinear refractive index n2 requires the band-gap
energy of the fluoride host material and the energy of the exciting photon. The expressions
of F2(x1; x2) for the three contributions are listed in Table 2 [29].

Table 2. Nonlinear absorption spectral function F2(x1; x2) for two-photon absorption (2PA), Raman,
and optical Stark effects.

2PA
x1 + x2 > 1

(x1+x2−1)3/2

27x1x2
2

(
1
x1

+ 1
x2

)2

Raman
x1 − x2 > 1

(x1−x2−1)3/2

27x1x2
2

(
1
x1
− 1

x2

)2

Stark
x1 > 1 − 1

29x1x2
2(x1−1)1/2

[
x1

x2
1−x2

2
− 2(x1−1)(x2

1+x2
2)

(x2
1−x2

2)
2 +

8(x1−1)2

x2
2

]
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Using the function F2(x1; x2) in Table 2, the integration in Equation (4) can be per-
formed analytically to obtain the nondegenerate G2(x1; x2) and hence also to calculate the
nonlinear refractive index n2 using Equation (3). Table 3 summarizes the nondegenerate
nonlinear dispersion functions for the three contributions [29]. For laser generation, only
the degenerate dispersion is useful. Therefore, n2 was calculated using x1 = x2 = }ω/Eg.
Previous works have reported that this Kramers–Krönig transformation-based model gives
good agreement with experimental nonlinear refractive index data for different materials,
including oxides such as sapphire [25] and fluorides such as lithium fluoride [24].

Table 3. Nondegenerate dispersion function G2 for two-photon absorption (2PA), Raman, and optical
Stark effects calculated by a Kramers–Krönig transformation of F2.

2PA H(x1; x2) + H(−x1; x2)

Raman

H(x1;−x2) + H(−x1;−x2)
where for both 2PA and Raman, H(x1, x2)

= 1
26x4

1 x4
2
×



5
16 x3

2x2
1 +

9
8 x2

2x2
1 −

9
4 x2x2

1 −
3
4 x3

2 −
1

32 x3
2x2

1(1− x1)
− 3

2

+ 1
2 (x2 + x1)

2
[
(1− x2 − x1)

3/2 − (1− x1)
3/2
]

− 3
16 x2

2x2
1[(1− x1)

− 1
2 + (1− x2)

− 1
2 + 3

2 x2x2
1(1− x2)

1
2

+ 3
2 x2

2x1(1− x1)
1
2 + 3

4 x2(x2
2 + x2

1)(1− x1)
1
2

− 3
8 x3

2x1(1− x1)
− 1

2 + 1
2 (x2

2 + x2
1)[1− (1− x2)

3
2 ]


Stark

x1 6= x2
1

29x2
1 x2

2


− 1

2 −
4
x2

1
+ 4

x2
2
− x2

2
x1

[(1−x1)
− 1

2 −(1+x1)
− 1

2 ]
x2

1−x2
2

+
2x2

1(3x3
2−x2

1)

x2
2(x2

1−x2
2)

2 [(1− x2)
1
2 + (1 + x2)

1
2 ]

− 2x2
2(3x3

1−x2
2)

x2
1(x2

1−x2
2)

2 [(1− x1)
1
2 + (1 + x1)

1
2 ]


x1 = x2 1

29x4
1

[
3
4
(1−x1)

− 1
2 −(1+x1)

− 1
2

x1
− (1−x1)

− 3
2 +(1+x1)

− 3
2

8 − 1
2

]

As mentioned previously, the nonlinear refractive index gives rise to nonlinear optical
processes such as self-focusing. This occurs if the energy of the laser pulse in the material is
greater than the critical energy, which is defined by [30]

Ecr(λ) = α
λ2τ

4πn0(λ)n2(λ)
(5)

where λ is the wavelength of the laser (nm), α is a constant whose value is equal to 1.8962
for a Gaussian beam, τ is the duration of the laser pulse (s), and n0 is the linear refractive
index of materials.

Self-focusing could damage the laser material as well as peripheral optical components
if the focal point occurs inside the laser material or optical component. When self-focusing
occurs, the material acts as a Kerr lens with a defined focal length f . Therefore, it is
necessary to determine the focal length of the Kerr lens and ensure that the focal point is
outside the material to avoid the damaging effects of self-focusing. The inverse focal length
f−1 is given by [31]

f−1 =
8n2(λ)d

πr4 P (6)

where P is the peak power of the laser (W), r is radius of the laser beam at the surface of the
laser material (mm), and d is the length of the laser material (mm).

All calculations were performed using MATLAB software. Calculations were per-
formed in the UV region spanning the wavelength range from 200 nm to 400 nm, with a
step size of 1 nm.
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3. Results and Discussion
3.1. Linear and Nonlinear Refractive Indices of the Fluoride Laser Host Materials

The linear dispersion of the fluoride materials in the UV region were calculated using
their individual Sellmeier equations [32–35] and are shown in Figure 1. As expected, the
linear refractive index of the materials decreased for longer wavelengths. Among the four
fluoride materials, LiSAF exhibited the smallest variation in its n0, changing from 1.44 at
200 nm to 1.41 at 400 nm, corresponding to a ∆n0 of 0.03. LiCAF also exhibited a small
variation in its n0 which changed from 1.43 at 200 nm to 1.39 at 400 nm and a ∆n0 of 0.04.
The value of n0 at the 290 nm peak laser emission wavelength is ~1.4, which is in good
agreement with the previously reported experimental values [32]. The refractive index of
the doped and undoped materials are similar, differing by only <1% of each other. For
example, the refractive index of undoped and Ce3+-doped LiCAF at the 290 nm UV laser
emission wavelength is 1.40 [32] and 1.41 [36], respectively. Similarly, the difference in the
refractive index between a chromium-doped LiCAF (Cr3+:LiCAF) and undoped LiCAF is
about 5 × 10−3 throughout the spectral range from 200–400 nm [37]. YLF had a ∆n0 of 0.05,
with its n0 changing from 1.52 to 1.47 at the same wavelength range as the others. Notably,
LaF had the largest ∆n0 of 0.08 as its n0 ranged from 1.70 at 200 nm to 1.62 at 400 nm. In
general, LaF also had higher n0 values compared to the other fluoride materials.
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Figure 1. Linear refractive index (n0) of the fluoride laser materials.

Figure 2 shows the nonlinear refractive index of the fluoride host materials in the
UV wavelength region. Compared to the behavior of n0 in Figure 1, a larger variation in
n2 is observed from LiCAF, LiSAF, and YLF with a steep decrease from 200 nm to about
250 nm before settling at a stable value from around 300 nm. LiCAF has the smallest
variation in n2, which changed from 2 × 10−16 cm2/W to 0.7 × 10−16 cm2/W giving a ∆n2
of 1.3 × 10−16 cm2/W, followed by LiSAF with a ∆n2 of 1.7 × 10−16 cm2/W and then YLF
with a ∆n2 of 2.0 × 10−16 cm2/W. Interestingly, LaF exhibited a different pattern wherein
its n2 initially increases, peaking at 262 nm, before decreasing as the wavelength becomes
longer. LaF has a maximum n2 value of 5.6 × 10−16 cm2/W, which occurred at 262 nm.
The larger n2 values from LiSAF, YLF, and LaF indicate that nonlinear processes will be
more evident in these materials compared to LiCAF. For the case of LaF, exciting this laser
host material around 260 nm wavelength could lead to self-focusing effects even at lower
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excitation energies. Self-focusing effects in these laser host materials are further analyzed
in the succeeding paragraphs.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 6 of 12 
 

 
Figure 1. Linear refractive index (𝑛 ) of the fluoride laser materials. 

 
Figure 2. Nonlinear refractive index (𝑛 ) of the fluoride laser materials. 

The spectral profile of laser emission from the Ce3+-doped fluoride materials is broad, 
allowing the wavelength of the laser emission to be tuned within a range of 10 nm to 35 
nm [38]. Calculations were performed over this broad spectral tuning range, but detailed 
analysis of the nonlinear effects are considered at the peak laser emission wavelength, 
which is also expected to express the highest laser output energy. The peak laser emission 
wavelength of Ce3+-doped LiCAF, LiSAF, and LaF occurs at around 290 nm, while it is at 
around 308 nm for Ce:YLF. Investigation of self-focusing is particularly important when 

Figure 2. Nonlinear refractive index (n2) of the fluoride laser materials.

The spectral profile of laser emission from the Ce3+-doped fluoride materials is broad,
allowing the wavelength of the laser emission to be tuned within a range of 10 nm to
35 nm [38]. Calculations were performed over this broad spectral tuning range, but detailed
analysis of the nonlinear effects are considered at the peak laser emission wavelength,
which is also expected to express the highest laser output energy. The peak laser emission
wavelength of Ce3+-doped LiCAF, LiSAF, and LaF occurs at around 290 nm, while it is at
around 308 nm for Ce:YLF. Investigation of self-focusing is particularly important when
scaling up the power of the laser emission towards the terawatt level, as self-focusing
could easily damage the laser material at this high intensity level. The peak laser emission
wavelengths and n2 values of the fluoride laser materials at their respective peak laser
emission wavelengths are summarized in Table 4.

Table 4. Peak laser emission wavelength and nonlinear refractive index (n2) of the fluoride laser
materials at their respective peak laser emission wavelength.

Material Wavelength
(nm)

Nonlinear Refractive Index
×10−7 (cm2/W)

LiCAF 290 8.02
LiSAF 290 9.41

LaF 290 34.42
YLF 308 11.1

3.2. Self-Focusing in the Fluoride Crystals

The critical energy was determined for a UV laser beam propagating in each of the
four fluoride laser host materials. The propagating laser beam is the emission from the
laser material rather than the excitation beam used to achieve lasing. The laser beam is
assumed to have a Gaussian shape, a pulse width of 100 fs, and a wavelength tuning range
from 200 nm to 400 nm. Figure 3 shows that the critical energy of each laser host material is
higher when the wavelength of the laser beam is longer. As mentioned earlier, self-focusing
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will occur when the energy of the laser beam is greater than the critical energy. Table 5
summarizes the critical energy of the laser host materials at their respective peak laser
emission wavelengths. Looking at the respective peak laser emission wavelengths of each
of the laser host materials, LiCAF has the highest critical energy. This means that LiCAF
would be able to tolerate higher laser beam energies before self-focusing sets in. The trend
in critical energy for the four laser host materials is consistent with the trend observed for
n2 where LiCAF also exhibited the smallest n2. It follows that, among the four fluoride
laser host materials studied here, LiCAF has the best potential for high-power UV laser
generation. On the other hand, LaF could be limited by self-focusing when higher UV laser
output energies are elicited either through direct lasing or amplification.
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Table 5. Peak laser emission wavelength and critical energy of the fluoride laser materials at their
respective peak laser emission wavelength.

Material Wavelength
(nm)

Critical Energy
×10−7 (J)

LiCAF 290 1.20
LiSAF 290 1.01

LaF 290 0.24
YLF 308 0.93

Figure 4 shows the variation in the nonlinear refractive index n2 for a Gaussian laser
pulse with 1 mJ energy, 100 fs pulse duration, and 0.5 mm beam radius. The calculations
were performed at the peak laser emission wavelength of each of the laser materials. For
a Gaussian laser beam, the intensity distribution is not uniform, and therefore n2 also
varies according to the beam’s Gaussian intensity distribution. It follows that the value
of n2 is highest at the center of the beam, and it tapers off at the edge of the beam. More
interestingly, the variation in n2 is smallest for LiCAF, which means that nonlinear effects
would be more homogeneous throughout the material’s volume. Consequently, higher
excitation energies can be used to elicit higher laser emission energies. Furthermore, laser
emission would be more uniformly distributed throughout the laser material’s volume as
the laser threshold is achieved almost uniformly. For LaF, on the other hand, self-focusing
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could set in at areas around the peak of the Gaussian beam leading to very high intensities
that could potentially damage the laser material, while the areas surrounding the peak
would have lower intensities. Consequently, the energy distribution will be less uniform.
To achieve a more uniform excitation and emission energy distribution, a smaller material
size could be used, but this would also limit the power scalability of the LaF-based laser.
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Figure 4. Variation of nonlinear refractive index (∆n2) as a function of the intensity distribution of a
Gaussian laser pulse.

As n2 leads to self-focusing, the corresponding focal length f was calculated for each of
the laser host materials and is shown in Figure 5. By calculating the focal length, the optimal
length d of the laser material is determined such that the focal point of self-focusing occurs
outside the laser material. Consequently, damage to the laser material resulting from very
high intensities at the focal point will be avoided. The dashed line in Figure 5 indicates the
condition when the focal length of self-focusing is equal to the length of the laser material
(f = d). The dashed line therefore defines the upper limit of the laser material’s length,
meaning that a length that is longer than this limit will result in the focal point occurring
inside the laser material (f < d). Therefore, Figure 5 is important in deciding the suitable
length of the laser material. The length of the laser material should be shorter than the focal
length (f > d) so that the focal point occurs outside of the laser material. The upper limit on
the length of the fluoride materials studied here are 7.5 mm for LaF, 14 mm for YLF, 16 mm
for LiSAF, and 18 mm for LiCAF. Notably, the LiCAF laser host material allows for a longer
length to be used. This longer length is advantageous for the development of high-power,
ultrashort lasers using, for example, multipass laser oscillator and amplifier configurations
that result in higher laser emission energies.

In order to achieve enough laser fluence to satisfy the laser threshold and enable lasing,
the excitation beam radius is usually reduced. As the beam radius is reduced, the intensity
increases, triggering self-focusing. Therefore, the focal length was calculated as a function
of beam radius from 0.1 mm to 0.6 mm. The calculations assumed a Gaussian beam with
1 mJ energy and 100 fs pulse duration. Figure 6 shows the calculation results. Once again,
the dashed line indicates the limit in the laser material’s length that defines whether the
focal point occurs inside or outside the material. The dashed line also defines the lower
limit on the size of the excitation beam. In order for the focal point to occur outside the
laser material, the radius of the excitation beam should be larger than the limit (dashed
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line). The lower limit on the excitation beam radius is 0.55 mm for LaF, 0.42 mm for YLF,
0.39 mm for LiSAF, and 0.37 mm for LiCAF. These results show that a smaller beam radius
can be used for LiCAF, effectively achieving a higher laser fluence.
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4. Conclusions

In conclusion, the nonlinear refractive index (n2) of different fluoride laser materials
including LiCAF, LiSAF, YLF, and LaF were determined for the first time using the Kramers–
Krönig relation model in the UV region. Among the laser host materials reported to lase
in the UV region when doped with Ce3+ ions, LiCAF exhibited the smallest n2 in the UV
wavelength range from 200 nm to 400 nm. Consequently, a higher laser intensity can be
achieved before self-focusing within the laser material and its associated damaging effects
sets in. In addition, a longer material length can be used while still ensuring that the focal
point of the self-focused laser beam occurs outside of the laser material. A longer material
length is advantageous for the development of high-power, ultrashort lasers using, for
example, multipass laser oscillator and amplifier configurations that result in higher laser
emission energies. The small n2 also means that a smaller beam radius can be used, thereby
effectively achieving a higher laser fluence. The variation in n2 of LiCAF is also relatively
flat across the varying intensity of a Gaussian laser beam. These results indicate that LiCAF
is more advantageous as a laser host material in the UV region. In general, results of this
work could be used as a guide when determining the optimal parameters of the laser
material for the development of an ultrashort pulse and ultrahigh-power laser.
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